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1 GENERAL INFORMATION ABOUT THE DK

1 General Information about the DK

1.1 Research Context

The proposed interdisciplinary graduate research program (DK) involves the Institutes of Ap-
plied Geometry (Geo), of Computational Mathematics (NuMa), of Industrial Mathematics (In-
dMath), and of Symbolic Computation (RISC) of the Johannes Kepler University, and the
Johann Radon Institute for Computational and Applied Mathematics (RICAM) of the Aus-
trian Academy of Sciences. The proposed DK will build on the expertise accumulated within
the framework of the FWF Special Research Program SFB F013 “Numerical and Symbolic Sci-
entific Computing”, a research network consisting of exactly the same participating institutes.

The Special Research Program SFB F013 on “Numerical and Symbolic Scientific Comput-
ing” (http://www.sfb013.uni-linz.ac.at, speaker: Peter Paule) has started its work in April
1998. The overall and long-term scientific goal of the SFB was the design, verification, imple-
mentation, and analysis of numerical, symbolic, and geometrical methods for solving large-scale
direct and inverse problems with constraints and their synergetical use in scientific computing
for real life problems of high complexity. This included so-called field problems, usually described
by partial differential equations (PDEs), and algebraic problems, e.g., involving constraints in
algebraic formulation.

After each SFB funding period, 1998-2001 and 2001-2004, the SFB was evaluated by a
team of external expert reviewers to decide about its continuation. As a result of the hearing
from December 2003 the SFB was granted significantly increased funding for a third and last
period of four years, from April 2004 until March 2008. In their report, the reviewers (from
Canada, France, Germany, Holland, and Norway) especially appreciated the concept of com-
bining symbolic and numeric computing. From the FWF-review-protocol: “Bringing these two
worlds successfully together is probably the greatest achievement of this SFB. The reviewers
stated that only few places exist worldwide, where comparable projects are tried, they were not
aware of any other group that undertakes such an enterprise in this way. In this sense the SFB
can be considered as unique.” Concerning the educational aspect, the FWF-review-protocol
says: “The reviewers especially appreciated the activities and the success of the SFB in educat-
ing young scientists: good training is provided for young people of different ages. The reviewers,
however, felt that the share of PhD students could be increased against the number of PostDocs
in the SFB.” This resulted in an FWF funding of 17 PhD students and 5 PostDoc researchers
for the last period of the SFB. As a consequence of the success of the SFB in this regard, the
SFB participants unanimously decided to make an effort to establish a focused continuation of
this kind of graduate education in the form of an FWF “Doktoratskolleg”.

1.1.1 Overall scientific concept with short term and long term goals

In order to utilize the expertise accumulated during the period of the SFB, the long-term
educational goal of the proposed DK is based on similar scientific grounds but stated slightly
more generally as follows:

Already for the first period, the overall goal of the DK program will be to provide
intensive PhD training in two fundamental areas of computational mathematics:
numerical analysis (in particular, of direct and inverse field problems) and symbolic
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computation. This will be accomplished by course work that involves lectures from
both areas and by interdisciplinary seminars. — The long-term goal is to estab-
lish a corresponding distinguished PhD Program at JKU which will attract young
researchers from all over the world.

Such kind of DK education will stimulate numerous new avenues of research. For example:
DK graduates will be able to develop new solvers to direct or inverse problems by combining
numerical approaches with symbolic methods like Groebner bases; DK graduates will design
new procedures for geometrical scientific computing by utilizing implementations of computer
algebra algorithms for problems in algebraic geometry; DK graduates will use symbolic special
function algorithms to speed-up hp finite element methods; DK graduates will use symbolic
optimization techniques for constructing new algebraic multilevel preconditioners, etc. — It
should be noted that first results in each of these directions have been already achieved within
the SFB.

To achieve such results, interdisciplinary interaction is a necessary ingredient. Further details
on this aspect are given in Section 1.1.3 in connection with the coherence of the DK.

1.1.2 Alphabetic list of participating researchers (Tab.1)

The following Table 1 presents an alphabetic list of participating DK researchers. Note: All
researcher are male, so the corresponding column “sex” on the FWF form has been dropped.

] Project leader \ Research institution \ Coordinates ‘
Buchberger, Bruno J. Kepler University Altenberger Str. 69, A-4040 Linz
Prof. Dr. Dr.hc.mult | Research Institute for phone:++43-(0)732-2468-9921

Symbolic Computation fax:  ++43-(0)732-2468-9930
(RISC) Bruno.Buchberger@risc.uni-linz.ac.at
Jittler, Bert J. Kepler University Altenberger Str. 69, A-4040 Linz
Prof. Dr. Institute for Applied phone:++43-(0)732-2468-9178
Geometry (Geo) fax:  ++43-(0)732-2468-29162
bert.juettler@jku.at
Langer, Ulrich J. Kepler University Altenberger Str. 69, A-4040 Linz
Prof. Dr. Institute of phone:++43-(0)732-2468-9168
Computational fax:  ++43-(0)732-2468-9148
Mathematics(NuMa) ulanger@numa.uni-linz.ac.at
Paule, Peter J. Kepler University Altenberger Str. 69, A-4040 Linz
Prof. Dr. Research Institute for phone:++43-(0)732-2468-9921
Symbolic Computation fax:  ++43-(0)732-2468-9930
(RISC) Peter.Paule@risc.uni-linz.ac.at
Ramlau, Ronny Austrian Academy of Altenberger Str. 69, A-4040 Linz
Prof. Dr. Sciences phone:++43-(0)732-2468-5232
Johann Radon Institute | fax: ++43-(0)732-2468-5412
for Computational and ronny.ramlau@oeaw.ac.at
Applied Mathematics
(RICAM)
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Project leader

\ Research institution

Coordinates

Schicho, Josef
Prof. Dr.

Austrian Academy of
Sciences

Johann Radon Institute
for Computational and
Applied Mathematics
(RICAM)

Altenberger Str. 69, A-4040 Linz
phone:++43-(0)732-2468-5231
fax:  ++43-(0)732-2468-5412
josef.schicho@oeaw.ac.at

Schreiner, Wolfgang
Prof. Dr.

J. Kepler University
Research Institute for
Symbolic Computation
(RISC)

Altenberger Str. 69, A-4040 Linz
phone:++43-(0)732-2468-9963

fax:  ++43-(0)732-2468-9930
Wolfgang.Schreiner@risc.uni-linz.ac.at

Winkler, Franz
Prof. Dr.

J. Kepler University
Research Institute for
Symbolic Computation
(RISC)

Altenberger Str. 69, A-4040 Linz
phone:++43-(0)732-2468-9943
fax:  ++43-(0)732-2468-9930
Franz.Winkler@risc.uni-linz.ac.at

Zulehner, Walter

J. Kepler University

Altenberger Str. 69, A-4040 Linz

Prof. Dr. Institute of phone:++43-(0)732-2468-9171
Computational fax:  ++43-(0)732-2468-9148
Mathematics(NuMa) zulehner@numa.uni-linz.ac.at

Table 1: Alphabetic list of participating researchers

1.1.3 Research areas, interdependencies and synergies (Tab.2)

Research areas in the first DK period. To achieve the overall goal, i.e., to provide inten-
sive PhD training in numerical analysis and symbolic computation, 9 thesis research projects
have been proposed. Here we give an informal summary of the PhD research areas that have
been granted by the FWF; more detailed project descriptions can be found in Section 1.1.4.

DK1 has the objective of elaborating a comprehensive formal presentation of noncommutative
Grobner bases theory and algorithmics. On the object level, this is a contribution to recent
computer algebra. On the meta level, this is a contribution to formal mathematical theory
exploration based on automated reasoning. — Correspondingly, research for DK1 will be
carried out both with groups in computer algebra (for example: the group of J.C. Faugere,
Univ. Paris VI; the LinBox Project, M. Giesbrecht, U. of Waterloo, Canada, E. Kaltofen,
NCSU, USA, et al.; the SINGULAR Project, G.M. Greuel et al., U. of Kaiserslautern,
Germany; the group of M. Kreuzer, U. of Dortmund, Germany) and groups in automated
reasoning (for example: Elsevier (Amsterdam), publisher of Journal of Symbolic Compu-
tation; the Mizar Group, U. of Byalystok, Poland; the group of J.L. Ruiz-Reina, U. of
Sevilla, Spain).

DK3 proposes to investigate mathematical aspects of geometric computing, in particular geo-
metric solvers for systems of polynomial equations. Interactions with other fields are e.g.
real algebraic geometry and symbolic computation, computational geometry, and com-
puter graphics. — Polynomial systems appear frequently in geometric computing with
free—form curves and surfaces, e.g., for solving intersection problems. Geometric solvers,
which rely on the Bernstein-Bézier representation, and their application in Geometric
Computing, are an active research area. The proposer is in close contact with leading
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experts: B. Mourrain (INRIA Sophia Antipolis), G. Elber (Technion Haifa), T. Dokken
(SINTEF Oslo), L. Gonzalez-Vega (University of Cantabria, Santander), R. Farouki (Uni-
versity of California, Davis).

DK4 deals with boundary element based finite element methods and interface-concentrated
finite element techniques allowing the efficient numerical treatment of boundary value
problems which cannot be efficiently handled by standard finite element methods. It con-
tinues SFB F013 cooperations with the projects in symbolic computation (fundamental
solutions, integration, special functions, symbolic construction of components of algebraic
multigrid methods), with the integration of direct and inverse solution techniques and the
work on geometrical problems. The proposer cooperates with T. Eibner (TU Chemnitz),
B. Khoromskij (MPI Leipzig), J.M. Melenk (TU Vienna) and O. Steinbach (TU Graz)
on the specific topics proposed in the DK4. Further international cooperations are listed
below.

DKG6 proposes to develop computer algebra tools for special function manipulation. Particular
topics in connection with hp finite element methods concern the design of algorithms for
multiple-integrals and of provers for special function inequalities. — Computer algebra
for special function problems is a new and promising subarea of symbolic computation.
In particular, an algorithmic/symbolic treatment of definite (multiple) integrals and of
inequalities is only in a very early stage. The proposer’s group is maintaining a regular
scientific exchange with leading experts in the area, to name a few: the Algo-Group at
INRIA Rocquencourt (F. Chyzak, F. Flajolet, B. Salvy), G.E. Andrews (PennState),
T. Koornwinder (Amsterdam), M. Petkovsek (Ljubljana), and D. Zeilberger (Rutgers).

DKS8 will study nonlinear regularization methods for the solution of linear ill-posed problems.
Topics are: generalizations of two-step methods to other noise models, analysis of methods
based on filter reduction, possible combination of data preprocessing and cg-method. —
Although linear regularization methods have been studied for a long time, the investigation
of nonlinear methods for the inversion of linear operator equations is a relatively new area.
In particular the combination of data smoothing techniques and fast inversion methods
has a huge potential for applications, in particular for the reconstruction of spatially
inhomogeneous functions. The proposer is in close contact to some of the leading experts
in the field, e.g. G. Teschke (Berlin), P. Maass (Bremen), S. Dahlke (Maarburg)

DK9 proposes to investigate new symbolic-numeric techniques for computing genus and para-
metrizing algebraic algebraic curves, based on topological methods. The relevant research
areas are: symbolic-numeric algorithms, approximate algebraic computation, algorithmic
algebraic geometry, geometric modeling, topology. — Numerical/approximate methods
play an important role in computer algebra since approximately 15 years (compare, for
instance, the percentage of symbolic/numeric contributions at leading periodic conferences
such as ISSAC). Interactions between algebraic geometry and geometric modeling have
been enforced recently by numerous joint meetings and joint projects, and in many of
these, members of the proposer’s group have been involved.

DK10 is devoted to the development of formally specified computer algebra software; e.g., tools
to semi-automatically check whether computer algebra methods are adequately applied.
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Sample software developed by other DK projects will be used to show the adequacy of
the results. — In computer science, interest in using light-weight formal methods to find
errors in software has surged in the last decade; corresponding specification languages and
supporting tools for widely used programming languages have started to emerge and also
to enter industrial practice in safety-critical areas (see e.g. the British VSR-net network for
building up a Verified Software Repository). It is however still an open issue to adequately
apply and adapt these results to widely used computer algebra languages; early work has
e.g. been performed at St. Andrews (Ursula Martin and Steve Linton).

DK11 proposes the systematic investigation of applications of parametrizations of algebraic
curves in computer aided geometric design, Diophantine analysis, and differential equa-
tions. Additionally, in close cooperation with DK 10, a redesign of the program system
CASA is planned. — The investigation of algebraic curves is one of the oldest topics
in mathematics and geometry. In recent decades, with the wide spread use of computer
software, the computational aspects of this old and well-investigated theory have received
new interest. Together with research groups in Madrid (J.R. Sendra), Santander (T. Re-
cio, L. Gonzalez-Vega), University of Texas at Austin (C. Bajaj) and others we have been
doing research in this area, and we intend to continue this work.

DK12 will develop efficient solvers for Karush-Kuhn-Tucker (KKT) systems. Topics range
from the analysis of the behavior of symmetric indefinite block preconditioners to the
construction of suitable preconditioners for interesting classes of discretized optimization
problems in function spaces. — Because of the ubiquitous nature of saddle point problems
(called KKT systems in the context of optimization problems) the development of efficient
solvers for such systems has been of increasing interest for the last years. Although much
has been achieved, many challenges remain, among them the development of new methods
and the analysis of known and new methods, in particular, for solving large-scale systems
from partial differential equations (PDEs) and PDE-constraint optimization, see a recent
survey article by Benzi, Golub, Liesen. The proposer is jointly organizing a minisymposium
on the subject with A. Wathen (Oxford) at the ICIAM (July 2007, Zurich), and has been
invited to two further minisymposia, organized by Kanschat (Texas A&M University),
M. Olshanskii (Moscow State University) and M. Sarkis (WPI/USA and IMPA /Brazil),
X-Ch. Cai (University of Colorado at Boulder) on related topics at the same conference,
an opportunity to strengthen the contact to leading experts in this field.

Interdependencies and synergies. Table 2 shows the assignment of the DK researchers to
the DK research areas. Note: The field “Scientific discipline” is filled in according to the tables
provided by “Statistik Austria” (OSTAT).

