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EZIntroduction
: :

General problem

Consider a (linear) ill-posed problems of the form
KOf =90,
where K is a integral operator

K():u—>j‘f

I o0 = Kof].

(Kof) )= [ hols,01f(0)dt.

Q

where

The operator K is generated by kernel function k.
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EZIntroduction

“Some mathematicians still have a kind of fear whenever
they encounter a Fredholm integral equation of the first
kind” .

Francesco Tricomi (1897-1978)
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Klntroduction
:

“Some mathematicians still have a kind of fear whenever
they encounter a Fredholm integral equation of the first
kind” .

Integral operator + kernel
(k € La(Q?) or k € C(Q?))
)

compact and ill-posed

Francesco Tricomi (1897-1978)
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Ezlntroduction
: :

Difficulties

Measurements:

m instead of gy € Z(K() we have noisy data g; € Y with
l|l90 — gs]| < 6.

Inverse problem:
m given gs find function f;
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EZIntroduction
: :

Difficulties

Measurements:

m instead of gy € Z(K() we have noisy data g; € Y with
l|l90 — gs]| < 6.

m instead of Ky € .Z (U, H) we have a noisy operator
K. e Z (U, H) where

Ko~ K] <

Inverse problem:
m given gs find function f;
m given gs and k. find function f.
Kf=K(k,f) Nonlinear!
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EzProposed method

Overview

(1 Proposed method
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KProposed method

How to solve?

m Tikhonov regularization is the most widely applied methods
for solving ill-posed problems

minimize HAer — b5H2
subject to HLxH2 < M,

m Regularized total least square is a method based on TLS
Golub and Van Loan [1980], adding a stabilization term with
respect to the solution .

minimize HA — AeHF + Hb — b5H2
Ax =10

subject to
| Za]l, < M.

Remark: discrete version Az = b (finite dimension).
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EzProposed method

Main idea

Adding constraint to R-TLS

minimize HA — AEHF + Hb — bs
Ax =10
| ell, < 01

I

subject to
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EzProposed method

Main idea

Adding constraint to R-TLS
minimize HA — AEHF + HAa: — b5H2

subject to
[ L, < M.
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EzProposed method

Main idea

Adding constraint to R-TLS

minimize ||A — AEHF + || Az — b5“2
14, < N

subject to
Jzal, < M.
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EZProposed method

Main idea

Adding constraint to R-TLS

minimize HA — AEHF + HAa: — 65H2

subject to HAHF SN
Jzal, < M.

m rewrite as unrestricted problem;

m apply for infinite dimensional case;

m penalize the kernel function instead of the operator;

m generalize the new penalty term for a convex functional.

\ :
Bleyer, Ramlau JKU Linz 7/24




KProposed method
:

Motivated by R-TLS ideas, we proposed solve the following
problem

minimize T (k, f) := =J (k, f) + HLfHL @ +51R( ), (1)

where
T (ke f) = | K (ks ) = 9]l ) + TR = Kell7, ) -

«, [ are the regularization parameters, 7 is a weight parameter
and R : X — [0, 400] is
m proper convex function and

m weak lower semi-continuous (w-lIsc).
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EzMain results
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1 Main results

: :
Bleyer, Ramlau JKU Linz 8/24




2 Main results
:

Main results: theoretical

Proposition

Let T' be the functional defined on (1) and L be a positive
defined operator. Then T is positive, weak lower
semi-continuous and coercive functional.

Theorem (existence)

Let the assumptions of Proposition 1 hold. Then there exists a
global minimum of

minimize T (k, f) .
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EZMain results

Theorem (stability)

mi; —~dande; — e
m g5, — g5 and ke, — ke
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EZMain results

Theorem (stability)

mi; —~dande; — e

m g5, — g5 and ke, — ke

ma, >0

m (k7. f7) is a minimizer of T" with gs, and k.,
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KMain results
:

Theorem (stability)

mi; —+0ande; — ¢

m g5, — g5 and ke, — ke

mo,f3>0

m (k7. f7) is a minimizer of T" with gs, and k.,

m Then there exists a convergent subsequence of (k, f7);

(K7™, f7m) — (k, f)

where (k, f) is a minimizer of T with gs, k., and 3.
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KMain results
:

For convergence results we need to define

Definition
We call (£, 7) a ®-minimizing solution if

(kTafT) :ar(glggr;;in{@(k,f) ‘ K(kvf) =go, k= kO}'

where the equalities above hold almost everywhere.

