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SHAPE-EXPLICIT CONSTANTS
FOR SOME BOUNDARY INTEGRAL OPERATORS

CLEMENS PECHSTEIN*

ABSTRACT. Among the well-known constants in the theory of boundary integral equations
are the coercivity constants of the single layer potential and the hypersingular boundary
integral operator, and the contraction constant of the double layer potential. Whereas there
have been rigorous studies how these constants depend on the size and aspect ratio of the
underlying domain, only little is known on their dependency on the shape of the boundary.

In this article, we consider the homogeneous Laplace equation and derive explicit esti-
mates for the above mentioned constants in three dimensions. Using an alternative trace
norm we make the dependency explicit in two geometric parameters, the so-called Jones
parameter and the constant in Poincaré’s inequality. The latter one can be tracked back to
the constant in an isoperimetric inequality. There are many domains with quite irregular
boundaries, where these parameters stay bounded. Our results provide a new tool in the
analysis of numerical methods for boundary integral equations.

AMS Subject Classification (2010): 65R20, 656N38, 31C15

Keywords: boundary integral equations, boundary integral operators, explicit constants,
Poincaré’s inequality, Sobolev extension, boundary element method

1. INTRODUCTION

Boundary integral equations for strongly elliptic partial differential equations and their
variational framework provide a profound mathematical basis for the Galerkin boundary
element method (BEM), see [13] for an early work. The BEM has become a rather popular
method for the numerical solution of certain partial differential equations which occur in
many problems from physics and engineering. For a comprehensive introduction to boundary
integral equations we refer the reader e.g. to [15, 23] and to [30, 33]. The latter references
also cover the BEM and related computational aspects.

This article discusses a special issue of boundary integral equations for the Laplace problem.
In case of Laplace’s equation, there are two equations relating the Dirichlet trace of the
solution to its Neumann trace. These equations are usually posed in Sobolev spaces on
the boundary of the computational domain, see e.g. [1, 22, 23], and they involve several
boundary integral operators, among them the single and double layer potential operator, as
well as the hypersingular boundary integral operator. The properties of these operators are
well-studied, see e.g. [4, 7] and the references given above. The probably most important
properties are the (semi-)coercivity and boundedness of the single layer potential operator
and the hypersingular operator, which hold true under suitable conditions. However, the
constants of coercivity and boundedness depend on the choice of the Sobolev norms and are
in general not accessible.

* Institute of Computational Mathematics, Johannes Kepler University, Altenberger Str. 69, 4040 Linz,
Austria, phone: (+43) 732 / 2468-9169, e-mail: clemens.pechstein@jku.at
This work has been supported by the Austrian Science Fund (FWF) under grants P19255-N18 and W1214.
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2 C. PECHSTEIN

In the course of this paper, we elaborate explicit estimates for coercivity and boundedness
constants in three dimensions with respect to particularly chosen Sobolev norms. Moreover,
we can explicitly bound the contraction constant of the double layer potential operator,
cf. [34]. The dependence on the computational domain is made explicit in two geometric
parameters. The first one is due to Jones, cf. [16, 29], the other one the constant in Poincaré’s
inequality, [2, 24], which can be tracked back to the constant in an isoperimetric inequality
due to Maz’ja, cf. [11, 21, 22]. There are many domains with quite irregular boundaries, where
all these parameters stay bounded. This fact was recently used by Dohrmann, Klawonn, and
Widlund [8, 9] (see also Klawonn, Rheinbach, and Widlund [18]) to prove shape-robust
estimates for domain decomposition methods for finite element equations. Actually, our
research was inspired by their work.

The results from our work can be used to obtain more explicit estimates in BEM-based
domain decomposition methods, cf. e. g. [14, 25, 26], or to show rigorous error estimates for
so-called BEM-based finite element methods, cf. [3].

The remainder of this article is organized as follows. In Section 2 we describe the problem
in more detail and present the main statements. In Section 3 we give precise definitions for
our geometric parameters. We recall an extension theorem by Jones and a Poincaré type in-
equality by Maz’ja. Combining these results we state and prove an auxiliary extension result
(Lemma 3.9) that will be used a couple of times in the sequel. Section 4 summarizes some
properties of boundary integral operators. In Section 5 we define our alternative norms and
prove related inequalities for the Dirichlet and Neumann traces. Finally, Section 6 contains
the main results: explicit coercivity and boundedness estimates together with proofs.

2. PROBLEM DESCRIPTION AND MAIN STATEMENT

Let Q™ c RY (d =2 or 3) be a bounded Lipschitz domain with boundary I', unit outward
normal n, and its exterior Q% := RY \ﬁlnt. We consider Laplace’s problem

—Au =0
both in Q™ and Q%*. The fundamental solution of the Laplace operator is given by

1 1 _
Tlogw fOI'd—27

2.1 U(z,y) = "
@1) (= 9) {1iy for d = 3.

Let V : H-Y2(I') — H'Y?(T") denote the single layer potential operator, K : H'/?(T") —
H'Y2(I") the double layer potential operator, and D : H/?(I') — H~/2(I") the hypersingular
boundary integral operator. For more precise definitions see Section 4 and [15, 23, 30, 33].
For smooth functions w and v we have the integral representations

Vu)w) = [ U )l ds,.
i@ = [ 3

aZ: (z, y)v(y) dsy,
(Dv)(z) = _Oix Fggy(% y) (v(y) —v(x)) dsy,
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where x € T'. Let v{™ and 7i"® denote the interior Dirichlet, respectively the Neumann trace
on I', i.e., for smooth functions u : (PR R,

int int
o u = ulr, nu=—.

Then the solution u to the interior Laplace problem fulfills the two integral equations
VaPtu = (A + K)pftu,
Dagtu = (31 = K')y™u,

where K’ is the operator adjoint to K. The operators V, K, K', and D are linear and

bounded. One can show that in three dimensions, there exist positive constants ¢y and cp
such that

(2.2) (w, Vw) > cy Hsz,W(F) Yw € H_l/z(I‘),
(2.3) (Dv,v) = ep ol Vo e HV(I).