The overall goal of the DK program, namely, to provide intensive PhD training in both,
numerical analysis and symbolic computation, can only be reached by ensuring strong inner
coherence, i.e., by thesis research of strong interdisciplinary character. Table 2a gives a quick
overview of the coherence and the interdisciplinary character of the DK. Namely, to each DK
project proposed one finds particular other DK projects associated to it. These projects, listed
in the right-most column, are those which have specific thematical connections to the given
project, or with which specific kind of collaboration is desired.
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Project leader ‘ DK project part: no. and title

\ Scientific discipline

B. Buchberger

DK1: Formal Theory and
Algorithmics of Noncommutative
Grobner Bases

computer algebra
(1131)

for Genus Computation and
Parametrization

B. Jiittler DK3: Geometric Solvers for geometry (1107)
Polynomial Systems

U. Langer DK4: Nonstandard Finite Element numeric computation
Solvers for Second-Order Elliptic (1151)
Boundary Value Problems

P. Paule DK6: Computer Algebra Tools for computer algebra
Special Functions in Numerical (1131)
Analysis

R. Ramlau DKS8: Nonlinear Regularization numeric mathematics
Methods for the Solution of Linear (1114)
Ill-posed Problems

J. Schicho DK9: Symbolic-Numeric Techniques computer algebra

(1131)

W. Schreiner

DK10: Formally Specified Computer

computer software

Systems

Algebra Software (1105)

F. Winkler DK11: Rational Parametric Algebraic | computer algebra
Curves (1131)

W. Zulehner DK12: Efficient Solvers for KKT numeric computation

(1151)

Table 2: Assignment of the researchers to the research areas

Project leader \ Affiliation \ No. of proposed project | associated projects

B. Buchberger RISC DK1 DK6,10,11
B. Jiittler Geo DK3 DK4,9,12
U. Langer NuMa DK4 DK3,6,9,12
P. Paule RISC DK6 DK1,4,8,10
R. Ramlau RICAM DKS8 DK6,9,12
J. Schicho RICAM DK9 DK3,4,8,10,11
W. Schreiner RISC DK10 DK1,6,9,11
F. Winkler RISC DK11 DK1,9,10
W. Zulehner NuMa DK12 DK3,4,8

Table 2a: DK Interdependencies

10
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Besides presenting a quick overview of internal DK interaction, Table 2a also reflects various
different kinds of proposed interdisciplinary research. For instance, there will be collaborations
among DK scientists sharing the same scientific background (i.e., symbolic computation or
numerical analysis) but being experts in different subareas of these fields. In addition, various
projects will benefit by combining expertise in these areas with the geometry know-how of
DK3. Another type of interaction concerns thesis projects that try to connect symbolic and
numerical methods in a non-trivial way. All these kinds of interaction present an added value
— in most significant form, the collaborations of the latter type. Joint SFB research already
brought forward such type of joint research which proved to be extremely fruitful, both in
the training of young PhD students as well as in the production of new scientific results. To
accomplish such a goal, SFB PhD students — as well as SFB project leaders (!) — coming
from different areas, first needed to learn how to communicate their mathematics to each other,
before starting to think about combining methods from both sides. The proposed DK will build
on this SFB experience.

1.1.4 DK PhD Thesis Topics

This subsection contains extended abstracts of the DK PhD Thesis Topics proposed. Each
project description is structured as follows: (i) project number and name of the project leader,
(ii) title of proposed thesis project, (iii) abstract (background information), (iv) current state of
research (most relevant results in the field, recent work of the proposer), and (v) objectives and
methods. The references given in the project descriptions refer to the lists of citations collected
in Subsection 5.1 of the Appendix.

11



DK1 Bruno Buchberger

DK1 Bruno Buchberger: Formal Theory and Algorithmics of
Noncommutative Grobner Bases

Abstract

The goal of this thesis is a thorough presentation of the theory and algorithmics of noncom-
mutative Grobner bases in a completely formal (logic) frame, namely the Theorema version of
predicate logic. In the first part of the thesis, using and extending the Theorema automated
formal reasoning tools, the theory should be formally verified and, using the Theorema functor
programming paradigm, the algorithmics should be implemented in a generic, and also formally
verified, way. The subtle relation of (noncommutative) Grébner bases theory with linear al-
gebra based on the notion of generalized Sylvester matrix, which has significant potential for
improving the algorithmics but was never carefully and completely studied theoretically, should
be investigated in detail using the formal theory and the formal exploration tools provided in
the first part of the thesis. If possible in the frame of just one thesis, one major application of
noncommutative Grobner bases theory, e.g. cryptography, should be explored and implemented.
The thesis will also serve as an important input into a major research project ”Math Journals as
Active Reasoning Agents” by the same proposer in cooperation with a renowned international
mathematics publishing company and will be carried out in close cooperation with the currently
most active research groups in noncommutative Grobner bases theory worldwide.

Current State of Research
Commutative Grobner Bases Theory

Commutative Grobner basis theory and its algorithmics were introduced, many years ago, in
[5], [6], and, over the past decades, have found numerous applications both inside mathematics
as well as in science and technology (for an overview, see for example, [7] and [47]). The latter
textbook contains also a list of nearly all (approximately ten) currently available textbooks
on Grobner bases. A fairly complete, interactive bibliography on Grobner bases was recently
compiled, under the direction of B. Buchberger, by Alexander Zapletal in the frame of the
”Special Semester on Grobner Bases” at RICAM and RISC, Linz, (February - July 2006),
see [48]. This bibliography contains, roughly, 1000 entries. The results of the eight workshops
of the Special Semester will be published in, altogether, ten proceedings volumes which are
currently composed and edited, by guest editors, under the overall scientific coordination of
B. Buchberger. The importance and impact of Gréobner bases theory is also underlined by the
fact that, a couple of years ago, an extra classification number, 13P10, has been introduced
for Grobner bases theory in the AMS classification index. Also, a search in the mathematical
citation indices, e.g. the Research Index, http://citeseer.ist.psu.edu/, on Grébner bases and
related keywords yields several thousand entries. Since by the recent activities of the proposer
the state of the art in Grobner bases theory was, hence, intensively studied and documented, we
do not give any more details here about the current state of Grébner bases theory, algorithmics,
and applications in general and concentrate here on the noncommutative case.

12
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Noncommutative Grobner Bases Theory

In this proposal, we choose one of the currently hot topics in the area of Grébner bases theory,
which is technically hard and, at the same time, promises to open - and is motivated by - quite
a few new and deep applications, as has also been documented in the course of some of the
workshops during the Special Semester on Grobner Bases 2006.

The literature on noncommutative Grobner bases, in the meantime, is also huge. A survey,
together with a bibliography until 1998, was given in [14, 50]. Recent literature on the subject
is compiled in the PhD thesis [34].

The theory of Grobner bases in noncommutative polynomial domains, under a different
name, can be traced to the seminal paper [2] (with early forerunners like [24]. In fact, in [2],
the setting (“diamond lemma”) is even more general and can be seen as a theoretical setting
between the very general setting (“critical pairs” in [33]) of equational logic and rewriting on
general term domains and the traditional setting (“S-polynomials”) of commutative Grobner
bases theory introduced in [5, 6]. Explicitly, the theory and algorithmics of noncommutative
Grobner bases was introduced in close analogy to the commutative case and independently in
a couple of papers, e.g. [31, 37, 1].

Applications of Noncommutative Grobner Bases

The field of noncommutative Grébner bases theory opens the horizon for a couple of fascinating
new applications in established important areas as, for example: symbolics of combinatorial and
special functions identities; symbolics of boundary value problems for differential equations;
algebraic methods for cryptosystems and cryptoanalysis, see below. (We do not give more
details on well-known applications in algebraic geometry, see for example [32], and for algebras
in quantum physics, see for example [13])

Symbolics of Combinatorial and Special Functions Identities

Holonomic functions are solutions of systems of linear partial differential / difference equations of
a certain particular form, called holonomic systems. Zeilberger [38] observed that many special
functions are holonomic and he proposed the use of holonomic systems for the algorithmic
treatment of special functions. Noncommutative Grobner bases are applied in this context in
the following way: The holonomic system defining a holonomic function gives rise to a finite
set of differential/difference operators annihilating the function. These operators generate a left
ideal in the (noncommutative) ring of operators, called the annihilating ideal. Proving identities
about holonomic special functions typically requires the construction of an annihilating operator
of a certain form, which can often be accomplished with a noncommutative Grobner basis
computation [39, 40, 41, 18]. For more details and a survey on this approach, see [16] and the
references given there.

Symbolics of Boundary Value Problems for Differential Equations

One of the central themes of symbolic analysis is to develop computer algebra methods for
dealing with differential equations. In this context, noncommutative Grobner bases have proven

13
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to be a powerful tool. For example, they can be used for the purpose of elimination in linear
differential equation systems or evaluating parametrized integrals [41, 15, 17].

Differerential equations in applications often come along with boundary (in particular: ini-
tial) conditions. In symbolic computation, however, they are usually disregarded or accom-
modated in a post-processing step. Based on an operator approach first presented in [42], a
symbolic method for computing the Green’s operator for two-point boundary value problems
with constant coefficients was given in [43, 44]. This approach has been extended to arbitrary
linear ordinary differential equations in [45], including a method for factoring boundary value
problems and Green’s operators. The crucial step in determining Green’s operators is the com-
putation of normals forms using a suitable noncommutative Groébner basis that reflects the
essential interactions between basic operators.

Algebraic Methods for Cryptosystems and Cryptoanalysis

Public key cryptography [20] relies on the notion of (trapdoor) one-way function. Intuitively,
such a function is easy (polynomial-time) to compute, but difficult (at best sub-exponential) to
invert. One way functions themselves are constructed from hard problems (roughly speaking,
problems for which no polynomial-time algorithm is known).

Thus, one of the main issues in public key cryptography is to identify hard problems, and
propose new schemes that are not based on number theory (because the latter are not safe
from a theoretical breakthrough). Following this line of research, cryptographic schemes using
algebraic polynomials have been proposed. This area of cryptography is called Multivariate
Public-Key Cryptography. Schemes in this approach are divided in two distinct families : “C*—
like” schemes [21, 29] that are based on the hard problem of solving algebraic systems over a
finite fields; and “Poly-Cracker”-like schemes [19] which are based on the difficulty of the ideal
membership problem.

Recently, Ackermann-Kreuzer and Rai proposed several new schemes in this last family,
[19, 49]. These new cryptosystems intensively use the theory of noncommutative Grébner bases.
Also, in order to evaluate the security of these new proposed schemes, strong and efficient crypto-
analytic methods — supported by noncommutative Grobner bases theory — have to be developed.
In a more constructive aspect, it seems natural to also investigate noncommutative versions of
“C*—like” schemes. Surprisingly enough, this line of research has not been yet investigated. We
believe that the real feasibility of such a variant deserves investigation.

Implementations of Noncommutative Grobner Bases Theory

In order to put Grobner bases theory on noncommutative (and other) polynomial domains
into practice, one has to implement algorithms for constructing Grobner bases as well as the
algorithms that solve the fundamental problems in the ideal theory of the domains by reduction
to Grobner bases computations.

A couple of implementations of (part of) the algorithmics noncommutative Grobner bases
exist in current computer algebra systems like, for example, Singular, see [23]. For a complete list
of available implementations, together with a comparison of available features, see the systems
bibliogrpahy [35], which was compiled by V. Levandovsky in the frame of the Special Semester
on Grobner bases 2006 directed by B. Buchberger. From the comparison one sees that each of

14
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the implementations has its pros and cons. However, none of them is generic in the sense that
it can be easily adjusted to a variety of domains and non of them is formally verified.

In the proposer’s Theorema Working Group we have build up a completely formal frame —
the Theorema system — for the computer-supported build-up and verification of mathematical
theories, including algorithms and their applications, see for example [3], [4]. The Theorema
framework will be used (and extended) for the research work in this thesis.

Objectives and Methods
Research Objectives and Method of the Thesis

The objective of this thesis is a presentation of current noncommutative Grobner bases theory
and algorithmics with the following points of emphasis:

e The presentation of the theory should be formal.
e The algorithmics should be implemented generically.

e New research should be done on the subtle question of the relationship between Gréobner
bases and linear algebra (based on the view of “generalized Sylvester matrices”).

e In the ideal case, also on topical application should be included.

By a formal presentation we mean a presentation that is the result of formalizing the entire
theory and its algorithmics in the frame of a formal logic language (for which we propose the
Theorema version of predicate logic) and of proving all lemmas and theorems and verifying
all algorithms by formal (partly automated) reasoners. Some of these reasoners (for example, a
general predicate logic prover, various equality reasoners, various induction provers, a set theory
prover, an algorithm synthesizer, and an algorithm verifier) are already available in Theorema,
some others will have to be developed (and proved correct by the meta-proving mechanism of
Theorema) in the course of the thesis. (The aspect of proving reasoners correct is subtle, see [9]
and [10].

By a generic implementation we mean an implementation in which the algorithms have
domain parameters whose instantiation by concrete domains allows to execute the algorithms
in concrete domains. In Theorema, genericity is achieved in an elegant way by ”functors”, see
[11, 12], that are similar to the functors in ML but slightly more general. The methodologic
challenge consists in succeeding to have genericity and efficiency at the same time: In Theorema,
algorithms and, in particular, generic algorithms are just particular predicate logic formulae
whose execution is nothing else than the application of a small fraction of full predicate logic,
namely the directed equational part ("rewriting”). In order to achieve efficiency, in the next
version of Theorema, we will provide a compiler that compiles the Theorema predicate logic
algorithms into Java. Recent experiments have shown that the speed-up achieved by compilation
is drastic (a factor of several hundred).

An example of a functor is the functor NCP that takes a coefficient domain C' and a domain
of “terms” T and produces the domain NCP(C,T) of noncommutative polynomials over C' and
T'. In more detail, NCP defines algorithms for the operations 0,4+, %, ... in NCP(C,T) from
the operations 0,4+, *,... in C' and operations 1,%,... in T. (In fact, each of the variants of
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the notion of noncommutative polynomials, and each possible representation of polynomials,
gives rise to a different functor). Also, various theorems on the properties of domains generated
by certain functors in dependence on properties of the ingredient domains can be established.
Hence, functors do not only “transport” bundles of operations to bundles of operations but also
properties of operations to properties of operations. We call theorems that describe this type
of property transportation “conservation theorems”. In this view, a big part of the theory that
is accumulated in cases like the one to be treated in this thesis can be viewed as a collection
of conservation theorems. Special reasoning tools are available for this type of theorems in
Theorema, more powerful ones should be added in the course of this thesis.

The relationship of Grébner bases theory and linear algebra on words is a promising view
for obtaining a drastic improvement of Grobner bases algorithms. Practically, this opens the
possibility for using efficient linear algebra algorithms (see for example the LinBox Project,
[30]) in the reduction process w.r.t. multivariate polynomials. The positive computational effect
has been demonstrated recently in an impressive way by the implementation of (commutative)
Grobner bases and its very successful application to cryptoanalysis in [22]. Theoretically, the
relationship is not yet satisfactorily explored. We believe that results that are analogous to
Habicht’s univariate results, see [46], and subresultant theory, see for example [25]. should be
possible for the multivariate (commutative and noncommutative) case. We proposed this idea
already many years ago, for the first time in [8], but the details are rather difficult to pursue.
A thesis, [26], along these ideas under the supervision of the proposer did not go sufficiently
deep and revealed that a formal exploration, supported by automated reasoning tools, will be
helpful for being able to keep track of the subtle proof details. Given the advances in formal
computer-supported reasoning as provided by the Theorema environment, should result in a
significant step forward in developing a generalized Sylvester matrix theory. This investigation
is the major theoretical challenge of the proposed thesis.

The objectives of this thesis are demanding. Hence, probably, there will be not more time
left for actively investigating one of the topical applications of noncommutative Gréobner bases
in the frame of the thesis. However, interaction with the people working on the applications
mentioned above should be pursued in the course of working on the thesis.

