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Ezlntroduction
: :

Starting question:

Can we prove convergence (-rates) for Tikhonov-Regularization
with sparsity-penalty if instead of ||y — °|| < & an explicit
stochastic error model is used?
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Ezlntroduction
: :

Setting

We study the solution of the linear ill-posed problem
Ax=y
with A € £(X,)) where X and ) are Hilbert spaces.
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:

Setting

We study the solution of the linear ill-posed problem
Ax=y

with A € £(X,)) where X and ) are Hilbert spaces.
computation requires discretization, done via projections

P,:Y—R" yr—y, eg pointevaluation
T, : X — Rn’ r="T,x= {<X7 d}i>}i=1,...,n
where {1;}5°, is a basis in X.
each component of y carries stochastic noise, y° =y + ¢,
e~ N(0,0%1,,).
Define A := P,, AT}, then we want to find z s.t.

Az =y° (1)
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Xlntroduction
:

We use Bayes' formula

to calculate the solution. In this framework, every quantity is
treated as a random variable in a complete probability space
(Q,F,P).

e (Y7 |2) mp ()

Tpost (2[y”) = Ty (4°)
yO'

B Tpost(x|y?) posterior density

m 7-(y%|x) likelihood function

m 7, (2) prior distribution

m myo(y7) data distribution (irrelevant)
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We use Bayes' formula

to calculate the solution. In this framework, every quantity is
treated as a random variable in a complete probability space
(Q,F,P).

e (Y7 |2) mp ()

Tpost (2[y”) = Ty (4°)
yO'

B Tpost(x|y?) posterior density

m 7-(y%|x) likelihood function

m 7, (2) prior distribution

m myo(y7) data distribution (irrelevant)
gaussian error model:

1
Te X €SCP(—@\|A$ - ?JUHQ)a
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Ezlntroduction
: :

Besov spaces

m We are looking for sparse reconstructions w.r.t. a basis in X
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Xlntroduction
:

Besov spaces

We are looking for sparse reconstructions w.r.t. a basis in X

our choice: Besov-Space B3(R?) prior w.r.t. a wavelet
expansion.

Reason: such a prior is discretization invariant (Lassas,
Saksman, Siltanen '09) and sparsity-promoting

Let {¢)) : A € A} be a wavelet system. Then
x € B5(RY) c L*(RY) if

1/p
||| |s,p := (Z 2§”'A'!<X,¢A>1p> <00

A€A

and§=8+d(%—%)20. We focus on 1 < p < 2.
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EZIntroduction
: :

Besov-space random variables

Definition (adapted from Lassas/Saksman/Siltanen, 2009)

Let 1 <p<ooandseR. Let (X{)xrca be independent
identically distributed real-valued random variables with probability
density function

p 1
Wx(T):CgeXp(—OZ';—‘ ), ¢ = (g)p L , T€ER.

Let U be the random function

Ut) =Y 2-Pxgpat), teR™
AEA

Then we say U is distributed according to a B, -prior,
U ~ cexp(=§||U][Z5)-
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Ezlntroduction |
:

“Problem”: P(U € B5(R?)) = 0 (of course T;;T,,U € B3(R%))
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EZIntroduction
: :

“Problem”: P(U € B5(R?)) = 0 (of course T;;T,,U € B3(R%))

Theorem (adapted from Lassas/Saksman/Siltanen, 2009)

Let U be as before, 2 < o < 0o and take r € R. Then the
following three conditions are equivalent:

(i) ||U||BT(Rd) < oo almost surely,

(i) € exp (11U zs) ) < oo

(i) r < s—g.

finnish group considered T¢, here: R? but compactly supported
(sparsity assumption)
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Ezlntroduction
| .