In two dimensions, the second estimate remains true. The first one, however, holds in general
only on a subspace (this property is linked to a peculiarity of the two-dimensional exterior
problem). Let 1r denote the function that takes the value one everywhere on I'. According
to [33, Sect. 6.6.1] (see also [23, Theorem 8.15]), we define the subspace

(2.4) HV2(T) = {we HV2(T) : (w, 1p) = 0}

Then, in two dimensions, estimate (2.2) holds for all w € H, Y 2(F). If, in addition the

domain is small enough (a sufficient condition is diam(2**) < 1), it also holds on the whole
space H=1/2(T"). In the general case, at least the inverse of V restricted to H, 1/2 (T") must
exist. To this end, we define the equilibrium (or natural) density weq € H~'/?(T) by

(2.5) Vweq = const, (Weq, 1) = 1.

Its existence and uniqueness follow basically from the above coercivity result, cf. [23, 33].
Using the equilibrium density, we define the subspace

(2.6) HY*(T) = {v € HY2(T) : (weq, v) = 0}.

One can show that V : H*_l/Q(F) — Hi/Q(F) and that V' is a isomorphism between the
two spaces, coercive and bounded in both directions. Even if V' might not be invertible, we
denote the inverse of this isomorphism by V1.

Obviously, bissh 2(1“) is a subspace of H'/?(I') with co-dimension 1. By an embedding
argument, one can show that a third constant ¢p > 0 exists such that

(2.7) (Do, v) = @ fellfpy Vo€ HD).

Then, the constant

(2.8) o= inf M
vert?ry (V1v, v)

is well-defined. From the estimates above we can conclude the bound

(2.9) co > cycep.

In [34], Steinbach and Wendland prove that the contraction properties
(1=c)Polly-1 < (G K)olly— < exllolly- Vo e H/(D)
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hold, where

ck =3 +4/3—co, v]ly-1 := (V" o, v).

They show that ¢y < %. Hence, the contraction constant cgx is well-defined and strictly
smaller than one. For an alternative proof and historical remarks see [5]. The contraction
properties have a series of important consequences, see e.g. [5, 25, 26, 32, 34].

Apparently, the constants ¢y and ¢p, and thus also the bound (2.9), depend heavily on
the choice of the norm in H'/?(T") that appears in the estimates (2.2) and (2.7). However,
the constant ¢ itself is independent of that choice; it depends only on the domain Q™. To
the best of our knowledge, an explicit dependency has not been known, except for special
domains, e. g., balls or ellipses, cf. [27, 28].

An inspection of the proof of (2.2) and (2.3) (see e.g. [33, Sect. 6.6.1] or [23, Theorem 7.6,
Theorem 8.2]) reveals that the constants ¢y, ¢cp depend on the constants in both the interior
and the exterior trace inequality, and on the definition of the (semi-)norms for H*/2(T). In
order to track the dependency of these constants on the shape of the domain, we introduce an
alternative norm || - [[, 1/2(r) in HY2(I'). For a function v € H'/?(T'), the norm 0], 172y
equals (up to some scaling) the H'-norm of the harmonic extension of v from I' to Q.
Furthermore, we will work with the dual norm || - [[, y-1/2ry and a semi-norm | - |, g1/2(r).

Also, we use two geometric parameters. On the one hand we have the Jones parameter, cf.
[16] and Section 3. On the other hand, we use the constant in Poincaré’s inequality, which
can be tracked back to the constant in the isoperimetric inequality, see [21, 22]. Typically, the
Jones parameter deteriorates when the aspect ratio gets small, and the Poincaré parameter
deteriorates when two parts of a domain are linked only via a narrow channel. Nevertheless,
both parameters may stay bounded when the domain has quite a rough boundary, cf. [8, 18].

Using these geometric parameters and our alternative norms, we prove the following results.
Let Bg a ball of radius R > 0 with

—int

Q" cBp and  dist(0Br, T) > }diam(Q™),

and set Q0 := Bp O™ (cf. Figure 1). Then in three dimensions, there exist constants cf,,
g 1%

cph, and Cp depending only on the Jones parameters and the Poincaré constants of Q" and
the auxiliary domain g such that

ol sy < (w, V) < Q200 [l sy Vwe HTYAT),

cH \v]iHl/Q(F) < (Do, v) < |U‘E7H1/2(F) Yv € Hl/Q(I’).

Since our norm | - ||, g1/2(py is defined via an H Lnorm, we get in a certain sence explicit

equivalence relations between || - [| 1 (qunt), | - |1 (qiny and the (semi-)norms induced by v-1
and D. Also,

*

C 1/2
(Dv, v) > 1+Dc;g 02 oy Vo€ HP(T).

Using our results, we obtain the bound

* *
¢ ¢p
= *
1+C%
which shows that ¢ is rather insensitive to rough boundaries. In two dimensions, similar

results hold. However, not in all estimates explicit constants are obtained, and we will
comment on this in Remark 6.10. The focus of the paper is on three-dimensionional case.

€o
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3. EXTENSION RESULTS AND POINCARE’S INEQUALITY

3.1. Jones’ extension result. In [16] Jones introduced the notion of (e, §)-domains. The
following definition is equivalent to that of an (e, co)-domain.

Definition 3.1 (Uniform domain). A bounded and connected set Q C R? is called a uniform
domain if there exists a constant Cyy(Q2) such that any pair of points x; € Q and x5 € €2 can
be joined by a rectifiable curve (t) : [0, 1] — Q with v(0) = 21 and (1) = z3, such that
the Euclidean arc length of v is bounded by Cy () |x1 — z2| and

min 7, = 1(1)] < Cu(®) dist(y(1), 00) Vi€ [0, 1].