International Interaction

Work on the thesis should be carried out in interaction with the following research groups:

o The group of J.C. Faugere, Univ. Paris VI. Relationship between Groébner bases and
linear algebra, application in cryptography.

e The LinBox Project, M. Giesbrecht, U. of Waterloo, Canada; E. Kaltofen, NCSU, USA;
et al.: fast linear algebra.

e The SINGULAR Project, G.M. Greuel et al., U. of Kaiserslauter, Germany: Advanced
implementation of noncommutative Grobner bases.

e The group of M. Kreuzer, U. of Dortmund, Germany: Grobner bases and poly-cracker
approach to cryptography.
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e Elsevier (Amsterdam), publisher of Journal of Symbolic Computation: The result of this
thesis, both as a formal mathematical theory (including its algorithmics) and as a bench-
mark and case study for the methodological philosophy of Theorema (and similar current
systems and projects like, for example, [27] and [28]) will be an important input into
a major project “Math Journals as Active Reasoning Agents”, proposed by the thesis
supervisor B. Buchberger, in cooperation with (Elsevier).

e The Mizar Group, U. of Byalystok, Poland: Formal mathematical theory exploration.
e The Group of J.L. Ruiz-Reina, U. of Sevilla, Spain: Formal verification of Grobner bases
algorithmics in ACL2.
Specific Educational Value of this Thesis for the PhD Candidate

In addition to the value of this thesis for computer algebra research and the application of
computer algebra methods in various branches of mathematics (and, based on this, in science
and technology), this thesis has a specific educational value for the PhD candidate because it
trains, develops, and brings into coherence six different methodological capabilities in the mind
of the student:

e The Theoretical Aspect: Develop a mathematical theory systematically and thoroughly
and add nontrivial research (Grobner bases and its relationship with linear algebra).

o The Algorithmic Aspect: Develop, verify, implement, and fine-tune algorithms.
e The Methodologic and Software Technologic Aspect: Use functors for generic programming.

e The Formalization and Automated Reasoning Aspect: Use and extend formalization and
automated reasoning tools (of Theorema).

o The International Aspect: Interact with leading research groups worldwide.

o The Application Aspect: Apply the results to a topical application area.

Work plan

1st Semester:

o Literature study the literature as described in this proposal; extensively search the
literature and compile a complete bibliography.

e Theorema: introduction to the formal mathematical theory exploration philosophy
of Theorema and training in using the Theorema system.

2nd - 3th Semester:

e Fxtend and Formalize the Theory: formalize the various versions of Grobner bases
theory in noncommutative domains in the frame of the Theorema version of predicate
logic; fill gaps in the theory; attempt formal verification of the theory by using (and
extending) the formal reasoning tools of Theorema.
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e Design and Implement Domains and Functors: design, implement, test, tune, and
formally verify various versions of noncommutative polynomial domains and various
versions of Grobner bases algorithmics in these domains in a generic way using the
Theorema functor approach.

4th - 5th Semester:

e New Research: Use the formal knowledge base for Grobner bases theory and the
reasoning tools built up in the previous step for a systematic research on the rela-
tionship between Grobner bases and linear algebra along the generalized Sylvester
matrix approach.

e [Integration: Smoothly integrate the results into the formal knowledge base

6th Semester:

e PhD Thesis Writing: write and polish the PhD thesis; prepare presentations.
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DK3 Bert Jiittler: Geometric Solvers for Polynomial Systems

Abstract

Robust algorithms for solving systems of polynomial equations, which are based on Bézier
clipping and its variants [71, 76, 57, 68], find all roots in a bounded domain and have second
order convergence for single roots. E.g., such techniques are needed for solving intersection
problems in Computer Aided Design [63, 72], but they can also be useful for applications in
robotics and numerical simulation, e.g., [60, 61].

Recently we formulated a new geometric algorithm for solving univariate polynomials via
approximation by quadratic enclosures with good convergence rates: 3 for single and % for double
roots [52] . In particular, it performs very well in the case of two roots which are relatively close
to each other. We plan to explore several extensions and related applications.

Current State of Research

A system of polynomial equations (polynomial system for short) of degree d in n variables
x = (x;)!_, is a collection of n multivariate polynomials p(x) = (p1(x),...,pn(x)) of degree d.
In the generic case, its solution is a set of d" points in C™ which satisfy p(x) = 0. Depending
on the application, one is interested in the solutions for x € 2, where the domain 2 can be
C™,R™, or some subset of R™. We are interested in numerical techniques for the case 2 C R,
which are guaranteed to find all solutions. Clearly, several powerful techniques from the field of
symbolic computation exist also. In this proposal we restrict ourselves to numerical techniques.
All computations are to be done with floating point numbers.

The investigation of algorithms for solving polynomial systems has been an active research
area for a long time. Many related references can be found in [67].

For instance, homotopy techniques form an important class of algorithms. These techniques
(see, e.g., [64, 77]) start with the solutions of a simpler system with the same structure of the
set of solutions. This system is then continuously transformed into the original system, and the
solutions are found by tracing the solutions. Homotopy techniques are particularly well suited
for 2 = C".

Another class of algorithm combines bisection steps with Descartes’ rule of signs in order to
isolate the roots [69, 74, 53].

The rich literature on roots of polynomials also contains various results on enclosures of
polynomials and their roots, e.g., [56, 65, 75]. In particular, techniques of interval and affine
arithmetic have been used to deal with uncertainties and numerical errors.

In this project we will focus on polynomial given in Bernstein-Bézier (BB) representation,

d
p(l‘) = Zci gpl(ﬁﬂ), T e [a’a b]? (1)
i=0
with Bernstein polynomials ¢; = (?)sitd_i, s =g, t= Z:—z and real coefficients ¢;. This

representation forms an essential part of the technology for free-form curves and surfaces in
Computer Aided Design [63, 54, 73, 69]. Compared to other representations, it has two main
advantages.
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Figure 1: Numerical stability of the BB representation. The Wilkinson polynomial (a) and the
effect of adding 1078% coefficient error to the BB representation (b) and to the monomial
representation (c). The latter two figures show the graphs of sign(w)log,¢(1 + |w|). While the
BB representation preserves the root pattern (b), this is not the case for monomials (c).

Figure 2: Bézier clipping vs. quadratic clipping. Left: Bézier clipping [71]. The convex hull
property provides a smaller interval [a™,b"| containing the roots. The algorithm proceeds by
computing the BB representation with respect to the newly generated interval. Right: Quadratic
clipping [52]. The same is achieved by using a quadratic enclosure.

First, the BB representation is numerically stable, see [55]. This observation also applies
to evaluation and to the computation of BB representations with respect to subdomains via
de Casteljau’s algorithm or other suitable algorithms (cf. [66]). As an example, in Fig. 1 we
consider the Wilkinson polynomial w(x) = H?gl(ac — 1) and compare the stability of the BB
representation with respect to the interval [0,25] with the stability of the usual “monomial”
representation (with respect to powers of z).

Second, the BB representation provides the convexr hull property; the graph of the polyno-
mial (1) does not leave the convex hull of the control points {(v;,¢;)};, v = (1 — 4)a + Lb.
Consequently, all roots of p in [a, b] are located within the intersection of the convex hull with
the z-axis, see Figure 2, left. This observation, combined with subdivision, has been used to for-
mulate fast (achieving quadratic convergence for single roots) solvers for univariate polynomials
[71].

Solutions to systems of polynomial equations are needed frequently in Geometric Com-
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puting with free-form curves and surfaces. Various subdivision-based algorithms with linear
convergence have been formulated [53] and perform remarkably well, due to efficient implemen-
tations. Multivariate versions of Bézier clipping exist [69, 76] and have found their way into
industrial software, such as commercial CAD systems.

Recently, we formulated a new method for the univariate case [52]. This method is based
on a simple and efficient generation of quadratic enclosures, see Fig. 2, right. In each iteration,
the next interval containing the roots is found by solving a single quadratic equation. Recall
that all computations are done in floating point numbers. Evaluating a square root is therefore
assumed to take constant time. In the case of double roots, the convergence rate is still %, while
the method achieves even cubic convergence for single roots.

Clearly, double roots are unlikely to be present in practice, when the input is specified
by floating point coefficients. However, the superlinear convergence for double roots is also an
advantage for the case of a situation near to a double root. In the case of two neighboring
real roots, Bézier clipping slows down to linear convergence, until the roots are isolated by
subdivision steps (and similar for two neighboring conjugate-complex ones). The novel method
provides superlinear convergence throughout.

Objectives and Methods

The planned Ph.D. project will structured in four parts.

Part 1: Multivariate algorithms. The goal of this part is to generalize the univariate al-
gorithm of [52] to polynomial systems. We assume that the domain € is a box. The case of
general domains (including unbounded ones) can be reduced to this situation, by a parameter
transformation. T'wo approaches are to be explored.

First, we will use n linear enclosures of the polynomials, where n is the number of equa-
tions. Some very preliminary tests are described in [51]. As indicated by them, this approach is
expected to provide quadratic convergence for single roots. The existing techniques achieve this
convergence rate only with the help of additional preprocessing steps, as used in [69]. Several
possibilities for choosing the linear enclosures will be explored, including L? best approximation,
as in [52], and other techniques [56].

Second, we will use combinations of n — 1 linear enclosures and one quadratic enclosure. By
using a single quadratic enclosure, the new box containing the roots can be found by solving a
single quadratic equation, as in the univariate case. Still, the enclosures are to be chosen such
that they maintain superlinear convergence for double roots.

For both approaches we will analyze the theoretical convergence rates for the cases of single
and multiple roots, and the computational complexity with respect to the degree and to the
number of equations. We will compare the methods with existing techniques (e.g., with other
iterative techniques and with homotopy methods) with respect to various criteria: convergence
rates, complexity with respect to the degrees, computing times (based on experimental imple-
mentations of the new methods) and number of operations. As a byproduct of these comparisons
we will explore the feasible ranges of n (number of equations) and d (degree of the system) which
can be dealt within reasonable computing time.

Part 2: Applications. This part is to demonstrate that the new algorithms are capable of solv-
ing real-world problems involving polynomial systems. We will apply the algorithm to various
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concrete problems from Geometric Computing and other fields. The problems to be addressed
include intersection problems in Computer Aided Design [63, 59], the topology analysis of pla-
nar algebraic curves [58], a special polynomial system arising in computational elastoplasticity
[60] (jointly with the team of DK4), and the inverse kinematics of general 6R robotic manip-
ulators. For the latter problem, recent results show that this can efficiently be formulated as
a polynomial system of relatively moderate degree with two equations (n = 2) [61], while the
elimination of one more variable (which gives a single polynomial of degree 16) is quite expen-
sive. Computing all solutions may help to detect singular positions of the robot, where several
roots coincide.

Part 3: Robust computing. The goal of this part is to adapt the algorithms from Part 1
to the case of polynomial systems, where the coefficients are only known with limited accu-
racy. Here we will systematically use techniques from interval and affine arithmetic (cf. [70]).
In addition we will analyze the propagation of rounding errors.

On the one hand, we analyze how to obtain valid enclosures if the coefficients of the given
polynomials are given with limited precision. On the other hand, we will modify the clipping
step in order not to lose any roots, by applying an additional analysis (e.g., detection sign
changes of the BB representation) to the boxes which are clipped away. The latter approach
may help to reduce the use of interval arithmetics.

Part 4: Higher order enclosures. Here, the aim is to formulate algorithms with superlinear
convergence for roots of higher multiplicity. This will adapt these algorithms to root clusters
containing more than two roots.

In the univariate case we will look at cubic and quartic enclosures. The new intervals con-
taining the roots are then found by solving equations of degree less than four, where closed-form
solutions still exist. It is also planned to extend this approach to system of polynomials. Similar
to the case of quadratic enclosures, special care is needed in order to make the computation of
the next box computationally tractable.

Possible extensions. Various possibilities for additional research exist:

e Generalization to systems of general non-linear equations. The classical Bézier clipping can
be seen as a robust version of a Newton method, as the convex hull of the control polygon
converges towards the tangent of the curve. By replacing the tangent of the curve with an oscu-
lating geometric primitive (circle, parabola,...) of higher order, higher-order geometric Newton
methods can be found and should be analyzed.

e Clipping in other spaces of functions. BB-type techniques exist for spaces containing, e.g.,
trigonometric polynomials [62], and it should be possible to generalize the results about poly-
nomial systems.

e Advanced computer hardware provides new possibilities (such as graphics cards, paralleliza-
tion) and might lead to new classes of algorithms (planned cooperation with G. Haase, Graz).
e Various other applications of polynomial systems exist and are promising subjects for further
research. In particular, this includes problems from numerical optimization.

e For certain applications it should be of some interest to extend the methods to the case of
complex roots, 2 C C".
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Work plan

The four parts progress from applications of existing techniques (linear enclosures for systems,
higher order enclosures for univariate polynomials) to the exploration of new concepts (quadratic
and higher order enclosures for systems). Additional impulses will be provided by studying
concepts from interval analysis and by discussing relevant applications. The first three parts
will be dealt with simultaneously. Part 4 is to be addressed later on.
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DK4 Ulrich Langer: Nonstandard Finite Element Solvers for
Second-Order Elliptic Boundary Value Problems

Abstract

We propose to investigate non-standard finite element schemes for solving second-order ellip-
tic boundary value problems. The construction of these finite element schemes are based on
boundary element technologies and interface-concentrated finite element techniques. The first
approach allows us to treat polyhedral and even more general meshes, whereas the second tech-
nique can easily handle subdomains with complicated interfaces and/or complicated behavior
of solution along these interfaces. The combination of both discretization techniques and their
coupling with data-sparse boundary element discretizations are feasible. The construction of
fast and highly efficient parallel solvers for the corresponding systems of algebraic equations is
the ultimative goal of this project.

Current State of Research

In order to construct new finite element (FE) approximations to linear boundary value prob-
lems (BVP) for 2nd order partial differential equations (PDEs), like the potential problem and
the linear elasticity problem, on very general meshes, we will borrow ideas from the symmet-
ric domain decomposition (DD) boundary element (BE) method. The symmetric formulation
originally proposed by M. Costable for FE-BE coupling [84] was then used by G. C. Hsiao and
W. L. Wendland [87] to construct BE DD schemes. The proposer has contributed to the fast so-
lution of such schemes [91, 83, 93, 92]. These schemes can be interpreted as a BE approximation
to the skeleton variational formulation

p p

S Saulr, o) = S (Nifis ol (2)

i=1 i=1

of the BVP under consideration, where here S; denotes the Steklov-Poincaré operator corre-
sponding to the PDE, IV; is the Newton potential operator, and Q = Uleﬁi, N0 =@, Vi #j,
is a non-overlapping DD of Q C R? (see also the survey paper [94] and the references therein).
We will use the BE-DD formulation in order to construct new finite element schemes on polyhe-
dral and even more general meshes. There are other approaches to construct approximation on
polyhedral meshes, see, e.g., [90, 82] and the references therein. However, the potential of the
symmetric BE DD method seems to be very promising. It can be interpreted as a local Trefftz
method, i.e. as a finite element method working with ansatz-functions which are solution of
the PDE on the finite elements. The BE technology allows us to generate the element stiffness
matrices and the element load vectors with linear complexity.

Another interesting non-standard FE technology is the so-called boundary concentrated finite
element methods (BC-FEM) introduced and investigated by B. Khoromskij and J.M. Melenk
in [88]. This technique allow us to solve potential problems with smooth coefficients in domains
with complicated boundaries as accurately as the corresponding standard finite element meth-
ods (FEM) but with a significantly smaller number of unknowns. Indeed, the total number of
unknowns in the BC-FEM is proportional to O(h~(¢=1)) whereas the total number of unknowns
in the standard FEM behaves like O(h~¢), where h and d denote the average discretization
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parameter of the boundary and the spatial dimension, respectively. Local discretization error
estimates in different norms can be found in [86]. Moreover, at least for Dirichlet problems, the
stiffness matrices of the BC-FEM are significantly better conditioned than the usual stiffness
matrices. This property was already discovered by H. Yserentant [98]. Efficient solution methods
for the BC-FEM have been designed in [89, 88, 85]. Interface concentrated finite element meth-
ods (IC-FEM) are a combination of nonoverlapping domain decomposition (DD) methods with
the BC-FEM that is used in the subdomains €2; in which the initial domain €2 is decomposed.
Now we can admit piecewise smooth coefficients in the PDE that we are going to solve. Primal
and dual iterative substructuring solvers for interface concentrated finite element schemes have
been developed in [78].