Recall

oy _ Tpr (7) e (Y7 |7)
Tpost (T|Y7) = —Wya a) .

me(y°|x) gaussian noise, mp,(z) Besov-Space prior
= Tpost(2]y”) o< exp(—goz]| Az — y7||?) - exp(=§|| T [7)
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Xlntroduction
:

Recall
Tpr (2)7e (7 |2)
Ty (47)
me(y°|x) gaussian noise, mp,(z) Besov-Space prior
= Tpost(]y”) o exp(—goz || Az — y7||*) - exp(—§[|T;[[p)

Tpost (€]y7) =

we are interested in the maximum a-priori solution

Tmap = Argmax  Tpost(x|y”)
rER™

or equivalently

2y = argmin  [|Az —y7|* + 0402||T*<L“|Ips(Rd (2)
zeR?
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Xlntroduction
:

Recall

”y“(yg)
me(y?|x) gaussian noise, 7rpr( x) Besov-Space prior
= Tpost (2]y”) o< exp(—g5z(| Az — 7 |?) - exp(=§||T5;2][",)

Tpost ($|y )

we are interested in the maximum a-priori solution

Tmap = argmax . mpost(x]y?)
rER™

or equivalently

g = argmin ||z — y7|]* + a0?|| T2} s (R4) (2)
z€R™ 5

same functional as in deterministic case, but ||y — y?|| < § does
not hold
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Ezlntroduction
: :

lteration [Daubechies, De Mol, Defrise 2004]:

Tpy1 = Swyp (o, + A" (Y7 — Axy)) , k=1,2,...,
where Sy, ,(h) := > 3cp Swyp((Ry102))1y is defined
component-wise via

-1
Supl€) i= (& + S sign(©)le" )

forthecase 1l <p<2andforp=1

E-% ife>y
Su1(€) =10 if 6] < .
£+ ife<—¥
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Xlntroduction
:

lteration [Daubechies, De Mol, Defrise 2004]:

Tpy1 = Swyp (o, + A" (Y7 — Axy)) , k=1,2,...,

where Sy, ,(h) := > 3cp Swyp((Ry102))1y is defined
component-wise via

wp . i\ !
Supl€) i= (& + S sign(©)le" )
forthecase 1 <p<2andforp=1

-5 ifE>%
Sw1(§) =10 if €] <% .
E+5 ifE< -3

here: weights w) depend on smoothness parameters s and r
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Ezlntroduction

stochastic setting requires different measure for convergence
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EZIntroduction
: :

stochastic setting requires different measure for convergence
convergence in expectation may be too strict
instead, we use the Ky Fan metric

Definition

Let x; and 22 be random variables in a probability space (92, F,P)
with values in a metric space (x,d,). The distance between z;
and x2 in the Ky Fan metric is defined as

pi (x1,z2) == inf{e > 0 : P(d, (z1(w), z2(w)) > €) < €}.
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EZIntroduction
Theorem (Neubauer, Pikkarainen, 2008)

Let £ be a random variable with values in R™. Assume that the
distribution of ¢ is N'(yo,oI) with ¢ > 0. Then it holds in
(R™, [ - ]]) that

prc o) < win {1,V frn — 1 (o22m2 (£)") |

where f~(h) := min{0, f(h)}.

D. Gerth, R. Ramlau 12/22




EZIntroduction
Theorem (Neubauer, Pikkarainen, 2008)

Let £ be a random variable with values in R™. Assume that the
distribution of ¢ is N'(yo,oI) with ¢ > 0. Then it holds in
(R™, [ - ]]) that

prc o) < win {1,V frn — 1 (o22m2 (£)") |

where f~(h) := min{0, f(h)}.

in practice In-term mostly inactive, for simplicity

pK(fayO) < min {17 \/50'%} 5
cf. (€ —wol]) = ovm

| |
D. Gerth, R. Ramlau 12/22




EZConvergence results

Overview

1 Convergence results
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EZConvergence results
: :

Let ' be the unique solution of the equation Az = y with
minimum value of ®(-).

Theorem (adapted from Hofinger, '06)

(A)=0forp=1. Let
TaF be the solution of (2). If a = a(c) is chosen such that
& = ao? — 0 and |an| —0aso — 0, then

pmap Lty —
lim pic (25, 27) = 0.
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EZConvergence results
: :

Let ' be the unique solution of the equation Az = y with
minimum value of ®(-).

Theorem (adapted from Hofinger, '06)

(A)=0forp=1. Let
TaF be the solution of (2). If a = a(c) is chosen such that
& = ao? — 0 and |an| —0aso — 0, then

pmap Lty —
lim pic (25, 27) = 0.

main idea: use Ky Fan metric and split Q© = Qget(0) U Qunbound ()
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EzConvergence results
: :

deterministic convergence rate, DDD '04

Assume A fulfils, for all h € L?