Any Lipschitz domain is also a uniform domain. Due to Jones [16], Sobolev spaces on
uniform domains can be extended to the whole of R? and the extension operator is bounded.
He even proved that uniform domains are the largest class in two dimensions for which such
extensions exist. We remark that Rogers [29] recently found a degree-independent extension
operator which has both the properties of Jones’ operator and of the one by Stein [31,
Chap. 6]. In the present paper, however, we do not make use of this fact. The following
theorem can be derived from Jones’ result [16, Theorem 1].

Theorem 3.2 (Jones). Let Q C R? be a bounded, uniform domain with diam(Q) = 1. Then
there exists a bounded linear operator

E:HYQ) — HY(RY), (Ew)g=w Ywe H'(Q),
and a positive constant Cg(Q2) depending only on Cy () and the dimension d such that

IEwlgwey < Cp(Q)|wla o) -

Theorem 3.2 also holds if diam(€2) > 1. But if the diameter tends to zero, the Sobolev
norms would have to be re-scaled. In the sequel of the current paper we use scaling-invariant
norms whenever possible. Hence, the above result is sufficient for our purpose. Note that the
Jones parameter Cy7(Q) itself remains invariant when re-scaling the coordinates. Therefore,
in the general case, the statement of Theorem 3.2 holds true with the estimate replaced by

1 1/2 1 1/2
2 2 2 2
(12wl e + Gz 12wl < Col) (1wl + e vlfiem)

3.2. Poincaré’s inequality. In order to access the constant in Poincaré’s inequality, we
make use of the following result by Maz’ja [21] and Federer and Fleming [10], which implies
a version of Poincaré’s inequality.

Lemma 3.3 (Isoperimetric inequality). Let Q C R? be a uniform domain and let u be
sufficiently smooth. Then, v(2) > 0 is the smallest constant such that

d—1

inﬂfa /‘u_c‘d 1dw> < 'y(Q)/]Vu\d:c vu € CH(Q)
ce

holds if and only if v(Q2) is the smallest constant such that the isoperimetric inequality

d—1
d

[ min(|A], |B])] < () |[0ANIB|

holds for all measurable sets A C Q and B = Q\ A with JANOB being a measurable surface.
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Note that the parameter v(£2) does not depend on diam(£2), but only on the shape of Q
and on the dimension d. The following result can be found in [8, 9, 18] with an outline of
the proof. The rigorous proof for the three-dimensional case is due to Hyea Hyun Kim [17].

Lemma 3.4 (Poincaré’s inequality). Let v(Q2) denote the best constant in the isoperimetric
inequality. Then, for all u € H (),

: 1

inf flu —cllz2) < V() Julan () ford=2,

: 1

inf el 2@y < $70) 120 Julan o ford=3.
The infimum is attained at ¢ = u == Q7! [, udz.

Proof. For d =2 (cf. [8, 18]) Lemma 3.3, Cauchy’s inequality, and a density argument imply

m]}g/ |u—c|2dz < () / |[Vuldz < ’Y(Q)‘Q|l/2|u|H1(Q) Vu € HY(Q).
ce Q

Q

The fact that the infimum is attained at ¢ = @™ is easily seen from a variational argument.

For d = 3, we first fix u € C'(Q) and a constant 2 € R yet to be specified. Introducing

f(@) = |u(z) - ﬂ|4/3 sign(u(z) — ),
with V f(z) = %\u(x) — @|Y3 sign(u(z) — @) Vu, we obtain a function f € C*(Q). We have

i ~ 32 5\ /2
(3.1) inf [[u—cllpa) < Ju—illae) = ( f172 d)
For a general function g € C(Q) we define Ky(t) := [, |g(z) — t]>2dx. Tt is easy to show
that K is convex on the whole of R and that
(3.2) Ky(0) = inf Ko(t) <= / sign(g(z)) |g(x)|Y? dz = 0.
€

Obviously, sign(f(x)) = sign(u(x) — u). We note that the function
F:R—-R:s5— / Sign(u(x) _ S) Hu(w) _ 8|4/3‘1/2 du
Q

is continuous, and that s — £00 = F'(s) — Foo. Thus, there exists @ such that F(u) = 0.
Using this particular 4, we can conclude from (3.2) and Lemma 3.3 that

(3.3) (/Q|f|3/2dx)1/2 _ (ing/Q‘f_c‘g/de)Bm - 7(9)3/4</Q|Vf!dx>3/4

Applying Cauchy’s inequality in a first and Holder’s inequality (p = 3, ¢ = 3/2) in a second
step, we obtain from the above formula for V f that

(frona)”™ < (0 4( [ maina) ([ mara)")"

=|f|1/2

(s e

Combining the last two inequalities we can conclude that

1/2 4 3/
([ipean)™ < (Ga@)" ([ 1r92ae) " 10 i,
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Therefore,
3/8 4 3/4
3/2 = 1/4 4, 3/4
([rsan)™ < (5r@) " 10l
and so
1/2 4
([1pran)"™ < So@ 0 ey
Q

Together with (3.1) and a density argument, we finally arrive at the desired estimate. O

Definition 3.5. Let v(€2) be the best constant in the isoperimetric inequality. With

(3.4) Cp(Q) = (4)“2 q) 1

3 diam(Q) ’

we have the following version of Poincaré’s inequality with C'p(§2) independent of diam(£2),

(3.5) lu— 7|2y < Cp(R) diam(Q) [ul g1 (o) Vu e HY(Q).

Remark 3.6. In the following, we will use the constant C'p(£2) in our estimates to track
geometric dependence. Mario Bebendorf [2] showed that for convex domains €2, Poincaré’s
inequality above holds with Cp(€2) replaced by 1/7. His proof is based on an earlier one by
Payne and Weinberger [24], which contains a mistake for the case d = 3. Explicit estiamtes
for star-shaped domains can, e. g., be found in [35],

3.3. Two new auxiliary extension results. Since the single and double layer potential in
the theory of boundary integral equations are usually not in H'(Q%), we need to generalize
a bit Jones’ extension result (Theorem 3.2).