Objectives and Methods

We now consider the subdomains 2. (usually characterized by the average diameter H >> h
in DD) as finite elements of an average mesh size H = h. The element stiffness matrices

1 1
Ae :De+(§Me+KeT)V:3_1(§Me+Ke) (3)

are now generated by the boundary element matrices D, (hypersingular matrix), K. (double
layer potential matrix), V, (single layer potential matrix) and M, (mass matrix). The matrices
D., K. and V, are dense, but of small size ! Similarly, the element load vectors f. are generated
by the use of Newton’s potentials. After assembling, we obtain the global system

Au = f, (4)

with P P
A:ZRZAeRe and f:ZRZfe, (5)
e=1

e=1

where R, is the usual restriction operator mapping an global nodal vector to the local ele-
ment vector and p = O(h~%) is now the number of unknowns. This method is a Boundary
Element based Finite Element Method (BEbasedFEM) and can be considered as a local Trefftz
methods as was already mentioned above. It is clear that this procedure admit very general
meshes including polygonal and polyhedral meshes in 2d and 3d, respectively. A priori and a
posteriori discretization error estimates as well as efficient methods (e.g. Algebraic MultiGrid
(AMG) methods) for solving these exotic FE equations are certainly challenging problems for
studying in the framework of a PhD thesis. The development of the corresponding software also
requires additional ideas. This new approach can be developed in different directions: elements
with special features, p-versions (no inner nodes !), Discontinous Galerkin (DG) and hybridiza-
tion (non-matching grids), new applications (e.g. Stokes, Maxwell etc). Here we will continue
the cooperation with the projects in symbolic computation (fundamental solution, integration,
special functions, AMG), with the integration of direct and inverse solution techniques and the
work on geometrical problems started in the SFB F013.

There are only a few papers on boundary and interface concentrated finite element methods
which have already shown the potential of this approach. We propose to investigate modifi-
cations of the interface concentrated finite element method for problems with a complicated
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structure of the solution along the interfaces and with moving or even a priori unknown inter-
faces. For instance, the latter case arises from treating elasto-plastic problems (see SFB project
F1306), topology optimization problems (see SFB project F1309), or parameter identification
problems.

Interface concentrated finite element schemes can be generated by the boundary element tech-
nology discussed above and can be coupled with data-sparse boundary element approximations.

Work plan

The following working program (36 months = 3 years) is designed for one PhD student, although
the topics briefly described above provide research work for one or two more PhD students. We
suppose that the PhD students are familiar with the basic knowledge on elliptic PDEs and their
numerical solution via FEM as it is provided in our master courses and as it is presented in the
books [79, 80, 81]. Usually one cannot suppose that the students are familiar with advanced
boundary element and domain decomposition techniques.

1. Study of the literature on BEM, e.g. the books by S. Sauter and C. Schwab [95] and
O. Steinbach [96], and on Domain Decomposition Methods [97] as well as of the corre-
sponding journal papers relevant for the work on the PhD thesis (months 01 - 12)

2. Training research work on BEbasedFEM, IC-FEM and combinations BEMbased-IC-FEM
coupled with BEM for the 2D potential equation as well as software development on basis
of our 2D DD FEM-BEM software (months 03 - 12)

3. Construction and Analysis of BEbasedFEM for the potential equation in 3d, a priori and
a posteriori error analysis, fast solvers (months 06 - 24)

4. Development of primal, dual and primal-dual DD solvers (months 18 - 30)

5. Development of DD software for the 3D potential problem and numerical testing (months
24 - 36)

6. Completion of the PhD thesis ((months 31 - 36)

This PhD student supported by the DK will closely cooperate with other PhD students of the
DK (in particular, with the PhD students of DK6 and D12) and of the Institute for Compu-
tational Mathematics as well as with the group of Prof. Steinbach at the TU Graz. We can
hopefully associate further PhD students to the DK supported by other institutions. One topic
of research work can be devoted to the use of the boundary element technique in the IC-FEM
(BEbased-IC-FEM) and the coupling with data-sparse BEM for 3D potential problems. Here
we will cooperate with Dr. Eibner (TU Chemnitz), Dr. Khoromskij (MPI Leipzig), Prof. Melenk
(TU Vienna) and Prof. Steinbach (TU Graz). Another PhD topic is the use IC-FEM in the
case of unknown or/and moving interface in 2D and 3D that requires a detection mechanism of
the unknown interface as well as a smart implementation. The extension of these non-standard
finite element technologies to other problem classes like elasticity equations, Stokes equations,
Maxwell’s equation etc. is, of course, feasible and can be investigated in the second period of
the DK.
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DK6 Peter Paule: Computer Algebra Tools for Special Functions
in Numerical Analysis

Abstract

We propose the development of computer algebra tools for special function manipulation. For
many years the proposer’s group has been working in this area; see the web page of the RISC Al-
gorithmic Combinatorics group [99]. Despite these efforts and other recent developments briefly
described below, this research area is still in its early stage and much remains to be done. Being
a subproject of the DK, particular emphasis will be put on tools that help in solving problems
arising in numerical analysis. For example, in connection with hp finite element methods one
typically encounters problems related to (multiple) definite integrals and inequalities involving
special functions.

Current State of Research

A survey of the state of art is given in the forthcoming DLMF computer algebra chapter [100],
jointly written by the proposer and F. Chyzak. Besides being author, the proposer is also
associate editor of the DLMF [101], the Digital Library of Mathematical Functions, currently
edited at the U.S. National Institute of Standards and Technology (NIST) as a completely
revised version of the widely spread 1964 Handbook of Mathematical Functions [102] edited by
Abramowitz and Stegun.

The beginnings of modern development trace back to the PhD thesis of M. Fasenmyer (often
called Sister Celine). E. Rainville devotes a whole chapter to the description of her ideas in [103],
the first monograph devoted entirely to special functions. D. Zeilberger was the first who fully
recognized the algorithmic content of Fasenmyer’s method. His holonomic systems approach
[104], his creative telescoping algorithm [105] based on Gosper’s algorithm [106], and the article
[107] with H. Wilf can be viewed as the breakthroughs which initialized the modern development
of the field. Symbolic summation has received particular attention. See, for instance, the work
of S. Abramov starting with [108], of M. Karr [109] and C. Schneider’s extension of it starting
with [110], of the proposer, e.g. [111], of M. Petkovsek starting with [112], and of many others.

Concerning more general aspects of special functions, including differentiation and integra-
tion, outstanding work has been done by B. Salvy and P. Zimmermann [113], N. Takayama, e.g.
[114], and F. Chyzak who, beginning with [115], has started to execute the research program
described by Zeilberger in [104]. But it seems that this more general territory has been much
less explored than symbolic summation. There are several possible explanations of this view.
One of them is due to the following observation.

Integrals and symbolic summation. Having efficient symbolic summation tools at hand, one
might succeed in deriving a suitable representation for a given definite integral by transforming
it into a summation problem. In practice, this technique has a good chance to work if the
integral involves discrete (and sometimes also continuous) parameters.

An example where, following this strategy, a simpler representation, i.e., in terms of simpler
functions, was found is [116]. There the definite integral under consideration arose in estimating
the entropy of a physical process.
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An example where, following this strategy, a (simple) recurrence with the given integral as
solution was found is given in [117]. The problem arose in the context of finite element meth-
ods, more precisely, in the construction of edge-based high-order basis functions: Let L;(x) :=
f P;_1(s)ds, with P; being the Legendre polynomials, and where ¢ > 2 and = € (—1,1). For
y>0 c0n51der

2Y Jo—y
Define
. 2 B 2y ) z+y—1 1+z+vy
pi(2,y) = ¢;" (z,y) E——— ( SR
where
&) — o 2y oy fltr—y T-xdy
e (@ y) = ¢ (2,y) g ( 5 T :

It turns out that the ¢;(z,y) for i > 6 satisfy a linear recurrence of the form
pi = aiwpi1 + (b + ci(x® — y°))pia + dizpi—3 + €ipi—a

where the coefficients a;, ..., e; are rational functions in 7 over the integers.

Such recurrences can used for efficient evaluation of basis functions. The problem to find —
and to prove (!) — such recurrences has led us to the development of new summation methods
in the context of difference fields; see e.g. [118] and [119]. Namely, for the problem given above,

one is able to invoke symbolic summation since the crucial ¢,” can be written as a difference

o (@,y) = S +y) - Sz — )
of hypergeometric sums S of the following form:

92— 2k+i—1 72k+z+1(

y kLl (3 —

S(z) =~ Z
k=0
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ik

where (z), = z(x 4+ 1)---(z +n — 1) denotes the nth rising factorial.
In [117] similar further examples, in connection with low energy vertex functions, are given.
Needless to say that this strategy of transforming integration into a summation problem does
not always work. Even in cases where such a transformation can be carried out, the resulting
sum expressions may turn out to be intractable. Hence an extension of the algorithmic tool-box
is desirable. Of special DK interest are those problem classes that arise in interaction with DK
scientists in numerical analysis, in particular in the context of project DK4 by Ulrich Langer.

Inequalities. Another challenge is the algorithmic treatment of inequalities involving special

functions. No general approach to this problem area was known until recently, when first steps
in this direction have been made by members of my research group at RISC.
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Based Collins’ cylindrical algebraic decomposition (CAD) [120], S. Gerhold and M. Kauers
in [121] developed a procedure for proving special function inequalities involving a discrete
parameter. Their method has been implemented within Kauers’” SumCracker package [122],
written in Mathematica. A typical application is a computer proof [123] of the celebrated
inequality of P. Turan [124] which reads as follows: For n > 1 and z € [—1, 1],

Pn(x)z — Poo1(2) Py (2) = 0

where the P,(z) are the nth Legendre polynomials. The same method also led to an optimal
improvement concerning a lower bound for the Turan-Legendre expression; see [125].
In [126] V. Moll considered a certain representation of quartic integrals, namely,

o0 1 T
/0 CES T S It om+3/2 (5 1 1)m+1/2pm(x)

with polynomials pp,(z) = > %, di(m)z™, m > 0, given by a (finite) binomial double sum as

et =2 () (") ()

j7k

After expansion of (x + 1) (z — 1)* in terms of powers of z, the coefficients d;(m) are given as
a binomial triple sum. Moll was able to prove that dj(m) > 0 for 0 < [ < m. In addition to
positivity, he conjectured log-concavity for the d;(m), i.e., for 0 <1 < m,

di—1(m)dys1(m) < dy(m)?.

In [127] M. Kauers and the proposer were able to give a computer proof of the positivity of the
d;(m) using K. Wegschaider’s algorithm [128] and its implementation, the package MultiSum
written in Mathematica. In addition, in the same paper a computer-assisted proof of Moll’s
log-concavity conjecture is given, obtained by a combination of the Gerhold-Kauers method
with MultiSum.

Objectives and Methods

For the first DK period major research topics are: (i) the design of algorithms for simplifying
multiple-integrals; (ii) the design of provers for special function inequalities.

Topic (i). A promising approach within the proposer’s group is [129]; however, there are still
problems (like efficiency) that need careful investigation. Also alternative approaches, based on
(non-commutative) Grobner basis techniques, e.g. by Chyzak [115], [130], by Chyzak and Salvy
[131] and by Takayama [114] must be considered. A concrete interdisciplinary subtask will serve
as a major stimulus for this work, namely, the use of computer algebra in developing high order
finite element methods. Le., the successful SEB collaboration [117], between the proposer’s group
and Langer’s numerics group (DK4), should be continued. It already resulted in a significant
speed-up of a recent FEM approach. Now, variations like the use of other orthogonal polynomials
than the Gegenbauer family should be investigated. The possibility to achieve similar speed-ups
of alternative high order approaches, e.g. [133], should be explored.
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Another subtask concerns the careful investigation and analysis of techniques to transform
integrals into sums, and vice versa. In this context, representations like Mellin-Barnes integrals
for hypergeometric series, together with Mellin transformations, might play an important role;
see [132] for background information on classical methods.

A further subtask is to develop an integration analog to Wegschaider’s MultiSum refinement
[128] of the Fasenmyer/WZ approach [107]. In this context variants of the Fasenmyer method
as decribed in Rainville’s [103] should be considered.

Topic (ii). Despite recent achievements like the computer-assisted proof [127] of Moll’s long-
standing log-concavity conjecture described above, this kind of research is still at its beginnings.
Applicability and possible extensions of the Gerhold/Kauers [121] method needs to explored
further. For instance, the following inequality due to J. Schoberl resisted any computer (and
human!) attack so far: Let P,(z) again denote the nth Legendre polynomial. Then Schéberl
conjectured that for n > 0 and —1 < x < 1:

D (4 + 1)(2n — 2j + 1) Py;(0) Pyj(x) > 0.
§=0

This problem arose in numerical analysis, more precisely, in a new convergence proof for a
certain high order finite element scheme. For further background information and asymptotic
observations see [134].

In view of Schoberl’s problem, alternative methods for proving special function inequalities
are welcome. Possible alternatives are based on the idea to use Fasenmyer/WZ approaches
(and generalizations like [129]) to assist in solving connection coefficient ([132]) problems. For
example, the first proof (by de Branges) of the Bieberbach conjecture used an inequality by R.
Askey and G. Gasper as an important ingredient. Following its proof as described in section
7.4 of [132] one can see that the underlying structure is nothing but a connection coefficient
problem.

Work plan

A major stimulus for the proposed research are concrete demands originating from work in
numerical analysis, in particular in Langer’s project DK4. As a consequence, we restrict ourselves
to give only a rough sketch of possible major blocks of tasks. Obviously, in the first DK year,
the initial phase is devoted to a thorough study of available computer algebra tools for special
functions.

e A systematic investigation and analysis of techniques to transform integrals into sums,
and vice versa, should be carried out. Representations of Mellin-Barnes type together with
Mellin transforms should be also considered. A Mathematica prototype implementation of
Chyzak’s extension [130] of Zeilberger’s algorithm should be produced. (Subtasks related

to topic (i).)

e A (rudimentary) implementation (in Mathematica) of an integration analog to Wegschai-
der’s MultiSum should completed. (Subtasks related to topic (i).) — Applications of Multi-
Sum and its integration analog with respect to special function identities and inequalitites
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(e.g., connection coefficient problems) should be explored. (Subtasks related to topics (i)
and (ii).)

e One can expect that a proper combination of multi-sum algorithms with Collins’ CAD,
as in the proof [127] of Moll’s conjecture, should be more widely applicable. A systematic
analysis of this aspect should be carried out. (Subtasks related to topic (ii).)

It should be noted that each of the topics (i) (special function integration) and (ii) (spe-
cial function inequalities) would be suitable as stand-alone PhD thesis topics. But there are
sufficiently many interesting scientific connections between these two areas that justify to view
them as one block. However, in case we are able to associate another PhD (financed from other
sources than the DK) to project DK6, the topics could be kept more separate and would provide
an ideal forum for these two students to cooporate.
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DK8 Ronny Ramlau: Nonlinear regularization methods for the
solution of linear ill-posed problems

Abstract

In the proposed project we aim at studying solution methods for linear ill-posed problems. We
want to investigate non-linear methods since they seem to be better suited for the reconstruction
of functions which are spatially inhomogeneous. In particular, we will focus on two-step methods
where a data preprocessing step is followed by a reconstruction step. Thus, for the operator
equation K f = g and possibly noisy data ¢° a solution is constructed as

fa,)\ = Ta,)\g with Ta,)\ = R,S) .

