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31. Find a normed space X and a compact operator K : X → X for which

X 6= N (I −K)⊕R(I −K) .

32. Let X, Y, Z be normed spaces, B : X → Y and A : Y → Z be linear
and bounded operators. Show or find a counter-example: the operator
C = AB is compact if and only if A or B are compact.

33. Let X be a Banach space and let X∗ be its dual space. Let 〈·, ·〉 : X∗×X →
R be the duality mapping given by 〈f, x〉 := f(x). Please show that 〈·, ·〉
is a non-degenerate bilinear form.

Hint: To show ∀(x ∈ X, x 6= 0) there exists f ∈ X∗ : f(x) 6= 0, first
construct a linear bounded operator f : Yx → R, where Yx = {z ∈ X :
z = αx, α ∈ R} for a fixed x ∈ X. As Yx is a linear subspace of X, use
the Hahn-Banach Theorem to argue the existence of a linear bounded f

defined on the whole space X.

34. Let (X, Y, (·, ·)) be a dual system. Please show that if A : X → X has
an adjoint operator B : Y → Y , then B is unique and both A and B are
linear.

35. Let the normed space X be given by

X := {x ∈ C(0, 1] : ∃M,α > 0 : |x(t)| ≤Mtα−
1
2 , t ∈ (0, 1]} ,

with the norm
‖x‖ := sup

t∈(0,1]

√
t|x(t)| .

Please show that

(x, y) :=

1∫
0

x(t)y(t) dt , x, y ∈ X ,

is a non-degenerate unbounded bilinear form on X ×X.

Hint: To show unboundedness, consider the choice x = y = xn := t1/n−1/2.

36. Please show that for B ∈ Rn×n holds

ν is Riesz index of B ⇐⇒ ν = inf{s ∈ N0 | rank Bs = rank Bs+1} .
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