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Abstract

The dual space of a primary ideal associated to an isolated point is a topic of study which appears in several
occasions in symbolic computation. In the present work we elaborate on the computation of a representation
for these dual spaces. A basis for the dual space reveals the multiplicity structure of the point under study.
Macaulay’s algorithm is a classic algorithm for computing such a basis [18]. However it is not the most effi-
cient algorithm due to large matrix constructions and redundant computations. There are several improvements
on Macaulay’s algorithm. Mourrain’s integration method serves as the most advanced algorithm, constructing
much smaller matrices [23]]. Both algorithms are incremental, i.e., they compute a basis for the dual space degree
by degree, via computing the kernel of a certain matrix at each step. Recently, an improvement on the integration
method has been developed , which avoids redundancy in computations by computing both a primal and a dual
basis simultaneously [19]. In this work, we generalize the latter result by computing a polynomial primal basis
along with the dual basis. This reduces the size of the matrices even further. We show that a similar improve-
ment can be applied to Macaulay’s algorithm as well. We also introduce the notion of directional multiplicity,
which has applications in studying degeneracy in many problems involving variable elimination, in particular in
arrangements of planar curves.
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1 Introduction

The Problem. Consider an isolated point in the variety of a given ideal and its associated primary component.
The quotient of the polynomial ring modulo this associated primary ideal is a vector space, whose dimension is
the multiplicity of the point. A basis for the quotient and therefore the multiplicity can be computed via Grobner
bases.

It is classically known that the dual space of the polynomial ring is isomorphic to the space of differential
operators acting at the point. This space is in general infinite dimensional. However, the dual space of a primary
ideal is a finite dimensional subspace and can be treated computationally. In fact, the dimension of this subspace
is the multiplicity of the point. Having the dual space of this subspace, a Grobner basis of the primary component
can be obtained from it. Computing a basis for this dual space is the main topic of this work.

Considering the differential operators as polynomials, there is a bound on the degree of the monomials of such
polynomials, the so called Nil-index. The existence of this bound allows us to search for a basis incrementally,
i.e., degree by degree, among the monomials with degree at most Nil-index. In fact a basis can be found among
the linear combinations of such monomials. Assigning symbolic coefficients for those monomials and applying
some necessary and sufficient conditions that the differential operators must satisfy, we obtain a matrix whose
kernel gives us the values of the coefficients.

This argument reduces the problem into the kernel computation problem in some specific matrices. Because
of the structure of the matrices that are constructed at each step of the procedure, they can be very large and also
there are repeated and redundant computations. The problem of making improvements via constructing smaller
matrices and efficient computations is at the epicenter of this work.

It turns out that a basis for the dual space has the advantage of locality compared to a (global) Grobner basis
computation for a given input ideal. The dual space shows us the local multiplicity structure at the point of interest,
which provides us with information on its intrinsic geometry. The multiplicity structure plays an essential role in
several problems related to multiplicity and elimination, which can be treated via directional multiplicities that will
be introduced in this work. The motivation for this work stems from our earlier investigation on using resultants
in Grobner basis computation. The idea was to project a given ideal by resultants and then use it as an element
in the elimination ideal in order to facilitate computing a Grobner basis. This problem lead us to the multiplicity
problem in the elimination ideal of two affine algebraic planar curves. Directional multiplicity can be used to
study the geometric properties of a point and in particular to shed light to our motivational problem.

Previous Work. Multiplicity structure of isolated points has been well studied in literature [12} [18} 130} 226} [19]
and it is an active research field with recent articles on the topic, e.g. [L5]. There are efficient linear algebra
algorithms to compute the multiplicity structure via dual space. A historical work conducted by Macaulay [18]]
shows how to construct the simplest matrices in order to compute a basis for the dual space. This algorithm is
still used widely and several improvements have been made that make Macaulay’s algorithm faster. Wu and Zhi
worked on a symbolic-numeric method for computing the primary components and the differential operators [29],
which is based on an algorithm for determining the dual space that is mentioned in the book [26] by Stetter. In [30]
Zeng used the ideas in Stetter’s algorithm and introduced his closedness property in order to make Macaulay’s
matrices smaller. Mourrain gave a new algorithm based on integration in [23]], which is more efficient than the
algorithm of Macaulay in terms of the size of the matrices. This algorithm was improved by Mantzaflaris and
Mourrain in [[19] by adding a new criterion. A detailed review of the integration method and its application to root
deflation methods is given in [20]

Marinari, Mora and Moller’s work on dual spaces in [21} 22]], includes studying the behaviour of the dual space
under projection, which is the base of our result related to the use of dual elements to study the elimination ideal.
A survey on dual spaces, including Marinari, Mora and Moller’s main results, is given in the book by Elkadi and
Mourrain [12]. Also Bates, Peterson and Sommese have worked on the multiplicity of the primary components [3].
Li and Zhi’s have investigated computing the Nil-index [[17]. Examining the multiplicity structure via deflation is
exhibited in the work of Dayton and Zeng [[11] and Leykin and Verschelde [16].

Polynomials elimination theory is an old and central topic. The two main tools in elimination theory are Grob-
ner Bases and resultants. Our motivational ideas for using resultants in Grobner basis computation is described in
[24]], which considers the elimination problem independent of the dual computation.

Buchberger introduced and expanded the Grobner basis concept and gave an algorithm for Grobner bases
computation in his PhD thesis [3,/6]. Grobner bases initiated a field of study in computational commutative algebra
and algebraic geometry. The applications of Grobner bases are countless both in theoretical as well as practical



problems, when dealing with algebraic systems. Apart from the application of Grobner bases in computing the
multiplicity, we will extensively use its elimination property [6]] that allows computing the elimination ideals.

Resultants is a classic tool in elimination theory. It has been extensively studied by Sylvester, Bezout, Dixon,
Macaulay and van der Waerden [27, 28]. A smooth introduction to resultants, including Sylvester and Macaulay
resultants is given in [8]] and [9]. A survey on computational methods is given in [[13]], and a modern view towards
the topic is [14].

Contributions. The main contributions of this work are improvements to the integration method and Macaulay’s
algorithm. As the size of the matrices constructed in each step of the algorithms is the main obstacle in compu-
tations, we propose criteria that allow deleting some columns from the matrices in order to reduce the size of the
matrices.

For the integration method, the state of the art algorithm, in Proposition[§|we give an explicit generalization of
the improvement done in [[19], as we detect and use a polynomial basis for the quotient rather than the monomial
basis. The new primal bases are in accordance with [23, Prop. 3.7], which can be generalized for the case in
question. Corollary [I9]shows our criterion for deleting some columns such that the kernel of the new matrix only
detects new members of a basis of the dual space, which avoids recomputing the lower degree basis elements that
are obtained in the previous steps. The reduction of lower-degree elements has been employed in [19] using a
different criterion; however, under certain circumstances this criterion can increase the row-size of the matrix.

For Macaulay’s algorithm, we propose two criteria, each reducing the size of the matrices at each step drasti-
cally. First we show Criterion[22] which is similar to the one for the integration method that deletes some columns
at each step, so that we do not recompute the previously computed basis elements. Moreover, using the properties
of the dual space, we show Criterion[TT]that predicts that some columns will not appear in the basis. These criteria
employ the ideas of the integration method in order to reduce the size of the Macaulay matrices.

