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1. Let ¢« be the linear space of bounded sequences with the norm ||z :=
supee  |x,|. Let Al — l be defined by

A(z) = A(zy, 29, ... ) == (21, 29/2,23/3,...) .

Show that A is injective, continuous and not surjective. Furthermore, show
that ||A|| = 1 and that A~! is not continuous.

2. Let K €¢ R™" f € R™. Prove the following statement: Kx = f has
a solution in R™ if and only if all solutions y € R™ of KTy = 0 satisfy

(ya f)Rm = 0.

3. Classify the following integral equations and identify, if possible, the kernel
in each equation:

(a) af(x) = / (r — )’ VT () dy + s(2)f(z)

—t

®) [ (4 Bjate)dt = (5 a(s),
(c) sin(2ms) — /U 2cos(mx) f(z)dr = g(s).

u

4. Rewrite the following boundary value problem using an integral equation
and classify it:

y'(s) + Ay(s) =0, y(0) =y(1) =0, s €[0,1].

5. Let A: X — X be a mapping on a Banach space X, with the property
that A" is contractive on X for some n. In other words,

A" — A"y < qllz =yl

holds for all z,y € X, ¢ < 1, and some n € N. Please show: A has exactly
one fixed point.



6. We consider an integral equation on the interval [a, b]:
os) = [ Ks.a(tyde=g(s). s €latl,
where g : [a,b) — R and k : {(s,t) € R? : a <t < s < b} - R

are continuous functions. Please show: The integral equation above has
exactly one solution.

Hint: Let A : Cla,b] — Cla,b] be given by (Ax)(s) = /k(s,t)m(t) dt+g(s)

for s € [a,b]. Show and use:

() — (@) < Dy

holds for all z,y € Cla,b], s € [a,b], and n € N, with ¢ := max,<;<s<p |k(s,1)].



