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Abstract

We study the rational general solutions of a non-
autonomous algebraic ordinary differential equation
(ODE) of order 1. The geometric approach of R. Feng
and X-S. Gao ([FG04], [FGO6]) in the autonomous case
can be extended to the non-autonomous ODEs of order 1
in a natural way provided a proper rational parametriza-
tion of the corresponding algebraic surface.

The work leads to studying a system of autonomous
ODEs of order 1 and of degree 1. We call it the as-
sociated system with respect to a parametrization of the
original ODE. If we can solve this associated system for
its rational general solutions, then we shall obtain the
rational general solutions of the original ODE by using
the parametrization map.

Autonomous ODEs

The following algorithm can be found in [FGO4].
Algorithm 1.

nput: F(y,y') =0, F € Qly, 2],

Output: A rational general solution of F(y,y') = 0 if
any.

1.if F(y,z) = 0 is not a rational curve, then return

“F'(y,3") = 0 has no rational solution”;

2. else compute a proper rational parametrization of
F(y,z) =0, say (f(t),9(1)).

. . ar + b
3. compute a rational function 7T'(x) =

such that
cxr +d

4.if there is no such T'(x), then return “F(y, ") = 0
has no rational solution™;

5. else return the rational general solution

where C' is an arbitrary constant.

Goal

We extend the above geometric approach to parametriz-
able non-autonomous ODEs. We assume that the non-
autonomous ODE F(z,y,y’) = 0 is parametrizable, i.e.
the corresponding algebraic surface F'(z,y,z) = 0 is a
rational surface with a proper rational parametrization

P(‘Sv t) — (X1<87 t)a X2<37 t)? X3(57 t)),

where the coefficients of y; belong to some field of con-
stants containing the ground field of F'. This is a nat-
urally extended class of the class of autonomous ODEs
of order 1 with rational solutions.
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for some constant ¢ and Singularities Thus 1
:E —_—
Yals(@ — o), t(z — o)) = xa(s(z — ¢,z — o). | o ) =221
onsider the polynomial differential system
Theref Consider the pol | differential syst 2
erefore,
, It follows that a rational general solution of the associ-
y = xals(z — o), tlx — ) { = Pls, 5) | ated system i
is a rational solution of F'(z,y,7") = 0. th=Q(s,1).
( 2 |
: L - s(x) = —2° + (1 +VC)x —5vC
Theorem 1. There is a one-to-one correspondence be- e The singularities of the system are the common inter- < () ( ) 2

t(r) =2 (—:z: + \/6) .

tween rational general solutions of the parametrizable sec’gon. points of P(s,t) = 0 and Q(s,?) = 0 in the
ODE F(z,y,y") = 0, which is parametrized by P(s,t), projective plane.

and rational general solutions of its associated system e The singularities of an irreducible invariant algebraic We have
with respect to P(s,t). curve of the polynomial system are among the singu-
larities of the system.

\

Xi(s(a),t(x)) = 2 — VT

e The analysis of singularities of the system gives a de-

gree bound for irreducible invariant algebraic curves Substituting s = s(z + %\/5) and t = i(x + %\/5)
v in terms of the degree of the polynomial system in into yo(s,t) we obtain a rational general solution of the

the non-dicritical case, where every singularities of the differential equation F'(z,y, y’) = (),

system is non-dicritical ([Car94]).

e The irreducible invariant algebraic curves of the sys- y(xr) = — 823 4+ 202 + C.
tem can be found by using a degree bound and unde-
termined coefficients.

e If the polynomial system is a linear system, then the Example 2
. degree of any irreducible rational invariant algebraic
SpeCIal CasSes curve is at most 4 ([NW10]). Consider the non-linear differential equation
We demonstrate the associated system of some spe- Fla ' = B g + 802 = 0
cial differential equations.  Depending on how we Algorlthm in non-dicritical case Y=Y JY gy =y
parametrize the corresponding rational surface, the as- |
sociated systems are looking differently. Algorithm 3. The alge_bra|.c surface F'(x,y,2) = 0 has a proper
Fly,y') =0 Input: F(z,y,y") =0, P(s,t) = (x1, X2, X3) a proper parametrization
F(s, f(t),9(t)) = 0 rational parametrization of the surface F(x,y,z) = 0. )
s'=1 Output: A rational general solution of F'(z,y,7") = 0 P(s,t) = (t, —4s"- (25 — 1), —4s - (25 — 1)).
t = ]‘Z(é)) in the non-dicritical case if any.
F = a(a)y + b(a)y + c(@) = 0| F = N(z.9)y — M(z.g) = 0 1. compute the associated system with respect to The associated system with respect to P(s, ) is
“b(s)t — efs) M(s, 1) P(s,t);
F(s ):o F(s,t, =0 _ . ;1
, a(s) / N(s,t) 2. compute the set of singularities; $ =3
S = S = . . . . . ‘" /
. —b(s)t — c(s) . M(s, 1) 3.if there is a dICFItIC”a| singularity, then return “We t=1.
a(s) N(s, 1) need a degree bound”;
4.else find a set of rational invariant algebraic curves Similarly, we can solve the system to obtain
Invariant algebraic curves with the degree bound; y
5.if there is no rational general invariant algebraic s(x) = 5 tx)=ao—-C
Consider the system of autonomous ODEs curve, then return “There is no rational general so-
rS/ _ M;(s,t) lution”; where C'is an arbitrary constant. Therefore, the rational
< Ni(s,1) (3) 6. else use the Algorithm 2 to find a rational solution general solution of the differential equation F'(x, 1y, 1) =
- Mo(s, t)7 of the associated system corresponding to the rational 01s
\ No(s, 1) general invariant algebraic curve, say (s(x),t(x)); y(z) = —C(x + O)2.
where My, M>, N1 and N9 are polynomials over some 7. compute the constant ¢ = y1(s(z), t(x)) — z;

field of constants K and they are in the reduced forms. 8. return y(z) = ya(s(z — ¢), t(x — c)).

