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Abstract

This work is concerned with the numerical solution of variational
problems in elastoplasticity. Since the whole class of all possible elasto-
plastic problems is too large for a common treatment, we restrict our-
selves to the investigation of problems which are quasi-static, and
where strain and displacement are related linearly. Further, the ho-
mogeneous and isotropic material should obey the Prandtl-Reufl flow
and a linear hardening principle. After an implicit Euler discretization
in time, it is possible to derive a one-time step minimization problem,
which can be solved by a Newton-like method.

Each iteration step represents a linear boundary value problem,
which has to be discretized in space and approximately solved on the
computer. Due to regularity reasons, the application of a Finite Ele-
ment Method (FEM) of low and high order (hp-FEM) looks promising.
Roughly speaking, low order FEM is used in regions of the domain
where the solution is expected to have low regularity (plastic zones),
while the use of high order FEM speeds up the convergence of the ap-
proximate solution in regions where the solution has high regularity
(elastic zones).

We discuss a several different hp-adaptive Strategies, particularly
a technique is applied, where the regularity of the solution is esti-
mated by analyzing the expansion of the Finite Element solution with
respect to an Le-orthogonal polynomial basis. Also the application of
a Boundary Concentrated FEM to elastoplastic problems is discussed
and numerically tested.

*Doctoral Program 'Computational Mathematics’ (W1214), supported by the Austrian
Science Fund 'Fonds zur Foérderung der wissenschaftlichen Forschung (FWF)’ under the
grant W1214, the Federal State of Upper Austria, and the Johannes Kepler University
Linz, at the Johannes Kepler University Linz, Altenbergerstrasse 69, A-4040 Linz; email:
peter.gruber@numa.uni-linz.ac.at



1 Introduction

In this article we discuss the application of High Order Finite Element Meth-
ods (hp-FEM) to elastoplastic problems with linear hardening. We consider
elastoplastic problems, modelled by a quasi-static balance equation, a lin-
earized strain field, homogeneous and isotropic constitutive laws, and the
Prandtl-Reu8 flow rule. Moreover, we assume elastoplasticity with linear
isotropic hardening. Several computation techniques for solving the elasto-
plastic problem with other kinds of hardening can be found in [37, 13, 46,
4, 35, 34], whereas problems without hardening, i. e. perfect Prandtl Reufl
plasticity, are discussed in [48, 49, 47].

By multiplying the balance equation and the flow rule with test functions
and integrating over the domain, a time-dependent variational inequality is
obtained. The unique solvability of this inequality in proper Sobolev spaces
was shown in [31] utilizing results for general variation inequalities [22]. After
an implicit Euler time discretization we end up with one variational inequality
per time step.

Such variational inequality can be equivalently formulated [25] as a mini-
mization problem with respect to the displacement and the stress fields, called
the elastoplastic one time step minimization problem in dual formulation,

J(u,0) — min .

After discretizing in space, the problem can be solved on the computer by
the return mapping algorithm [46], which is well-known in the field of elas-
toplasticity. Another option is to formulate the variational inequality as a
minimization problem with respect to the displacement and the plastic strain
fields, called the elastoplastic one time step minimization problem in primal
formulation [15],

J(u,p) — min .

Numerical algorithms to solve such a problem are discussed, e. g., in [14, 4].
Utilizing the primal formulation, the problem can be reformulated as a
minimization problem
J(u) — min,

with a functional J depending only on the displacement field [26]. The
corresponding minimization functional is strictly convex and continuously
Fréchet differentiable with an explicitly known derivative D J. Finding the
solution to the elastoplastic problem means, to find the displacement field,
for which the derivative of the functional vanishes, i. e.

D J(u)=0.
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Since the functional J is not quadratic, i. e., the derivative D J is non-
linear, the problem has to be solved iteratively. A steepest descent method
could be applied, but this method converges only linearly, and we can do bet-
ter. As discussed in [26], a slant Newton method can be applied, which, after
a spatial Finite Element Galerkin discretization, converges super-linearly to
the discrete solution. The chosen spatial discretization results in one linear
system per slant Newton step, which has to be solved on the computer. At
this point the question arises, which spatial discretization should be chosen.

In [10, 36] it is shown, that the solution to the elastoplastic problem
with linear hardening is twice weakly differentiable everywhere apart from
the boundary, and even analytic in open balls of the domain, where the
plastic strain vanishes. This motivates the use of hp-FEM for elastoplastic
problems with linear hardening. The term hp-FEM stands for the mixed use
of low order Finite Element Methods (h-FEM) and high order Finite Element
Methods (p-FEM). In A-FEM the accuracy of the approximate solution is
increased by decreasing the mesh size h, while the polynomial degree p of
the shape functions is kept constant. Conversely, in p-FEM the mesh size is
constant, and the polynomial degree p of the shape functions is increased in
order to obtain a better approximation. The combination of both is called hp-
FEM. One chooses adaptively for each element, whether to refine it in h~-FEM
manner, or to increase the polynomial degree of the local shape functions in
p-FEM manner.

For certain problems (apart from elastoplasticity), a proper adaptive
strategy in hp-FEM leads to exponential convergence [5] of the Finite El-
ement solution, versus the polynomial convergence in A- and p-FEM. The
key idea is to locally apply h-FEM where the solution has low regularity, and
to use p-FEM where the solution is smooth.

Some adaptive strategies for hp-FEM applied to the Poisson problem are
discussed in [23], under the assumption, that the mesh consists of only tri-
angles (in 2D) or tetrahedrons (in 3D). For the 2D case, we transfer these
results and strategies from scalar to vector valued boundary value problems,
such as we have to solve at every slant Newton step of the elastoplastic solver,
as presented in Section 2. Moreover, the application of a Zone Concentrated
Finite Element Method (ZC-FEM), closely related to the Boundary Con-
centrated Finite Element Method (BC-FEM) [33], to elastoplasticity is also
discussed in this work. Finally, numerical examples show the success of the
several adaptive strategies.



2 Mathematical Modeling

The mathematical modeling of elastoplastic problems has a long history, and
many approaches have been proposed in order to model how materials react
under the influence of inner and outer forces. A wide overview on this topic
is given in the monographs [27, 46, 2]. We will briefly introduce one of many
possible classical formulations, and then turn to the weak formulation and
time discretization. On basis of the so called primal weak formulation, we
will derive a minimization problem regarding the displacement, which can be
solved by a Newton-like method.

2.1 Classical Formulation

Let © := (0,7) be a time interval, and let {2 be a bounded Lipschitz domain
in the space R3. The equilibrium of forces in the quasi-static case reads

—div(o(z,t)) = f(x,t) for (z,t) € Qx 0O, (1)

where o(z,t) € R¥3 is called Cauchy’s stress tensor and f(x,t) € R3 is
called the volume force acting at the material point € € at the time t € ©.
Let u(z,t) € R? be the displacement of the body, and let

e(u) == % (Vu+ (Vu)") (2)

denote the linearized Green-St. Venant strain tensor. The strain ¢ is split
additively into an elastic part e and a plastic part p, that is,

e=e+p. (3)
The stress-strain relation is given by Hook’s law
o = Ce, (4)

where the fourth-order elasticity tensor C € R¥3*33 ig defined by Cyjp :=
A0k + 11(0ir0j1 +0405). Here, X > 0 and p > 0 denote the Lamé constants,
and 6;; is the Kronecker-symbol.