Definition 3.7. Let © denote either Q% or the whole of R?. We set
Hioo(Q) :={ve L (Q):ve H(BrNQ) VR >0},

Hie 1 (Q) = {v € Hipo(Q) : / Vol dz < oo},
’ Qext

where L} () is the space of functions that are integrable over every compact subset of €2,
and Bp is the d-dimensional ball with radius R > 0 and its center in the origin.

Functions from H} _(Q°%) do not necessarily decay to zero at infinity, but they have a

loc,*
finite H'-semi-norm (finite energy).

The following lemma is not really needed for the results that come afterwards, but is
interesting for itself.

Lemma 3.8. There exists a linear extension operator E™ : H'(Q") — H! (R?) such

loc,*
that
|Eint w|H1(Rd) S CE(Qint) 1 + Cp(Qint)Q |w|H1(Qint) Yw € Hl(Qint) .

Proof. Assume first that diam(Q™) = 1 and let £ : HY(Q™) — H'(R?) denote Jones’
extension operator. Secondly, we define

EM = B(w— o) + 02"
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o\ B,

FIGURE 1. Sketch of the domains in Lemma 3.9.

where @™ = |Qint| 1L Joine wdz. Obviously, E™ is linear and (E™ w)gine = w. Theo-
rem 3.2 and Poincaré’s inequality (3.5) imply
B wlgizay = |B(w =0 < Cp@™) fw =27 |1 qimy
< Cp(2™) 1+ Cp(Q)? [wl g (g
The case diam(£2") # 1 follows from a simple dilation argument. O

The next lemma, is fundamental for our paper.

Lemma 3.9. We fix a ball B with radius R > 0 and its center not necessarily in the origin
such that )

Q"™ cBr  and  dist(9Bg,T) > Idiam(Qn),
cf. Figure 1. Then there exists a linear extension operator E°X' : Hﬁ)q*(QeXt) — H}

loc,* (Rd)
with

| pext w|H1(Qim) < Cgext |w|H1(Qext) ,
|Eext w|H1(Rd) < (1 + CEext) |w|H1(Qext) 5

where the constant_CEext s independent of diam(Qim)_ and depends only on the Jones pa-
rameter Cy(Br \ Q™) and on the constant Cp(Bg \ Q™) in Poincaré’s inequality (cf. Def-
inition 3.5). Note also that B : HY(Q) — HY(R?).

Proof. As a short hand we define Qg := Bpr \ﬁint. Let us assume that diam(Qr) = 2R =1,
the general case is easily obtained by a simple dilation argument. Let F : H'(Qg) — H'(R?)
denote Jones’ extension operator and define

ext | w(z) for 2 € Q™
(B w)(z) = { E(w — @QR)(JU) + wiir for x € Qnt .
(Note that if (E wQR’)‘Qint = w", then E°* = E. However, this is not ensured, at least not

in the statement of Jones’ theorem.) From Theorem 3.2 and Poincaré’s inequality (3.5) we
obtain

|Eeth|H1(Qint) = |E(w —WQR)|H1(Qinc) < |E(w—@QR)|H1(Rd)
< Cp(Qp) v —0"| g, < Ce(Qr)V1+ Cp(Qr)2|w|H

IN

Ce(Qr) V14 Cp(Qr)? w1 (qex)

which proves the first estimate in the lemma with Cgext := Cp(Qg) /1 + Cp(Q2r)2. The
second estimate follows from the trivial fact that [E®w| g1 (qext) = |[w] 1 (gesty. O
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We emphasize once more that the constants in Lemma 3.8 and Lemma 3.9 are scaling-
invariant and depend only on Jones parameters and constants in Poincaré’s inequality, where
the latter can be tracked back to isoperimetric parameters.

4. POTENTIALS AND BOUNDARY INTEGRAL OPERATORS

Using the fundamental solution (2.1) for the Laplace operator, we can define the single

layer potential V and the double layer potential W e.g. according to [23]. For smooth
functions v and w we have the representations.

(Vw)z) = /F U (&, y) w(y) dsy

ou*

W) = [ 5o ) v)dsy.

One can show that V : H-Y2(T) — HL_(R?), and W : HY/2(T) — HY (™) U HL_
Furthermore, we have the jump relations

(Qext)‘
(41) [oVw] = 0, [nVw] = —w Vw e H™Y2(I),
' [oWo] = v, [nWe] = 0 Yo e HYA(T),

int

see e.g. [23]. Here, [you] := 7§"u — 1§"u and [y1u] := 4§u — 4§ u. These relations allow
to define the single layer potential operator V' and the hypersingular operator D,

V::'yof/ and D := —’ylw.

The double layer potential operator K : H'/?(T') — HY?(I') and its adjoint K’ : H=Y/2(I') —
H~'/2(T") fulfill the relations

1ntw_ %I-FK, 1ntV 1I+K,.
Recall the definition of the subspaces H; /> (T') and H Y 2(I‘), as well as the natural density

Weq, See (2.4)—(2.6). One easily shows that ker(D) = span{1r} and range(D) = H,:UQ(F).
Also

(4.2) (31— K)1r = 1r,

ker(%[ + K) = span{1r}, and the operator %I — K is bijective.

Another important issue is the behavior of the two surface potentials at infinity. According
to [23, p. 261] (see also [6]), we have

~ L (w, log(|z|~t O(|z|~t if d =2,
(43)  (Vw)(a) = {g(fﬂ_ll)ﬂ g(lz[™) +O(l=[7) ifd:?)} as |2] — oo

Furthermore, if d = 3, or if d = 2 and w € H;1/2(F), then Vw € H}

be«(R?). The double
layer potential fulfills

(4.4) Wo)(z) = O(lz]*%)  as |z| — oo,

ie., Woe Hy, . (Q), see [23].
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5. ALTERNATIVE TRACE NORMS AND RELATED INEQUALITIES

In the following we define alternative trace norms for H*'/2(I") using the H'(Q™)-norm.
This way we can avoid the trace constants on whose values we have no or only little infor-
mation. Instead, the constant from the extension result in Lemma 3.9 will appear, which
depends on Jones and isoperimetric parameters only.

