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Ezlntroduction
: :

General problem

Consider a (linear) ill-posed problems of the form
KOf =90,
where K is a integral operator

KO:U—>1H

fo— =Kol

(Kof) )= [ Ra(s. 017 (0)at

Q

where

The operator K| is generated by kernel function k.
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Klntroduction
:

“Some mathematicians still have a kind of fear whenever
they encounter a Fredholm integral equation of the first
kind".

Francesco Tricomi (1897-1978)
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E(Introduction
:

“Some mathematicians still have a kind of fear whenever
they encounter a Fredholm integral equation of the first
kind".

Integral operator + kernel
(k € L2(Q?) or k € C(2?))
\

compact and ill-posed

Francesco Tricomi (1897-1978)
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Ezlntroduction
: :

Difficulties

Measurements:

m instead of gy € Z(K) we have noisy data g; € Y with
ll90 — gs]| < 0.

Inverse problem:
m given gs find function f;
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Ezlntroduction
: :

Difficulties

Measurements:

m instead of gy € Z(K) we have noisy data g; € Y with
ll90 — gs]| < 0.

m instead of Ky € .Z (U, H) we have a noisy operator
K. e Z (U, H) where

[~ K] <

Inverse problem:
m given gs find function f;
m given gs and k. find function f.
Kf=K(kf) Nonlinear!
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E(Proposed method

How to solve?

m Tikhonov regularization is the most widely applied methods
for solving ill-posed problems

minimize ||K.f — g(;‘
subject to Lf” < M,

m Regularized total least square is a method based on TLS
Golub and Van Loan [1980], adding a stabilization term with
respect to the solution .

minimize HA — A€HF + Hb — b5H2
Ax =b

subject to
e, < M

Remark: discrete version Az = b (finite dimension).
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E zProposed method

Main idea

Adding constraint to R-TLS

minimize |4 — A, + || — b5,
Az =b

subject to
|al, < M.
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E zProposed method

Main idea

Adding constraint to R-TLS

minimize ||A — Ac|| . + || Az — bs],
4], <

subject to
Jal, < .
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E(Proposed method

Main idea

Adding constraint to R-TLS

minimize HA — AEHF + HA:I: — b5H2

subject to HAHF SN
e, < a1

m rewrite as unrestricted problem;

m apply for infinite dimensional case;

m penalize the kernel function instead of the operator;

m generalize the penalty term w.r.t. k.
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E(Proposed method

Motivated by R-TLS ideas, we proposed solve the following
problem

minimize T (k, f) := %J(k, )+ AR (k) (1)

where
T (k. f) = [|K (ks £) = 951720y + 7I* = kel [72(02) + |2 S 1[22 0 -

«, [3 are the regularization parameters, 7 is a weight parameter
and R : X — [0, +o0] is

m proper convex function and

m weak lower semi-continuous (w-Isc).
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2 Main results
:

Main results: theoretical

Proposition

Let T' be the functional defined on (1) and L be a positive
defined operator. Then T" is positive, weak lower
semi-continuous and coercive functional.

Theorem (existence)

Let the assumptions of Proposition 1 hold. Then there exists a
global minimum of

minimize T (k, f) .

Bleyer, Ramlau JKU Linz 9/23




EzMain results

Theorem (stability)

md; —~dande; — e

W g5, — g5 and ke, — ke
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E(Main results
:

Theorem (stability)

mi—0ande — ¢

W g5, — g5 and ke, — k.

ma(0>0

m (k7. f7) is a minimizer of T" with gs, and k.,

Bleyer, Ramlau JKU Linz 10/23




E(Main results
:

Theorem (stability)

mi—0ande — ¢

W g5, — g5 and ke, — k.

ma(0>0

m (k7. f7) is a minimizer of T" with gs, and k.,

m Then there exists a convergent subsequence of (k, f7);
(kjmu fjm) - (l;:a fT)

where (k, f) is a minimizer of T with gs, k., and 3.
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E(Main results
:

For convergence results we need to define

Definition
We call (kf, 7) a ®-minimizing solution if

@ifU=:mg%m{@@mﬂ | K(k, f) = go,k =ko}.

where the equalities above hold almost everywhere.

We define the convex functional

3k, f) = 5| fIP + R (k)
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E(Main results
:

Theorem (Convergence)

m—0ande; — 0
u Jlg5,—soll < 35 andl ke, —hol] < ¢
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E(Main results
:

Theorem (Convergence)

m—0ande; — 0
] Hg(;j —gOH < 0; and Hkﬁj —koH < €

B = a(ej,éj) and ﬂj = ﬂ(ej,éj), s.t. aj — 0, ﬂj — 0,

62 + 7€2 »
lim;_, o < J -0 and lim;_, & =
0% €%
m (k7, f7) is a minimizer of T" with gs, ke,, oj and [3;

:
Bleyer, Ramlau JKU Linz

.
12/23




E(Main results
:

Theorem (Convergence)

mi—0ande; — 0

m Hg(;j —gOH < ; and Hkﬁj - koH <€

W= a(Ejyéj) and /8] = ﬂ(e‘j,é]), s.t. aj — 0, /8] — 0,
6% + 7€2 '

< —2 =0 and limj o Bi =1
Qj 27

m (k:j, fj) is @ minimizer of T with 95, k:ej, o and 3;

limj_wo

m Then there exists a convergent subsequence of (k, f7);
(K7, fIm) — (K, 1)

where (k', f1) is a ®-minimizing solution.