Apart from those criteria that can be used for computing the whole dual basis, we introduce the notion of
directional multiplicity in Definition[5] which can give us more information than the Nil-index, a classic invariant
which has been the topic of various studies in the multiplicity structure field. Our modified algorithms can be used
in several cases to compute the directional multiplicity faster than the whole dual space.

An interesting interplay between the directional multiplicity and the degree of the elimination ideal is pre-
sented. As an application, in studying arrangements and topology of curves one can use directional multiplicities
in order to project the extreme point of a curve.

Structure of the paper. In Section[2] we first give a short introduction to dual spaces of polynomial rings. Then
we focus on the multiplicity structure of an isolated point. In this way, we introduce directional multiplicity and
the extended Buchberger diagram. We show bounds on the directional multiplicities with respect to Nil-index and
the intersection multiplicity. Section [3]includes our main results. After demonstrating the existing algorithms for
computing the dual space, we show our improvements on those algorithms and discuss the advantages. Section 4]
contains two subsections. In Subsection|.T|we briefly show some applications of directional multiplicities in com-
putational problems. Subsection [4.2]includes the main problems that we are considering as the future directions
of research.

Notation. We introduce the following notation that will be consistently used in this paper, unless otherwise
is stated. For every ideal I < K[z1,...,z,] and for J < {1,...,n}, the elimination ideal of I with respect
to J consists of those polynomials in I that contain only the variables indexed by J and is denoted by I; :=
InK[z1,...,Zy,...,2,]. The i-th elimination ideal of I is defined tobe I; 11 ., := I nK[x;41,...,2,].

2 Directional Multiplicity

In this section, we take a look at the dual space of an ideal. This leads us to introduce the notion of Directional
Multiplicity. Directional multiplicities give us a lot of information about the multiplicity structure at an isolated
point. Using Lemma 3] we provide a sound definition of directional multiplicity. Then, we show that directional
multiplicities can be bounded and can bound some other invariants of an ideal, namely the Nil-index and the
intersection multiplicity.



2.1 Preliminaries on the Dual Space of a Polynomial Ring

We present a brief review of the dual space of polynomial rings from [23]]. Let R = K[z1,...,2,] and consider
it as a vector space over K. Denote by R the dual of R and note that it is a (not necessarily finite dimensional)
vector space. Let { = ((1,...,(,) € K*, a = (ay,...,a,) € N and define

d: R — K

p = (de)™ .. (de,)™ (P)(C), (M

Then 82 acts on p first by differentiation and then by evaluation at the point (.

In [23]], Proposition 2.2 states that every element of the dual of R can be written as a formal power series of
linear functions. More precisely, there is an isomorphism of K-vector spaces between R and K[[0c]] given by the
following correspondence:

Ra\ <« A= EA(H@PQ)M) L & e xla).

1

aeN” H i
For the rest of this work, unless otherwise stated, we assume that ( = 0. When it is clear from the context, we
will use 0" instead of 2. Also K[[dc]] denotes the K-vector space of power series in the variables dz1, ..., dz;,

which are linear forms that act on R as described in Equation([1] If it is clear from the context, we will use K[[2]]
instead of K[[0,]]. From now on, we identify 1 with K[[¢]]. Also we may use 0} instead of ﬁ&g in order to
simplify computations.

One can consider R as an R-module, with multiplication by 0 at i-th coordinate in K[[0]] acting as a
derivation on polynomials. The orthogonal of an ideal I of R, i.e.,

It = {)\ER: A(f) =0 er]}

can be seen as a linear subspace of K[[d,]], for every ¢ € K™, as shown in [23]], Proposition 2.6.

Among ideals in R, primary ideals corresponding to an isolated point have an important property. Unlike
an arbitrary ideal, the ortoghonal of such a primary ideal I can be identified by elements of the orthogonal of
that admit only finitely many non-zero coefficients. In other words, their orthogonal contains only polynomials.
In fact, not many ideals are primary ideals corresponding to isolated points. However, if the given ideal has
a primary component corresponding to an isolated point, then we can forget about the other components and
work only on that component. Therefore, we deal with the local properties at one single point, i.e., the point
corresponding to that primary ideal. Based on the above observation, we let { be an isolated point of the variety
of I. Then the primary decomposition of I contains a primary ideal Q)¢ whose radical is of the form m; =
(1 —C1yee sy — Cuy. If VI = m¢, then we call I an m¢-primary ideal and usually we denote it by Q.
Marinari, Mora and Méller in [21] have shown that the m.-primary ideals are in one-to-one correspondence with
the non-null vector spaces of finite dimension of K[d], which are stable under derivation. This work is attributed
to Grobner.

The following theorem and in particular its corollary are essential for the algorithms that will be presented
later.

Theorem 1. (Theorem 3.2, [23|]) Let I be an ideal of R with an m-primary component Q¢. Then
(I AK[G]) = Q¢ and Q- = I+ A K[3],
L 1
where (I* A K[o])" = {feR CA(f) =0 VAe<D>}.

From now on, given an m¢-primary ideal ()¢, D will stand for a basis for Qé‘. Therefore (D) = Qé‘ =
IJ‘ N K[a(:]

Corollary 2. ([23]) If I = Q¢ is an wm¢-primary ideal, then we can identify 1 L with a linear subspace of the
polynomial ring K[0].

Therefore, we are after computing a basis for a finite-dimensional linear subspace of K[d¢].



2.2 Definition and Properties

Studying dual spaces, we define the directional multiplicity and show some of its properties. We also show how
directional multiplicity gives information useful for elimination.

We first prove that the set of monomials that appear in elements of Q is exactly the set of monomials 0* such
that 22 ¢ @), where 2* = z{* - - - 2. Let us observe that

*(2®) = [ ] da, 2)
where 0; ; is the Kronecker delta. We prove the following proposition that first appeared without a proof in [[19].

Proposition 1 (Characterization of Monomials in Q1). Let Q = Q¢ be an m¢-primary ideal. Consider Qtasa
sub-vector space of K[0¢| as above. Then

U swp(d) = {o]a" ¢ Q.
AeQ+
where supp(A) is the set of monomials with nonzero coefficient in A.

Proof. By Theorem[T] for all f
feQe (MNf)=0forall \e Q).

Now choose a basis D < K[d] of @+, the above implies that for all f
fe@Q< (A(f)=0forall e D).
We are ready to prove the thesis:
”c* If 0 is in supp(A) then the monomial z? is not annihilated by A (see Equation , which implies z? ¢ Q.

D If 2* ¢ @, then there exists A\ € D such that A\(2®) # 0. Let A € K[d] be the differential operator
corresponding to A, so A(z?) # 0. By Equation 2] we know that m(z*) = 0 for all monomials m in
supp(A) which are different from ¢®. Hence 0 has to be in supp(A).

O

Now that we have a picture of the monomials in Q*, we want to know how they look like under projection.
The following result shows that the objects introduced so far, behave well in the framework of elimination theory.

Proposition 2 ([12]], Proposition 7.19 ). Let 7 be the linear map

m: K[[dz1,...,dz,]] — K[[dze,...,dz,]]

A —  A(0,dxa, ..., dzy).
Also suppose that I is an ideal in R and I ., = I nKlxo, ..., x,] is its first elimination ideal. Then we have
(Io,..)" = 7 (IY).