Definition 5.1. For a function v € H'/?(T") we define the semi-norm

‘v|*,H1/2(F) = inf ' |5‘H1(Qint) .
ﬁeHl(ant)
E‘F:U

In fact, the infimum is attained at the harmonic extension of v, denoted by
H™y ;= argmin 0] g1 (inty -

5€H1 (Qint)
:l\)ill-*:'l)

We define the full norm

1 inf /
HUH*,Hl/Q(F) = {‘U’37H1/2(F) + W HH tv”%Q(Qint)} y

and its associated dual norm

w, v
||w”*,H*1/2(F) = sup M '
ver /2y 1l aie

From the literature, it is known that the trace operators v : H'(Q™) — HY2(T) and
&<t HL (QY) — HY2(T) are well-defined, linear, and bounded. The following lemma
gives precise bounds.

Lemma 5.2. We have the trace inequalities

(2) NG vl < 1ol Vo e HY(Q™),
(Z'l) "’)/SXt'U’*,Hl/2(F) S CEext |'U‘H1(Qext) \V/'U & HI%C’*(QeXt) y

with Cgext being the constant in Lemma 3.9.

Proof. The first inequality is easily seen from the fact that our alternative norm is the
minimal extension with respect to the H!(Q"*)-semi-norm and that v extends v,
int int
70 vl 2@y = TH™ ov[ gy < [v]gqnt -

For the exterior part, we use that E®®v extends 7§'v to Q" and so Lemma 3.9 yields

|’}/8Xt?./’*,H1/2(F) = |Hint’}/oeXtU’H1(Qint) < |Eext ’U|H1(Qint) < CEext |’U|H1(Qext) .
U

The following lemma is a slightly modified version of [23, Lemma 4.3] and it provides a
generalized definition of the normal derivative for harmonic H Lfunctions. For u € H!(Qn)
we say that Au = 0 weakly in Q™ if

Vu-Vedr = 0 Yo € D(QM),
Qint

where D(Q") are the C* functions with compact support in Q. The analogous definition
can be applied for u € HL _,(Q%).
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Lemma 5.3. (i) For each function u € HY(QM) with Au = 0 weakly in Q™ there
exists a unique functional v\ u € H=Y2(T') such that
(yinty, At = Vu - Vudz for v e HY(QM) .
Qint

(ii) For each function u € Hﬁ)c L(QY) with Au = 0 weakly in Q°*, there exists a unique

functional v§u € H-Y2(') such that
(v, &) = — Vu-Vudz Vo € HY(QY).
Qext

For smooth functions u, y™u = —Z and $¥ty = g—z (recall that n is inward to Q).

Proof. The proof is found in [23] and Case (ii) can easily be generalized to H, loc L(Q9). T
give a sketch, we note that e.g., the functional 7§« is defined by

(P, v) = — Qint Vu - VEFy dx for v € Hl/z(r)>

where £t : HY/2(I') — H'(Q) is an arbitrary bounded extension. O

From the sketch in the above proof one can see that the operator 4§*' is linear, and so is

7t Both operators are also bounded, and the following lemma gives precise estimates.

Lemma 5.4. We have the dual trace inequalities
@) ullogoewy < lulgain Yu e H'(Q™), Au=0,
@) Iull ey € Ce(Q™) Julmieny  Yu € Hig (Q%), Au=0,
with the Cp (M) depending only on the Jones parameter of Q" (cf. Theorem 3.2).

Proof. (i) Let v € H'/?(T) be arbitrary but fixed. By Cauchy’s inequality, using the defining
property of 4%, and setting ¥ := H'™v we obtain that

<"yint > = ' Vu - V'Hintv dr < ’U‘Hl(Qint) |'Hintv’H1(Qim) = |U‘H1(Qint) ‘U’*,Hl/Q(F)
th
From the definition of the dual norm we conclude that

|ul g qiney [0l 12y

”,Yilntu”*’Hflﬂ(F) < sup < |U’H1(Qim).

veH/2() ||v||*,H1/2(F)
(ii) Assume first that diam(Q™) = 1. Let £ : H'(Q") — H'(R?) denote Jones’ extension
operator. Choosing ¥ = E H™v with v € HY/2(T") we have

Blmi(geey < Ca(Q™) [H™ 0l gy = Co(Q@™)||vll, gizgy Vv e HYAT).

Using the defining property of 7$**u, we obtain from Cauchy’s inequality and the estimate
above that
<7?Xt > = et Vu - V’ﬁdm S |U’H1(Qext) |5’H1(Qext) S ’U|H1(Qext) CE(Qint) ||UH*,H1/2(F) .

Estimate (ii) follows then immediately from the definition of the dual norm. The estimate
for diam(2"*) # 1 can be shown using a simple dilation argument. O
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6. ESTIMATES FOR BOUNDARY INTEGRAL OPERATORS

6.1. Coercivity estimates. We now present our alternative version of the V-coercivity.

Lemma 6.1 (partial coercivity of V). We have

(w, V) > & [wl? yoreqy,  Yw e HVAID),

with &% = 1 Cp(Q™)~2 depending only on the Jones parameter Crr (™). In case d = 3,
1% 2

the same estimate holds for all w € H=Y/?(T) with the same constant.