Let the boundary I' := 09 be split into a Dirichlet-part T'p and a
Neumann-part 'y, which satisfy Tp UT'y = I'and Tp N Ty = 0. We
assume the boundary conditions

u = ’LLD on FD, <5>

on = g on 'y, (6)



where n(z,t) is the exterior unit normal, up(z,t) € R? denotes a prescribed
displacement and g(x,t) € R? is a prescribed traction. By neglecting the
plastic strain term in (3), i.e. p = 0, the system (1) - (6) describes a purely
elastic behavior of the continuum €.

Another two properties incorporating the admissibility of a stress field o
with respect to a certain hardening law and the time evolution of the plastic
strain p are required. Therefore, we introduce the hardening parameter «
and call a tuple (o, «) the generalized stress. Such generalized stress is called
admissible, if for a given convex yield functional ¢ there holds

¢(o,a) <0. (7)

The explicit form of ¢ depends on the choice of the hardening law. In this
paper we concentrate on the isotropic hardening law, where the hardening
parameter « is a scalar function « : {2 — R and the yield functional ¢ is then
defined by

| ||devollp —o,(1+ Ha) if >0,
dlo, o) = { +00 if a < 0. (8)

Here, the Frobenius norm ||A||F := (A, A)}/2 is defined via the scalar product
(A, B)r = 3 aijbiy for A = (a;;) € R™? and B = (b;;) € R> and the
deviator is defined for square matrices as devA = A — %I , where the
trace of a matrix is defined by tr A = (A, I)r with I denoting the identity
matrix. The material constants o, and H are both positive real numbers
and called yield stress and modulus of hardening, respectively. The second
plastic property addresses the time development of the generalized plastic
strain (p, —«), which we assume to satisfy Prandtl-ReufS” normality law

<(p7 _a) ) (7_7 ﬁ) - (0-7 a))F <0 \V/(Ta B) SatiSfying ¢(Ta ﬁ) < O, (9)

where p and & denote the first time derivatives of p and a. The initial
conditions read

p(z,0) =po(z) and «(z,0) =ap(x) Ve, (10)
with given initial values po : Q@ — R} and ag :  — [0, o0].

Problem 1. Find (u,p, a) such, that (1)—(7), (9) and (10) are satisfied.

Note, that Problem 1 is a simplified description of the elastoplastic de-
formation of a body. First, the second time derivative of the displacement
w is ignored in the balance of momentum (1). Thus, only problems with
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slowly varying velocity fields, so called quasi-static problems, are modelled
correctly. Second, the relation between strain and displacement in (2) is just
a first order approximation of the true relation

e(u) = % (Vu+ Vu" + Vu' Vu) .
Third, the constitutive laws, such as Hooke’s law (4), the flow law (9) and
the hardening law (7) and (8), describe only a very specific behaviour of
the material. Let be mentioned, that an eminently general mathematical
formulation of elasto- and viscoplastic deformation problems is outlined and
discussed in great detail in the monograph [2].

Here, we solely study the numerical solution to Problem 1. However, an
extension to other elastoplastic problems is possible and promising.

2.2 Weak Formulation

In this subsection we derive a weak formulation out of Problem 1. Hence
the well known Sobolev and Lebesgue spaces have to be defined: Let V :=
[HY(Q)]?, and Q := [Ly()]2*®. The associated scalar products and norms

sym *
are
(u, v)y = / ((u, v)p+ (Vu, Vo)p) dx, lvllv = (v, v>¥2,
Q
(v, 9)q = /Q<p, q)r dz, lallg = (g, a)&’ -

Let be mentioned, that a time-dependent variational inequality can be ob-
tained by the multiplication of (1) and (9) with test functions, integration,
partial integration and subsequent adding of both (see [27] for details). It is
known [31], that this time-dependent variational inequality has a unique solu-
tion u € {v € H(O;V) | v, =up}, p € H'(6;Q), and a € H'(O; Ly()).

However, the numerical treatment requires a time discretization of the a
time-dependent variational inequality. Therefore, let Ng € N, 7 := T'/Ng
and ©, = {tx := k7 | k € {0,...,No}} be a discretization of the time
interval © = [0, T]. We introduce the notation

up = u(ty) , pr=plty), ap:=alty), fei=[ (), gpi=9tx), ..,

and approximate time derivatives by the backward difference quotients, i. e.,

Pk~ (pk —pr—1) /T and Ay = (o — oy_q) /T



Consequently, the time dependent variational inequality simplifies to a se-
quence of time independent variational inequalities of the second kind [27],
each of which can be equivalently expressed by a minimization problem. Let
R = R U {£oco} be the set of extended real numbers, and the functional
Jp 1V x Q — R defined as

Ti(v.0) = 3le) — allt +wela) + (o). (1)

with
@ owe = [(Cal) w@)rde.  lae = @0l 02
belg) = {Jfrﬂoig&k(q)QJrayI!q—pk1HF) da ieflszrqztrpkl,u?))

lp(v) = /fk-vdx+/ g - v ds, (14)
Q I'n
ar(q) = ar1+oyHllg—pealr. (15)
The resulting one time step minimization problem reads [14]:

Problem 2. Let k € {1,..., Ng} denote a given time step, fr € H (Q),
gr € HY2(Ty), pr—1 € Q and agx_1 € Ly(Q) be given such, that az_; > 0
almost everywhere. Find (uy, px) € Vp x @ such that

jk(ukapk) < jk(’l}, q) )
with J defined in (11), holds for all (v,q) € Vp x Q.

The convex functional .J; expresses the mechanical energy of the deformed
system at the k—th time step. The goal is to find a displacement u; and a
plastic strain p; such that the energy .J;, is minimized. The unique solvability
of Problem 2 can be shown with classical convex analysis results [24]. The
hardening parameter oy € Ly(€2) does not appear in Problem 2 directly, but
can be calculated analytically in dependence on the plastic strain by o =
&y (pr) defined as in equation (15). Various strategies have been introduced to
solve the minimization in Problem 2. C. Carstensen investigated a separated
minimization in the displacement v and in the plastic strain ¢ alternately
and proved the linear convergence of the resulting method in [14].

2.3 Minimization with Respect to Displacements

Another interesting technique is to reduce Problem 2 to a minimization prob-
lem with respect to the displacements v only [26]. Due to a theorem of

7



J. J. Moreau [40] the functional J, : V — R with Ji(v) := inf,eq Ji(v,q)
is well defined, strictly convex, and Fréchet differentiable. There exists a
unique minimizer with respect to the plastic strain field p, : Q@ — @, such
that Ji(v, pr(e(v))) = Ji(v) holds for all v in V. The explicit form of p, was
calculated for the first time in [4] and reads

1 dev a1 (g(v))

= gt g M A OO e

Pr(e(v)) P (16)

where
k(q) =C(q —pr—1) and ¢p_1(0) :=||devo|p —o,(1+ Hap_1). (17)

As already mentioned, the functional J is Fréchet differentiable. The differ-
ential reads

D Ji(v; w) = (e(v) — pr(e(v)), e(w))c — lx(w) Yw eV (18)

with the scalar product (o, ¢)c defined in (12) and l; defined in (14).
With these considerations, we are able to reformulate Problem 2 by

Problem 3. Let k € {1,..., Ng} denote a given time step, fr € H (),
gr € HY2(T'y), pr_1 € Q and a1 € Ly(Q) be given such, that az_; > 0
almost everywhere. Find u; € Vp such that for all v € V) there holds

Ji(ug) < Ji(v),

where the functional J : V — R is defined

Ji(v) = %HE(U) — D& + Yr(Br(e(v)) + () , (19)
with &, ¢y, I, and py defined in (2), (13), (14), and (16).