We use the above proposition in order to prove the Dual Projection Lemma which shows how to get a basis of
the dual space of the elimination ideal, having a basis for the dual space. Note that I in Proposition [2|can be any
ideal, however the following lemma is only for the local case, i.e., when we are working on an m¢-primary ideal

Q= Q.

Lemma 3 (Dual Projection Lemma). With the hypotheses ofProposition suppose that D = {Ag, Ay, ..., \j_1}
K[0] is a basis of Q*. Let Q2. = Q nK[xa,...,2,]. Then

1
Q2. = Noldz,=0, AMldz,=0, -+ Ai—1dz, =0 -
Proof. We prove the lemma by proving two inclusions.

(2) Foralli, (1 < i <1—1),since A; € QF, therefore we have that A;|4,,—0 € Q% |4z,—0. But since by
propos1t1on Q" ldzi=0 € Q3. then Aylae,—0 € Q3. ,,. This means that (Ao|az, -0, A1lde,—0) S

€
Q2,...7n'



(S) Suppose that A’ € Q3. Since by Proposition QF |z, =0 € Q... then A’ € Q*|4z, 0. Therefore,
there exists a A € Q, such that A’ = Ay, —0. We know that Q~ = (A, A1,...,A;_1). So, there exist
-1

-1
¢ €K (1<i<l—1),suchthat A = > ¢;A;, and therefore A|gy, =0 = D ¢iAi|dx, =0, which means that
i=0 i=0
-1
AN = > ¢;Ai|gz, =0- Therefore
i=0

A € (Aoldzy =05 Mtldwy =0 - - - s Ni—1]dzr =0 -

Thus, Qi’n c <A0|da:1=07 A1|da:1=07 ceey Al*1|d$1=0>'
[

Corollary 4. Let D = {Ag,Ay,..., A1} = K[J] be a basis of Q*, and Q; = Q n K[z;], for 1 < i < n.
Denote by A|qg, -0 the polynomial obtained by substituting dzj = 0 for 1 <i # j < nin A. Then

Q7 = (Noldwi20s Mldziz0s - - - Mi—1de;20) -

Moreover, there exists p; € N such that

L i—1
Q; =<1,dwi,...,d:cf >
Now we have the necessary tools to define the notion of directional multiplicity.

Definition 5 (Directional Multiplicity). Let ¢ be an isolated point in the variety of an ideal I and Q)¢ be the
corresponding w¢-primary component. Using the notation of Corollary |} for 1 < i < n, we define the i—th
directional multiplicity of C to be ;.

In order to give an intuition of directional multiplicity, we take a look at the quotient /2 / Q¢ » which we will
denote by B¢. If we consider this quotient as a vector space, finding a basis for such a quotient was the task given
to Buchberger for his PhD thesis by Grobner, which led to the invention of Grobner bases [3]]. Let us recall that
the multiplicity of ( is defined as dimy R / Q¢ - We will denote the multiplicity by w1(¢) or simply by p if ¢ is
clear from the context. Another notion that is highly studied in the literature and describes an intrinsic parameter
of an m-primary ideal is the Nil-index, e.g. see work in [17].

Definition 6. The Nil-index of an w¢-primary ideal Q. is the maximum integer N € N such that mév ¢ Qc.
There is a tight connection between the dual space of m¢-primary ideals and their Nil-index.
Lemma 7. (Lemma 3.3, [23]]) The maximum degree of the elements of I+ N K[0,] is equal to the Nil-index of Q..

Theorem [I] and Lemma [7] show that we can find the monomials of D by searching among those monomials
of I+ that have degree at most the Nil-index, i.e., there exists a degree bound over the monomials of D. These
monomials are actually the monomials under the Extended Buchberger Diagram which is defined below.

Definition 8 (Extended Buchberger Diagram). The Extended Buchberger Diagram of an m¢-primary ideal Q)¢ is
obtained by considering all the monomials that appear in a basis of the dual space of Q)¢ .

We can think of the Nil-index of () as the largest degree of the monomials under the extended Buchberger
diagram. Figure[I|shows the extended Buchberger diagram and all of its monomials for Example

Note that the monomials under the Buchberger diagram with respect to an ordering form a vector space basis
for R /@ . They include some monomials in a basis of Q™ but they do not necessarily include all the monomials
in D. In particular, they may not include the highest powers of dz;, i.e., the monomials corresponding to the
directional multiplicities. However in the extended Buchberger diagram, one can see all the possible monomials
in D, which are all the monomials that do now appear in (), which include all the monomials in the Buchberger
diagram of Q).

The above comments are illustrated in Figure [2| The black dots show a basis for R / Q. while the white dots
are the rest of the monomials in the basis of Q™ see also [20] for a similar diagram. Also Figures [3|and E] show
the quotient of the elimination ideal with respect to = and the quotient of the elimination ideal with respect to y,
respectively. In Figure 3| black dots are the basis for Q3 and the white dots are the rest of the monomials in the



Figure 1: Extended Buchberger Diagram for Example[12]

Figure 2: Extended Buchberger diagram vs a basis for B wrt a degree ordering for Example@

Figure 3: Extended Buchberger diagram vs directional multiplicity wrt  for Example [12]
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Figure 4: Extended Buchberger diagram vs directional multiplicity wrt y for Example[I2]

dual basis. In Figure Ié—_lL black dots are the basis for 1 and the white dots are the rest of the monomials in the dual
basis.

Considering the above figures, one can see that the extended Buchberger diagram includes the Buchberger
diagram with respect to every order. N is a bound for the degree of the members of a Grobner basis with respect
to every order. Directional multiplicity with respect to an axis is the largest intersection point of the extended
Buchberger diagram with that axis. The Buchberger diagram does not necessarily have an intersection with the
hyperplane x1 + - - - + x,, = N, but the extended Buchberger diagram does have at least a point in common with
that hyperplane.

Example 9. Let I = (f; = 2® + %, f, = 2"y*). The origin is a root of the system with multiplicity p = 67.
We have that A = 18, while p; = 15, s = 9. The reduced Gribner basis for I with respect to the lexicographic
order (z > y)is {fi = 2% +3°, fo = x7y4,gy = y°}, and with respect to lexicographic order (y > z) is
{fi =v° + 28, fo = y*27, g, = 215}, where gy and g are the generators of the elimination ideal with respect to
the lexicographic orders z > y and y > x respectively.

These observations give us the intuition that the directional multiplicities are at most as large as the Nil-
index. Also their product gives us the volume of a cuboid which contains the Buchberger diagram. The following
statements make the comments above more precise.

Remark 10. One can easily see that the Nil-index is as large as the multiplicity and also the multiplicity is
bounded by the number of lattice points in the n-simplex. The simple conclusion of the definition of " and  is

that
N < p < Number of Lattice point in the n-simplex = ( o .
n

Proposition 3. Let . be the multiplicity of an isolated point . Then
e u; < p foreveryl <i < n.

M IS M-

1<ign
n
* Y pui—n+1l<p.
i=1

Proof. For the first part, recall that dimKQé— = 1 and that y; is the dimension of a vector subspace of Qé‘. Thus
Hi <

For the second part, first remember that for every 1 < ¢ < n, pu; is the largest degree of the elements in
Qé N K[d;]. This means that x; + 1 is the largest possible degree of z; in R /@Q. Since p = dimg R /Q, we
conclude that p < ] p.