Proof. The proof is essentially the one in [33, Sect. 6.6.1] but uses our alternative norms and

auxiliary results. We set u := Vw, and thus Au = 0 in Q™ and Q®, separately. Then, with
int

the defining property of the trace operator "™ we get

(6.1) Oty = [ Ve,
Qint
For the exterior part, even though u ¢ H'(Q%), we obtain

(6.2) (%, A% = — / Vulde,
Qext

due to the decay behavior (4.3) of u = Vw at infinity; see also [23, Theorem 8.12]. Using
the jump relations (4.1), we easily obtain that

(6'3) <w> Vw) = <w, Y0 u> = _<[[’71u]]7 '70u> = ’Uﬁ_jl(ﬂinc) + |U/|%11(Qext)-

By Lemma 5.4 and using the jump relations again, we can conclude from (6.1)—(6.3) that

w, Vi) 2 Il yossagey + CoO™) 2 5l 1oy
> % min (17 CE(Qint)72) H Vilntu - ’Ythu Hz H-1/2(T) "
%f_/ ?
=w
Obviously, Cg(Q") > 1, which finishes the proof. O

Corollary 6.2 (full coercivity of V). If d =3 or if d =2 and Vweq > 0,

(w, Vw) > cf |w|? vw e H™Y2(I),

JH—/2(T)
with

H=1/2(1)

. % min (E{;, #) Zf d = 2,
CV = ed *,
& ifd=3,

and ¢y according to Lemma 6.1.

Proof. We only need to show the estimate for d = 2, and its proof is analogous to [33,
Theorem 6.23]. It is easily seen that there exists the unique decomposition

W = W+ QWeq, {DEH*_UQ(F), a = const .
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Using the fact that the decomposition is orthogonal with respect to (-, V) and that (weq, Vweq) =
Vweq, we can conclude from the previous lemma that

(w, Vwy = (w, Vw) + a? (Weq, VWeq)

i~ Vw
> C\*}HwHiH—l/Q(F)‘F Hw ||2 = HawequH—l/Z(r)
€Al H-1/2(T)

r ./
2 5 mln(C{},

Vweq ) 9
[l 172y -
HwequH—l/Q(F) xH )
That concludes our proof. O

Remark 6.3. One can show that in two dimensions, the expression ||weq||, z-1/2(r) remains
invariant when we re-scale the coordinates. In two as well as in three dimensions, we can
choose v = 1r in the definition of the dual norm and obtain the lower bound

(Weq, Ir)?  diam(Q™)?
- ‘Qint|

lweqll? gr-1/2r) =
eqllx, H-1/2(T) HlFHz,Hl/Q(F)

An upper bound would be desirable. However, we have only succeeded doing so in three
dimensions, see the proof of Lemma 6.9 as well as Remark 6.10.

The following result can be obtained using standard duality techniques in Hilbert spaces.
Corollary 6.4 (Boundedness of V1), Let d = 3 then

V7o, o) < @) 0l e

< o  YeeHAD).

Ifd=21let V1: Hi/Q(F) — H*_l/2(1“) denote the well-defined inverse of the restriction of
V to H*_l/z(l“); then, the same estimate holds for all v € Hi/Q(F). If d =2 and Vweq > 0,

the same estimate holds for all v € H'/?(T) if ¢y above is replaced by ci;.

By similar techniques as in the proof of Lemma 6.1, we obtain the semi-coercivity of D
with respect to our alternative H~!/2-semi-norm.

Lemma 6.5 (Semi-coercivity of D). For all v € H'/?(T') we have

(Dv,v) > cp |U|E’H1/2(F) , with ¢h = 2(Cgext) 72,

where Cgext 18 the constant from Lemma 3.9.

Proof. We set u := W v. Then, Au = 0 in Q¢ and Q< separately. Due to the decay behav-
ior of u at infinity, one can show that the identities (6.1), (6.2) hold, cf. [23, Theorem 8.21].
By the jump relations (4.1) we can conclude that

(Dv,v) = (=mu, [youl) = —(Fu, 75%) + 01w, 50 w) = [ulFn iy + [ufF e -
Finally, Lemma 5.2 and the jump relations imply that

(Dv,v) > |’Vé)ntu|,2(7H1/2(p) + CEeQXt ”YSXtu‘iHl/Q(r)

> 3 min(l, Cplo) 190" u =16 u 2 oy

J/

2 =—v
_CEext

which concludes the proof. O
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6.2. Auxiliary capacity results. We have learned that the constant Vweq plays a principal
role in our investigation. For d = 3, we know that Vweq > 0 and we can define by

1
6.4 Capp 1= = (V7 1'1p,1
( ) apr Viveg < I F)

the capacity of T, cf. [23, p. 263ff]. In the same reference we find the upper bound
Capr < 4wdiam(I),

which implies that Vweq is always strictly positive. Another upper bound for the capacity

can be obtained from Corollary 6.4,

Capr = (V7 1) < @) Il oy < @) <A
Pr = 0 Ly > Gy Plhopuzry = \*v diam (Qint)2 *

Remark 6.6. For d = 2, the logarithmic capacity is defined by

—27 VWeq

Capr:=e ,

cf. [23, 33]. If T is the circle of radius R, then Cappr = R. From potential theory (see e.g.
[12]) one knows that if Q) C €y then Capyqg, < Capgg,. Let r > 0 such that B, C Q™.
Then, r < Capp < %diam(Qint), and so we obtain the upper and lower bounds

1 diam Q™) 1
. 24 ) < < ,
5 10g( 5 ) < Vweg < o log(r)

We see that if diam(Q") < 2 then Vweq > 0.

The next lemma gives a lower bound for the capacity in three dimensions.

Lemma 6.7. For d = 3 we have
1
Vweq

— Capl“ > (487T2|Qint|)1/3 > |Qint|1/3,

Proof. First, we give another characterization of the capacity. The exterior Steklov-Poincaré
operator is defined by
5 :=D+ (31 -K)V1(3I-K),
see e.g. [5, 33], and one can show that for any v € HY/?(I)
SeXtU — —’}/TXtU
whenever u € HL _(Q°) fulfills
Au = 0 weakly in Q%
W6t = v,

u(z) = O(jz|™') as |z| — co.

