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4. Derivation of the & Variafinal Formalation
8 Lel us conccder the model problem

(1) |Given € L,(2), find ueT/-H(ﬂ) such that
-div(a Vu) f in 2t (Talip, d-2,3)
g, on M =051

wlg: d=2,a=41,9=0.

® Solvabilidy: = folklore (- NuPOE) !
Pue to Lax- Mlgram, iheu exists a unigue week
solution ue V=V, = H'(R) ¢ V=H"(R)

) _QLVu-VVch = S{de VveH(R)

u it

Q(UlV) = (‘FIV)L () ‘VVG VO

<Au(\/> = <F|V> VV&V

Au= F VS =H"
U= U-T FC(Au-F) jn Vs

L 3:v’ >V, ~ Riess ~Teo
Ly D>V x\V,~ R “dualc'{g Pml(d'

Prool: of 3! ... by Banach's fix poinf theorem. O
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m Execcise 1: Let ueV, be the weak solutioe of (1),,.
Show that Vu € H(div):={ve[L(R)]": divveLy(2)]
ond div(Vu) = f & Ly ()}

Hence, d trace ¥,Vu := Vu-n & HEC()

m A lrace and an inverse trace theorew :
Define the trace operctor ¥,: D(R) —> D(I") ky
h:u = U ||'1 .
H¥Risa C¥" doman,and if 72<s <K,

the ¥ has a unique closure to a T Uin. operator
[trae th) ¥t H3(Q) = H""m(rl) : ¥, (v.4race +h.),

and this (operator) closute (extensivn) has @ continueous
N'aH- inverse ¥, (= iaverse +race theorew), (, €

%, Yo u= u YueH ")
Proef: [Mclean =027, p, 102 O

1] Specfal ca.ceé: trace operaior
Y, v £ 1

A, S=4=k, R eC": WWullyny < e hully VaeHa)

ee——t "
fl YC“"H"[J)JS Ceuu"Hmm)V“GH (ﬂ)

N evlention bpuch/ oy

2. g':li“f. ‘SK’A' . " x&u ”Hta,‘, S C,‘. ”u ””ﬂlfc”,) VHGH (2

BUT: for £=0, the 4race +heorews is not +rue !

3 VueHYE) = I ¥, VueH )L, (n):
(2)5 ug;tvu "L;Cl") < || Y,,Vu"nf(n) < ““"Hsa*"(g)

k. For €=4IL ) we get
ot )
2),, I8Vl %{ (%) s, s laly, VacHR),

'—g(r') =
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® ‘Condinuity” properties in the corresponding tra spaces

u:M)e ond % u e 32 are Yconbinuous ac ross interfaces 1

4) .[u ]e = U,, N4 -+ u‘! n: = 0“4"“&) ne =0
[ [ — ‘ ,
Uley ulgg L[ule ne h b
- & H"e) ‘Q
2) EV“I@ = VU."n;"f' Vqlnz'.:(V“‘“vug).ne: () \

e roce th, € H- 14 (e) VueH(dis)
UueH(

€ >3/, > € L@ % !?fh
w DG - Notations:

Let T,={5.:r€ R} be a regular triangulahion 0/ 5.
For $>0, we define the brokeu Sobolw-spamt

Hs(n):g{ve Ly(R): vige H(§) ¥Se T, }
with 1y I} %g) = ?;uuwf,,im = (MVIKSCT) )

(UlV)ch";) = %; (ut '/)H‘(J’) I
o¢

2 - _ 2 | Fheex) -Vt
Il u "HS(” - ﬂu "Ht((” +[§K 35 ; “(._3 'dd-zg d)«’f‘(y

GItE, €€ (01), or=(aey, . os), lo| =g 4.4
Furthermore | we define
* the fuwps (differences) "
Cvi.=V,n+V,n = (Vy-¥y) Ng —Vethor , €€
° e I.'v‘.’]'.¢.= - Scaler, el ¥
o {he avaraeges (meen values)
{Vvi. := i- (Vv" +Vv,) - Vechor
e c €VE =B NE, (eeddnn)
Cvi =vne=vn, {Vv], =Vv
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8 D& - Formulation oﬁ (1):
o Let u denote the weok solution 0/: M)

and ve H(T, ), s> 3z, an arbirary fes! funchin,
Then we have

('F'V)L,(a) = SGET (4( V)Ll(J) = ? ('F( V)J'

N
= Zs} (~div Vu v)J.

€ Ly(d) siwe weH7d):

iy YJeT,
= :_24 E(Vu. VV)J - (VU'n1V)J'J'-] 6‘>;£

S (T W)y — 5 ({0l vin)yg
2 (Cu-n,v)ss = Z({Va3 V’n)g(
= Z W) - 2 ({3, EvD).
fS)A ;C‘[V"‘J Vn)ag‘ Z-' ({7“5 tVJ)e

ecE,
[ul.=0

i 3 (Vui V)5 -Z( (P}, [4]), +ﬂ2(m (Vi)

+ Z he C[“' Av]), =! QpelutV),
penalf, terws D& bdlinear fwn

B
(3)/'

where ﬂ=-4(0,4 and ofe are Some 'N:ﬁVe Couctentt .

¢ Exercise &
Show the 0G - (dentities (3) , i e.