1<i<n
For the third statement, note that as argued above, dx}* € Qé if and only if a; < ;. This means that 7" ¢ Q¢
if and only if a; < p;. Now, forall 1 < i < n, let A; = {1,2;, - ,xf“fl}. Then, {|JA4;) < R/QC as
vector spaces. Note that the elements of | J A; are linearly independent. Then dim{| JA;) = > s —n+1 <
dimR /Q. = puand the result follows. O



Proposition 4. Let N be the Nil-index of Q.. Then
e N = p; foralll <i<mn,

« N K Z Mi —n

1<igsn

Proof. According to the definition of the Nil-index we have mé‘/ ¢ Q¢ and mé\f o Q¢. Since m/,;\[ =

1 = Clyeeny T — Cn>N, therefore (z; — Ci)N ¢ Q¢ and (z; — Ci)N“ € Q¢. By the definition of y; and
the Proposition dat (z; — ¢)YN = 0and dat (z; — G;)N =" # 0. Therefore p; < N.

For the second part, note that for all z;, dti~! € supp(Qé-) and dii ¢ supp(Qé-). Therefore by Proposition
2! ¢ Q and 2/ € Q;. Consider A = {a € N"| |a| = Y)(u — 1) + 1}. By the Pigeonhole principle,
there exists an 7, 1 < ¢ < n, such that :Lf‘ ‘|2*. Therefore 2* € Q¢ for all a € A, which implies that m|<a| € Q¢ and
N < |a| =1+ >}(u; — 1). The result follows by minimality of \V.

Remark 11. The inequalities in the Propositions [3|and 4] are sharp. An example that shows this, is the univariate
case, where I = Q¢ € K[z]. In this case the Nil-index of I; = p is equal to its i-th directional multiplicity,
which is equal to the degree of (x — () in g, the monic generator of the elimination ideal. The latter doesn’t happen
by accident. We will discuss more about this in Section 4.2}

A geometric interpretation of the i-th directional multiplicity at an intersection point is be the number of
instances of the intersection point that can be seen when we look at the intersection point in the direction parallel
to the x; axis. Some of the presented inequalities are direct consequences of the definitions, and reveal interesting
properties of this new notion. In particular, knowing the directional multiplicities we can deduce information
about the multiplicity or the Nil-index. Thus, the notion of directional multiplicity is, in this sense, a refinement
of multiplicity and Nil-index. Moreover, in some applications, this refined information is crucial, as described in

Section 411

3 Algorithms for Dual Basis and Directional Multiplicity

In this section we present modifications of Macaulay’s algorithm and Mourrain’s integration method for computing
a basis for the dual space efficiently. These algorithms give us in addition the directional multiplicities. Before
presenting our modifications, we review the two approaches for computing the dual space of an m¢-primary
component of a given ideal I = (f1,..., fo) € K[z1,...,z,]. We refer the reader to [20] for a recent overview.
These algorithms compute a basis D for Q+ degree by degree. Let D; be the subset of K[0,] that contains degree
t elements of D. Then Dy = (1). The algorithms extend D; into Dy, a basis for the degree ¢ + 1 part of Q*,
until D; = Dy, 1. Then we can conclude that D = D, and we have the basis D. We set d; := dz; for presentation
reasons in what follows.

3.1 Macaulay’s Algorithm

Macaulay’s algorithm [I8] is the first algorithm for computing a basis for the dual space Q. It is based on a
simple condition that the coefficients of the elements of the dual space must fulfill. Let A = > \,d%, where
la|<N
we use the multi-index notation with d = dyds - - - d,,. Then A(f) = 0 for all f € I if and only if A(xPf;) = 0
forall 3 € N* and 1 < ¢ < e. This observation, for 1 < |3| < N, reduces checking that A(f) = 0 for an infinite
number of polynomials f into checking the finitely many conditions that are given in the right hand side. Namely,
it suffices to impose conditions on A, ’s, the coefficients of A. For 1 < || < N, we obtain a system of linear
homogeneous equations and construct the corresponding matrix. The rows of this matrix are labeled by x f; and
the columns are labeled by d*. Every element in the kernel of this matrix is a coefficient vector, corresponding to
an element of D.

Macaulay’s algorithm starts with Dy = {d° = 1}. At step t, the algorithm computes the polynomials A (z® f;)
for deg(A) < t and constructs the coefficient matrix. The kernel of this matrix contains coefficient vectors of
elements of a basis D;. If D; = D,_1, then the algorithm terminates, otherwise continues with computing Dy 1.

We illustrate the algorithm by two examples.



Algorithm 1: Macaulay’s Algorithm

Input: A basis for an m-primary ideal Q¢

Output: A basis for the dual of Q¢

def ComputeBasis:

Doy =

Dyew = {A =d° =1}

while Dold #* Dnew:
Dog = Dhew
Construct matrix M., the coefficient matrix of Dy,
Do = kernel(Myey)

| return D,

Example 12. Let

=2+ @y—-1)7-1
2

fa=y".
Then for the root (0, 0), we have that
1 di do
_fif0 0 =2

The kernel of this matrix yields the basis D; = {1,d;}. In the second step, we have

1 dy dy &2 didy d2
fi 00 -2 1 0 1
fa 00 0 0 0 1
x 00 0 0 -2 0
M, = xiﬁ 00 0 0 0 01 “)
zfi {00 0 0 0 -2
z2ft \O 0O 0 0 0 0

from which we have Dy = {1,d1,2d? + da}. The algorithm runs until step 4, during which we have a matrix of
size 20 x 15, and
D3s=D, = {1,d1,2d% + d2,2d§ + dldg}.

Thus, p =4, u1 =4 and py = 2.
Example 13. Let
fi=vy°
fa = 2*y?
fs =a" — 2%y

The matrices in the first, second and third steps of the algorithm are zero matrices. So we have D; =
{1,dy,da}, Dy = {1,d1,ds,d3,dydy, d3} and

D3 = {la dla d2>d%a d1d27 d%a d?>d1d§7d%d2}

The computation goes on till step 5, during which we have a matrix of size 45 x 21 whose kernel gives the dual

basis
Dy = D5 = {1,dy,do,d?,d1d2, d3, d3, dvd3, d2da, d} + dida}.

Thus, pp = 10, 41 = 5 and pe = 3.
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3.2 Integration Method

Macaulay’s algorithm is not efficient. In every step it builds new matrices which include previously constructed
matrices, thus some computations are repeated.

In [23], Mourrain suggested another algorithm, which builds smaller matrices, further improved in [19]. We
will demonstrate the improved version in this section. We first present the necessary background.

Given a basis for the vector space Be = K[z1,...,2,] / Qc» one can construct a basis D for Q* and vice
versa. This can be deduced from the constructions in the work of Macaulay in [18]]. The work of Mourrain in [23]],
shows the construction explicitly. Moreover, Mourrain has shown how to construct a Grobner basis for Q)¢ having
a basis for Q. Below we will explain the construction of D from a basis of B as in [19] in brief.