Herein Sy : Y — Y denotes the data estimation defined on the data side and R, : ¥ — X
denotes the reconstruction operator.

We are interested in the question which methods are suitable for both steps, how the com-
bination can be achieved and what special results on parameter choice rules, convergence rates
and computational costs can be proved.

Current State of Research

Inverse ill-posed problems with linear and non-linear operators have been studied extensively in
the last decades, e.g. [135, 136]. For linear operators, most of the used regularization methods
like Tikhonov regularization are linear. However, motivated by the fact that linear methods do
not perform satisfactorily when f(t) is spatially inhomogeneous, non-linear methods have been
investigated in recent years. Some approaches towards non-linear methods based on wavelet
theory are given in [137, 138, 139, 141, 142]. A wavelet-based approach, where the observed
data are expanded directly in a wavelet series, is given in [139]. In this work a combination
of wavelet shrinkage and Wavelet-Galerkin projection is considered. Based on this idea, we
studied the regularization of linear ill-posed problems in two steps: a data estimation step
(e.g. wavelet shrinkage) followed by a reconstruction step [141, 143, 144, 145]. A basic two-step
method is given in [140] where the authors interpret classical linear regularization methods as a
combination of the pseudoinverse and a smoothing operator in either order. In [140], both steps
of the regularization method are based on the singular system of the operator and no information
about smoothness properties of the exact data or about the noise model are used. In [141, 143]
we considered a general (linear, compact) operator K and studied the combination of wavelet
shrinkage and Tikhonov regularization. Wavelet shrinkage is chosen as a method particular well
adapted to the smoothness properties of the unknown exact data and Tikhonov reconstruction
is chosen as a method adapted to the properties of the operator (via its singular system). In
this context we introduced the idea of fractional filter functions for classical regularization
methods [143].

Wavelet shrinkage can be done by different thresholding operators. In [141, 143] we consid-
ered hard shrinkage and specified the noise to be additive white noise. Shrinkage estimates also
exists for other noise models, for Poisson noise see [146, 147, 148]. Different ways of thresholding
the wavelet coefficients have been studied in recent years: Besides the hard shrinkage and the
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soft shrinkage also interpolation in between these two thresholding operators exists [149]. If ad-
ditional information on the signal (signal pattern) is available one can also construct wavelets
matching the given pattern [150]. Wavelet shrinkage is also used in [151] where the authors
study regularization methods for linear inverse methods with a Besov norm sparsity constraint.
The corresponding regularized solution is computed by an iterative algorithm (Landweber) with
nonlinear shrinkage applied in each iteration step. In [152], we have also used sparsity constraints
for the regularization of ill-posed problems. The special case that the inverse problem consists
in deblurring and denoising an 2-dimensional image is studied e.g. in [153].

An important point in studying inverse problems is the degree of ill-posedness. An operator
equation K : X — Y might be well-posed for X = Lo, Y = H! but ill-posed for X = Lo,
Y = H™ with 7 < t. To take into account that the degree of ill-posedness of an operator
equation varies with the considered function spaces, inverse problems have been studied in a
Hilbert scale framework. This was initiated in [154], since then inverse problems in Hilbert scales
have been studied extensively [155, 156, 157, 158, 159, 160, 161].

A real world application for regularization methods is SPECT (Single Photon Emission
Computerized Tomography), a problem from medical imaging. Indirect measurements of an
activity function f are modeled by the attenuated Radon transform where the attenuation is
due to the body tissue p. For known p, e.g. from a simultaneous CT scan, the problem of recov-
ering f is linear and classical reconstruction methods can be applied. These efforts have been
boosted by the development of a inversion formula for the attenuated Radon transform, first
given by Novikov [162, 163, 164]. Based on the inversion formula, Kunyansky et. al. [165, 166]
designed a reconstruction algorithm that can be seen as a generalized filtered backprojection.
Unfortunately, the algorithm turned out not to be as stable as the filtered backprojection for
the classical Radon transform. Recently some effort has been made to stabilize the method by
using statistical noise properties of the SPECT measurements [167].

Objectives and Methods

The proposed project is concerned with two-step methods for linear ill-posed problems K f = g
where a data smoothing operator S is followed by a reconstruction operator R,. For given
noisy data ¢’ an approximation to the exact solution is defined as ff\s’ o= RaS £GP

Within the first period of the DK we plan to investigate the following topics:

1. Generalization of two-step methods,

2. Fractional filter operators for the reconstruction step,

3. Development of a-posteriori parameter choice rules,

4. Introduction of a unifying theoretical background,

5. Characterization of smoothing operators,

6. Investigation of a combination of data preprocessing and cg-method,

7. Applications of two-step methods (e.g. to SPECT).
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Topic 1: We want to generalize two-step methods regarding noise models, shrinkage oper-
ators and reconstruction operators. In many applications we encounter noise models different
from the so far considered white noise, e.g. colored noise or Poisson noise, which is in particular
important for applications in medical imaging (SPECT, Topic 7). The noise model influences
the way of measuring the overall reconstruction error. E.g., If an Ls-estimate for the data esti-
mate is available the reconstruction error is measured in the norm whereas for white noise the
expectation of the norm is computed.

In order to adapt two-step methods to other noise models, we want to enlarge the class of
possible smoothing operators (Topic 5). For that, we will explore the approximation properties
of appropriate (wavelet or other) bases in the presence of the considered noise. As one starting
point we want to study the interpolation between wavelet soft and hard shrinkage. Another
important point is the construction of so-called optimally matched wavelets which are designed
to match given patterns (e.g. additional information on the signal). For these special wavelets
the corresponding scaling coefficients have to be computed depending on the pattern. We want
to use methods from symbolic computation for a fast and efficient realization of this task.

Since we do not aim at denoising on its own but as the first step in a two-step method for
the solution of ill-posed problems we have to make sure that the link between the smoothing
and the reconstruction operator is working. This is part of Topics 4, 5.

Topic 2: As one realization of the reconstruction operator in two-step methods we aim at
fractional filter methods since they allow a reconstruction close to the problem. In particular the
typical oversmoothing of standard methods can be prevented, such that e.g. discontinuities can
be reconstructed more accurately. For the practical usage of the method, we want to develop
algorithms that allow an efficient evaluation of fractional powers of an operator. One approach
to this problem involves the product of series expansions. For this we want to exploit methods
from symbolic computation, e.g. transformations to accelerate convergence, to achieve fast and
stable formulas for the evaluation of the series product.

Furthermore, we are interested in the variational formulation of the fractional filter approach.
So far we use fractional powers of matrices for the evaluation; a variational formulation will
give theoretical insights in the relevant function spaces (Topic 4) and will enable us to apply
standard minimization algorithm for the computation of a solution. The variational formulation
is also useful to adapt fractional methods to nonlinear problems. However, nonlinear operator
equations are planned for the next stage of the DK.

Another generalization of the fractional approach is to adapt the fraction parameter v to
local properties of the signal. The standard Tikhonov method (v = 1) performs well for smooth
signals but generally oversmoothes sharp or fine features of the signal (e.g. discontinuities).
Since the fractional Tikhonov method needs more computational time, we would like to use it
only for non-smooth parts of the signal. To realize this we want to use frames in the data pre-
processing step to gain a representation of the signal separating smooth and non-smooth parts.
The reconstruction should then be done with different fraction parameters for the smooth part
(v = 1, standard method) and the non-smooth part (7 < 1, fractional method). The resulting
method is nonlinear and more flexible in adapting to local properties of signals.

Topic 3: A two-step method has (at least) two regularization parameters, one each for
the data smoothing step and the reconstruction step. So far only a-priori rules exists for the
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combination of wavelet hard shrinkage and (fractional) regularization methods. These a-priori
rules depend among others on the smoothness of the exact solution and on the noise level;
information which is not given when dealing with real world problems (Topic 7). We want to
investigate new rules that are adapted to the data structure as well as to the reconstruction and
guarantee optimal convergence rates without explicit knowledge of the smoothness of the exact
solution. In particular, we would like to investigate a-posteriori rules based on the discrepancy
principle and the Lepskii principle which do not depend on the (unknown) smoothness of the
exact solution. Furthermore, we are interested in the mutual dependence of the parameters
of the two steps: if the data smoothing step results in a data estimate which is in the range
of the operator then the generalized inverse of the operator could be applied directly and no
regularization is necessary anymore in the reconstruction step. Such a dependence could also
help answering the question of how to weight the two steps: is there, depending on the problem
(function spaces, noise model) and the method (which data smoothing and which reconstruc-
tion), an optimal choice of the regularization parameters; e.g. a choice that minimizes the error
constants? (Topic 4)

Topic 4: Two-step methods are defined as the combination of a smoothing operator and
a reconstruction operator. This requires a link between the two operators, which is so far only
studied exemplarily: The adaptation of wavelet shrinkage to standard regularization methods
(Tikhonov, Landweber) requires a translation of the mutual additional information of the exact
solution. For wavelet shrinkage, smoothness conditions in Sobolev or Besov spaces are used.
For standard regularization methods, smoothness conditions are given as source conditions in
spaces defined by the operator K. So far, the example of wavelet shrinkage and regularization
methods was linked using the theory of Hilbert scales since the operator-defined spaces as well
as the Sobolev spaces define a Hilbert space.

As the results are promising so far, we want to build up a theoretical framework for the more
general and precise definition of each part of a two-step method and the link in between. For
this, we want to start with Hilbert scales and then carry on to other spaces (Besov, Banach).
Especially the combination of wavelet shrinkage and standard regularization method requires
at the moment that the operator K smoothes with a certain stepsize both in Sobolev and in
Besov spaces,

K:H* — H°t
s s+t
By — By
We would like to formulate this result in a non-Hilbert setting using Besov spaces only.

Since this topic is concerned with the underlying theory of two-step methods it is related to
all the other topics (closest related to the other ‘theory Topics’ 1 and 5).

Topic 5: An inverse problem K f = g with noisy data ¢ € Y O rg K has a certain degree
of ill-posedness, depending among others on the space Y which contains the noisy data. E.g.,
for white noise it is Y = H~%2 where d is the dimension of the problem.

In solving the inverse problem, we search for a stable reconstruction of

K: X—-Y.
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Applying a smoothing operator Sy yields a data estimate g in a space Y which is possibly closer
to the range of K than the original data Y,

S\ :Y ->Y.

This is related to Topic 4 since we want to define a smoothing operator as an operator acting
along a scale of spaces interpolating in between the data space Y and the range of K. For an
operator smoothing in Sobolev spaces, K : H® — H**t and the white noise model, ¢° € H~%2
this can be achieved with a smoothing operator S : H~%2? — " with n <t.

Another point we want to study when using a data pre-smoothing is the influence on the
degree of ill-posedness. Whether we solve K f = ¢ from ¢’ € Y or from § = Sy¢° € Y renders
the degree of ill-posedness of the problem. If Y = rg K then the problem is not ill-posed any-
more and the generalized inverse KT can be applied directly to the data estimate.

Topic 6: One of the few existing nonlinear methods for the regularization of linear problems
is the conjugate gradient method. A typical observation when using the cg method is that after
only a few cg-steps one gets a good approximation which then gets really bad after only a very
few more cg-steps. The number of possible cg-steps depends on the degree of ill-posedness of
the problem. By using a nonlinear data presmoothing step, we aim at an improvement of the
degree of ill-posedness of the problem (Topic 5) and expect also more stable performance of the
cg method.

Topic 7: An ill-posed problem from medical imaging is SPECT. Hereby it is assumed that in
one part of the body (e.g. the heart) a radiopharmaceutical emits photons, which is described by
the activity function. This photons travel through the body, are attenuated by the surrounding
tissues, which is described by the attenuation function p, and are counted outside the body
by a SPECT camera. The mathematical model for the measurements is the attenuated Radon
transform,

g(w,s) = A(f, 1) (w,s) = / f(swt +tw)e™ S nswt+rwydr gy
R

For known function 4 the reconstruction of f from the measured data g = A,(f) is a linear
problem for which an analytical inversion formula exists. This inversion formula is unstable
when the measured data are noisy and a first attempt to stabilize the problem is to apply a
two-step method with different kinds of data pre-smoothing and the inversion formula for the
reconstruction. However, it might still be necessary to regularize the inversion formula. For
that we have in mind to use fractional filter methods since they allow a reconstruction close to
the problem. So, by adjusting the fraction parameter to the inversion formula for the SPECT
operator we hope to get a stable reconstruction without loosing sharp or fine features.

Work plan

We summarize the work plan for the proposed DK ‘Nonlinear regularization methods for the
solution of linear ill-posed problems’ as follows:

T1 e Data smoothing for different noise models;

e Approximation properties of appropriate data smoothing methods (interpolation soft
& hard);
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e Construction of optimally matched wavelets.

T2 e Acceleration of the computation of fractional powers;
e Variational formulation;
e Minimization algorithms of the functionals;

e Combination of frames and fractional filters.

T3 e Investigation of a-posteriori parameter rules (Morozov, Lepskii);
e Optimal link of the two regularization parameters;

e Weighting of the two steps.

T4 e Investigation of the link between function spaces and source conditions;

e Besov space scales.

T5 e Influence of smoothing operators on the degree of ill-posedness;

e Measuring the degree of ill-posedness in the function space scales;

e Influence of the noise structure on the degree of ill-posedness.

T6 e Investigation of the dependence of the stability of the cg-method on the underlying

function spaces;

e Convergence and convergence analysis for the combination of ¢cg and data smoothing;

e Development of stopping rules depending on the smoothing step.

T7 e Numerical evaluation of the investigated methods;

e Application to real world problems;

e Reconstructions for SPECT with Poisson noise.

The starting time and the approximate processing time for each part of the project are

scheduled as follows.

year2

|

T1

T2

T3

T4

TS

T6

T7
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DK9 Josef Schicho: Symbolic-Numeric Techniques for Genus Com-
putation and Parametrization

Abstract

A plane algebraic curve, given by a polynomial equation in 2 variables, is parametrizable by ra-
tional functions if and only if its genus is zero. For polynomials with real or complex coefficients,
both the genus computation problem and the parametrization problem are severely ill-posed:
a slight change in the coefficients may change the genus (which is always an integer) and may
turn a parametrizable curve into a non-parametrizable one.

The goal of the proposed PhD project is to give symbolic-numerical algorithms that compute
the genus, and if applicable to compute an approximate rational parametrization, in the sense
of approximate algebraic computation (see [188]): The computed genus is the lowest genus
of a curve with nearby coefficients, and if the computed genus is zero, then the computed
parametrization is the exact parametrization of a nearby rational curve.

Figure 3: Link of the singularity 32 — 23 = 0.

In exact symbolic algorithms, the genus is computed via an analysis of the singularities,
either by Puiseux expansion or by a resolution (see [186]). In the complex case, the singularities
can be characterized by their link, which is defined as the intersection of the curve with a 3-
sphere with sufficiently small radius (see Figure 1.1.4). When this radius is chosen carefully, one
can compute the topological type of the link in a numerically stable way — this was indicated by
a diploma thesis in the frame of the SFB “Numerical and Symbolic Scientific Computing” [180].
The main idea is to combine these informations on the singularities and the knowledge on the
shape of the defining equation (degree, Newton polygon) in order to give an estimation of the
genus in the above sense, which also decides the existence of an approximate parametrization.
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Current State of Research

Symbolic algorithms for genus computation and curve parametrization are a classical topic in
computer algebra, see for instance [182, 168, 187, 191, 179, 178]. There exist excellent imple-
mentations, for instance by M. van Hoeij in Maple or by F. Hess in Magma.

