
Homework 9.11.18

Exercise 1 Show that the Pochhammer polynomials defined by (x)0 = 1 and

(x)n =
n−1∏
k=0

(x+ k) , n ∈ N,

satisfy the identities
(i)

(x)n+m = (x)n (x+ n)m , n,m ∈ N0,
(ii)

(−x)n = (−1)n (x− n+ 1)n ,

and
(iii)

(x−m)n
(x)n

=
(x−m)m

(x−m+ n)m
=

(1− x)m
(1− x− n)m

, n,m ∈ N0.

Exercise 2 Show that the falling factorial polynomials defined by φ0 (x) = 1
and

φn (x) =
n−1∏
j=0

(x− j) , n ∈ N,

satisfy the identities
(i)

φn (x) = (−1)n (−x)n = (x− n+ 1)n ,

(ii)
φn (x+ 1) = φn (x) + nφn−1 (x) ,

(iii)
∆iφj (x) = φi (j)φj−i (x) ,

where ∆ is the forward difference operator.

Exercise 3 Let the moments νn (z) be defined by

νn (z) =
∞∑
x=0

φn (x)
zx

x!
.
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Show that
(i)

ν0 (z) = ez.

(ii)
νn+1 − zνn = 0.

(iii)
νn (z) = znez.

Exercise 4 Let the entries of the Gram matrix G be defined by

Gi,j = ez
∞∑
k=0

(
i

k

)(
j

k

)
k!zi+j−k.

Show that

Gi,j = ezzi+j 2F0

(
−i,−j
− ; z−1

)
.

Exercise 5 Let

Ci,j =

(
i

j

)
zi−j, Hi,j = i! ziezδi,j, i, j ∈ N0.

Show that
(i)

G = CHCT ,

where G is the matrix defined in the previous exercise.
(ii) If

Ai,j =

∞∑
k=0

(−1)i−k Ci,kCk,j, i, j ∈ N0,

then

Ai,j = 0, i < j

Ai,j = 1, i = j.
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