Remark 1. Functional Jy is Fréchet differentiable, with D Ji(v; w) asin (18).

Remark 2. The plastic strain p € Q and hardening parameter ay € Lo(€2)
do not appear in Problem 3 directly, but can be calculated analytically in
dependence on the displacement by pr = pr(e(ug)) defined in (16), and ay =
G (pr) defined in (15).

Remark 3. Note, that since the problem can be shown to be uniquely solvable
[26], it is sufficient to find the displacement u, € Vp, such that for all test
functions w € Vj there holds

D Jy(ug; w) =0. (20)



The minimizer pj in (16) is a continuous mapping of @ into ). Thus,
D Ji(v;w) in (18) is continuous with respect to v as well, and a gradient
method could be used for a numerical solution. A higher order optimization
method, such as the Newton method, requires the second derivative of Jj,
which, due to the term max{0, -} in the definition of pj in 16 does not exist.

However, the concept of slant differentiability [16] can be used, and a
slanting function (D Ji)°(v; wy, we) may serve as a replacement for the miss-
ing second derivative D 2Jk(v; wy, ws) in a so called slant Newton method:

Problem 4. For a given initial guess v° € Vp, iterate v/ € Vp by the rule
(D Jp)° (v7 5 v = w) = =D J(v); w) Yw € V. (21)
Here, a candidate for the slanting function of D J; is given by
(D Ji)” (v wi, wa) = (e(wr) = P’(e(v) 5 e(wn)) , e(wa))e,  (22)

and a candidate for the slanting function pj in (16) is given by

27 J— (A 7B>F .
pl(e(v);e(w)) = {2%%1{2 ((1 Be) “i Ak + B B) if 3, >0,

0 else .
(23)
The above equation uses the abbreviations
A = Ag(e(v)) = devar(e(v)), B = B(e(w)) =deve(w),
and the parameter
_1(ok(e(v
B = fu(elw) = Lt (21)

devay(e(v)) ’

with ¢,_1 and 6% as in (17). This parameter is positive in parts of the
domain €2 where plastic deformation occurs, and less or equal zero in parts
of the domain which behave purely elastic. The interface in between the
elastic and plastic zones is called the elastoplastic interface.

Remark 4. The mappings (D Ji)° and pg in (22) and (23) are well defined as
slanting functions in the sense of [16] if and only if there exists € > 0, such
that

Pe-1(0k(v)) € Laye(€2) . (25)
As soon as the variables are discretized, i. e., after Galerkin discretization,
the integrability condition (25) is not needed anymore. (see [26, 29]).

Remark 5. The slant Newton method (21) converges locally super-linear, if
the mappings in (22) and (23) are slanting functions [16, 29].



2.4 Plain Strain Model

Throughout Section 3, the plain strain model of elastoplasticity is considered,
i. e., the domain 2 is assumed to be long and to have a constant shape of
the cross section with respect to one of the three directions of the coordinate
system. Further, no body forces, traction, or displacements are prescribed
in that direction, such that due to symmetry reasons, the solution w; will
vanish in one, let’s say the last, component. Therefore it is sufficient to look
for a solution wy, in the space [H'(Q2)]” instead of [H*(Q)]’, the domain
still has to be considered as a three dimensional object, though.

Consequently, the displacement u and the strain ¢, due to (2), read (the
time-step index k is now omitted)

U1<.§L’> €11 €12 0
u = UQ<.§L’> s g = €12 €29 0
0 0 0 O

and the stress o and plastic strain p, due to (4) and (16), read

o o 0 pi1 piz 0
o= |01z 022 0|, p=1p2 p2 0],
0 0 033 0 0 D33
where o33 can be calculated by using 011, 092, and 015 (see Table 1), as well as
P33, since p is trace free, can be calculated by p3s = —(p11 + p22). Therefore,
it is sufficient to represent u, €, p and o as the vectors
€11 P11 011
Uy
e ( ) ’ €=\ 21, p:={p2|, o:=|02],
U2
2e19 P12 012

which is called Voigt’s representation. Analogous operations in tensor and
vector representation, such as norms, traces and deviators, are summarized
in Table 1. Further, in Voigt’s representation, there holds (o, , €)r = ol¢,
and (o), €)p = oL €.

We shall use Voigt’s representation throughout the remaining part of this
work. Due to that, it is no more necessary to indicate the use of Voigt’s
representation by bold letters.

10



Common (Tensor) Representation | Vector Representation

€11 €12 0 €11
g:=|¢€12 €2 0 5;:<522>
0 0 0 2¢e19
e11 012 0 Oe11 A+2pu A 0
o.:=Ce=|0c12 0c22 O o= (%,22) = A A+2pu 0] e,
0 0 0¢,33 O¢,12 0 0 12
=:C
with Ce=2ue+ Atrel 033:#(1 1 0)o,, tro.=%1o, 33
g, 2 ()\+M) € 15 v £,
—_———
=v
(devoe)yy 1
devo, = 0. — ttrrgf I devo. = | (devoy)y | =0 — ttrr—gf 1,
(devoe)s
1 1 0
1
thus, deveo. = |1 — .V+ 1 10 o,
dim(ee) \0 0 0
—K
P11 P12 0 P11 2 10
p=|P12 P2 0 p = <p22>, Ipll3:=p" (1 2 0]p,
0 0 —(pu1+p2) p12 0 0 2
—_————
=N
then:  |[plln = [lpllF
oe11 0g12 0O Op,11
op=Cp=|0c12 022 0 op = (%,22) =2up
0 0 0¢,33 Op,12
with Cp=2up+AtrpI=2pp|and op33=—(1 1 0)o,
——
=0
c=C(e—p)=o0.—0p oc=0.—0, and 033 =0:33— 0p33
devo =devo, —devop, devo =devo. — o), |devol|lr = |devo|n,
——
=0op
Idev |3 = 3, (dev o), (devo)yy = — (1 1 0) devo

Table 1: Table of Vector Representation regarding the Plain Strain Model.
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3 Spatial Discretization

3.1 Galerkin Discretization

We approximate the space V = [H'(€2)]? by a sequence of finite dimensional
subspaces

Vie CVinC...C Vi cVigc Vi ...V, (26)

where Viig with [ € N It is the discrete subspace of V of level I. Vi It can
be represented by a basis of finite dimension N,

VF{E = Span{wh s 7le} )

and let
VFlE0 = Vi NV, and VFlEvD =VieNVp.

Analogously to (21), we have to solve the following discrete problem:

Problem 5. Let v° € Vi |, be given, iterate v/ € Vi ;,, such that
(D Ji)” (V5 07 =07 w) = =D Ji(v7 s w)  Yw € Vig,. (27)

Remark 6. Differently to the infinite dimensional case, D J, as a mapping
from the finite dimensional sets Vém p X VI~£E7O to R is slantly differentiable
without any extra assumptions (see Remark 4). The slanting function (D Ji)°
maps Vig p X Viigo X Vg to R, and is defined as in (22) and (23).

Remark 7. The slant Newton iteration in Problem 5 produces a super-linearly
convergent sequence (v;) [26].