These algorithms/implementations use arithmetic of exact rational numbers or exactly rep-
resented algebraic numbers, and are therefore subject to the computational problem of ex-
pression swells. For many input polynomials of moderate size, the result cannot be computed
because the computing time or the required memory space is too high; and for other examples of
similar size, the coefficients of the computed parametrization are huge (in exact representation).

The development of approximate algebraic computation has been pushed by two facts.
First, in many applications in science and engineering the input is only known up to a cer-
tain level of accuracy (for instance if the data come from measurements), and also the output
is needed only up a certain precision (for instance the size of a pixel). This fact holds, in
particular, for applications of curve parametrization in computer aided geometric design and
geometric modeling. Second, numeric algorithms use floating point arithmetic, which is much
cheaper than arithmetic for exact numbers, because expression swells are not possible at the
level of coefficients. These two facts pushed research and lead to the symbolic-numeric algo-
rithms for various classical problems in computer algebra, such as GCD computation [192, 174],
factorization [172, 177], polynomial decomposition [173], and symbolic linear algebra (see the
LinBox homepage http://www.linalg.org/). The last topic is especially relevant for curve
parametrization, because solving a linear system is an essential substep in the existing symbolic
algorithms.

Approximate rational parametrization has been considered in [184, 190, 176]. We define an
approximate parametrization of a curve F(x,y) = 0 as an exact parametrization of a nearby
curve. (The distance between curve may be measured algebraically, as the distance in coefficient
space, or geometrically as Hausdorff-distance.) This agrees with general principles in approxi-
mate algebraic computation: the computed result should have a small backward error with re-
spect to perturbations that preserve the structure (see [188]). In our case, a structure-preserving
perturbation is one that preserves parametrizability, but one may also wish to preserve addi-
tional properties, like the multiplicity information of the singularities.

The algorithm in [184] gives an approximate parametrization by lines. Such a parametriza-
tion is possible iff the curve has a singularity of multiplicity d — 1, where d is the degree of the
curve. We call such curves “monoid curves”. Numerically, a point p is an approximate m-fold
point iff all partial derivatives up to order m — 1 are small compared to ||F||. If an approximate
d—1-fold point exists, then there is a monoid curve in the vicinity, and [184] give explicit bounds
for the Hausdorff-distance to the nearest monoid curve.

The algorithm in [176] works for cubics (cubic curves are rational iff they are monic). The
authors consider a triangular region of interest and study the Hausdorff distance in that region.
The nearest monoid is constructed by methods of approximation theory, using a Remes-type
algorithm. In each iteration, one has to solve an interpolation problem. S. Fiedler-Le Touzé
showed that there are sometimes geometrical obstructions for the existence of a solution of the
interpolation problem with the correct topology [189]. If this happens, or if the nearest monoid
is unacceptably far away from the input curve, then the suggestion in [176] is to decompose the
region of interest and to split the input curve into pieces.
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The characterization of plane curve singularities by their link is classical; an ex Milnor [183]
investigated more generally the intersections of hypersurfaces in C" with small spheres centered
at an isolated singularity. His fibration theorem stated that the complement of the link in the
sphere is a locally trivial C'*° fibration, which implies a a strong topological condition on the link
itself. In the curve case, one can remove the north pole from the sphere and apply stereographic
projection and get a 1-dimensional compact manifold embedded in R3, i.e. a link in the sense of
knot theory. The classification of knots and links is not yet solved, but for algebraic links — those
that arise from singularities of plane curves — the theory is well understood. Two algebraic links
are knot equivalent iff their Alexander polynomials coincide (see [175]). From the Alexander
polynomial, one can compute the J-invariant of the singularity by formulas in [171]. The o-
invariant of all singularities is exactly what is needed for the computation of the genus (see
[170]).

For the numerical computation of the link respectively the d-invariant, it is important to
choose the radius of the sphere not too small, because otherwise the result may become wrong
because of numerical errors. On the other hand, one should also not make it too big because
the theory of the Milnor fibration holds only for sufficiently small radii. In the recent Diploma
thesis by S. Kusper [180], this computation was done for some examples, and in the experiments
there is always a large interval for which the §-invariant is computed correctly. The thesis also
contains suggestions to choose such radii automatically, but no analysis of the backward error.

Objectives and Methods

The goal of the proposed PhD project is to give symbolic-numerical algorithms for genus com-
putation, and if applicable to compute an approximate rational parametrization, of the curve
represented by a given polynomial F'(z,y) with real or complex coefficients. The coefficients are
known with limited accuracy, and also the result must be interpreted as an approximate answer
(in a sense which is specified below).

If the input polynomial is small, and the level of accuracy is high, then it is possible to
compute with the approximate coefficients “along some symbolic algorithm”: one takes such
an algorithm and replaces each zero test by a test whether the absolute value is smaller than
some tolerance e. Then the computed result is approximately correct with high probability.
Even certified results are possible using interval arithmetic, more precisely one can compute
guaranteed lower bounds for the genus which become exact when the interval lengths approach
Z€ro.

If the level of accuracy is lower, then the simple approach described above does not produce
good results. In this situation, the student should compute the “approximate genus”, which
is defined as the lowest possible genus of curve defined by a nearby polynomial (compared to
the level of accuracy). If the approximate genus is zero, then he/she should compute a rational
parametrization of a nearby curve of genus zero.

The set of exponents in the terms of the input polynomial, in particular the Newton polygon
which is defined as the convex hull of the exponent vectors, is known exactly because this part
of the input is discrete and not subject to numerical errors. Hence this information should be
used. Exact symbolic algorithms that take advantage of the Newton polygon have been given
in [170, 169]. The best upper bound for the genus of a curve with Newton polygon I' is the
number of interior lattice points of I (see [170]). If this upper bound is already zero, then the
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Newton polygon is lattice-equivalent to the support of a polynomial which is linear in one of the
variables, or to the support of a conic (see [185]). In the first case, there is an obvious rational
parametrization because the equation can be solved in the variable that occurs linearly. For the
second case, stereographic projection works, and a numerical algorithm is contained in [190].

For the computation of the real singular points of a real polynomial, efficient algorithms and
implementations are available. Using the symbolic-numeric software Axel that has been devel-
oped by the Galaad team at INRIA Sophia-Antipolis, one can compute small boxes containing
the singular points for polynomials of degree up to 100 with several thousand terms (see [181]).
Additionally, singular points with complex coordinates have to be taken into account (even in
the real case), hence these algorithms have to be adapted/extended to the complex case.

The next step is to compute an upper bound for the J§-invariant of a singularity, or — to be
precise — an upper bound for the some of d-invariants of singularities contained in a fixed small
box (which has been computed in the previous step). Here, the stepping stone is the link of the
singularity. To simplify the computation, we replace the sphere by the boundary of a polydisk

De, ey := {<$7y) ’ ’x‘ < €1, ‘y’ < 62}

or by the boundary of a hypercube. As shown in [180], the link can be computed as a union of
pieces each of which is a transversal intersection of two real surfaces in real 3-space. The choice
of the radii ¢; and € is a delicate matter. For the sake of numerical stability, it should be as big
as possible, so that the intersection angle of the two surfaces is sufficiently big. On the other
hand, the theorem of the Milnor fibration is only true for small radii (in particular, the polydisk
or hypercube should not contain a second singularity). We think that a close inspection of the
proof of this theorem and to related proofs will give the PhD student ideas to figure out the
optimal choice.

The upper bounds for the §-invariants give local contributions to a lower bound of the genus
of the curve. It is not clear whether these local contributions are sufficient. This is equivalent
to the statement that there is a nearby curve which simultaneously assumes all lower bounds
for the d-invariants. The construction of such a solution can be reduced to solving numerically
a system of algebraic equations in the coefficients and in the coordinates of the singular points;
the problem is made easier by the fact that an approximation to a (potential) solution is known
(namely the input curve and the boxes containing the singularities). One reasonable approach
is to try a few Newton steps, and to shrink the radii if there is a problem with convergency.

A different situation on which the student should focus is presented by polynomials of
moderate size, say degree between 20 and 100, but with coefficients given exactly or at least
with a sufficiently high level of accuracy. Here the main challenge is not to construct a nearby
polynomial with lowest possible to genus, but to do devise a numerical method which scales well.
For instance, elimination of variables is prohibited because this is too expensive on that scale.
Allowed are computations like conversion to Bezier representation, subdivision (de Casteljeau’s
algorithm), Bernstein transformation, partial evaluation, linear substitution, univariate system
solving. The algorithms in [181] give ideas how it should be possible to solve the problem under
these conditions.
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DK10 Wolfgang Schreiner: Formally Specified Computer Alge-
bra Software

Abstract

We propose research on a semantic framework and supporting tools for the formal specification
of computer algebra software written in statically untyped programming languages for the
manipulation of expressions as they are used in the major computer algebra systems today. The
focus of the work is to apply formal methods, rather than for verifying the correctness of the
software, for finding and avoiding internal inconsistencies, in particular violations of method
preconditions, which are typical indications of errors in the software (or at least of a lack of
understanding of the developer).

Current State of Research

Computer algebra software has been repeatedly criticized concerning the correctness of the com-
puted results [274, 228, 237, 241, 280]. While it is typically not the case that a result is “totally
wrong”, it is sometimes also not “really correct”: it may only represent part of the answer or
may be only valid under additional logical assumptions or in particular mathematical domains
or under special interpretations of the arguments; however these caveats frequently remain un-
specified. The main reasons seem limitations in the language between user and system incapable
of expressing sufficient information such as domain information and logical dependencies [241],
the unclear meaning of even fundamental notions such as “equality” [230] and most important
a gross under-specification of the operations in the system documentation [280]. Consequently
it is also for mathematical programmers difficult to build reliable software on top of computer
algebra libraries or to employ computer algebra software as self-contained components [245] in
contexts where no human is in the loop to continuously interpret the results and check their
adequacy. This also the experience of the proposer and his coworkers who have in two recent
FWF projects [262] worked on the development of an environment for formally describing, bro-
kering, and executing mathematical services [204, 203, 202, 220], see also the supervised Ph.D.
thesis [201].

The situation may be due to a separation between those users that are “just” interested in
computing and those that are also inclined to deal with logical issues [241]. Nevertheless, there
has also been considerable interest in combining the computational capabilities of computer al-
gebra systems with the logical capabilities of theorem proving systems [218, 261, 211, 198, 221].
One branch of work provides computer algebra systems with advanced reasoning capabilities by
connecting them to theorem proving systems: [196, 239] describes a Maple-PVS interface where
Maple calls PVS to e.g. check the validity of a method call’s precondition and postcondition;
similarly [194, 195] presents a symbolic definite integral table where a given argument is matched
against the entries in the table by invoking PVS to verify the necessary side conditions on the
argument. Another branch of work provides theorem provers with computing capabilities by con-
necting them to computer algebra systems: in [243, 242] the proving assistant HOL uses Maple
as an “oracle” to find answers to certain computational tasks which are then formally verified
by HOL (checking an answer is often much easier than finding it); similarly [199] describes a
connection of Isabelle and Maple and [200] a connection of Isabelle and the computer algebra
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library Sum-It implemented in Aldor; here the answers are simply trusted to be correct. [273]
presents a generic interface between the Omega proof planing system and computer algebra
systems where the computer algebra system may return information that can be used to verify
the computation. One may also attempt a much closer integration of computing and reasoning:
e.g. the the reasoning system Theorema [276, 216, 215] built on top of Mathematica implements
by its PCS method a proof heuristics that iterates phases of proving, computing, and solving
on the basis of the algebraic methods provided by Mathematica; other examples of reasoning
systems embedded into computer algebra systems are REDLOG [231] and Analytica [208, 226].

However, most of this work does in itself not contribute to increasing the trust in the
correctness of the results returned by computer algebra software. At one extreme, one might
simply accept this fact and ask for a separate check of every result and ultimately require
that computer algebra software returns, together with its result, a correctness certificate that
enables this check, e.g. an LF-style formal correctness proof like it is (optionally) returned
by some arithmetic decision procedures [251, 263]; however, checking every result is costly
and checking itself does not improve the correctness of the software. At the opposite side of
the spectrum, one might also demand a radical change in the process of developing computer
algebra software such that it becomes correct by construction: one may e.g. develop the software
in a type-theoretic framework such that the specification of a method is denoted by its type
and the fact that the method type-checks correctly guarantees its correctness with respect to
the specification. A step in this direction is made in the Atypical project [279, 265, 266] where
the type system of Aldor is modified such that its dependent types can be used to describe
propositions and Aldor category specifications become axiomatic datatype specifications [278];
likewise [264] presents a type-theoretic elaboration of polynomial rings and the Grébner bases
algorithm. An alternative approach is to build a computer algebra system on top of a theorem
proving system such that computations become rewriting proofs, see e.g. [223] for a computer
algebra system built on top of HOL Light. One may also resort to program synthesis [207],
where from a specification a program is constructed that is provably correct with respect to
this specification, either manually by a sequence of stepwise refinement steps [249] or by some
heuristically guided automatic process [214].

A more pragmatic approach is to equip a computer algebra system respectively language
with a formal specification language and a corresponding logical framework: in [234, 235, 250] an
integration of the behavioral interface specification language Larch with Aldor is presented; from
Larch/Aldor programs, verification conditions are generated that are forwarded to the Larch
prover for verification. The specification language of the Coq proving assistant has been variously
used to define computer algebra algorithms and prove their correctness [277, 240, 259, 258,
260]; from the Coq definitions executable Ocaml programs can be automatically extracted. The
FoCal (former Foc) project [267, 238, 213] has developed an axiomatic datatype specification
language in which hierarchies of mathematical domains can be defined; a compiler extracts the
computational parts as Ocaml programs and also generates verification conditions that can be
interactively handled with the help a proving assistant; proofs are produced in the form of Coq
scripts/terms that can be subsequently checked by Coq.

Much more than in computer algebra, in computer science interest in formal methods for
modeling and reasoning has surged since the 1990s. Various specification languages have been
developed, some of them programming-language independent e.g. VDM [248], Z [281], B [193],
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Larch [256], Alloy [247], or also the Object Constraint Modeling Language OCL which is part
of the UML standard [252]. Other formalisms are bound to particular programming languages
such as Larch/C++ for C++ [256], Spark for Ada [205, 246], JML for Java [255], and Spec# for
C# [205]. These languages are accompanied by corresponding tool sets that make use of auto-
mated reasoning techniques [217, 222] which has become possible due to the advances in SMT
(satisfiability modulo theories) solving achieved since the late 1990s [272, 206]. The focus here
is clearly not on verification of program correctness but on light-weight formal methods [269]
e.g. to find by extended static checking [236, 224] possible runtime errors and internal inconsis-
tencies in a program such as violations of specified method preconditions. Nevertheless, some
environments provide integrated proving assistants that also support the interactive verification
of complex correctness properties [210, 246].