The last condition (the radiation condition) can be characterized by the norm

, 2 Ju@P N2
[l ey = / Vi) )

In can be shown that the space

HL Q) = {u € HL(Q%) : Jull i1, o) < o0}
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equipped with the above norm is a Hilbert space, C5°(2°") is dense in that space, and the

norm || - || g1, (qext) is equivalent to the H l_semi-norm. By a variational principle, we have
<SEXtU7 U) == min ‘u|%11 (cht) .
uEH, (Q°)
Y& tu=v
We come back to the capacity. Using formula (4.2) and the fact that D 1p = 0, we see that
Capr = (V7 'Ir, 1r) = (SIr, 1r) = min  fuff ey -
u€H, (Q)
5 u=1r

Next we make use of a result by Maz’ja [22, Chapter 2]. There, another definition of the
capacity of Q™ is used,

(/]Ei)r := inf {/ \Vul? dz : u € C°(RY) and u(z) >1 Ve th} .
Rd
Exploiting that C$°(R?) is dense in HY, (R?), we easily show that Capp > (il/pr. Maz’ja
gives the following lower bound for d = 3:
%F > (47’(‘)2/3 31/3 ’Qint|1/3 ]
This concludes the proof. O
6.3. Boundedness. We start with the boundedness of D with respect to our alternative
semi-norm.
Lemma 6.8. For all v € H'/?(I),

<va 'U> < ‘U’37H1/2(F)7

A

1D UH*,H*U?(F) = ‘U’*,Hl/Q(F) :

Proof. Let S = V~=1(3I + K) denote the Steklov-Poincaré operator, then
S = D+ (GI+ KW GI+K), (™0, 0) = Pl pgy Vo€ HYVAD).
Since V1 is Hi/z(f‘)—coercive and range(3] + K) = Hi/2(I‘),
|U|37H1/2(F) = <Sintv, v) = (Dv,v)+ <V71(%I—|— K)o, (%I—f— K)v) > (Dv,v).
1/2

Let us now fix v € H,”“(I"). On this space, D is coercive and defines an inner product. By
duality, Cauchy’s inequality, and the estimate from above we obtain

(Dv, y)

Dol g-172ry = sup T —
yeH/2(T) ||yH*,H1/2(F)
Do,
- SUb 12 1 < ?g?m ~ 2 1/2
geH/ () (’y‘*7H1/2(F) + Gamay I T+ 90) [72(gumey )
YoER
>0
D, v)'*(Dy, §)'/
< sp POUTDRDT
GeHM*(T) ’y|*,H1/2(r)

Since Dwv, (D, v), and |v|, g1/2(r) remain invariant if we add a constant vy to v, the same
estimate holds for all v € HY/2(T). O
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Before we can show a bound of Vw in terms of w with respect to our alternative norms,

we first need a Poincaré type inequality in H} /2 ().

Lemma 6.9. In two and three dimensions the Poincaré type inequality
1

in * in 1/2
diam(amye |17t ol fagqy < CpIH™ ol gy Vo€ HYX(D)

holds with
C;(:» = 9 {CP(Qint)2 + (1 + CP(Qint)Q) ﬁ ”we H2 s }
diam (Qint)2 1 ed e H-L2(T)
In three dimensions, we have the bound
C} < 92 {CP(Qint)Q + (E‘v})—l (1 + CP(Qint)Q)} ,

i.e., C% depends only on the Jones parameter Cy(Q2™) and the constant Cp(Q™) in the
standard Poincaré inequality, but not on diam (1Y),

Proof. Our proof uses a Bramble-Hilbert type argumentation. Recall that Vweq = const and

int

—Q
that (weq, 1r) = 1. We set ¥ := H™%  and find that (weq, U) = 0. Using the definition of
the dual norm we obtain

_ 2 _ _
(U - <weq7 U>) = <weqv v = U>2 < HwequH—l/Q(r) llv — U||3,H1/2(r) .

Since the operator H™ is linear and H™% = 7, we can conclude from Lemma 3.4 that
. 1 .
—12 _ nt, |2 nt —112
[0 =I5 grrery = H™ 0l5 iy + Jam( 2 [H™ 0 — |72 (qunt

(1+ Cp(Q™)%) [H™ 0| F1 gy -
Combining the last two estimates yields

— 2 in in
(6.5) (0~ (weq, v))” < (1+Cp(Q™)?) HwequH,l/Q(F) H tv‘z%fl(gint) :

IN

Now, we fix v € HY/ (T ) which means that (weq, v) = 0. From the standard Poincaré
inequality and estimate (6.5), we can conclude that

1 int, 12 1 int, _ —2 Qm L,
BTN 72N m int < 2 {7 m - int BTN 720 }
Gam(amyz M lizmy < 23 qrprmnz 17070 = Pl + g ©

in in ‘Qint| 7 2
< 2 {CP(Q t)2 |H tU‘?{l(th) + W (’U — <’U}eq, U>) }
‘Qint’ int\2 2 int, |2
diam (Qint)2 (1 + Cp(2™) ) ||weq||*,H—1/2(r)} H U|H1(Qint) :
In three dimensions V' ~! defines an inner product. Thus, Cauchy’s inequality, formula (6.4),

and Corollary 6.4 imply that for all v € H'/(T),
(Weq, v)* = (Vweq)? (V" '1r, v)? < (Vweq)? (V™ '1p, 1r) (V" 0, v)

§ 2{CP(Qint)2+

~\—1 1,112
< Vweg (677) ”U||*,H1/2(r) .
In other words, Hweq||iH_1/2(F) < (¢) 7! Vweq. Finally, we use Lemma 6.7 to see that
int int
Vieg |07 _ o] o

diam(Qint)2 = |Qint|1/3 djam(Qint)2 —
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This finishes the proof. O

Remark 6.10. Using the same technique as in the above proof in two dimensions yields
only the trivial bound

Vw Vw
H"UGQHiH*/?(F) < C;q = 2maX{ E{;q, HweqHz’H71/2(F)}.