AP 2R, ) P < N|ARIP < AT 271w (3)
A A

_ _ B
Set n := ﬁ—ﬂ and ' := i Then

sup{||xg " —x|| : x €X,y € Y, [|[Ax —y|| < §,[x[|sp < 0}
5+ 6\" ,
<C( ) (0+ )"
A

with &' = (82 + 4g”)% and ¢ = (o + ©)7.
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EzConvergence results
: :

especially, if

|Az" — 7| < 6 and ||z||s, < o, then
252 — T < C (6 +8)" (o + )", or

P({w € Q: ]2 (w) — 2" (W) > C(6 + )"0 + )" })
<P({w: [z (w) = g7 @)l > 6}) + P({w : [IT"2"(w)]lsp > 0})
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XConvergence results
:

especially, if

|Az" — 7| < 6 and ||z||s, < o, then
252 — T < C (6 +8)" (o + )", or

P({w € Q: ]2 (w) — 2" (W) > C(6 + )"0 + )" })
< P({w: [[Ae¥ (@) =37 (@)l > 8}) + P({w : Iz (@)llsp > o})

(%, 52)
P(||Az"(w) =7 (@)I| > oll) = —Fas=—,
2
rz,ef
P(||T; il P
(H n$||8,p>QH) F(ﬂ) or X p( )

P
here: 5—\/_0\/m In~ (0227rm?2 (§)™)
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EZConvergence results

Theorem

Let A fulfil (3) and assume that we have an a-priori estimate
[|Tx||s,p < o (x measured in prior norm!) for some ¢ > 0. Set

am = In (32-3). Then as o — 0, z% converges with the parameter
choice a = (o, 0, B, <, p, m,n) fulfilling

A W= < 1/p\ B

P 2 P

<2fa am—21no’+%> (g+(gp+f(am—2lno’)) )B+<
a

_rgm | T %0
r(z) ()

to the unique solution x and

S

B
141 1/p\ BF
pK(:zt:;'aP,zf):O((cn/1+lnal-ﬁ-a)lﬂ—c <g+<@P+M) ) c).

@
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Ez: numerical example

Overview

1 A numerical example
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Ez: numerical example

1D deconvolution

p=1,0=0.01, m =128, n = 154, signal measurements:

Signal fO
0.5F B
0
-0.51 B
50 100 150 200 250

Measurements y=h*f0+w

T T T T T
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D. Gerth, R. Ramlau 17 /22




Ez: numerical example

reconstruction, o = 0.1, o = 3183.2:
Signal

0.5r 1

o

50 100 150 200 250

Sparse regularization, SNR=6.7514dB

T T T T T

50 100 150 200 250
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numerical example

coefficients comparison:

startkoeffs
0.5F ]
0
-0.5 B
50 100 150 200 250
koeffis solution
0.5F ]
0
-0.5 ]
50 100 150 200 250
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numerical example

2D deconvolution

p=1, 0 =0.001, m = 65536, n = 72334, image and
measurements:
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numerical example

reconstructions, x distributed according to B;:*1-prior, o = 0.1,
a=14-10°
measured in B3%-norm measured in Bi-norm
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Ez: numerical example
: :

[ M. Lassas, E. Saksman, S. Siltanen, Discretization-invariant
Bayesian inversion and Besov space priors, Inverse Probl.
Imaging, 2009.

@ |. Daubechies, M. Defrise, C. De Mol, An iterative
thresholding algorithm for linear inverse problems with a
sparsity constraint, Comm. Pure Appl. Math. 57, 2004.

@ A. Hofinger, lll-posed problems: Extending the Deterministic
Theory to a Stochastic Setup, Thesis, JKU Linz, Austria, 2006.

@ A. Neubauer, H.K. Pikkarainen, Convergence results for the
Bayesian inversion theory, J. Inverse Ill-Posed Probl. 16, 2008.

[@ J. Kaipio, E. Somersalo, Statistical and computational inverse
problems, Springer-Verlag, New York, 2005.

Thank you for attention! Are there questions?

|
D. Gerth, R. Ramlau 22/22




	Introduction
	Convergence results
	A numerical example