The concept of this subsection is common to all of the following techniques
of spatial discretization. However, they differ in the explicit definition of the

set {’(/11, c. ,’QZ)NL}.

3.2 Low Order FEM (h-FEM)

In this subsection, the reader is assumed to already know the basics of h-FEM
(for an introduction on this topic, see [17]). Utilizing this method, we are
going to derive the discrete formulas of D Jj, and (D Ji)° in equation (27), by
which Problem 5 finally may be implemented and solved on the computer.
Most of this subsection is based on the work [3], and the 2D case (plain strain
model) is considered only.

Let 7 be a v-shape regular triangulation of €2, where all elements K € 7
are triangles. The term v-shape regular means, that the ratio of diameter
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versus radius of the inscribed circle is uniformly bounded from below by a
constant v > 0 for all elements K € 7.

Let £ = {E} denote the set of all edges and Ex = ENT'y be its intersection
with the Neumann boundary I'y. The vertices of all triangles are collected
in the set N'={x € R? | 3K € T : x is vertex of K}. Let 1; : @ — R be
an affine linear function on each element K € 7 such that for an arbitrary
node x; the condition ¥;(x;) = d; is satisfied for all 4,1 € {1,...,|N|}.
Further, let e; denote the j-th unit vector. Then, upg can be expressed by
upp(z) = >, ;juijbi(w)e;, where u;; == (u(x;));, or for short, we can write
urp(z) = ¥(z)" u by defining U (z) = (¢;(2) €;)icq1,..nvpjefr2y € R2N and

u:= (um)ie{l ,,,,, N}je{1,2} € R2WMI, Recalling the notation of Subsection 3.1,
the space V is approximated by the subspace Vi, := {¥Tu | u € RV
Note, that the dimension of the approximation space is 2| V|, which is related
to the mesh size h by h ~ N2 in 2D. The term [ in V{{; means, that we
have a mesh size of h = hg * 0.5!, where hg denotes the initial mesh size. In
this way, the level [ controls the dimension of the approximation space.

Let Ry and Rg be operators which restrict the global vector u onto a
local element T by

ur = RTU s Ug = REU . (28)

Let the fixed triangle 7' € T have the vertices (X,,Xg,X,) with the coordi-
nates

(($a,1, $a,2) ) ($ﬁ71, 905,2) ) (%,1, %,2)) .

Then e(upg) can be calculated on T' by

ua,l

Uq,2

81’(/)@ 0 61’(/)5 0 81@% 0 u 71

e(uh)(x)‘T = 0 8277/)04 0 82’(/)5 0 82’9/& uﬁ’z s

Oatha 01 Oathg Orhg Oathy Oty uﬁ’l

Y,

U%Q

or in a more compact way,
e(un) (@), = Bur, (29)

where the partial derivatives of ¢, 13, and 1, can be obtained by

-1

Ve 11 1 00
V ’QZ)@ = xa,l ZL'g’l ZL'%l 1 0
"Lpf\/ Ta,2 T2 Ty2 01
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Integration over body and surface forces may be realized by the midpoint
rule. We approximate f; and gy by fr := fx(Tr) and gg := gx(Tg), where
Tr and Tg denote the center of mass of the element T, and the edge F,
respectively. Defining

T E
fT' |3‘RTfT7 and gE:%RggEa
on each T € 7 and on each E € £y there hold
/ ffo, do ~flv, and / g v, ds ~glv . (30)
T E

The whole integral over ) can be split into a sum of integrals on single
elements T' € 7. Therefore, by combining (28), (29) and (30) we obtain from
(18) the discrete formulation of the energy functional’s Gateaux-differential

D J(w; v) = 3 |IT] (C Bur — 2upe(Bur))’ BRr — £ | v— > ghv

TeT Eeén
with
Pr(Bur) == el ¢;:(+d§gg§(3 net ||diivgglzggul;T))||N + pr-1. (31)
where
devo,(Bur) = KCBur—2upk-1, (32)
¢r—1(deveo(Bur)) = |devey(Bur)|y—o,(1+ Hay—1). (33)

Since D Ji(u; v) is linear in v, there exists the Fréchet-derivative

TeT Eeén

The mapping D J; is slantly differentiable with

(D Jx)°(w) = > |T|REB™ (C - 2up}(Bur))’ BRy,
TeT

€ ((1— ) 2oyl 4 1) KC i gy(6) > 0,

0 else .
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serves as a slanting function for p;, defined in (31). Here, the definitions ¢ :=

1 .__ 9r—1(devdy)
2ol H? and [, := [deverln

as in (32) are used.
The Newton-like method is applied for the calculation of u € R2V! such
that DJg(u) = 0 and u satisfies the Dirichlet boundary condition:

u; = u,_; + Au, (\V/Z S N), (36)

, and the abbreviation devey, for devea (B ur)

where Au; solves
— (D Jk)o (ui,l) Alli =D Jk<ui,1) .

Note, that u; must satisfy (generally inhomogeneous) Dirichlet boundary
conditions for all : € N. Therefore, it is sufficient for the initial approximation
Uy to satisfy the inhomogeneous Dirichlet conditions, and for Au; to solve
the homogeneous Dirichlet conditions.

3.3 High Order FEM (p-FEM)

In this section, we will briefly mention the most important definitions and
results of high order Finite Element Methods (p-FEM). For more detailed
information, the interested reader is referred to the pioneering work [8], and
the monograph [45]. Same as in A-FEM, also in p-FEM a 7-shape regular
mesh is used, but in contrast to h-FEM, the accuracy of the approximate
solution is increased, i. e., the dimension of the finite element space Vi is
enlarged, by increasing the polynomial degree of the shape functions instead
of refining the mesh by the partitioning of elements. The big advantage of a
high order method is the faster convergence [7], whereas the major drawback
of a high order method is the expensive assembling of the system matrix. As
long as this handicap can be settled (e.g., by finding recurrences via symbolic
computation [9, 11, 12]), the application of such methods are definitely worth
their price. We turn to the basic definition of hierarchic basis functions
in p-FEM. Let be mentioned, that in this paper, we concentrate on the
Karniadakis-Sherwin polynomials [32]. Before defining the discretization of
the vector valued displacement field u € [HX(Q)]”, the scalar case u € H(£)
is discussed.
Let the reference triangle K and the reference square Q be defined by

K:={(zy)|z>-1,y>—-1,z4+y<0} and Q= (-1,1)2. (37)
The Duffy transformation D : R? — R?, defined by

D) = (G(1+m)1 =) =1, ) (38)
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51 m

Figure 1: The reference elements K and Q defined in equation (37).

maps Q onto K. The inverse maps K onto Q and is given by

D7 (&1, 6) = (ﬁfi -1, 52) .

The further proceeding is to define local shape functions ® on Q and
then, by the application of the inverse Dufly transformation ¥ = @ o D1,
to obtain local shape functions on the reference triangle K.

Definition 1. Let « > —1, § > —1, and n € N U {0} be given. The
polynomial P [—1,1] — R defined by

Pt () = TV (1 e ) j—,; ((L=m (L +m)™ ") (39)

27 nl

is called nth Jacobi Polynomial with respect to the weight (1 —n)*(1 + n)”.

