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Exact Algorithms:

algcurves CASA GHS attack
Florida University RISC-Hagenberg Berlin University

Genus
computation

Singular

normal.lib PAFF
Kaiserslautern University INRIA-Roquencourt
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Numeric Algorithms:
DK Project: Symbolic-Numeric techniques for genus computation and parametrization
(project leader: Prof. Dr. Josef Schicho).

!Ongoing(our plugin):

IQComplexinvariant —— !QComplexGenus

Axel algebraic modeler
INRIA-Sophia Antipolis

Genus

computation
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® Describing the Problem
What?
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What?

e |nput:
e C field of complex numbers;
e F € C[z,w] irreducible with coefficients of limited accuracy !;
o C={(z,w) € C}|F(z,w) =0} =
= {(z,y,u,v) € R*F(x +iy,u + iv) = 0} complex algebraic curve
(d is the degree, Sing(C) is the set of singularities);
e Output:
e approximate genus(C) s.t.
1

genus(C) = 5(d —1)(d—-2)— Z d-invariant(P);
PeSing(C)

" Doctoral Program
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© Solving the problem
How?
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How?

e Strategy for computing the genus
‘ 1.Singularities of the curve‘ compure

numerically

‘ 3.Alexander Polynomial ‘

compute

‘ 4.4-invariant(singularities) ‘

ﬂ

numerically
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How?

e Method for computing the genus

compute

‘Singularities: Maths ‘

numerically

1 H . .. t
‘5—|nvarlant(smgularltles): Maths | <

ﬂ

| GENUS: Maths |

numerically

Link: Maths

ﬂ

‘ AlexanderPolynomial:Maths ‘
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How?

e Algorithm for the method
N e compute " !
‘Slngularltles. Algo ‘ romerically Link: Algo

ﬂ

‘ Alexander Polynomial: Algo ‘

1 H . .. t
‘5—|nvarlant(smgularltles); Algo compute

ﬂ

GENUS: Algo

numerically
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How?

e Algorithm for the method

Singularities: Algo

‘6—invariant(singuIarities): Algo

ﬂ

GENUS: Algo

compute .
- Link: Algo
numerically

Intermediate step!

compute N
- Alexander Polynomial: Algo
numerically
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Solving the problem

Implementation of the algorithm

® (Mathematica computer algebra system)
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Solving the problem

Implementation of the algorithm

® (Mathematica computer algebra system)

o Axel algebraic geometric modeler 2
o developed by Galaad team
(INRIA Sophia-Antipolis);
e written in Qt scripting language;
e topology of implicit curves;
e intersections of implicit surfaces.

?Acknowledgements: B. Mourrain, J. Wintz
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@ Current results
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First

‘1.Singularities of the curve‘

compute

numerically

compute

’ 4.0-invariant(singularities) ‘

ﬂ

numerically

ﬂ

‘ 3.Alexander Polynomial ‘
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Computing the singularities of the curve

e Input:
o FeClz,uw]
o O ={(z,w) € C?|F(z,w) =0}
e Output:
5 ) F
e S = {(meo) eC |F(Zo,U)Q) =0, 52 (Zo,U)Q) =0, @(ZO,U)O) = 0}
Method: = solve overdeterminate system of polynomial equations in C?:
F(Z(),’w()) =0
oF
5z (P w0) =0, e
oF
Sw (Zo,wo) =0

P\/ boctoral Program
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Computing the singularities of the curve

orin R*: F(z,w) = F(z + iy, u + iv) = s(x,y,u,v) + it(zx,y,u,v)

s(xo, Yo, uo,vo) =0
t(xo0, Yo, u0,v0) =0

1)

£($07y0,uo,vo) =0

ot

%(mmyo,w),vo) =0 , (2)
S

E(movy(humvo) =0

ot

E(m07y07u0)v0) =0
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Computing the singularities of the curve

Using numeric input polynomials
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Computing the singularities of the curve

Using numeric input polynomials

(subdivision method)

‘ Mathemagix ‘

. Bertini
(homotopy continuation)
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12/26

Note: so far an open problem.