Definition 1. An invariant algebraic curve of the system ACknOWledgement
(3) is an algebraic curve G(s,t) = 0 such that
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F(z,y,y') =0, F(x,y,z)=0is a rational surface

Lla: o\ —
L \U?U’>_O1

F(y,z) =0
Is a rational curve

Associated system

This leads to studying the following system of au-
tonomous ODEs of order 1 and of degree 1 in the deriva-
tives, which is called the associated system with respect

to P(s, 1), r filo.t)
r J1US,
T glst)
< t/ _ ]%(SJ) <1)
L g(s,t)°

where fi(s,1), fo(s,t), g(s,t) are rational functions in
s,t and defined by

fls,t) <2250 (s, 200

fa(s,t) =x3(s,t) - Oxi(s,t)  Oxals,t)

0s os
(5.1 _Oxals,t) Oxals,t)  Oxils,t) OIxals,t)
I Ds ot ot ds

(2)
Note that the associated system is constructed in such
a way that if (s(x),t(x)) is a rational solution of the

system, then we have

x1(s(z), t(x)) =z +c,

The alge-brai_c surface F'(z,y,z) = 0 has a proper Tec for kindly providing the RISC castle picture for the
Definition 2. A general invariant algebraic curve of the parametrization poster.
system (3) is an irreducible invariant algebraic curve /
G(s,t) = 0 with the property that for any H € K|s, ], P = <s — 5 4s% — 12+ 2t, 16st — 4t° — 165° + 4t> .
e The set of invariant algebraic curves of the system (3) The associated system with respect to P(s, ) is
is the same as the one of the polynomial system [Car94]  Manuel M. Carnicer. The Poincaré Problem
s’ = M;(s,t)Ny(s, 1) {S/, = —2s+1t+1 in the N;;gi;ritigglg gagze.lﬁgn:als of Mathe-
— tics, , - , :
t/:MQ(S,t)N1<S7t>. ' = —4s + 2t. matics ()
. _ . , o o [FGO4] R. Feng and X-S. Gao. Rational general solu-
e The implicit equation of any non-trivial rational so- At infinity the system is given by . : . : .
Ut o 21 defi S tions of algebraic ordinary differential equa-
ultloI: of the sys;er}r: (3) defines a rational invariant = (=22 = (u— 2w —2 tions. Proc. ISSAC2004. ACM Press, New
algebraic curve ot the system. u = —\u U v v York, 155-162. 2004.
| v = —v(u—2+v).
Algorithm 2. [FGO6]  R. Feng and X-S. Gao. A polynomial time al-
Input: G/(s,¢) = 0 is a rational invariant algebraic curve It has a unique singularity (2,0) at infinity. In fact, this gorithm for finding rational general solutions
of the system (3). is a non-dicritical singularity. Since the degree of the of first order autonomous ODEs. J. Symbolic
OUtPU_t A rational solution of the system (3) corre- system is 1, by ([Car94]), the degree of any irreducible Computation, 41:739-762, 2006.
slponilng to tE-e curve G(s, 1) : 0 T any. o : invariant algeb_raic curve of the rsystem IS bou.nded. by [Hub96] E. Hubert. The general solution of an ordi-
. take an arbitrary proper rational parametrization o 1+2:3_. In th|§ example the rational general invariant nary differential equation. Proc. ISSAC1996.
the curve G(s,£) = 0, say (s(x), {(z)). algebraic curve is ACM Press, New York, 189-195, 1996
: . . . ar + b
2. find a linear rational function T'(z) = o d such As? — dst 121 9% — O — 0. [Net88]  A. Lins Neto. Algebraic solutions of poly-
that nomial differential equations and foliations in
(1 M(s(T),t(T)) . ¢ ) where C' is an arbitrary constant. A proper rational dimention two. Lecture note in mathematics,
T — 3/(1T) Aj}f%%;%)zég%% if s'(x) 7 parametrization of this curve is 192-232 1988.
AC ) . / A N . .
T No(s(T). £(T) if t'(z) # 0. 1 W2+ 4z — /O N 0O+ 1— O INW10] L.Xl.Chlal:.Ngo a:cnﬁ Ft. W(ljnkler. Rat:conal gen-
(4) 5 2 —de 1l 2 — dr o 1 : eral solutions of first order non-autonomous
parametrizable ODEs. J. Symbolic Computa-
3. if there is no such T'(x), then return “No rational | | | S tion, MEGA'2009, 45(12), 1426-1441, 2010.
solution corresponding to the curve G(s,t) = 0" The differential equation for the reparametrization is ’ ’ ’ ’

1 else return ) [Ngol0] L.X.Chau Ngo. Finding rational solutions of
| T — o _ 1 rational systems of autonomous ODEs. RISC
(s(T'(x)), t(T(x))). 2) Report Series, 10-02, 2010.