Definition 2. Let the reference elements K and Q be given by (37) and let
the transformation D : R? — R? be defined as in (38). For a given polynomial
degree p € N we define the set U = U%Zl U8 of local shape functions by

V=P oD ' ={poD ' |pcd®}y B=1,...,5, (40)
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where ®7 is given by:

ol — {(1—711)(1—7)2) (L+m) (T =mn2) (14+mn2)

2

2 2 2 2 2
P2 — {(1_in)(12771)(1_2772)3(_1’11)(?71)\i=17---,p—1}7
33 {(1;771)(1—2772)(12772)3(_1711)@2)|Z-:17___7p_1}’
o — {<1_2m)<1_2772)(1;7]2)13@-(1’11)(772)\izl,...,p—l},
v = (Lo LT poong, ) peing,)

i, j=1,...,p—1}.

The subdivision of the shape functions is as follows: The set ®! contains
vertex shape functions, which vanish on all vertices, except on one, where
the value one is attained. The set ®° contains the interior bubble functions,
which vanish on all edges, and the remaining sets ®2, ®3, ®* contain edge
bubble functions, which vanish on all but one edge. In [32] it is shown, that
¥ is a set of linear independent polynomial functions, and that the span of
U contains all polynomials of degree p an the reference triangle K.

In this way we approximate u € H'(Q2) by upg € SP(Q,7) with

SP(Q,T):={uec H(Q) |uo Fx € spanV¥ for all K € T}, (41)

where Fy denotes the mapping from the reference triangle K to the local
element K. In case of vector valued problems, such as in elastoplasticity, each
shape function ¢ € ¥ is replaced by a set of d vector valued shape functions
{e; | 1 =1,...,d}, where e; denotes the ith unit vector. Speaking in the
notation of Subsection 3.1, we have V%, = SP(Q,7T), where p; denotes the
polynomial degree of level [. In order to keep the property (26), one has to
guarantee p; > p;_1.

The a priori error analysis of the high order Finite Element Method [7]
states the convergence (d = 2)

|u — upg||m@) < Cp~° ||ull gs+1 @

if uw € H*™(Q)?, and in the case of singular behavior of the type u = r¢,

a > 0, where r is the distance from the singularity, we obtain
|u — upg|| 1) < Cp >,

which is twice the rate of the h-version.
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3.4 Combining Low and High Order FEM (hp-FEM)

The concept of hp-FEM is the adaptive combination h-FEM and p-FEM.
The key idea is to increase the polynomial degree locally on elements, where
the solution has high regularity. On such elements we can expect locally up
to exponential convergence (see [5, 45]) of the approximate towards the so-
lution, On other elements, where the regularity of the solution is low, mesh
refinement, i. e. h-FEM, is applied, which locally yields algebraic conver-
gence. Globally, the convergence of hp-approximations is much faster than
the convergence in h-FEM or p-FEM, under certain conditions up to expo-
nential convergence can be achieved. The price we pay is, that the method
is much harder to implement than h- or p-FEM. We turn to the definition
of the approximation space, which actually will be very much the same as in
p-FEM.

Let a polynomial degree px € N be associated with each element K € 7
and the polynomial degree p, with each edge e by

pe = min{py | e is an edge of K} .

The information of polynomial degree distribution is collected in a vector
p = (px)ker, which is called (polynomial) degree vector.

With pre1, Pre2;s Pies, and pg denoting the polynomial degree on the
edges €1, €9, €3, and in the interior of element K, the set of shape functions
VU is defined as in Definition 2, where ®!,... ,®° are given by:

(I=m) (@ =m2) A4+mn) @A —n) (1+mn)

Pl =
{ 2 2 2 2 2 b

1—n)(1+n)(1— .

P2 — {( 2771)( 2771)( 2772)3(_1’11)(771)|Z=1,---7PAB—1},
14+m)(1—n) (1+ ,

o — {( 2?71)( 2?72)( 2772)3(1,11)(?72)‘Z:Lm’ch_l}’
1—n)(1—=mn)(1+ ,

ol — {( 2’01)( 2?72)( 2?72>Pi(1’f)(nz)|2=1,---,pCA—1},

(1— 772) (1+m) (11— 772)”rl 1,1 2i+1,1
00 = (e P P )
li,7=1,...,px — 1}.

The approximation space reads
SP(Q,T) :={uc H(Q) | uo Fx € spanV¥ for all K € T}, (42)

where W depends on pge1, Pre2, Pie3, and px. Referring to Subsection 3.1,
in hp-FEM the approximation space is defined Vigy = SP/(Q,T), where p;
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denotes the polynomial degree vector of level [. In order to keep the property
(26), one has to guarantee p; > p;_; component wise.

As already mentioned, the hp-method is expensive, but the approximation
converges very fast. It is even possible to achieve exponential convergence,
if the solution is analytic up to point-wise singularities on the boundary (if
Q) € R?). Therefore the construction of ideal geometric meshes and the use
of linear degree vectors (see Definitions 3 and 4), is assumed. However, in
such cases the convergence rate is globally even exponential ([6], [45, Theo-
rem 4.63])

[ — upplm@ < C exp(—bN'?), (43)

where C' and b denote some positive constants, and N = dim(SP(2,7))
denotes the dimension of the used finite element space.

In elastoplasticity, the solution in each time step is known to be in HZ (),
and analytic in balls where the plastic strain p vanishes [36, 10]. These, so
called elastic zones, typically cover the major part of the domain €2, thus, the
application of an hp-FEM is a natural choice. In those parts of the interior
domain, where the material reacts purely elastic, the polynomial degree of the
shape functions is increased, whereas the mesh is being h-refined in plastic
areas and towards rough boundary data or geometry.

Whenever plastic zones are small compared to elastic zones, the applica-
tion of Ap-FEM is worth the cost. However, since the plastic zones are a set
of non-zero measure, we cannot expect an exponential convergence rate as
in (43), but some algebraic convergence which is faster than in both h-FEM
and p-FEM.

The basic hp-adaptive algorithm reads as presented in Algorithm 1.

Algorithm 1 The hp-adaptive Algorithm:

Require: A mesh 7, a polynomial degree vector (pg)ger, a Finite Element
Solution upg.

Ensure: A refined mesh 7, a new polynomial degree vector (px)xer.,

: Determine which elements to refine — 7,.

: Determine where the polynomial degree should be increased — 7,,.

: Obtain a preliminary refined mesh — 7.

. Elimination of hanging nodes — 7.

: Increase the polynomial degree px = px +1 for all elements K € TieN7,,.
In particular: Elements to which an h-refinement is applied inherit the
polynomial degree from their father.

U = W N =

Note, that Items 3-5 are straight forward, whereas, one still has to de-
cide on the exact realization of Items 1 and 2. In general, the set of all
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adaptive strategies divides into two classes: strategies which are problem
dependent, and those which are not. In problem dependent strategies, the
decision whether to refine in h, or in p, or not at all, relies on the evaluation
of problem dependent quantities, typically the error estimator. Strategies of
this type can be found in [42, 18, 1].

Due to the lack of a reliable and efficient error estimator for elastoplasti-
city, the use of problem independent algorithms is a natural choice. Methods
as in [20, 21], estimate the regularity of the solution without using problem
dependent quantities. The main idea of these strategies is to minimize a
local error projection of a reference solution, that is obtained by a uniformly
h-refined mesh intermediately. In this way an optimal Ap-mesh is produced
adaptively. The big advantage of such method is, that no knowledge about
the problem has to be passed to the mesh generation, the drawback is to cope
with different meshes at the same time, which often is hard to implement on
the computer in Finite Element frameworks.