Next

‘ 1.Singularities of the curve‘

‘ 4.0-invariant(singularities) ‘

ﬂ

compute

numerically

compute

numerically

ﬂ

‘ 3.Alexander Polynomial ‘
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Computing the link of the singularity

o Why the link of a singularity?

e helps in understanding the topology of a complex curve
near a singularity;

e How do we compute the link?
e use stereographic projection;

P\/ boctoral Program
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Computing the link of the singularity

Method (based on Milnor's results)

1. Let C = {(z,y,u,v) € RYF(z + iy,u +iv) = 0} C C? = R, with
(F(0,0), £(0,0), 3£(0,0)) = (0,0,0) , where
z=z+ 1wy, w=u-+ .

2. Consider S? = {(x,y,u,v) € RYa? +y? + u? + w? = €2} C R* and
X =CNS* = {(x,y,u,v) € RYF(z,y,u,v) = 0,22 +y>+u’+w? = €},

3. For P(0,0,0,¢) € S3\ C, construct
83\ {P} CR* = R?, (2, y,u,0) = (a,b,¢) = (X, 25, 2%5)
f(X) ={(a,b,c) € R3Az,y,u,v) € CNS*: (a,b,¢c) = f(z,y,u,v)}
f(X) is a link.

" Doctoral Program

15/26



Computing the link of the singularity

Method (next)

3. f(X)={(a,b,e) € R3 Iz, y,u,v) € CNS?: (a,b,c) = f(x,y,u,v)}
f(X)={(a,b,c) € R}I(x,y,u,v) = fa,b,c) € CNS>}

4. Compute f~1:R? — $3\ {P}

_ 2ae 2be 2ce e(a®4+b2+c2—1)
(a,b,¢) = (z,y,u,v) = (1+a2+b2+023 Tra2+02+2 17240212 1+a2+b2+c2 )

f(X)= {(a,b,c) € R3|

F( 2ae 2be 2ce e(a®+b%4+c-1)\ _ 0}
14+a2+b2+c?? 1+a2+b%2+c?’ 1+a2+b%2+c?’  1+a?+b2+c?

f(X)={(a,b,c) € R}|ReF(...) = 0,ImF(...) = 0}

5. Get

P\/ boctoral Program
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Computing the link of the singularity

Method (next)
3. f(X)={(a,b,e) € R3 Iz, y,u,v) € CNS?: (a,b,c) = f(x,y,u,v)}
f(X)={(a,b,c) € R}I(x,y,u,v) = fa,b,c) € CNS>}

4. Compute f~1:R? — $3\ {P}

( 2ac 2be 2ce e(a?+b%+c?-1) )
1+a?4b%+c? 7 1+a?+b2+c? 7 1+a?+b%+c? 7 1+a?+b>+c2

(a/’ b7 C) - (:L‘7 y7 u’ U) =

f(X) ={(a,b,c) € R?|
F( 2ae 2be 2ce e(a®4+b2+c2—1)y _ 0}
14+a2+b2+c?? 1+a2+b%2+c?’ 1+a2+b%2+c?’  1+a?+b2+c?

Compute B s.t.
f(X)={(a,b,c) € BCR3ReF(...) =0,ImF(...) =0} is a link

5. Get
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Computing the link of the singularity

Method (next)
6. For f(X)={(a,b,c) € BCR3}ReF(...) =0,ImF(...) =0} link

find B = maz{||f(p)llc,p € S*NC} < maz{||f(p)ll2,p € S*NC}

7. Compute

vo = maz{v : (z,y,u,v) € S* mC} s.t. v is solution for

ReF(xz +iy,u+iv) =0

a4t =2 =0
ImF(z +iy,u+iv) =0

P\/ boctoral Program
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Computing the link of the singularity

Method (next)
6. For f(X)={(a,b,c) € BCR3}ReF(...) =0,ImF(...) =0} link

find B = maz{||f(p)llc,p € S*NC} < maz{||f(p)ll2,p € S*NC}

7. Compute

€+ Vo
€ — 19

Get B = [-b,b]?
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Computing the link of the singularity

Method (summary)
f(X)={(a,b,c) € BCR3}ReF(...) =0,ImF(...) = 0}

/\

‘compute 2 ponnomiaIs‘ ‘visualize the intersection, get extra info

" Doctoral Program
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Computing the link of the singularity