2 (Pus LV ﬁ({Vu}VﬂZJ Z;(Wa},m)

SeT, ecr
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o Let us now define the pa-bilincar forms

(4’) ah (U(V) = a.Dé (“( l/) = aﬂ‘,h,ﬁ (UN/) =

1o
.-SzaTh(Vu,VV)J _eezéf{vu}' [V])e ﬂe{l 3,(_[“ [ Pu}‘)!.:i:é:‘ ) [V])e
Yuv € HS(E), $>32 | where for
p=-A": ah(' )] s cdcuue-f-ffc,

P = A and N=0: ah(',‘) IS hon- s\ymmeh'fc!

® We can now formulate the fallow:ina De-VE:

(5) | Find ue H3(T,, ) : ah(u,v)*(-f,v)LvaeHsﬂ,,)l

tHhat maKes sense -Far S 2 3/2 !

m Exercise 3: Prove the consictency theorem !
Let s> 3/2. Then the fa“owl'aj statements are val/d :
(a) Assume that the weaK solution u of (1),

i.e. the solution of (1) (3!),
belongs to H>(T},).
Then u safisfies the 0&-VF (§ ).
(b) Conversely, if ue H(R) n H(T)

Sa\(f‘sffe_c the D4-VF, then wu it aleo
the solufron of our VF/ [4)”',
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m DG6-Scheme:
Let us define the DG - space

¢ Wl
V(%) ={ve Ly(@): v|;eR(s) ¥seT,} <HIR)

Then the DG - Scheme reads as fo”abs.'

(6) F:'ng Upe= Up € Vi (T,) such +that
a, (U ¥) = (4, Vh)le) VV‘.GV;((T;:)

g [lemark 1

A.p=-4: S[P4G= Symmetric Tnierior penaH:’ &alerki;y
p=+1: NIPG= Nonsymmetric IPg
=0 : I1PG= Incompleke TPG
2. 3'u,: (6) P L&M
Answer = YES: provide Ve (T, ) with the
D&-nosm - N, = (-l p¢
and show
o V(T,)- e"fp‘)‘fa'ﬁ and
® VK (Th) ~ bounded ness
of the D& bilinear form a ())!
= e Sechim 4

a Exercise t: |
Show that the Dirichlet boundary cond:trsn
U= 0 eon I (s ncorporated th (87 cesp. (6) (
Derive the 06-VF recp. DG-Schewe (6)
for the cate o{- fnhomog,meoas Rirrcklet b.c.
u=q o " and a|s= a;=concd >0 ¥4eT, |
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g RemarK 2. Pros & Cons
+ Variational handlm3 of hanam} nedes
and non-conform meches .

& -

+ block (£ §) diagonal mace matrices:
N well sucted for fnne dependent problems.
+

natural upwmdmg. for convection-dominated
problems,

+ conservad ve,
+

¢ beller alopcoxcmahon properties in mang

prackical applications, e.g. inferface problems !
+ ...

- mcreauna. number of slobal dofs !
How to overcome this drawbacd 2
—> PN-NG = Nitsche 06,

~ t.e. DG only alon mkrfa.ce-S'
—> Habmds awn 4

Laraer stancile and non-local, «b
duwe 40 thp[m& blocks (& S . ds,)
higher PO%u(aﬂ"'la rea,wreucul- e

MGVS/\ s('[." ) with seme 8)3/2,
sur [ Cai,Ye, 2ho.u3 SIUM , v. 49 (2009 1KA1Y

-_
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2. Vi (T,,) - Ellipticity and Boundedness
wet the DG- Norm for SIPG (p=-1)x
.

e DG-norm:

2 2 e 2
(3) Wi =viy=3 ! v uw)@a—g ITvieh, e

o Vi (T.)- Elipticity: For sufficiently lare o,
thete eyxists a ’oou'h'ule constant /‘@e) :t, co«éli 0:

() p(viv) > 9 avll, ¥veVelTy).

o Vx(Th)“ Boundedness: 3 y‘f’-—-— const > O
(9) la, ()] < 1 hull, ivil, ¥uveVelh)
® Tools for proving (¢) and (9):

4. Discrede trace Lemma: I ¢ =const >0

M0) UVl o)< chy VI cs) ¥veETLS)

'VQEBCY 'VJG Th

2. Cauckj and '(Ounss f'ne?ua [dh’c'.t_’

o Consequence. from He Lar- M:ljmm ~Lemma ;

3! upe W(h): (6)

o Exercise 5 Show +hal
(F) defines a norm on Vi (T}, ) !
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3. Convergence in the Da-Norm Il - lpg=1I- 1),

¢ Theorem 1
Assame that the exact soluton u to VF (1) e
belongs to Vi N H3(T},) for some s> 3/2.
Then 3 c=couct >0, ¢ c(uh):

(M) B u =yl = chmetiensi
(d)yp (6)

® Main tools for the 'pfao;E: oK ?
A. Q= Tty ) (W) 1 Nu-uy U, < Wu-Tu + NS - u,
a. Galerlkin thvaoualf{g: ay (u-wy, ) =0 ¥y, €V (T3,)
3. trace inequality: Al24E
lvil,e) & € h}”l g Vil e9) % hs lV’H«zu“))
Vv e HRY(S) VYeeod Ve,

Ml HS(T‘:)

‘. Converaence in the L, - Norm
min{ked,s}

(12) Nu-Upli gy sch Hullyser; )
o Main tool for the proof: Nitsche - 4rick
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