In this paper we choose a strategy of hp-refinement, which is presented in
[23]. This strategy was first discussed in [38] for the spectral element method,
and later used in [30] for Ap-FEM in one dimension (or in more dimensions,
where elements have tensor structure). T. Eibner and M. Melenk [23] present
the extension of the strategy to Ap-FEM for the Poisson problem in more
dimensions, i. e., where elements have the shape of triangles and tetrahedrons.
Especially two advantages are covered by this approach: First, the algorithm
is problem independent (see Remark 8), and second, there is no need to
handle more than one FE-mesh in the implementation. The algorithm is
based on the estimating the Sobolev regularity of the solution by a certain
Ly-orthogonal polynomial expansion:

Proposition 1. Define on the reference triangle K the LQ(R)—orthogonal
basis Ppq, p,q € No by

7 - 1 1—n\"
Ypg = Ypg0 D t Upg = PISQO) () (T) Pq(2p+170) (12) ,

where PISO"B) is the (well known) p-th Jacobi polynomial with respect to the
weight n — (1—n)*(1+n)? and D the Duffy transformation. Let u € Lo(K)

be written as
U = E UpgPpq - (44)
p,9€No

Then u is analytic on K if and only if there exist constants C,b > 0 such
that [uy,| < C e P9 for all p,q € Ny.

Proof. See [39]. O
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Since the true solution w is not available, the idea for an hp-adaptive
algorithm is to estimate the decay of the coefficients u,, of the Ly conforming
expansion of the finite element solution uppx o Fix = ),  upgtp, instead.
If the decay is exponentially, then the polynomial degree p will be increased,
otherwise, the mesh will be refined, see Algorithm 2.

Algorithm 2 Items 1 and 2 in Algorithm 1:

Require: A mesh 7; a polynomial degree vector (px)ger; parameters b > 0
and ¢ > 0; a Finite Element Solution upg; a reliable, efficient, and
localizable a posteriori error estimator n(upg).

Ensure: The marked elements 7, and 7,.

1: Compute the mean error 7> = |T|™' Y er ik
2: For elements K € 7 with n% > o7 compute the expansion coefficients

wigae = 19l g (wrmin © Fic s ig) 1y i

for 0 <i+j <pk.
3: Estimate the decay coefficient bx by a least squares fit of

4: Determine

T,= (K €T | >0 Abx >},
T.={K €T |nk>0n°ANbxg <b}.

Remark 8. Note, that in the above algorithm, the use of an a-posteriori error
estimator can be switched off by setting ¢ = 0. The crucial part of the algo-
rithm is testing the approximated slope of the expansion coefficients versus
a given critical slope 0. In this sense, the algorithm is problem independent,
the use of an a-posteriori error estimator may nevertheless be of advantage.

In Section 4 we compare Algorithm 2 with a standard hp-adaptive ap-
proach, which is proposed a Series of papers by L. Demkowicz, T. Oden,
W. Rachowicz, and coworkers [19, 41, 43] and also used in hp-BEM, e. g.,
[28]. This approach, summarized in Algorithm 3, puts the decision of whether
refining in A or in p solely on the local evaluation of an a-posteriori-error-
estimator 7y (upg).
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Algorithm 3 Items 1 and 2 in Algorithm 1:

Require: A mesh 7; parameters 0 < 01 < 09 < 1; a localizable a-posteriori
error estimator n(upg).

Ensure: The marked elements 7, and 7,.

1: Compute the maximum error 7y, = MaxXge7 NK
2: Determine

%:{KeTlalnmax<nK§0-277maX}7
%:{K€T|02nmax<nl(}'

3.5 The Zone Concentrated FEM

In addition to the hp-adaptive strategy in Algorithm 1, we investigate also
another approach, which we call a Zone Concentrated FEM (ZC-FEM). For
this technique we use the knowledge of Boundary Concentrated FEM (BC-
FEM, [33]). This approach is still of an hp-adaptive Finite Element type,
but with a slightly different aim:

Let us start with a short review on BC-FEM: Considering the regularity
of the solution to be low at the boundary and high in the interior of the
domain, the parameters h and p are chosen to be small in a neighbourhood
of the boundary and to be growing towards the interior of the domain. This
growth is based on the use of geometric meshes and linear polynomial degree
vectors, which are defined as follows:

Definition 3. A ~-shape-regular mesh 7 is called a geometric mesh with
boundary mesh size h if there exist constants c¢;, ¢ > 0 such that for all
K € T with diameter hy the following hold:

1. h < hg < coh at the boundary, and

2. ¢ infiex (2,1) < hg < ¢y sup,ek (z,1).

Here, (z,I") denotes the shortest distance of point = to the boundary I' = 9.

Definition 4. A polynomial degree vector p := (px)ke7 is said to be linear
with slope a > 0 if there exist positive constants ¢; and ¢y, such that

h h
1+aca logTK <pk <1l+ac logTK.

holds for all K € 7.
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In BC-FEM, a hp-FEM discretization is performed, which uses a geo-
metric mesh 7 and a linear polynomial degree vector p. If the slope a of
Definition 4 is chosen large enough, then the convergence rate of BC-FEM is
of the same order as in A-FEM, namely in 2D

|lu — UFEHHI(Q) < HUHH“S(Q)hS )

where u is assumed to have global Sobolev regularity u € [H*(Q)]* with
s € (0,1), and h denotes the mesh size on the boundary.

Note, that the number of unknowns is significantly smaller than in h-
FEM. namely, in BC-FEM the number of unknowns is proportional to the
number of unknowns on the boundary (such as in BEM), whereas in a classi-
cal h-FEM the number of degrees of freedom is proportional to the square of
the number of unknowns on the boundary. This is why the method is called
a Boundary Concentrated Finite Element Method (BC-FEM) [33]. And this
is the conceptional difference to other hp-adaptive strategies: The method
exploits the knowledge about the regularity of the solution in a way, that
it searches for the smallest (and sparse) system which allows for the same
convergence rate as is obtained in a uniform A-FEM.

Here we come to the extension of BC-FEM, which we call ZC-FEM: In
elastoplasticity, BC-FEM can be applied for the purely elastic region, where
the solution is known to be analytic [10], whereas the plastic region, where
the solution is known to be just in H?_ [36], is discretized by using a classical
h-FEM. Usually, when applying BC-FEM, the geometric mesh 7, and the
linear polynomial degree vector p can be constructed in advance, since the
position of the boundary is known. This is different when using ZC-FEM for
elastoplastic problems. The interface between plastic and elastic parts of the
domain, which represents a part of the boundary of the elastic zone, is not
known in advance. This is due to the fact that the calculation of the plastic
strain field relies on the solution of the problem (the displacement field), as
it is pointed out in equation (16). In other words, after every refinement step
the interface will probably move. Thus, one has to estimate, which parts of
the domain will be plastic at the next step of refinement. This task can be
handled by two different strategies:

The first is to test the analyticity of the FE-solution as presented in
Algorithm 2 (with o = 0). This would yield an optimal prediction of the
plastic zones in the next step of refinement. Although, the prize we pay is
a fairly high-dimensional test situation, since the polynomial degree of the
shape functions has to be high (experimentally: greater than 4) in order to
obtain a reasonable prediction of the plastic zones.