Objectives and Methods

Admittedly the research described above has had up to now little impact on the actual practice
of writing computer algebra software. Apart from those approaches that ask for fundamental
changes in the computing principles or the development process, even the more pragmatic
ones are bound to languages such as Aldor or Focal that are more advanced but also less
used compared to the languages of systems like Maple, Mathematica, GAP, CoCoa, and others
in which the vast majority of computer algebra software is written. Unlike languages with
mathematically founded notions like categories (Aldor [197]) respectively species (Focal [267])
or magmas (Magma [212]) suitable for building abstract hierarchies of mathematical datatypes
(see [257, 275, 219, 270, 225, 229] for related work) these languages are not even statically
typed; they focus (in the tradition of Common Lisp) on the construction and manipulation
of expressions compound of symbols and of values from specially supported datatypes such as
unbounded integers. If formal methods shall influence the practice of writing computer algebra
software, they have to be also applied to software written in these languages, and also provide
some immediate advantage rather than only pointing towards a goal that is still far-away.
The situation is analogous to that in computer science where remarkable success has been
achieved since the focus has shifted from proving the full correctness of simple programs in
rarely used languages towards the application of reasoning technologies to finding errors in
complex programs in wide-spread languages.

The overall goal of the proposed research is therefore to work on a a specification language,
a corresponding reasoning framework, and supporting tools for computer algebra languages that
semantically operate on the level of expressions and for which any high-level interpretation
as a mathematical datatype has to be especially constructed by a corresponding specification.
This interpretation can be then used by the reasoning framework for checking the internal
consistency of a program composed of multiple methods (and ultimately also form the basis for
the verification of the program).

The core idea on which this work is based was already introduced by Hoare [244] and has
been more precisely elaborated and further refined in [209, 253, 233, 232, 254]: in essence, for
a concrete program type C, a (partial) mapping a : C — A into an abstract mathematical type
A is defined; a concrete program function f : C — C can be then specified by a precondition
P C A and postcondition @ C A x A such that for every concrete argument x € C with P(a(z))
the application f(z) returns a concrete result y € C such that Q(a(x),a(y)). The specification
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(P,Q) of f thus operates, rather than on the concrete type C, on the abstract type A; the
program function f has been thus specified as a mathematical function. The idea can be easily
generalized to a heterogeneous scenario with multiple program types respectively abstract types,
also the same program type may represent different abstract types in different contexts.

However, to turn the idea into a practical specification language, multiple questions have
to be resolved. The first one, how to specify the semantics of the abstract type A, is actually
not crucial: any algebraic specification language in the tradition of OBJ3, Larch, CASL will do,
provided that it supports a loose specifications semantics (the descriptions need denote only
specifications, not implementations of the mathematical types). The languages mainly differ in
the way in their organize specifications in the large, i.e. how they support modularization, gener-
icity, and subtyping; these questions are orthogonal to our present discussion; it suffices that the
specification yields a well-defined (possibly existentially quantified) type A with corresponding
axioms.

A (for the reasoning framework) more critical question is how to specify the abstraction
function a which is necessary if we want to derive from the information about the abstract a(x)
(provided by a specification) also information on the concrete x (needed for a verification). A
very pragmatic solution is the one (implicitly) suggested by the model functions of JML [255]:
the programmer defines a concrete program function in the implementation language that com-
poses the abstract object in terms of the operations specified on A. The properties of a required
for reasoning are provided by a pre/post-condition pair on .4; if the implementation of the func-
tion can be verified against this specification, the consistency of this specification is guaranteed.

Since f and a operate on elements of C, understanding f and a can be considerably aided
by introducing a type discipline also on the concrete program types. The type system shall be
kept simple but suffice to keep an expression x4+ 1 (with uninterpreted symbol z) apart from the
integer x+1 (where z is an integer variable) and also indicate the syntax of expressions accepted
and generated by a program (i.e. it shall allow to describe a suitable tree grammar [227]). More
sophisticated constraints can be handled in the tradition of PVS and the proposer’s RISC
ProofNavigator [268, 271] by subtype predicates which give rise to type-checking conditions
verified by a reasoner supporting the type checker.

All in all, the specification of a program function f then consists (backed by a collection pre-
viously defined abstract data types, abstraction mappings, and high-level properties on these)
correctness lemmas (see below), a type signature for f (describing the concrete types of the
arguments and results), a frame condition (mentioning any global variables assignable by f),
a precondition, a postcondition (describing the relationship of the prestate to the poststate if
the function has returned normally), and optionally an exceptional postcondition (describing
the relationship of the prestate to the poststate, if the function has raised an exception); for
(mutually) recursively defined functions, also termination terms may be provided that denote
values from a well-founded ordering that must decrease with every invocation. Such a specifi-
cation itself is already subject to reasoning: is it well-typed, is it trivial (equivalent to true),
satisfiable (not equivalent to false), is it implied by another specification, etc?

To relate this specification to the actual implementation of f, a corresponding type checking
and reasoning calculus for the underlying implementation language has to be devised. Since
many computer algebra languages have a rather similar value and execution semantics, we will
devise first a core language that captures the essential objects and constructs of these lan-
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guages at a lower level and define the framework with respect to this core language. Compared
to imperative/object-oriented languages, this is somewhat simplified because the semantics of
basic data-types is simpler (e.g. unbounded integers rather than machine numbers) and the
pointer-semantics of structures plays a less dominant role (most programs do not destructively
update their arguments). In a second step, we will provide a translation from some high-level
language subset(s) to this core language such that concrete programs can be treated. Analo-
gously to ESC/Java2, there may be multiple translations of a language depending on the level
of accuracy that the programs shall be modeled (e.g. by unfolding those loops that are not
equipped with invariants by the user). The outcome of the framework are ultimately conditions
that are necessary (and potentially also sufficient) be make the method meets its specification.

As for actually proving these conditions, in real-world scenarios we have to deal with the
partial under-specification of abstract types respectively of notions defined on these types (e.g.
undefined predicates) such that proofs of conditions depending on the semantics of these notions
are actually not possible. Such situations will be typically detected in the course of these proofs;
rather than just stating that a proof fails, it may be better to state the assumptions under which
it would succeed (e.g. A(x,y) = B(y) for undefined predicate B) and let the user, provided that
he asserts the correctness of these assumptions or simpler ones, annotate the specification of a
method with the assumptions and thus allow the proofs to make use of them. In this fashion,
(previously also made but then implicit) correctness assumptions are now explicit and represent
obligations for further formalization and proof.

We will work on a supporting tool that type-checks a program with respect to its type sig-
nature and, if this check succeeds, generates correctness conditions for the pre-conditions and
(based on interfaces to automatic provers such as the Theorema system as well as to interactive
proving assistants such as the proposer’s RISC ProofNavigator) attempts to prove them. Again,
the goal here is primarily to find internal inconsistencies in the program, post-conditions are
just used as assumptions for the proofs of the pre-conditions of the subsequently called meth-
ods. To improve the level of automation, appropriate proving strategies are investigated and
incorporated into the prover; if a proof fails, the tool provides the developer in a nice format
with the knowledge available at a method call whose pre-condition could not be verified and
requires further treatment (by manual verification or addition of a corresponding correctness as-
sumption to the method); only when internal consistency with respect to the specification (and
associated assumptions) is achieved, also the later verification of the program’s postcondition
may be attempted.

To guide our work, we will work with some program fragments from the CASA system
(implemented in Maple) of the proposer of DK11. These are re-specified /re-written to our spec-
ification language and a corresponding subset of the implementation language to yield explicitly
specified and internally consistent programs. Thus also errors in the original implementation
will be detected and thus the reliability of the application will be improved.

Work plan
The organization of the Ph.D. work is sketched in the following table:
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Months Description

1-12 Course work with focus on
CA, CA software, logic, formal methods
Study of specification languages
Sample specifications of CA methods

13-15 Visit of an international institution
16-24 Research on specification formalism,
semantics and reasoning framework

2527 Visit of an international institution
28-34 Work on specification checking prototype

Application to sample specifications
35-36 Writing of Ph.D. thesis

After an initial training period with emphasis on courses related to computer algebra, soft-
ware, logic, and formal methods, the Ph.D. student will start the investigation of prior work in
formal specification and, based on an initial sketch of the proposed framework, work on sample
specifications of concrete CA methods as available in the CASA system. Work on the actual
details of the specification formalism, semantics, and reasoning framework, will proceed in close
collaboration with the proposer, whose work during that time will focus on the development of
a suitable software environment for education in program reasoning based on his prior work on
the RISC ProofNavigator; the results of the PhD work will fit into this environment.

During the period of the actual research, the student will spend about six months total time
for visits at institutions whose work is related to the Ph.D. topic. RISC has suitable contacts to
various institutions that pursue the integration of computer algebra and logic, e.g. the Centre for
Interdisciplinary Research in Computational Algebra in St. Andrews directed by Steve Linton
(together with Ursula Martin who is now at the Queen Mary University of London director of a
former project on embedded verification techniques for computer algebra) or the SPI research
team at LIP6, Universite Pierre et Marie Curie Paris, directed by Therese Hardin (leader of the
Focal project).
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DK11 Franz Winkler: Rational Parametric Algebraic Curves

Abstract

We propose to investigate rational parametric algebraic curves both with respect to to their
mathematical and geometric properties and also with respect to their manipulation by symbolic
computation software. Rational curves and surfaces play an important role in geometric design
or the integration theory of algebraic functions, but recently they have also been successfully
use in diophantine analysis, and for finding general solutions of differential equations. Although
algorithms for rational algebraic curves are already migrating from special purpose software
systems (such as the CASA system developed by the proposer’s research group) into mainstream
computer algebra systems like MAPLE, there is in our view a demand for implementation of
modern methods on such curves.

Current State of Research

For many years we have worked on the problem of rational parametrization of algebraic curves
and surfaces together with Rafael Sendra (Madrid); see [283], [284], [285], [286], [288], [289],
[290], [291], [292], [293], [294]. Currently we are finishing a book project on the topic of rational
algebraic curves [296], due to be published by Springer-Verlag in 2007. We have been particularly
interested in a computer algebra approach to problems related to rational algebraic curves.

This means that we want to compute with the smallest possible field in which we can express
such a parametrization. Of course the parametrization should also be proper, i.e. have lowest
possible degrees in the rational functions of its components, and it should be polynomial and
normal (i.e. a surjective mapping of the affine line to the curve) if possible.

Such rational curve parametrizations, and in particular our parametrization algorithms,
play an important role in the integration of algebraic functions, in computer aided geometric
design, in the solution of Diophantine equations (compare [297], [298]), or in the computation
of rational general solutions of algebraic ordinary differential equations (compare [299]). Let us
illustrate the applicability of rational parametrization for these problem areas.

Diophantine equations
Let n be a positive integer, and let C,, be the curve defined by the polynomial

folz,y) =23 — (n — 1)x2y — (n+2)zy2 — y3 — 2ny(z + y).

First we check that all the curves C,, are rational (in fact, they are irreducible cubics with a
double point at the origin). These curves C,, can be rationally parametrized as

Pult) = 2nt2 + 2nt 2nt + 2n
B - -2 n+2)t—1"t3—(n—1)t2—(n+2)t—1)°

Let W(n,t,s) be the homogenized (with homogenizing variable s) version of the denominator
in this parametrization, and let P} (¢, s) be the homogenized version of the parametrization P,,.
We determine the integer solutions (t,s), with ged(t,s) = 1 and ¢ > 0, of the Thue equations
W(n,t,s) =k, where k divides 2n. As the solution set we get

S =
{(1,0),(0,1),(1,-1),(1,1),(1,-2),(2,-1),(1,—n—1),(n,1),(n+ 1,—n)}.
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Now (0,0), the only integer singular point of C, together with the points in
{Pn(t,s)[(t,s) € S}NZ2={(0,0) =P,(1,0), (0,—2n)="7P,(0,1)}

are the integer solutions of the Diophantine equation f,(x,y) = 0.
General solution of first order ordinary differential equations

Let us consider the differential equation

F(y,y') = 229— 144y + 16y(y")2 + 16y4 — 128y2 + 4y(y')3 + 4y3
—4y3(y")2 — y2(y')2 + 6(y)2 + (v')3 + (¥')4 = 0.

The curve C associated to the differential equation is defined by the polynomial

F(?/,yl) =
229 — 144y + 16yy12 + 16y4 — 128y2 + 4yy13 + 4y3 — 4y3y12 — y2y12 + 6y12 + 13 + 14 .

We check that C is rational and we determine the rational parametrization

(r(x), s(x)) =

x3+z4+1 23+ 224 — 2
2 ’ x

of C. The differential equation F(y,y’) has a rational solution if and only if one of the following
relations

ar'(z) =s(z)  or a(z—b)?r(z) = s(x), (*)

is satisfied, where a,b € Q, and a # 0. Now, we see that

S
r

Therefore, the second condition in (x) is satisfied with a = 1,b = 0. Substituting

ab(x +c¢)—1 -1
a(x+c)  x+c

in 7(x) we get the following rational general solution of the differential equation:

. —rz—c+1 + x4 + 4x3c + 622¢2 + 4xe3 + ¢4

v (@ + )2 '

Software system CASA Since 1991 we have been implementing new algorithms for algebraic
curves and surfaces in our software system CASA | based on the Maple computer algebra system
(compare [282], [287], [295]). In the package “Algebraic Curves” of Maple 10, CASA is cited as
a source of additional code on algebraic curves. Recently CASA has been listed in ORMS, the
Oberwolfach References on Mathematical Software.
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Objectives and Methods

As a thesis topic in this area we propose the systematic investigation of applications of parametriza-
tions in computer aided geometric design, Diophantine analysis, differential equations, etc. As
pointed out above, various researchers have found novel and interesting applications. But these
applications can probably be extended and new applications can be developed. We are in close
contact to Prof. Poulakis’ research group in Thessaloniki for extending the applicability of
parametrizations in Diophantine analysis. The application of parametrization to the solution
of differential equations can possibly be extended to higher order equations or systems of such
equations. Investigations in this area would fit very well into the other research area of the
proposer’s research group, namely the symbolic algebraic treatment of differential operators.
Cooperation with the research groups of Bert Jiittler and Josef Schicho are intended.

The algorithmic techniques developed over the last decade, in particular the algorithms pre-
sented in [296], should be made available to the broader mathematical community. In particular
we mean algorithms for the computation of the genus of an algebraic curve, various different
approaches to the rational parametrization of curves, the minimization of the field extension in
such a parametrization, rational optimal reparametrizations, and the determination of normal
parametrizations. So we also want to emphasize the development and improvement of mathe-
matical software. This means the redesign of the program system CASA. Currently CASA is
implemented for an outdated version of Maple. The system would benefit from a completely
new design of data structures, structuring of the code, and implementation in the latest version
of Maple. Also, we need test suites for automatic updating to new versions of Maple. This thesis
project could benefit from a close cooperation with the research group of Wolfgang Schreiner.

Work plan

The work on this PhD thesis is structured in the following way:
month PhD work
1-12 course work focussed on commutative algebra
and algebraic geometry,
and symbolic computation software

13-18  beginning research work
1924  the student should spend 1 semester at an other
research institution

25-30  work on the mathematical and computer science aspects
of the thesis,
presentation of results at scientific meetings and
partner institutions

31-36  writing of PhD thesis and final examination
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DK12 Walter Zulehner: Efficient Solvers for KKT Systems

Abstract

KKT systems are special indefinite linear systems of equations with a natural block 2-by-2 struc-
ture. Of particular interest in this project are KKT systems that result from the discretization
of constrained optimization problems in function spaces, like optimal design problems or opti-
mal control problems, and from the discretization of mixed variational problems for systems of
partial differential equations.