Why Axel?
Axel computes the topology of implicit curves in R3.
In our case:
e Input:
e ReF(..),ImF(.. )ER[a b, (]
e O ={(a,b,c) € R} ReF(.. ) =0,ImF(..) =0}
o B =[=bb] x[-bb] x[=b,bl,e >0

e Output:

e Graph(C) = (V, &) with
V= {p=(m,n,q) € R?}
E={@74)li,j €V}

e s.t. Graph(C) Zisotopic C

P\/ boctoral Program
7\
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Computing the link of the singularity

Test experiments (with Axel)

link

Hopf Hopf
link link
Trefoil Trefoil
knot knot
Curve Trefoil

one sin-
gularity

V.1. Arnold’s results: Top(z? — w? — w®) = Top(z* — w?)
Note: solved problem.
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Next

‘ 1.Singularities of the curve‘

‘ 4.0-invariant(singularities) ‘

ﬂ

compute

numerically

compute

numerically

ﬂ

‘3.A|exander Polynomial ‘
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Computing the Alexander polynomial of the link

‘type label; label; labely

+1 1 2 3

C1

Lefthanded (-1)

-t t -1

Righthanded (+1)
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Computing the Alexander polynomial of the link

Lefthanded (-1)

1t ot -1
type label; label; labely Righthanded (+1)
1 2 3
1—t -1 t
1 2 3
1—-t -1 t
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Computing the Alexander polynomial of the link

‘type label; label; labely

+1 3 1 2

Lefthanded (-1)

-t t -1

Righthanded (+1)
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Computing the Alexander polynomial of the link

Lefthanded (-1)

@2

1t ot -1
type label; label; labely Righthanded (+1)
3 1 2
1—t -1 t
3 1 2
PLI=1 12y 4 i
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Computing the Alexander polynomial of the link

@;

type label;
3
11—t

Lefthanded (-1)

-t t -1

Righthanded (+1)
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Computing the Alexander polynomial of the link

‘type label; label; labely

Lefthanded (-1)

-t t -1

Righthanded (+1)
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Computing the Alexander polynomial of the link

@;

type label;
2

1-t¢

Py =|
1—t

Lefthanded (-1)

-t t -1
Righthanded (+1)
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Computing the Alexander polynomial of the link

@;

Lefthanded (-1)

i ik
-t t -1
type label; label; labely Righthanded (+1)
2 3 1
1—t -1 t
= k
) ! 2 3 1I-t -Jl t
t 11—t —1 KDu‘cmra\Program
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Computing the Alexander polynomial of the link

-

‘type label;  label;
c +1 1
M=

+1 3
c3 +1 2
11—t
Py =| -1
t 11—t

Lefthanded (-1)

-t t -1

Righthanded (+1)
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Computing the Alexander polynomial of the link

e Input:
e L =K;U..UK,, with n - crossings
e D(L)- oriented diagram of L

e Output:
o Ap(ty,..ty) € Z[tEY, . tE]]

P\/ boctoral Program
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Computing the Alexander polynomial of the link

e Input:

e L =K;U..UK,, with n - crossings
e D(L)- oriented diagram of L

e Qutput:

o Ap(ty,..ty) € Z[tEY, .. tE]]

e Method: consists of several steps

A S 7 R 1) S e

v
compute
labelling matrix

v

compute
preAlexander matrix

v

compute
Alexander polynomial
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Computing the Alexander polynomial of the link

e Input:
e L =K;U..UK,, with n - crossings
e D(L)- oriented diagram of L

e Qutput:
o Ap(ty,..ty) € Z[tEY, .. tE]]

e Method: consists of several steps
e e LI — A

v v v

compute compute compute
labelling matrix preAlexander matrix Alexander polynomial

e Need D(L)!

" Doctoral Program
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Next

compute

| 1.Singularities

‘ 4.0-invariant(singularities) ‘

ﬂ

numerically

compute

numerically

Intermed

iate step

3.Alexander Polynomial

" Doctoral Program
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Intermediate step

e Input:
o Graph(L) = (V,€) with
V= {p: (m7n7Q) S Rg}
&= {(7’7.7)|Z7.] € V}
e QOutput:
e D(L) s.t.
D(L) is the image under regular projection of L together with the
information on each crossing telling which branch goes under and which goes

over.