The second option is to mark all elements for h-refinement, if they behave
plastic at this level of refinement, i. e., where the plastic strain p, yields

23



|Pk|| 22(x) > 0, and additionally mark elements for h-refinement, which have
a common vertex with those. This technique implicitly assumes, that the
elastoplastic interface of the FE-solution after the refinement will move no
further than at most one layer of elements from its former position.

The resulting method has the same accuracy as a classical A-FEM, i.e.
|u —urg| g1 @) = O(h), but the number of degrees of freedom is significantly
smaller: Considering h-FEM in two dimensions (d = 2), the number degrees
of freedom is roughly O(N?), with N = h~! denoting the number of nodes
on the boundary of the domain, whereas in BC-FEM it is O(Ng) + O(N3),
where Ng is the number of nodes on the boundary of the purely elastic
sub-domain, and Np the number of nodes on the boundary of the plastic
sub-domain. Thus, this method pays off in situations, where the area of the
plastic regions is small compared to the overall domain.

4 Numerical Examples

We discuss three different numerical examples, for each of which a uniform
h-FEM and four different hp-adaptive FEM strategies are performed:

o Strategy 1 is a Zone Concentrated FEM as outlined in Subsection 3.5.
It is the combination of a-priori h-refinement towards the boundary
and the plastic zones. An element is treated as a part of the plastic
zone, if one of its vertices belongs to an element, where the plastic
strain is nonzero, ||px||z # 0. The remaining part of the domain, which
reacts purely elastic, is discretized by a geometric mesh and a linear
polynomial degree vector (see Definition 3 and 4).

o Strategy 2 exactly recovers Algorithm 2, where the parameters are set
to o = 107* and b = 3. If the FE-solution is of too low order (p < 5)
locally, then testing for analyticity is not reliable, and the element is
marked for p-refinement.

o Strategy 3 is almost identical to Strategy 2, and also using the same
parameters. In difference to Strategy 2, plastic elements (where the
plastic strain py yields ||pk||r # 0) are marked for h-refinement in
advance. Also elements, which have a common vertex with those, are
marked for h-refinement, since the elastoplastic interface may move
from refinement to refinement. This way, the polynomial degree of the
FE-solution may kept low in elastoplastic zones.

e Strategy 4 is the classical hp-adaptivity approach, as in Algorithm 3.
The parameters are set to oy = 1078 and oo = 1074
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Remark 9. In all of the above Strategies, which rely on a-posteriori error-
estimation, the ZZ-error-estimator

ik (upg) = / (ove — opg) : C ' (oFE — o) da,
K

Do KeT i
EKET fK opg : Clofg do

is used. Here, the flux opg = C e(upg) is the elastic part of the stress depend-
ing on the finite element solution upg (element wise), and o}y is the Clement
Interpolation of opg. This error estimator is known to be reliable for elasto-
plastic problems with hardening [4]. However, this error estimator is not
efficient, thus not equilibrated. To the best of the author’s knowledge, there
is no equilibrated a-posteriori error-estimator known for elastoplasticity.

All examples were computed in the framework NETGEN/NGSolve [44].

(45)

n*(upg) =

Example 1. A beam 2 = (0,2) x (—0.5,0.5) is fixed on the left boundary
I'p = {(z,y) € 92 | x = 0} and stressed on the right boundary I'y =
{(z,y) € 00 | x = 2} in positive z-direction with a traction of intensity
lg| = 1.35 (see Figure 2). The material parameters are chosen as follows:
Young’s modulus £ = 1000, Poisson ratio v = 0.3, yield stress o, = 1, and
modulus of hardening H = 10. The graphical output after some steps of
uniform refinement is as follows: The displacement is plotted in Figure 3,
which also shows the deformation of the domain magnified by a factor 100.
The yield function ¢ (8) is plotted in Figure 4. In Figure 5 the plastic zones
(red) versus elastic zones (blue) are shown, whereas Figure 6 and Figure 7
report on the point-wise Frobenius-norm of the plastic strain. The estimated
slope of the FE solution coefficients, as discussed in Algorithm 2, is plotted
in Figure 8. We numerically tested uniform refinement (h-FEM) versus the
hp-FE Strategies 1-4. Let be mentioned, that in all tests the super linear
convergence of the Newton like method was observed. Figures 9-12 illustrate
the polynomial order distribution after some steps of adaptive hp-refinement,
whereas the resulting meshes are shown in Figures 13-16. The approximation
error ||u — upg|/pi(q) is estimated by the elastic ZZ-error estimator (45).
Figures 17 and 18 show the convergence results graphically.
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Figure 2: Geometry and problem description of Example 1.

6.009e-07 6,122e-04 1.224e-03 1.835e-03 2.4d7e-03

Figure 3: Displacement and deformed domain (x100) in Example 1.

-4,198e-01 -3,148e-01 -2,09%-01 -1.,04%e-01 4.441le-16

Figure 4: Yield function ¢ (8) in Example 1.



Figure 5: Plastic (red) and elastic (blue) zones in Example 1.

0, 0008+ 00 2,500e-06 5., 000e-06 7.500e-06 1.000e-08

Figure 6: Frobenius norm of the plastic strain in Example 1.

N - .
4.5802-07 4.58902-06 4.5905-05 4.590e-04 4.5908-03

Figure 7: Logarithmic Frobenius norm of the plastic strain in Example 1.
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9,899=-01 2.583e+00 4.176e+00 5.769e+00 T.363e+00

Figure 8: The estimated slope of coefficients (Algorithm 2) in Example 1.

1,000e+00 2,750e+00 4,500e+00 6:2505+00 B, 000e+00

Figure 9: Polynomial order with Strategy 1 in Example 1.

4,0008+00 5.500e+00 7.000e+00 8.5008+00 1.0008+01

Figure 10: Polynomial order with Strategy 2 in Example 1.
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1.000e+00 2, 000e+00 3. 000e+00 4. 000e+00 5. 000e+00

Figure 11: Polynomial order with Strategy 3 in Example 1.

1.000e+00 3., 260e+00 5., 500e+00 7.780e+00 1.000e+01

Figure 12: Polynomial order with Strategy 4 in Example 1.

Figure 13: Adaptive mesh with Strategy 1 in Example 1.
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Figure 14: Adaptive mesh with Strategy 2 in Example 1.

Figure 15: Adaptive mesh with Strategy 3 in Example 1.

Figure 16: Adaptive mesh with Strategy 4 in Example 1.
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Figure 17: The global estimated error (45) versus degrees of freedom in
Example 1.

1 T T T T
uniform refinement —+—
Strategy 1
Strategy 2 —»—
" Strategy 3 —8—
F—— —m\ Strategy 4
0.1} .
001 E
0.001 .
1e-04 1 1 1 1 1
0.001 0.01 0.1 1 10 100 1000

Figure 18: Here, the global estimated error (45) is plotted versus the time
(in seconds) which was spent per Newton step in Example 1. One Newton

step covers the assembling of the stiffness matrix and a sparse direct solver
(PARDISO).
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Example 2. A beam Q = (0,2) x (—0.5,0.5) is fixed on the boundary
I'p ={(z,y) € 02 | x € (0,0.5)}. On the boundary I'y = {(z,y) € 99 |
r € (1.5,2)} a traction g = (0.9, —sign(y) 0.1) is applied (see Figure 19).
The material parameters are chosen as follows: Young’s modulus £ = 1000,
Poisson ratio v = 0.3, yield stress o, = 1, and modulus of hardening H = 10.
The graphical output after some steps of uniform refinement is as follows:
The displacement is plotted in Figure 20, which also shows the deformation
of the domain magnified by a factor 50. The yield function ¢ (8) is plot-
ted in Figure 21. In Figure 22 the plastic zones (red) versus elastic zones
(blue) are shown, whereas Figure 23 and Figure 24 report on the point-wise
Frobenius-norm of the plastic strain. The estimated slope of the FE solution
coefficients, as discussed in Algorithm 2, is plotted in Figure 25. We numer-
ically tested uniform refinement (h-FEM) versus the hp-FE Strategies 1-4.
Let be mentioned, that in all tests the super linear convergence of the New-
ton like method was observed. Figures 26-28 illustrate the polynomial order
distribution after some steps of adaptive hp-refinement, whereas the resulting
meshes are shown in Figures 30-32. The approximation error ||u — urg|| g1 ()
is estimated by the elastic ZZ-error estimator (45). Figures 34 and 35 show
the convergence results graphically.