The focus in this project is the construction and analysis of efficient iterative methods for
solving such systems, based on symmetric indefinite preconditioners. For these methods better
properties are anticipated than for the better-understood block triangular preconditioners, if
applied to problems with a (1,1) block which is only semi-definite, a property frequently occuring
in KKT systems.

Current State of Research

We consider linear systems of equations in saddle point form

A BTN 2\ [(f
(5 %) ()~ ()
with symmetric and positive semi-definite matrices A and C. Such block 2-by-2 systems can
be interpreted as the first order optimality conditions (or Karush-Kuhn-Tucker conditions,
KKT conditions) for a quadratic programming problem with linear equality constraints or for a
corresponding penalized unconstrained quadratic programming problem. In this context, such
a system is often called a KKT system.

In particular, we focus on large-scale sparse systems of this form, which arise by discretizing
linear mixed variational problems for (systems of) partial differential equations (PDEs), or by
discretizing the KKT conditions for linearly constrained (or penalized unconstrained) quadratic
optimization problems in function spaces involving PDEs, like optimal design problems, optimal
control problems and others. Linear systems in saddle point form also arise in nonlinearly
constrained optimization (sequential quadratic programming and interior point methods).

For solving KKT systems with a PDE background iterative methods are considered to
be superior to (sparse) direct methods, at least in the three-dimensional case. However, KKT
systems are indefinite and require special care for constructing and analyzing iterative methods.
Efficient iterative methods rely on good preconditioners and appropriate acceleration techniques
(Krylov subspace methods).

Most of the solvers were constructed and analyzed under the standard assumption that

A is positive definite.

Typical classes of preconditioners which rely on this standard assumption are block diagonal
preconditioners, see, e.g., Rusten and Winther [333], Silvester and Wathen [336], block trian-
gular preconditioners (originating from the classical Uzawa method [302]), see, e.g., Elman,
Golub [319], Bramble, Pasciak, Vassilev [313], symmetric indefinite preconditioners, see, e.g.,
Dyn, Ferguson [318], Bank, Welfert, Yserentant [303], Rozloznik, Simoncini [332], Al-Jeiroudi,
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Gondzio, Hall [300], Dollar [315], and symmetric positive definite (but not block diagonal)
preconditioners, see Vassilevski, Lazarov [342].

The preconditioners discussed so far obey the block 2-by-2 structure of the system and
rely on good preconditioners for reduced systems in x and in y. As long as PDEs are involved
multigrid techniques are available for constructing these preconditioners for the reduced systems.
An alternative is to apply multigrid techniques directly to the whole system, which can also be
viewed as a preconditioner. Here the construction and the analysis of the smoother is a main
challenge. See, for example, Brandt, Dinar [314], Vanka [341], Wittum [345], Braess, Sarazin
[311].

Depending on the properties of the preconditioned systems Krylov subspace methods either
for symmetric indefinite or for non-symmetric systems like MINRES, BiCGStab, or GMRES
were proposed. In Bramble, Pasciak [312] a block triangular preconditioner was used in order
to obtain a preconditioned system which is symmetric and positive definite and, therefore, can
be solved by the conjugate gradient method (CG), which is usually considered as the best or
at least the best-understood Krylov subspace method. The block triangular preconditioner in
[312] requires a symmetric and positive definite approximation A with A— A positive definite.
In [332] an interesting equivalence between the right preconditioned simplified BiCGStab and
a preconditioned conjugate gradient method (PCG) was obtained for the proposed indefinite
preconditioner for a particular choice of the residuals. Yet another strategy to use CG was
discussed, e.g., in Fischer, Ramage, Silvester, Wathen [320] and in Benzi, Simoncini [307], where
the saddle point problem was reformulated by multiplying the second block row by —1 leading
to a positive stable but non-symmetric system matrix.

See Benzi, Golub and Liesen [306] for a recent and extensive survey with more than 500
references most of them based on the standard assumptions.

Own contributions: In [347] a general approach for the analysis was presented for two classes
of preconditioners: block triangular preconditioners and symmetric indefinite preconditioners.
For acceleration CG methods were proposed and analyzed, extending the classical work by
Bramble and Pasciak [312]. Multigrid preconditioners were analyzed and applied to the Stokes
problem in [346] and [334]. The next two articles contain results from the PhD thesis of Markus
Wabro, supervised by the proposer: In [343] and in [344] algebraic multigrid methods for the
Oseen equations were presented and discussed. Multigrid preconditioners have been successfully
applied to topology optimization problems in [338], [339] within the SFB-project F1309.

Interesting classes of problems, like certain problems in optimal control, lead to linear sys-
tems, where (in a stable sense)

A is positive definite only on the kernel of B.

Much less is known in this case. One strategy is an augmented Lagrangian approach, where the
matrix A and the vector f are replaced by a matrix of the form Ay = A+ BTW B and a vector
fw = f+ BTWyg , respectively, with an appropriate matrix W, see e.g. Fortin and Glowinski
[321]. This does not change the solution of the problem, and the new (1,1) block Ay becomes
positive definite if W is properly chosen, e.g, if it is positive definite, and all methods working
under the standard assumption applied to the augmented system could be used, in principle.
It is, however, a delicate issue to choose the matrix W in order to obtain good convergence
properties, see the discussions in Golub and Greif [324], Golub, Greif and Varah [325].
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Another approach is offered by a particular class of symmetric indefinite preconditioners,
the so-called constraint preconditioners, see, e.g., Keller, Gould, Wathen [329], Gould, Hribar,
Nocedal [326], Dollar, Gould, Schilders, Wathen [316]. These preconditioners are not restricted
to the case of positive definite matrices A. For this class of preconditioners (projected) PCG
was successfully used as acceleration technique. One possible drawback of this class of precon-
ditioners is the computational costs involved in the application of the preconditioner, where in
some way or another some projection onto ker B has to be realized.

Preconditioners specially tailored to PDE-constrained optimization problems, where A is
typically only positive definite on the kernel of B, were proposed, for example, by Hackbusch
[327], Ta’asan [340], Arian, Ta’asan [301], Battermann, Heinkenschloss [304], Battermann, Sachs
[305], Biros, Ghattas [308], [309], Hazra, Schulz [328], Dreyer, Marr, Schulz [317], Borzi, Kunisch,
Kwak [310].

Own contributions: The analysis of symmetric indefinite preconditioners was extended and
applied to a problem from optimal control in [335]. Multigrid preconditioners were analyzed
and applied to an optimal control problem in [337].

For certain classes of KKT systems a richer
block n-by-n structure with n > 2

can be identified and exploited, see [322] and [323].

Own contributions: In [348] block triangular preconditioners were analyzed. Such precondi-
tioners were successfully applied to the so-called BETI method for second-order elliptic bound-
ary value problems, see [330], [331].

Objectives and Methods

Block triangular preconditioners are well investigated in literature. Properly scaled they can
be used in combination with the CG method, usually considered as the best Krylov subspace
method. An extension from a block 2-by-2 system to an block n-by-n system is available.

However, usually the construction and analysis of block triangular preconditioners are based
on the assumption of a positive definite matrix A, or, more generally, a positive definite (1,1)
block of the KKT system, which excludes its direct application to interesting classes of opti-
mization problems. And the scaling for n > 2 is computationally rather costly.

The first drawback is not necessarily shared by symmetric indefinite preconditioners as it
was demonstrated in [335] for n = 2. Therefore, we will concentrate on symmetric indefinite
preconditioners in this project.

A proper scaling guarantees the application of the CG method, however, may deteriorate the
quality of the preconditioner. On the other hand, without scaling the symmetry and positive
definiteness and, therefore, the application of the CG method is no longer guaranteed, the
preconditioned matrix remains only positive real, for which Krylov subspace methods like QMR
are appropriate acceleration techniques. So a first objective is thorough analysis of the behavior
of symmetric indefinite preconditioners if no special scaling is used and a comparison with
the scaled approach, starting from the work in [347] and considering the completely different
approaches in [332], [320] and [307].

A second objective is to extended the construction and analysis of symmetric and indefinite
preconditioners to problems with a richer block n-by-n structure. The approach taken in [348]
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in combination with the ideas from [335] should provide a guideline for these investigations.
It is expected that the scaling is easier to handle for n > 2 compared to block triangular
preconditioners.

The analysis of the preconditioners is typically based on assumptions of available precondi-
tions for reduced systems (for n = 2 reduced systems in z and in y). The particular choice of
these preconditioners depend on the available information for selected classes of KKT systems.
So a third general objective is to identify interesting classes of KKT systems, where such infor-
mation is available. Of particular interest for the construction is the robustness of the methods
from discretization parameters and/or other parameters like regularization parameters. Con-
cerning regularization parameters a first step is set in [335], which could be the starting point
for similar strategies for other classes of problems.
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1 GENERAL INFORMATION ABOUT THE DK

1.2 Additionality

In the frame of the SFB we have started our initiative to combine two disciplines of computa-
tional mathematics, numerical analysis and symbolic computation, which have been considered
as “two different worlds” so far. The scientific basis of this enterprise was given by the expertise
accumulated in the numerical and symbolic research groups at the Johannes Kepler Univer-
sity. Encouraged by the results of interdisciplinary SFB research (i.e., non-trivial interaction of
numerical and symbolic methods), we felt that this new type of interdisciplinarity should be
supported by adequate educational measures.

As a consequence, some of these ideas entered even the JKU Master Curriculum in “Tech-
nical Mathematics.” For example, a new special course “Algorithmic Methods” has been intro-
duced that accompanies the standard “big” introductory lectures on linear algebra and analysis
during the first two semesters. The novelty of the “Algorithmic Methods” course consists not
only in bringing in computational aspects at the bachelor stage of training, but also in present-
ing numerical and symbolic procedures just as two “different sides of the same coin”, namely,
of algorithmic mathematics. A corresponding text book (bachelor level) is in preparation. The
“numerical” author, Ph. Kiigler, is member of the JKU Institute for Industrial Mathematics,
the “symbolic” author, W. Windsteiger, is member of RISC.

The proposed DK will provide such a training on the graduate level. The long-term goal is
to establish a distinguished PhD Program at JKU which will attract young researchers from all
over the world.

1.3 Training goals

Already for the first period, the overall goal of the DK program will be to provide intensive
PhD training in two fundamental areas of computational mathematics: numerical analysis (in
particular, of direct and inverse field problems) and symbolic computation. This will be accom-
plished by course work that involves lectures from both areas and by interdisciplinary seminars;
see Section 1.4 below.

Such kind of DK education will stimulate numerous new avenues of research. For example:
DK graduates will be able to develop new solvers to direct or inverse problems by combining
numerical approaches with symbolic methods like Groebner bases; DK graduates will design
new procedures for geometrical scientific computing by utilizing implementations of computer
algebra algorithms for problems in algebraic geometry; DK graduates will use symbolic special
function algorithms to speed-up hp finite element methods; DK graduates will use symbolic op-
timization techniques for constructing new algebraic multilevel preconditioners, etc. — It should
be noted that first results in each of these directions have been already achieved within the SFB.
So the DK will benefit from SFB experience about how to establish necessary interdisciplinary
interaction.

General aspects of the qualification profile of DK graduates are:

e A DK graduate has produced a PhD thesis in an up-to-date subarea of computational
mathematics.

e A DK graduate is expert in algorithmic mathematics; he/she is able to combine the “two
worlds” of numerical and symbolic methods.
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1.4 DK-specific training goals

e A DK graduate has got extra training to develop skills concerning general aspects of math-
ematical problem solving, the presentation (written and oral) of mathematical work (also
to a non-mathematical audience), programming, and how to work in groups embedded in
an international research network.

e A DK graduate is experienced in aspects of scientific management. — In order to achieve
this training effect, the DK will encourage the DK students to participate actively in the
organization of workshops and conferences, and in many other aspects of scientific life.

e A DK graduate is qualified to pursue a professional career either in academia or in industry.

1.4 DK-specific training goals

For each DK collegiate an individual curriculum will be compiled. It consists of a selection of
courses that fit best to the PhD topic chosen.

Course work. The total amount of course work during the 3 years of DK study will be
equivalent to 12 one-semester courses, 2 hours per week each. Special emphasis is put on selecting
courses in such a way that a good balance between numerics and symbolics is achieved.

Only 2 one-semester courses (2 hours per week each), especially designed for the DK, will
be mandatory for all the DK students. In “Fundamentals of Numerical and Symbolic Computa-
tion” DK scientists from numerics and symbolics will present case studies in order to introduce
to basic notions and methods of general relevance to the DK. In “Thinking-Speaking-Writing”
DK students will be actively trained in mastering practical aspects of scientific work: problem
solving strategies and how to present mathematical work in written or oral form. (This course,
introduced by Buchberger, has been a key ingredient in the RISC PhD Curriculum for about
20 years.) — Most of the other DK courses will be selected from the standard mathematics cur-
riculum at the Johannes Kepler University, e.g.: Automated Theorem Proving, Computational
Linear Algebra, Computational Logic, Computer Aided Geometric Design, Computer Algebra,
Computer Analysis, Differential Geometry, Formal Methods in Software Development, Func-
tional Programming, Inverse and Ill-Posed Problems, Numerical Methods for Elliptic Equations,
Special Functions, Symbolic Analysis (operator methods), or Symbolic Summation, It should
be mentioned that some of these lectures, like Computational Linear Algebra, Special Functions
or Symbolic Analysis, have emerged from SFB research cooperations.

In case that DK topics need to be covered by new courses, such courses will be offered. For
instance, for the first DK period we plan to introduce courses on: Computational Geometry,
Boundary Element Methods, or Introduction to Learning Theory. The JKU considers the official
integration of such specific DK lectures into the JKU mathematics curriculum with special
priority.

Seminars. In addition to course work, each DK student has to participate actively in a weekly
(2 hours) seminar. Typically these are DK topic oriented, special project seminars regularly
run by the DK advisors. Often such seminars will be jointly organized by several DK project
leaders.

For thesis projects with particulary strong interdisciplinary interaction, joint seminars in-
volving the respective DK research groups will be organized.
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2 APPENDIX

Advisorship. Besides participating in weekly seminars, each DK student will have a regular
individual meeting with his/her advisor(s) at least once a week.

At a certain stage of a DK thesis project, one or two co-advisors (DK scientists) will be
chosen depending on the scientific background of the project. DK theses of particularly strong
interdisciplinary character will be co-advised by experts from different areas.

If a DK thesis is evolving in close cooperation with an external research group, a co-advisor
can be chosen from this group.

DK Report Day. At the end of each semester there will be a “report-day” where the DK
students — in the presence of all the DK scientists — will report on the progress of their thesis
work.

DK Visitors Program. In the DK, special emphasis is put on international contacts and
collaborations. Within the frame of a DK Visitors Program, national and international research
partners will be invited for short or long term research stays at the DK. DK students will benefit
from courses and guest lectures presented by invited DK guest professors and researchers. —
Concerning “outgoing” activities of DK students, see Section 1.5.

DK Colloquium. Once a month a DK Colloquium Talk will be organized. Typically these are
survey talks presented by guests invited in the frame of the DK Visitors Program.

1.5 Stays abroad

We recommend our DK students to spend in average about 6 months at other other research
institutions in Austria or abroad, if it is of meaningful for their DK projects.

The stays abroad can be partitioned into short or long term research visits. But the total
time period spent abroad should be 4 to 8 month for each DK student.

2 Appendix

2.1 List of citations in project descriptions

This section contains the references of the citations given in the particular DK thesis project
descriptions of Section 1.1.4. The references are grouped as follows: for each DK project the
corresponding references can be found in a separate list.
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