For every A € Q*, let Supp(A) be the set of monomials that have a non-zero coefficient in A. Proposition
says that 0® € Supp(A) if and only if 2* ¢ Q. for a € N". Let us denote by Supp(Q~) the union of supports of
all elements of @ and by s its cardinality. Then

Supp(Q*) = | ) {Supp(A)} = {0*|2" ¢ Qc}.

AeQt

Since the degree of the monomials in Supp(Q+) is bounded by the Nil-index of Q)¢, the above sets are finite. One
can find a basis B = {z/1,..., 2P} for B; among the monomials in the above set. Then for every monomial
2% € Supp(Q*) such that 277 ¢ B we can write

“w
Vi = Z )\ijlﬁi mod Qg.
i=1
Now let
s—p
A = d% + Z Nijdi. (@)
j=1
Then {Aq,...,A,} is a basis for Q*.
Given a basis D for QL, consider the matrix M € K#*# of the coefficients of the elements of this basis. Every
set of 1 independent columns of M gives a basis for B.. Let G be the matrix whose columns are the columns of
M indexed by d”. Then

Biovoe Buom o Y
All 1 0 )\171 )\175_#

G™'M = : 3 : S (6)
A\ O Lo Aut oo Mus—p

which gives a basis of the form 3]

Having the above matrix construction, we are ready to explain Mourrain’s algorithm. The algorithm is based on
integrating elements of Q;- , in order to generate the elements of ;- with symbolic coefficients, and then applying
necessary and sufficient conditions on the generated elements, gives a system of equations for the coefficients.
Similar to Macaulay’s algorithm, each vector in the kernel of the matrix determines the coefficients of an element
in Qf. The following definition is useful in what follows.

Definition 14. For every A € K[d] and 1 < i < n, denote by Si A the i-th integral of A, which is defined as
follows.

JA =de K[@] such lhaldi((b) = Aand@(dh...,di,l,di = O,di+1,...,dn) = 0.
i

The next theorem provides a generic, compact representation of the dual elements by exploiting the properties
of derivation in the dual space.

Theorem 15 ([23, [19]). Let {A1,..., Ay} be the basis D;_1 with the coefficient matrix of the form @ vielding
the standard basis B; = {xP|1 < i < m}, i.e., the elements of the basis B that are of degree up to t. An element
A € K[0] with no constant term is in Dy if and only if it is of the form

m

A—Z}lkz])\ikLAi(dh...,dk,O,...,O), 7
i=1k=1

where \ij € K, and the following conditions hold

11



1. foralll<k<l<n,
Z)\kdl Z)\ldk (®)

2. foralll <k <e,
A(fr) =0 €))

3. foralll <i<m,
A(zP) = 0. (10)

The first condition implies that the new elements A that have been introduced are stable by derivation. The
second condition comes from the fact that A must be inside Qé. Based on Theorem , having Dy =
{A1,...,An}, we have an algorithmic way to compute D;. Consider A from the theorem with symbolic coeffi-
cients A;;. Plug A into the conditions of the theorem and obtain a system of equations. In step ¢ the corresponding
matrix will look like below.

A1P11 oo+ AaPin oo AelPel  ---  AenPen
A(f1)

M, = A( £) . an
Condition 8]
Condition [I0]

By abuse of notation and for simplifying the presentation, we use the symbolic coefficients \;; instead of the
product of \;; by the polynomials p;; = Sj A;i(di,...,d;,0,...,0) in order to label the columns of M;. The
kernel of M; will give us the possible values for \;;.

The first two conditions already guarantee that A € D; [23]. However, we might have that A € D;_; as well.
This means that we reproduce the elements of the previous step. The third condition which has been introduced
in [19]], gives us a sufficient condition for having A € D;\D;_;. This helps with avoiding repetition of the
computations that have been done in the previous steps by adding new rows to the matrix, which in some cases
may lead to removing some column. It also provides a method to compute a basis D at the same time as a dual
basis for Be.

Algorithm 2: Integration method

Input: A basis for an m-primary ideal Q)¢
Output: A basis for 12 / Q. and a basis D for Qé
def ComputeBasis:
Dold =

new {A do = 1}
while D,y # D\t
Dold = Dnew

Z ZAszk i(dy,...,dg,0,...,0)

1h=1
foralll <k <I< Z Xikdi(Ag) — Z Aidy(A;) =0

i=1 i=1
forall1 <k <e A(fr) =0
forall 1 <k <m, A(z%) =0
Construct matrix My, the coefficient matrix of A
Compute a basis Ky, for kernel( My, )
Drew = Do U Koew

| return gy,

Below, we do the computations for Examples[I2]and [I3] first without and then with considering Condition[I0]
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Example 16 (Computations without Condition [10|for Example[12).

di  dsy
A(f1) (0 =2
My= () (0 0 ) (12)

which is the same as the matrix in Macaulay’s algorithm, and D; = {1, d;}. Continuing into the second step
(A € D,), we apply the first two conditions on A = \1d; + Aada + A3d3 + Ay(d1dz), which gives us the matrix

di dy 2 dydy
Conditionl® /0 0 0 0

My = A(f1) 0o -2 1 0 | (13)
A(f2) 0 0 0 0

which has two columns less that the second matrix of Macaulay’s algorithm. We have Dy = {1,2d? + ds, d; }.
The third and fourth step matrices are also smaller than the ones in Macaulay’s algorithm.

Example 17 (Computations for Example [I2] with Condition [T0). I this case the matrix of D, is the same, while
the matrices for Dy and D3 are different.

di d
=3 (0 0) as

which is the same as the matrix in Macaulay’s algorithm, and D; = {1, d; }.
In step 2 we have
diy  do d% dyds
Conditionl0l [ 1 0 0 0
_ Conditiond 0o 0 O 0
T A(f) 0o -2 1 0
A(f2) 0o 0 O 0

Condition implies that \; = 0. Therefore we can remove column one from M.

M, 5)

Example 18 (Computations with and without Condition |10 for Example . Dy = {1}. If we do the compu-
tations without considering Condition[I0] then in step 2 of the integration method, we will reach to a 3 x 2 zero
matrix, which has one column less than the matrix in Macaulay’s algorithm. The matrix in step 3 is a 3 x 5 zero
matrix, which is much smaller than the matrix in Macaulay’s method.

Re-doing the computations considering Condition [I0} we get M, and M; same as above. In step 2, My is a
matrix of size 5 x 5. The two extra rows in this case comes from Condition[I0] However each of the two last rows
simply will have one nonzero coordinate, which implies that two of the coefficients \;; are zero. Having the value
of a coefficient equal to zero means that we can remove the corresponding column from the matrix and therefore
the size of the matrix will finally be 3 x 3, smaller than the previous one. In step 3, applying Condition [T0} we
will get a matrix with 4 columns instead of 9 columns in the previous case.

In the next subsection we will show modifications on the above algorithms in order to make them more efficient
for computing the directional multiplicities.

3.3 Modified Algorithms for Dual Basis

In this subsection we present modifications to the integration method and Macaulay’s algorithms, which make
computations more efficient. In particular, we give a more efficient criterion than Condition [I0]in the integration
method.