I'n
FD k
g
Q
9
o ———
I'n

Figure 19: Geometry and problem description of Example 2.
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1,04de-05 8.3b6e-04 1.661e-03 2,486e-03 3,311e-03

—

Figure 20: Displacement and deformed domain (x50) in Example 2.

-9,915e-01 -7.436e-01 -4,957e-01 -2,4759e-01 2,220e-15

»
Y 4

Figure 21: Yield function ¢ (8) in Example 2

Figure 22: Plastic (red) and elastic (blue) zones in Example 2.
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Figure 23: Frobenius norm of the plastic strain in Example 2.

4,598e-06 4,598e-05 4.598e-04 4,5982-03 4,598e-02

Figure 24: Logarithmic Frobenius norm of the plastic strain in Example 2.
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Figure 25: The estimated slope of coefficients (Algorithm 2) in Example 2.
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1,000e+00 2,.500e+00 4,000e+00 5, 500e+00 7.000e+00

Figure 26: Polynomial order with Strategy 1 in Example 2.

3, 000e+00 4, 000e+00 5, 000e+00 6. 000e+00 7.000e+00

Figure 27: Polynomial order with Strategy 2 in Example 2.

1.000e+00 1.750e+00 2,500e+00 3.280e+00 4. 000e+00

Figure 28: Polynomial order with Strategy 3 in Example 2.
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Figure 29: Polynomial order with Strategy 4 in Example 2.
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Figure 30: Adaptive mesh with Strategy 1 in Example 2.
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Figure 31: Adaptive mesh with Strategy 2 in Example 2.
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Figure 32: Adaptive mesh with Strategy 3 in Example 2.

Figure 33: Adaptive mesh with Strategy 4 in Example 2.
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Figure 34: The global estimated error (45) versus degrees of freedom in
Example 2.

uniform refinement —+—
Strategy 1

Strategy 2 —»—
Strategy 3 —8—
Strategy 4

01

0.01 " " " "
0.01 0.1 1 10 100 1000

Figure 35: Here, the global estimated error (45) is plotted versus the time
(in seconds) which was spent per Newton step in Example 2. One Newton

step covers the assembling of the stiffness matrix and a sparse direct solver
(PARDISO).
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Example 3. A plate with a hole Q = {z € [-10,10]* : |z > 1} is
torn on the top and bottom edges I'yv = {(z,y) € 9Q | |y| = 10} in
normal direction with a traction of intensity |g| = 450. Due to the symmetry
of the problem, only the top right quarter is considered in the numerical
simulation (see Figure 36). Note, that gliding conditions are required on
the cutting edges. The material parameters are chosen as follows: Young’s
modulus £ = 20690, Poisson ratio v = 0.29, yield stress o, = 450 \/%, and
modulus of hardening H = 0.1. The graphical output after some steps of
uniform refinement is as follows: The displacement is plotted in Figure 37,
which also shows the deformation of the domain magnified by a factor 100.
The yield function ¢ (8) is plotted in Figure 38. In Figure 39 the plastic
zones (red) versus elastic zones (blue) are shown, whereas Figure 40 and 41
report on the point-wise Frobenius-norm of the plastic strain. The estimated
slope of the FE solution coefficients, as discussed in Algorithm 2, is plotted
in Figure 42. We numerically tested uniform refinement (h-FEM) versus
the hp-FE Strategies 1-4. Let be mentioned, that in all tests the super linear
convergence of the Newton like method was observed. Figures 43-45 illustrate
the polynomial order distribution after some steps of adaptive hp-refinement,
whereas the resulting meshes are shown in Figures 47-49. The approximation
error ||u — upg||g1(q) is estimated by the elastic ZZ-error estimator (45).
Figures 51 and 52 show the convergence results graphically.
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Figure 36: Geometry and problem description of Example 3.
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Figure 37: Displacement and deformed domain (x100) in Example 3.
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Figure 38: Yield function ¢ (8) in Example 3.
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Figure 39: Plastic (red) and elastic (blue) zones in Example 3.

0, 000e+00 2,500e-03 5.,000e-03 7.500e-03 1,000e-02

Figure 40: Frobenius norm of the plastic strain in Example 3.
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Figure 41: Logarithmic Frobenius norm of the plastic strain in Example 3.
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Figure 42: The estimated slope of coefficients (Algorithm 2) in Example 3.
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Figure 43: Polynomial order with Strategy 1 in Example 3.
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Figure 44: Polynomial order with Strategy 2 in Example 3.
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Figure 45: Polynomial order with Strategy 3 in Example 3.
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Figure 46: Polynomial order with Strategy 4 in Example 3.
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Figure 47: Adaptive mesh with Strategy 1 in Example 3.
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Figure 48: Adaptive mesh with Strategy 2 in Example 3.
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Figure 49: Adaptive mesh with Strategy 3 in Example 3.
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Figure 50: Adaptive mesh with Strategy 4 in Example 3.
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Figure 51: The global estimated error (45) versus degrees of freedom in
Example 3.
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Figure 52: Here, the global estimated error (45) is plotted versus the time
(in seconds) which was spent per Newton step in Example 3. One Newton

step covers the assembling of the stiffness matrix and a sparse direct solver
(PARDISO).
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Conclusions

Let us finally discuss the convergence plots Figure 17, Figure 34, and Fig-
ure 51. Obviously, Strategy 2 works assymptotically best. However, in the
first couple of refinements, the strategy seems to fail. This is due to the
fact, that the polynomial degree has to be large enough, say greater than
4, for the method to work properly. Remember, the decision of whether to
refine in h or in p is left to the least squares fit of a straight line through the
pointcloud (In |uy,|, p + ¢), where u,, denote the coefficients with respect to
the expansion (44). So, the convergence of the FE-solution to the solution
starts very late but fast in Strategy 2.

With Strategy 3, where we decide for h-refinement if an element was in
the plastic zone, the convergence is not so fast assymptotically, but starts
much earlier. This strategy seems to be best for real-time simulations.

Strategy 4 is not reliable. In many examples the author encountered a
great loss of convergence rate at high levels of refinement (see Figure 17).

For Strategy 2 and Strategy 4 it is quite difficult to calibrate the param-
eters properly. Strategy 3 seemed to be less sensitive in this respect.

Despite the rather slow convergence rate in Strategy 1 (about twice as
fast as when using uniform h-refinement), there is a big advantage: there are
no parameters to adjust. This strategy works reliable in any case.
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