Bleyer, Ramlau JKU Linz 12/23




EzMain results
: :

Remark

One can generalizes the previous results on Banach settings
minimize T (k, f) := J (k, f) + BR (k) ,

where

J (k. f) = —HF k) = asll5n + + 171

where ' : X" x XP — XP is a nonlinear operator and
R:2(R)— [0,400] is a w-Isc and proper convex functional.
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E(Main results
:

Assumptions

m X" and X7 are, respectively, a p-smooth and r-smooth
Banach space;

are weakly sequentially lower

m the norms H . HXP HXT

semicontinuous;

and H .

the exact data is attainable;

the operator I is weakly sequentially lower semi-continuous;
the operator is continuous;

Z(F') has non-empty interior and Z(F) Ndom R # (.
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E zCom putational aspects
: :

Optimality condition

If the pair (k, f) is a minimizer of 7' (k, f), then

0€dT (k, f) =a(J (k. [) + 4R (k)
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E zCom putational aspects
: :

Optimality condition

If the pair (k, f) is a minimizer of 7' (k, f), then

0€dT (k, f) =a(J (k. [) + 4R (k)

We know

, o[ R s i ] [
J(k,f)(%v)—2<{ (KipKk+ol*L)f = Kigs "L v /2.

and
OR (k) ={€ € LX) | R(k) 2R (k) + (¢, k—k)}
for all k € L*(Q%) N 2(R).
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E zCom putational aspects
: :

Example 1

For the choice: R (k) = %HkH;

Candidates (k, f) for a minimizer of our problem have to fulfill the
necessary optimality condition:

(K:Kj +aL*L)f = Kigs
(K;;Kf- +~D)k = K}ga + Tke
where K, = K(k,-) and Ky = K (-, f) are linear operator and

vi=T+8
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E zCom putational aspects
: :

Example 2

For the choice: R (k) = HkHl we know

OR (k(s,t)) = sgn(k(s,t)) for a.e. (s,t) € Q
where
sgn(z):{{%} if 270
{£e€C | €] <1} otherwise
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E zCom putational aspects
: :

Example 2

For the choice: R (k) = Hk:Hl we know

OR (k(s,t)) = sgn(k(s,t)) for a.e. (s,t) € Q

where
sen(z) = {‘—;} if 2z#£0
{£e€C | €] <1} otherwise

Necessary optimality condition

(KK +aL*L)f = Kigs
(K}EKJ; + 711k = K5gs + mhe — Bsgn(k)
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E(Computational aspects
:

Remark: iterative development
m first equation: f depends of k and a.

f5(k) = (Kj Ky + aL*L) " K} gs.

m second equation: add k in both sides

Entl — (k:” + K;g(g + Tk — (K}Kf + T])k:”) — [Bsgn(k™).

Iterative shrinkage-thresholding algorithm

Require: L,gs, k., and £k € L?(Q2%) N L'(Q?)
1: n=0
2: repeat
3: choose a and 3
4 k1 = Sﬁ (kn I K*gx(kn)(g(s - Kféx(kn)kn) 2 T(ke = kn))
5. until convergence
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E zCom putational aspects
: :

Example 3

Remark: Theorem 5 we have 5, = na,,.

minimize %J(k:, f) +a®(k, f)
where , ,
J(k, f) = || K(k, f) = g5||” + 7|k — &
and
O(k, f) = —HL FI? + R (k).
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E zCom putational aspects
: :

Example 3

Remark: Theorem 5 we have 5, = na,,.

1
minimize §J(k:, f)+a®(k, f)

where
Tk, ) = || K (k, £) = gs||” +7||k — k||’
and
D(k, f) = —HL FIIP + R (k).

For a iterative scheme w.r.t. Bregman distance

(KLt Eargmm{l (k, f) + an DS ((k,f),(k”,f“))}.
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E(Computational aspects
:

Generalized Tikhonov with Bregman distance

Require: (', f) € 2(F)
1: n=20

2: repeat

3 (ke

argmln{ J(k, f) + —nHL f=rm H2+ﬁn (k’kn)}

4 €n+1 _ gn, o
5 n=n-+1
6: Qs B >0
7: until convergence

o (Kot = Kgnk) (b = 1)
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Overview

1 Ongoing and future work
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E(Ongoing and future work

Ongoing and future work

prove convergence rates;
how to choose the best regularization parameter?
a priori and a posteriori choice;

implementations and numerical experiments.

design Algorithm 1 for threshold on wavelet domain.
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Ongoing and future work

Thank you for your kind attention!

i ?
: 5 Questions?
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