We will use the following notation throughout subsection We denote the Nil-index by . Let ¢ be a fixed
number between 1 and N. We refer to the current step of the algorithm as step t. Same as previous sections,
D is a basis for Q* and therefore (D) = Q*. D stands for the degree ¢ part of a basis of Q. Obviously
(Dy) is a sub-vector space of (D). If we assume that D; is equipped with a total degree term order, e.g. degree
lexicographic ordering, then the leading term of an element A of D, is denoted by 1t(A). If v is a column of a
matrix M, then M — v denotes the matrix obtained by deleting the column v from M.

13



3.3.1 Modifications on Integration Method

Let M; denote the matrix in step ¢ of the integration method and ]\7[; denote the matrix that is constructed in step
t without considering Condition We assume that D;_1 = {Aq,...,A,,} is already computed in step ¢ — 1.

In the integration method, columns of M; (similarly for J\Z) are labeled by the \;;’s appearing in A (see
Equation . Fix one of the A;;’s and call it A. We denote by vy the column of M; (similarly for ]\Z) that is
indexed by A. Then p) denotes the corresponding polynomial.

A basis D of Q= is in one to one correspondence with a basis K for K er(m) (also D, is in one to one
correspondence with a basis K; for K er(Z\Z)). In step ¢, this correspondence is reduced to a correspondence
between D; and K, a basis of K er(Z\Z)). If there exists a vector q € K, for which the coordinate corresponding
to A in this vector is nonzero, then we say that vy is active in D;. In case we explicitly know such a vector ¢,
i.e., a particular element of the kernel corresponding to an element E of D;, then we say that v, is active in E.
Since, M;_1 is a sub-matrix of M; and j\_/[: is a sub-matrix of ]\Z, if it is clear from the context, by a column of
M, _1(respectively M:) we will refer to the corresponding column in M, (respectively ]\Z) as well. We work on
]\Z rather than M, in this section, although many of our arguments are correct for M, as well.

We start with a proposition that provides us with an improvement on the integration method, related to Condi-

tion

Proposition 5. Let M,, M,_1, Dy, A, (1 <i<m),\ pyand vy be as above.
Then the following hold.

1. If vy is a column of My, then vy, is active in D, if and only if vy can be reduced to zero by other columns of
M.

2. Forall 1 < i < m, if vy, is active in \;, K{ is a basis for Ker(M; — vy,) and D}, is the set of its
corresponding dual elements, then {A;} U D is a basis for the degree t part of Q™. Moreover, if vy, is
active in A;, but is not active in Aj, 1 < j # i < m, then there exists a basis Dy, suchthat Aj € Dy ,j # i.

3. Let Ky, . be a basis for Ker(My; — v, —--- — vy, ) and Dy, . be the set of its corresponding dual
elements. For all 1 < i < m, if vy, is active in \;, but is not active in 1,... ,N;_1, then Dy_1 0 Dy, is
a basis for the degree t part of Q.

Proof. 1. Let vy, v1,..., v, denote the columns of ]\775 and py,p1,...,Dpr be the polynomials labeling the
columns of ]\Z Then vy can be reduced to zero by vy, ..., v if and only if there exist c¢y,...,cx € K,
such that vy = cjv1 + - -+ + ¢cpvg, or equivalently vy — cyv; — -+ — cxvr = 0. This holds if and only if
q:=(1,¢1, -+ ,cx) € Ky, which holds if and only if A’ := p) — ¢1p1 — -+ — expr, € Dy (Note that this is
exactly the fact that A’ in D, corresponds to q € K;). The latter is the case if and only if v, is active in A’,
or equivalently v}, is active in D;.

2. Fix1 <14 # j < m and let ¢; and ¢; be the elements of K; corresponding to A; and A; in Dy, respectively.
First we prove that for all A’ € Dy if A’ # A, then A’ € E]DQ U {A;}). Let ¢ be the corresponding
elements of A’ in K;. If vy, is not active in A’, then by part |1]it cannot be reduced to zero by the active
columns in A’. So the column vy, is not involved in computing A’ via column reducing in Mt So A’ can be
computed via column reducing in Mt — v). Let ¢’ be the corresponding element to A’ in K er(Mt) Then
q € Ker(Mt — vy). This means that A’ € (D} .

If vy, is active in A’, then we prove that there exists a A” in D} such that A’ = A; + A”. This is because of
the following. Let ¢’ € K be the element corresponding to A’ € Dy, such that that the first coordinate of ¢’

corresponds to vy,. Take ¢’ = (1,b1,...,b;). Then we have that vy, +bjvl+bava+- - - v, = 0, where the
columns vy, . .., vy are as in the proof of part[I] Also again as in the proof of the part[T} vy, = civ +--- +
c,vg. Therefore (by —c¢q)v1 +- - -+ (b — ¢ )ur, = 0, which means that (0,51 —c1, ..., by —ci) € Ker(]\Z),
and therefore ¢” := (by — c1,...,bp —ci) € Ker(]\z — vx). So one can construct a basis K7 in such a

way that ¢" € K . Let A” be the member of Dj_ corresponding to ¢”. Then A" = A; + A”.

Secondly we note that if vy, is not active in Aj, for 1 < j # ¢ < m, then by the above argument, one can
compute a basis K (and respectively, D} ) in such a way that A eD; .

So every element of D, can be obtained from A; and an element of K and therefore (D;) = ({A;} U D ).
Linear independence of the elements of {A;} U Dj is clear, and therefore (Dyy={{N;}u D)= QL
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3. K, , be abasis for Ker(]\z — vy, — - —vy,) and Dy, , the corresponding dual elements. Also as in
the proof of the previous parts, let /; be a basis for K er(Mt) and also let ¢y, . .., g, € K; correspond to
Ay, ..., A, respectively. Then from the proof of partwe have that {q; } U K}, is a basis for K er(]\/zt). Also
by part[2) of the proposition, ga, ..., ¢, € (K;) and correspondingly As, ..., A,, € (Dy,). Now consider
the matrix Mt — vy, and the basis D,, obtained from it. Since v}, is active in A (which corresponds to
g2 in K}), and it is not active in Ay, then we can apply partl 2| of the proposition to the matrix Mt — Uy,
and the basis Dy, obtained by it. Then we will have that {g2} U Ky, is a basis for Ker(M, — vy,)
and g3, ...,qm € (Ky,,). Correspondingly, As, ..., A, € (D12). This implies that {g1,¢2} U K;,, isa
basis for K er(]\Z). Continuing with vy,, ¢ > 3, and considering the assumption that vy, is not active in
Av,..., Ay, j # i, we finally get {q1,...,qm} U K;, . asa basis for Ker(}M,) and correspondingly
{A1,..., Ay} U Dy as abasis for the degree ¢ part of Q-+

O

The above proposition shows that deleting some columns from ]\Z helps us to avoid re-computing the basis
elements of degree at most ¢ — 1, which were already computed in the previous steps. Not every set of m active
columns will give us degree ¢ elements of a basis. In fact if we delete two columns that both are active in two
different basis members of D;_1, then we may not obtain some members of D;, For instance Let Dy = {A; =
dy+dy+d?+d3, Ay = dy +dy +2d2 + dydy} and ' = dy +d3 € Ker(Ms). Then A’ ¢ Ker(Ms —vg, — va,).