We define the convex functional

Ok, f) : fHL fH +nR (k)
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KMain results
:

Theorem (convergence)

mj; —+0ande; — 0

m lgs, — goll < 05 and |[ke, — kol| < ¢;

m Q= a(Ej,éj) and ,Bj = B(Ej,(sj'), s.t. aj — 0, ,Bj — 0,

M =0 and limj_. & =7
0% @

m (K7, f7) is a minimizer of T" with 95,1 ke;r aj and f3;

limj_mo
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KMain results
:

Theorem (convergence)

mj; —+0ande; — 0

o (105, — 5ol < 55 an [k, Kol <

m Q= a(ej,éj) and ,Bj = B(Gj,(gj), s.t. aj — 0, ,Bj — 0,

02 + 72 -

<72 -0 and lim;_, ] =7
J @Y

m (K7, f7) is a minimizer of T" with 95,1 ke;r aj and f3;

m Then there exists a convergent subsequence of (k, f7);
(kjm’ fjm) — (kTu fT)

where (k', f1) is a ®-minimizing solution.
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EZMain results
: :

Remark

As a direct consequence, the choice 5 = na satisfies the previous
theorem. So, defining

Ok, f) = fHLfH +nR (k)

and

B(k,f) : LQ(Qz)XLQ(Q) — LQ(Q)XLQ(Q)
(k. f) — (K(k, [), k)

we can rewrite (1) for 7 =1 as
o1
mlnlmlzeEHB(k, f)— (g5, k H +a®(k, f)

where ||(k, f) — (u,v)H2 = ||k — uH2 +||f - v||2.
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E zComputational aspects

Overview

] Computational aspects
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E zComputational aspects
: :

Optimality condition

If the pair (k, f) is a minimizer of T'(k, f), then 0 € 0T (k, f).
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E ZComputational aspects
: :

Optimality condition

If the pair (k, f) is a minimizer of T'(k, f), then 0 € 0T (k, f).

O(J (k, F) + a||LF|* +BR (k) = I (k, £)(u,v) + 8OR (k)

Fréchet differentiable

where

: _ /| BFEp+ 7Dk = (The+ Kjgs) | [ w
W (k, f)(u,v) = <[ (]}(ZKkJraL*L)f—KZga ] 7 [ v :|>L2><L2

for all (u,v) € La(2?) x Lo(Q) and
0% () = {€ € La(@) | R(H) = R(E)+ (€ b~ )}
for all k € La(Q2) N 2(R).
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E zComputational aspects
: :

Which convex function?

For the choice: R (k) = HkHLI(QQ) we know

OR (k(s,t)) = sgn(k(s,t)) for a.e. (s,t) € Q2
where
{{—|} if 240
sgn(z) =
{£eC | €] <1} otherwise
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E zComputational aspects
: :

Which convex function?

For the choice: R (k) = HkHLI(QQ) we know

OR (k(s,t)) = sgn(k(s,t)) for a.e. (s,t) € Q2
where
san(z) = {‘—;} if z#0
{£eC | €] <1} otherwise

Necessary optimality condition: if (k, f) minimizes (1) then

{(K;K,; +aL*L)f = Kgs

(K}‘—Kf +710k = K;;gg + 7ke — Bsgn(k)
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KComputational aspects
:

Remark: iterative development
m first equation: f depends of k and a.

o * *+7\ 1 %
f5 (k) = (K Ky + aL*L) " Kjgs.

m second equation: solve as a point-fixed iteration
K = (K" + Kjgs + The — (KfKp + TDE") — Bsgn(k™) .

Iterative shrinkage-thresholding algorithm

Require: L,gs, k., 7 and k¥ € Ly(9Q2) N L1(9Q2)
1: n=20
2: repeat
3: choose o and f3
4 kn+1 = 85 (kn aF K*g"(k:")(gé — Kfél(kn)kn) + T(ke — kn))
5. until convergence
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E zNumericaI ilustration

Overview

(1 Numerical ilustration
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Numerical ilustration

First numerical

Basic problem:

09
08
07,
06

03]
02
04

result

convolution operator in 1D

/ B(s — 1) f(£)dt = g(s)
Q

Kemel: ker funcion: func data: convoluion
1 it

09

08 015

07

06 01

o5

04 005

03

02 o

01
0 0z o4 06 08 1 0o o0z o4 08 o8 1 0 0z o4 08 08 1

m space: ) = [0, 1], discretization: N = 2048 points
m initial guess: k' = k., 7 = 1.0
m relative error: 4% and 3%
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Numerical ilustration

Noisy kernel and data

.
(]

Tolerance: 10~7. lterations: Proposed 3 and Tikhonov (CG) 21.

k™ —ko f"=fo

||kn_kn+1||2 ||fn_fn+1||2 || Hk0H2H2 H HfO”2H2
1.4479 16.4736 0.0194 0.0141
0.0001 0.1175 0.0194 0.0138
0.0000 0.0000 0.0194 0.0138
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E zNumericaI ilustration

‘Comparison: kerne kwit 4% rlative error

0.0586
0.0194

noisy kernel
proposed
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E zNumericaI ilustration

Gomparison: sauion

Tikhonov  1.9954e-04
proposed  1.9013e-04
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E zNumericaI ilustration

‘Comparison: data g vith 3% relaive eror

Tikhonov  5.6513e-06
proposed 5.7668e-06
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EZOngoing and future work

Ongoing and future work

study of source conditions;

prove convergence rates;

[
[
m how to choose the best regularization parameter?
m a priori and a posteriori choice;

[

implementations and numerical experiments (2D)
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Ongoing and future work
:

Thank you for your kind attention!

; —_
:—-f Questions’
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