At least, we know that |weql|, jr-1/2(r) remains invariant when we re-scale the coordinates,
and so C% is independent of diam(Q™). In the following we sketch how a direct upper
bound could be obtained. The equilibrium density is given by weq = t + |T'| 711, where

teH? (T) fulfills the variational equation

(r, VI) = —|0|"*(r, V1)  Vre H, (D),

cf. e.g. [33]. Using the V-coercivity on H, Y 2(I‘), the lemma by Lax and Milgram yields the
estimate [[t[|, y-1/2(r) < (ex) oIt IV1r|l, g1/2(ry, and so we have

lweqll rr-1/2y < ITI7H[@E)THIVIEIL ey + 120l =172y -
The first term can be bounded by

~ T 2 _
WVirl ey < W3l < 52 [ [ (logle =) +1o =yl dsy s,
’ 21 Qint JT

assuming that diam(Q™) = 1. Using the defining property of Jones’ parameter might lead
to an explicit bound for this integral. For the second term, we could use that

ITHvll 22y

el -2y < ol e
vEH1/2(T) ||UH*,H1/2(F)

This means we would need an explicit Poincaré or trace inequality of the type

H5|’L2(F) < C H;JHHl(Qint) R= Hl (Qint)7

for diam(Q™) = 1 with C being explicit in Q™. Maz'ja gives an estimate of this type (cf.
[22, Sect. 4.11.4]). However, the dependence of the constant C' on Q™ seems much more
complicated than in the standard Poincaré inequality.

Lemma 6.11. Assume that Vweq > 0 (which is always true in three dimensions). Then,

Vwllygzey < Cpllwll g2

(w, Vw) < OV [|wl]?

} vw e HV2(I),
= *H=1/2(T)

where |
Cp = { max <(1+2C}3), 2%) ifd=2,
(1+2C3) ifd=3.

with C} defined according to Lemma 6.9. The same estimate also holds on the subspace
H*_l/Q(F) with Cy; replaced by the enhanced constant CP = (14+2C%).

Proof. We fix w € H-'/2(T'). By standard arguments one shows that there exists the unique
decomposition

(6.6) w = @+wy, with @eH Y*T) and wo= (w, 1r) weq -
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Consequently, (w, Vwg) = 0 and
(6.7) (w, Vw) = (w0, V) + (wy, Vwe) = (w0, V) + (w, 1r)* Viveq -
We set u := vw, thus you = Vw. Also,
You = Vw+ (w, 1r) Vweq , with Vw e Hl/Q(F)

From the definition of our alternative norm, the fact that Vwg = const, and using that H"
is linear, we can conclude that

||Vsz,Hl/Q(F) = ’V@’f JH/2(T) + W ||Hmtvw||L2 (Qint)
< ’Vw’2H1/2 () + W {”HmtVU’HL?(th + ||'Hmtio||L2(th } :
Since H™ extends a constant function on I' to the same constant in Q"
I Vwo || Fagqumy = 19 (w, 1r)? (Viweq)*.

Using this identity, the estimate above, the fact that Vw € Hi/Q(F), and Lemma 6.9, we
obtain

. 2|0 Ve,
(68) IVl yuopy < (L+2CP) VP ooy + Zom b (w, 1r)> Viveg
By identity (6.3), we see that
|Vw|2H1/2 ) — |Hintva‘?{1(ﬂint) S |V/&j|§{l(ﬂlnt)
< ‘V@‘%ﬂ(gmt) + ‘Vwﬁrp(gext) = @, V’lﬂ) .

Combining this estimate with (6.8) and (6.7) yields

< (1+20%) (@, V) + 22 Vw0 yagg)

||Vw|| dlam(th)

*,H— 1/2 )

In three dimensions, we see from the proof of Lemma 6.9 that % < Cp. Altogether,

this implies the estimates
IVwll? gorory < G (w, Vu) vw € H,VA(T),
HVwH*H 1/2(r) < Cy (w, Vw) Yw € H_l/Q(F).

The second estimate in the statement of Lemma 6.11 can be obtained by standard duality
arguments. O

By standard duality arguments, the operator V1 exhibits certain coercive properties
where the coercivity constant is (Cy¥) ™! or (C5)~!, similary to Corollary 6.2,
6.4. Estimates for the constant ¢y and the contraction constant cg.

Corollary 6.12 (Hi/z—coercivity of D). We have that

(Dv, v) > vo e HYA(T),

— 2 Il e
T 14+Cp D)

with the constant C} defined according to Lemma 6.9.
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Proof. By our Poincaré type inequality in Hi /2 (T"), we easily obtain that for v € H,} / 2(F),
Il ey < (A CR) O asaqry -
An application of Lemma 6.5 finally proves the statement. 0

Corollary 6.13. In case that V is not fully coercive, let V' denote the well-defined inverse
of V restricted to the space H*_l/g(f’). Then,
e ADRO L T
UEHi/Q(F) <V v, ’U> 1+ CP

Proof. The proof follows immediately from Corollary 6.4 and Lemma 6.5. g

Remark 6.14. The above corollary states that in three dimensions, the constant ¢y depends

only on the Jones parameters and Poincaré constants of Q" and Bp \ﬁmt. Consequently,
the contraction constant cx only depends on these constants. In two dimensions, we have
not given an explicit bound for the constant C' ; we have only sketched how such one might
be obtained, cf. Remark 6.10.

Remark 6.15. Assume that Vweq > 0 and let S := D + (31 + K')V (31 + K) denote
the interior Steklov Poincaré operator. For a triangulation 7} of I', denote Zj, the space of
piecewise constant function with respect to 7y, and define the (symmetric) approximation
Sty .= Do + (31 + K"Ywy, where (13, Vwp,) = (14, (31 + K)v) for all 7, € Z;. One can
show that c _ _ .
C—O (8™, v) < (™, v) < (S™w, v) Vo e HY?(I),
K

cf. [32]. This means we have a shape-explicit spectral equivalence between the original and
the approximated operator. It can be used in the analysis of domain decomposition methods
[14, 19, 20, 25, 26] and of BEM-based finite element methods [3].
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