Choosing the appropriate columns can be seen as a combinatorial problem. For each element of D;_1, if we
consider sets corresponding to the active columns in that element, then a set of columns that satisfy the assump-
tions of part [3] of Proposition [5| form a System of Distinct Representatives. However, not every set of distinct
representatives gives us the appropriate columns. The above example shows this. There are combinatorial and
graph theoretical equivalences for the above conditions.

In the following we show how to detect columns vy, , ..., v, that satisfy the assumption of part 3| of Propo-
sition[5] This is done via changing the basis {A1, ..., A,,} into a new reduced basis {A}, ..., A/}, in which the
leading terms satisfy the assumptions of part[3]of Proposition [5]

Let D;—y = {Ay,...,A,,} as above. Remember that having D;_1, one can construct Matrix E] in order to
obtain a basis for the degree ¢ part of R /(), so that Condition (10| can be applied. Below we show constructing
a similar, but smaller matrix which gives us the desired set of active columns. Same as ]\/Zt, the columns of this
matrix are labeled by the coefficients/polynomials that appear in A in Equation [7] Same as Matrix [6} the rows
of this matrix come from A4, ..., A,,. Let vy, ..., vy, be the columns of ]\Z such that they are active in D;_.
Construct the following matrix containing the columns vy,,...,vx,.

Columns labeled same as J\Z
Ay

r__ .
M= |y, ua | (16)
Am

Changing M’ into a row echelon form matrix, after moving the pivot columns to the left hand, we will reach
to a matrix of the following form.

A (= *
/ c.
=2 |0 * , (17)
A’/ﬂl O “e 0 S * *

where diagonal entries are nonzero and G’ is the matrix that takes care of the operations done for the column
swapping and the row echelon form. Note that we will not have any zero row. This is because otherwise, if we
obtain a zero row in G’~'M’, that row is linearly dependent to the other rows. But this is in contradiction with
Ay, ..., A, (and therefore A, ..., A/ as their linear combination) being linearly independent. Then our basis
will satisfy the conditions of part[3]of Proposition 3]

Now we are ready to prove the following, which provides us with an algorithmic improvement of the integra-
tion method, more efficient than Condition [T0}
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Corollary 19. (Criterion for Deleting Active Columns) Let Dy = {Ay1,--- , A}, J\Z, Dy, vy,,...,vx, and
G'~'M' be as in Equation and (by abuse of notation) let vy, , . ..,v,, be the columns of My corresponding

to the first m columns in G'~ M. Also let Ky, ,, be a basis for Ker(]\z — vy, — - —wy,, ) and Dy, bethe
set of its corresponding dual elements. Then D;_1 U Dy, is a basis for the degree t part of Q™.

Proof. We only need to prove that the columns vy, , . .., vy, in G’~1 M’ satisfy the conditions of partlof Propo-
sition [5] This is the case because for all 1 < i < m, vy, has zero in coordinates i + 1, ...,m and has non-zero
coordinate 4, which is the row corresponding to A;. This means that for all 1 < ¢ < m, v,, is not active in
A1, ..., A;_1. Having the above argument, the result comes directly from Proposition 3] O

Corollary[I9|provides us with an optimization in the integration method. Assume that the monomials 2, ..., 2
form a basis for the degree ¢ — 1 part of R /(). If the monomial dz®: only appears once in A in Equation 7| then
applying Condition[I0] we have that

A(z?) = Xz () = \; = 0.

This gives us an equation which adds a row to Z\Z However, instead of adding the corresponding row to ]\Z, one
can just plug in \; = 0 in the other equations obtained from Conditions[8} 0] This will remove \; from the other
equations, or equivalently will remove the column vy, from ]\Z If we let vy, be the only column of M; such that
its label contains dz®:, then v}, is active in A; and therefore according to Corollary one can delete it from ]\Z
in order to avoid re-computing D;_;.

In what follows we show how our construction implies a basis for the quotient ring as well as a normal form
algorithm and a Grobner basis of the primary component of the isolated point in question.

Proposition 6. Let vy, , ..., vy, be the columns in the criterion for deleting active columns, i.e., Corollary [I9]
Also assume that py, . .., pm are the corresponding polynomials to the coefficients A1, . .., Ay, in A in Equation
[ and let p}; € K[x1,...,xy] be the polynomial with the same monomials as p; € K[0] for 1 <i < m. Then
{p1,...,pm} is a basis for the degree t — 1 part of R /.

Proof. Letly,...,l,, be the leading terms of pi,...,p,,. Then from the discussion in the integration method,
we know that {ly,...,l,,} is a basis for the degree ¢ — 1 part of /(). Since p1,...,p, € R /@Q and also the
cardinality of {l1,...,0,,} and {p1,...,pm} are the same, then in order to prove that {p1,...,p,,} is a basis for
R /@, we just need to prove that p, ..., p,, are linearly independent. Without loss of generality, we can assume
that /; appears only in p;, 1 < i < m. Because otherwise, we can reduce p1, ..., p,, with respect to each other
so that we obtain polynomials p, ..., p,, such thatly,..., 1, are the leading terms of p!, ..., p, and I; appears
only in p;, for 1 < i < m and also (p},...,pl,> = {p1,-..,Pm,y. Now this shows that py, ..., p,, are linearly
independent, because each leading term only appears in one single polynomial and therefore no p; can be in the
span of the other p;, 1 < j # i < m. O

Let p; € K[z1,...,,] be the polynomial p;, substituting d,, = ;, for I < i < m. Then Proposition []
implies that the criterion for deleting active basis can be viewed as addlng the equatlon A(p}) =0,forl <i<m.
Exactly the same as Condition |1 n this equation leads to adding rows to Mt, however those rows are in the form
0,...,0,¢,0,...,0), where ¢ is a nonzero element in coordinate i,1 < 7 < m and therefore they result in
deleting the corresponding columns. We can say even more.

Proposition 7. Let {p},...,p..} € K[x1,...,2,] be a (not necessarily monomial) basis for the degree t part of
R /@) such that no monomial of p) is in Q and let p1, . . ., py, € K[0] be the polynomials p), substituting x; = 0s,,
Sfor 1 < @ < m. For monomials my,...,my & Q such that mq,...,mg ¢ Supp(p1) U ... U Supp(pm), write

m k
mj = '21 Xijpi. Then A; = p; + '21 Nijmj, 1 < j < m, is a basis for the degree t part of Q* and the normal
= j=

formof any g € K[x1, ..., x| with respect to the basis {p,...,p,} is

m
= ZA’L g p/
i=1

Proof. Ay, ..., A\, are linearly independent because p1, ..., py, are linearly independent in /@, due to the
linear independence of pf,...,p! .. The latter is the case by Proposition @ The rest of the proof is exactly the
same as the proof of Lemma 2.4 in [[19]. O



If {p},.... 0} < K[a1,...,z,] is an arbitrary basis of & /Q and {p1,...,pn} < K[J] are the correspond-
ing differential polynomials, then removing the monomials that are in ) in each p), we will obtain a new basis
for R /. So this assumption in the proposition holds without loss of generality. Thus, we have the following
generalization of Lemma 3.4 in [[19].

Proposition 8. Let {p},...,p),} < K[zq,.. xn] be a basis for the degree t part of R /() such that no monomial
of pl is in Q. An element A € K[0) is not zero in Q-\Qi-_; if and only if in addition to Equattonsl?]and Ilt satisfies

Alp:) =0, 1<i<m.