" Doctoral Program
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Intermediate step

e Graph' (L) = (V',&') with
V' ={p=(m,n) € R?}
{(,5)li,5 eV}
e QOutput:
e D(L) s.t. D(L) is the image under regular projection of L
together with the information on each crossing telling which branch goes
under and which goes over.

e Method: the Bentley-Ottman algorithm

" Doctoral Program
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Intermediate step

e Input:
o E={ej,eq,....,e,}-set of n edges in the plane with:
P, o
b4 / index
index; index g

e Output:
o I={pi={(a;,b) €R?|Vp; Jej #ex:ejNey = {pi}}
Er ={(eiej) [ i # jyeiNej #0,2(e;) < 2(ej))}

By

A2 I eyl

P\/ boctoral Program
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Intermediate step

Given:

E = {ey,e3,e1,¢6,€4,€7,€8,€5,€9,€10}

P\/ boctoral Program

20/26



Intermediate step

Sorting the edges-necessary condition!

E = {e1,e2,e3,¢€4,€5,¢€6,€7,€8,€9,€10}

E(Ducmra\ Program

20/26



Intermediate step

Initialization:

E ={ei,e2,e3,¢e4,€5,€6,€7,€8, €9, €10}
SWiist = {e1,ea}

P\/ boctoral Program
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Intermediate step

Step 1:

E ={ei,e2,¢e3,€e4,65,€6,€7,€8,€9,€10}
SWiist = {e1,ea}

P\/ boctoral Program
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Intermediate step

Step 1:

FE = {61,62,63,64,65,66,67,68,69,610}
SWiist = {e1,e3}

Test e3 Ney? No!

I=19

Er=90

P\/ boctoral Program
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Intermediate step

How do we test intersection of 2 edges?

e Li(z,y):yp=mi-z+b
u 12 d—b b-c—a-d
: my = 7bl:
c—a c—a
Li(z,y): (b—d)z+ (c—a)y+a-d—b-c=0
Lo(z,y): (v—t)z+(s—uw)y+u-t—v-s=0
(similarly to L1)

“ Al@b) B2(st)

A2y

ol e Note:

BI ° Ll(A2)~L1(BQ)<O:>61ﬁ62§£0

L2(A1) . LQ(Bl) <0=e1Nes 75 1]

N ° Ll(A2)~L1(BQ)>0:>€1ﬂ€2:®

A2 Lo(A1) - La(B1) >0=e1Nea =10
\ i Ll(A2) 'Ll(Bz) =0 = €1 ﬂeg = {AQ},
B2 LQ(A1)~L2(Bl):0:>€1 Nea :{AQ},

(A2 = B1)

P\/ boctoral Program

20/26



Intermediate step

Step 2:

E ={ei,e2,e3,¢e4,€5,€6,€7,€8,€9,€10}
SWiist = {e1,e3}

P\/ boctoral Program
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Intermediate step

Step 2:

E = {ei,e2,e3,¢e4,65,€6,€7,€8,€9,€10}
SWiist = {e1,e3}
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Intermediate step

Step 2:

e8 D3(b11,b12)

b= {617 €2, €3, €4, €5, €6, €7, €8, €9, 610}
SWiist = {e1,es}; compute:

a1 a2 1
det(es,e3) = | b b1z 1 > 0 = ey after ez in SWi;g
a b 1

P\/ boctoral Program
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Intermediate step

Step 2:

FE = {61,62,63,64,65,66,67,68,69,610}
SWiist = {e1,e3,ea}

Test e4 Ne3g? No!

I=19

Er=90

P\/ boctoral Program
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Intermediate step

Keeping the sweep events list ordered - necessary condition!
)
/ A
—— fisBefore 1
T firstBefore

L — ] P — ] L ——
A lastAfter A
| / } _—  lastAfter
' |
! \ I /
i I
' i
I
I
I
I

-

Given e, if Ve; : det(e, e;) < 0 = e before e;
Given e, if Ve, : det(e,e;) > 0 = e after ¢;

E(Ducmra\ Program
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Intermediate step

Step 5:

E= {617627637e4a€5a667€7768769)610}
SWiist = {e1,e3,¢€6,€5}

P\/ boctoral Program
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Intermediate step

Step 5:

FE = {61, €9, €3, €64, €5, €6, €7, €8, €9, 610}

SWiist = {e1, €3, €6, €7}

Test ez Neg? Yes! =

SWiist = {e1,e3,e7, €6}

I ={(a1,b1)},

Er = {(es,e7)} B
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Intermediate step

Managing the info on each crossing in R3:

For:
a2 b2 1
Lo (Al) = da es 1
AZ(“J"hl‘“i (xy.zl) P @ bl !
A (al blcl oy T B) (d2.e2.12) 6z b2 1
Y ° LQ (Bl) == d2 €2 1
d1 €1 1

e Compute oy from:
a1 - L2(A1) -+ (1 — (11) . LQ(Bl) =0,
Compute z; from:
n=ar-a+(1l—oa)-fi
(similarly compute 22)

Aya220) By (dlel,0)

Aj @lb10) P
oy B, (d2.¢2.0)

® Note: compare z17z2

® 21 > Z9 = €1 OVEr ey
e 21 < zo = e under es

P\/ boctoral Program
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Intermediate step

Final step:

E = {ey,e2,e3,€4,€5,¢6,€7,€8,€9,€10}
SWiist = {e9, €8, €7, €10}

I ={(a1,b1), (az,b2)}

Ep = {(es,e7), (es,€3)}

P\/ boctoral Program
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Intermediate step

Refinements of the algorithm:

Everytime an intersection is detected we update E, SWj;s: as follows:
Detect eg Ner :
E = {e1,e2,e3, €1, 5, €6, €7, €8, €7, €4, €9, €10}
SWlist = {617 €3, el7, 6;;}
Detect egsMNes: B
= {61,62,63764765766,67,68763768ae7766ue9a610}
SWllSt - {637 687 677 66}

P\/ boctoral Program
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Intermediate step

Refinements of the algorithm (next):

SWiist = {61,63,6;,6%}

E = {61,62,63,64,65,66,67,68,67,66,69,610}
SWiist = {€8,63,€7,€6}

E = {61,62,63,64,65,66,67,68,63,68,67,66,69,610}
SWiist = {63,68,67,66}

P\/ boctoral Program
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Intermediate step

Refinements of the algorithm (next):

I ! ! !
SWiist = {e3, g, €7, €4}
E= {ela62763a64a65a667677687e3a68767766769,610}
SWiiet = {65,68,67,66}

P\/ boctoral Program
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Intermediate step

Refinements of the algorithm (next):

1" I i li
SWiist = {es, eg, 7,64}
E= {ela62763a64a65a66767768763a€8767766769,610}
SWI’LSt - {637768767766}

P\/ boctoral Program
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Intermediate step

Refinements of the algorithm (next):

1 / ! !
SWiist = {es, eg, 7,64}

" " " 1"

E = {61,62,63,64,65,66,67,68,63,68,67,66,69,610}
SWiist = {63,,68,67 66} =

I'={(a1,b), (az,b2), (a3, b3)}

Er= {(667 67)7 (687 63)’ (e;, P;)}

P\/ boctoral Program
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Intermediate step

Degenerate cases in the algorithm (unsolved yet!):
Case 1: Find condition s.t. I =e1NeaNe3Ned

el ed

Case 2: Find € > 0 s.t. (z1 — 22)% + (y1 — y2)? < €2

P\/ boctoral Program
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Next

1.Singularities of the curve‘

compute

4.0-invariant(singularities)

numerically

compute

ﬂ

numerically

H

| 3.Alexander Polynomial |

" Doctoral Program
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Computing the d-invariant of the singularity

e Input:

C C C? complex algebraic curve;

z € Singularities(C);

A(tq, .., tp) - Alexander polynomial of z;

r = number of variables in A (branches of C' through z);
o 1 = degree of A (multiplicity of z);

e Output:
e §,>0s.t.

0, is an invariant that measures
the number of double points of C' at z.

" Doctoral Program
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Computing the d-invariant of the singularity

e Method: based on Milnor's research on singularities of complex

hypersurfaces.

Alty, ...

tp) 1T

" Doctoral Program
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Summary

® At present: for symbolic coefficients

compute

Singularities

d-invariant(singularities)

l

numerically

compute

numerically

I

Intermediate step

l

Alexander Polynomial

® Future work: tests for algorithm with numeric coefficients

E(Dacmra\ Program
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@® Conclusion and future work

E(Dacmra\ Program
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Conclusion

e first results and test experiments were presented;

e Future work:

deeper introspection into some mathematical aspects
(i.e. Milnor's fibration, Alexander polynomial);
correctness/completeness for the algorithm;
implementation of the algorithm;

analysis of the algorithm.

" Doctoral Program
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Thank you for your attention.
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