FUNDAMENTALS
of Numerical Analysis and Symbolic Computation

- Exercises on Ritz’ and Trefftz’ Methods -

WS 2011/2012

NAME:
MATRIKELNUMMER:

Exercise 1: Show that the minimization problem

Find v € V, : J(u) = inf J(v) (1)

veEVy
and the variational problem (= variational formulation)
Find u € V}, : a(u,v) = (F,v) Yv € V} (2)

are equivalent provided that the bilinear form a(.,.) : V' x V' — R is symmetric and posi-

tive, where J(v) = La(v,v) — (f,v) is called Ritz’ energy functional, and F' € Vj is a given

linear, bounded functional on Vj.

Exercise 2: Derive the variational formulation of the convection-diffusion-reaction prob-
lem (2) from the lectures !

Exercise 3: Show that the Ritz solution u;, € Vj, of the minimization problem

J(un) = inf J(v), with J@):; [ Vo, (3)

thVgh

also minimizes the energy functional
E(wn) = [ V(0 —w)de (4)

on Vy;, and vice versa !

Exercise 4: Show that the Ritz solution u, = g + >27_; uppr € Vg, of the minimization
problem (1) can practically be determined by the solution of the linear system

Find wj, = (uy,...,u,)" € R": Kyuy, = £, (5)

with the stiffness matrix Kj, = (a(px, ¢;))jr=1...» and the load vector f, = (fi,... )T =
(<F’ (,01)7 ey <F’ gpn>)T E Rn



Exercise 5: The Extended Ritz-Method looks for an approximate solution to the
Dirichlet integral minimization problem in the form

)+ ) uppi(x) € Vo = g+ Von = g + span{pi, ..., pn}, (6)

where g € H'() is an H'(Q)-extension of the given Dirichlet data ¢ € H'/?(T), and p;
are subdomain-wise (PDE) harmonic ansatz-functions satisfying the equations

—Ap,=0inQ;, Vi=1,...,p(p=2), pr=0onT, pp=hyonl';=Tg, (7)

with k is runing from 1 to n. The given basis functions hy, ..., h, are living on I'; and
vanishing on I'; N T, i.e.
n
glrior + D uehi(x) = u. (8)
k=1
The unknown coefficients u, . .., u, in ansatz (6) are now chosen such that they solve the

minimization problem (3) that is in turn equivalent to the Galerkin equations
/ Vup(z) - Vpj(xz)de =0 Vj=1,... n. 9)
Q

Inserting (6) into (9) and integrating by parts give the extended Ritz equations

> g Z/r-pk<x>817? )ds = Z/ r)ds Vj=1,. (10)
k=1 i=1’Li i

from which the unknown coefficients uy,...,u, in the extended Ritz ansatz (6) can be
determine. Verify (10) and rewrite the extended Ritz equations (10) for the Trefftz’ T-
supporter problem given in the lecture, see also [1] !

Exercise 6: The Extended Trefftz-Method looks for an approximate solution to the
Dirichlet integral minimization problem in the form

wp(x) = po(x) + Y wepi(x) ¢ H'(Q), (11)
k=1
where the ansatz-functions py and py, ..., p, satisfy the boundary value problems
. . Ipo
—Apg=0inQ;, Vi=1,...,p, po=gonl, a— =0onI;=Tg, (12)
n

and

0
Ape=0inQ, Yi=1,....p, pr=0onT, %:fkonn:rs, k=1,...,n (13)
n



with basis funktions fi(z) defined on I'; such that

a n
HYXT)) > % ~ kz:jlwk ful2), (14)

respectively. We mention that the normal n is globally fixed on Q; NQ;, i.e. either n; or n;.
Now we choose the unknown coefficients wy, ..., w, in ansatz (11) such that the broken
energy norm functional

p=2
Ebroken(wh) = Z/ ‘V('LUh — U)‘zdﬂf (15)
i=1 7S

will be minimized. Obviously, w;, must satisfy the equations

aEﬂbraken .
Zobroken (1) =0 Vi =1,...,n. 16
1) =0 Y, (16)
Derive the finial system of linear algebraic equations for determining wq, ..., w, for the

Trefftz’s T-supporter problem, and show that

Tovosen(W3) = ;,,Z:: / V()P < J(a) < T(un) (17)

where uy, is the solution of the extended Ritz equations (10) !
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