Constructing matrices M’ and G'~*M’ in order to choose particular active columns and deleting them is a
special case of the above proposition. We have the following generalization of Proposition 3.7 in [23]].

Proposition 9. Let < be a term order and mj,p;,p,Ai, 1 <i<m, 1 <j<kbeasin Proposmon E?] Also

let l; = lt(p;) and wy, . . ., ws be the monomials different from l; inp',, . .., p.,. Write w; = Z Yi;P}. Consider
j=1

= {guw, = w;+ Z Vil < i < s}, G = {m;+ Z XijPi|1 < j <m}andC := {x‘|ce N", |¢| = N'+1}.
ThenGuW uCi lS a Grobner basis for Q with respect to <.

Proof. Proof of Proposition 3.7 in [23] works here as well. We just need to note that for every f € Q, lt(f) €
At(G) v It (W) U C). O

Note that unlike Proposition 3.7 in [23]] G u C'is not a Grobner basis in this case as we don’t necessarily have

At(Q)) = It(G) v It (W) L C).
We explain the computations in step 3 of Example 3.3 in [19] using the above result. We also compare our
proposition with Condition[I0] This is done below in Example 20]

Example 20. Let I = {f1, fo) < K[z, y], where
fr=z—y+a?
2=2—y+y*

In step 2 of the algorithm we have that

di dy @ didy+ d2

N Condition[§ / 0 0 1 -1
My= A(f)=0 [ 1 -1 1 0 ,
Af)=0 \1 -1 0 1

from which we have Dy = {A; = 1,Ay = dy + da, A3 = da + d? + dydy + d3}. The active columns in D are
v1, V2, U3, Vg, Where v; refers to column ¢ and therefore matrix M’ defined in (ignoring Ay = 1) is

di  do d% dyds + d%
; Ay 1 -1 0 0
M= As ( 0 1 1 1 )

Two instances of substituting some columns of M’ and then computing its (reduced) echelon form are shown

below. Matrix
ds d% dy d1d2+d§

_ A, (1 0 -1 0
1=l 2
Gy M= A% (O 1 1 1 )
gives columns vy and v3 and matrix
do dids + d% dq d%
Ay, (1 0 -1 0
1=l 2
S M&(o 1 1 1)

gives columns vy and vy.
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For instance if we consider G'{lM’, then A, = dy + dy + d? and A = dydy + d3 + dy + d3. do only appears
in A, and dids + d% only appears in A%, and therefore by deleting columns vy and vy from M3 we will have the
following in step 3.

dy & A} —d? d}+dydd+ d3dy — didy

Conditionf§l / 0 0 1 1
[y AR Condition§] [ 0 1 0 0
3TRTUME Ay =0 [ 1 1 -1 0
Af)=0 \1 0 o0 0

~

Ker(Ms — vy —v4) = 0 and we are done. Using any of the pairs of columns obtained via other possible matrices
we would have gotten the same result.

Other observations. On one hand we show how pivoting could help and on the other hand we compare the
sizes of the matrices produced by the theory presented above. Let us put an order on the monomials of D;_1, e.g.,
degree lexicographic. Then l¢t(A’), the leading term of A’, would be well-defined for every A’ € D;. Now one
can consider reducing the members of a basis of D, with respect to each other so that [t(A’) ¢ Supp(A”) for all
A # A’ € D;. We call such a basis a reduced basis. Then the leading term will be a monomial that uniquely
appears in the reduced basis. If Ay,..., A, is a basis for D;_1, then removing the columns corresponding to
It(Ay),...,lt(\y,) from M, is equivalent to part [3| of Proposition [5} Using part 1 of Proposition |5, one may
check whether v, is active in D efficiently. This must be done with precise pivoting. For that, one must start with
reducing vy with the appropriate columns, without doing the column reductions for the other columns, unless it is
required. In the worst case, we will need to compute the whole kernel, i.e., the whole D, but this is not necessarily
the case all the time and therefore this can be viewed as a first potential optimization step. As a side remark, using
row echelon form is also taking advantage of pivoting.

Change of the Integration Order at Each Step. We conclude by another possible optimization strategy. One
can change the order of the variables at each step of the integration method in order to gain some computational
advantage. Suppose that we have computed D;_1 = {A1,...,A,,}. Consider n; := #{dz;"* € |J Supp(A;)|a; €

N}. Now, re-order the variables in the following way: if n; < n;, then put z; < z; (note that if the equality
happens, we don’t care whether x; appears before x; or vice versa). We call such an order a good integrable order.
Assume that z,, < xp, < ... < xp, is a good integrable ordering, where b; € {1,...,n}. Now we consider
Ay, ..., A, as polynomials in K[dxy, , . . ., dzp, | and continue with the integration in the following order:

A=D1 L Ailday, = mdzy, =0 + -+ + Y Ain—1 f Ailday, = =day, =0 + | /\mf A;.
7 1 7 7

This way, we will do the least possible number of integrations. Note that the number of integrands and the number
of basis elements of D;_; are fixed and therefore we won’t gain any advantage in terms of the size of M,;. The
following example illustrates the optimization.

n—1

Example 21. Consider Example[I6] In step two we have that
Dy = <A1 =1,Ay = dy +do, A3 = —dy + d3 + dyd> +d§>.
Then ny = 3,ny = 2. Therefore we change the order into y < x and work on K[dy, dz]. Then
A = Mdy + Aadz + Aady? + Ma(dyda + da?) + \s(dy®) + Ne(da® — da® + dady + dxdy?).
We have have only one monomial in the 5-th column of M3, while in the original ordering, we had two:

A = Mdx + Aody + Azdz? + Ny (dady + dy?) + Xs(dx® — dz?) + \e(dy® + dxdy?® + da’dy + dzdy).

18



Algorithm 3: Modified Integration Method

Input: A basis for an m-primary ideal Q¢
Output: A basis for Qé‘ and directional multiplicities

def ComputeBasis:
Dold =

new {A dO = 1}
;i =0,0=1,.
while D,; # Dnew:
Dold = Dnew

= ijk (dy, ..., dg,0,...,0)
1=1k=1
s 1

Vi<k<l<n, X Mpdi(A;) — Z Airdk(Ai) =0

= =
Vi<i<s, A(f;)=0
Construct matrix My, the coefficient matrix of A

new - Mnew Ux, — — Ux,,
Doy = oldUKe'r( new)

| r(:turn Dhpew and p;

If clncﬁ“+1 € Supp(Dyew), then 11; = highest power of dx; in D

Change the order of the variables into a good integrable order

Apply Cr1ter10nﬂand choose good columns vy, , ..., vy,

3.3.2 Modifications of Macaulay’s Algorithm

For Macaulay’s algorithm we use the following notation. M, stands for the matrix in step . Columns of M; in
dz,,]. Then vg,a denotes the column corre-
sponding to dz?® in M. Note that vg4,» is well-defined because in M, obtained via Macaulay’s algorithm, for every
monomial of degree at most ¢, there exists a column labeled by it and vice versa. Also note that since the columns
are labeled by the monomials, a column v, is active in a basis D of Ql if and only if v4. € Supp(D).

Below we show a modification of Proposition [5|and its corollary for Macaulay’s algorithm. This enables us to

Macaulay’s algorithm are labeled by monomials dz?® € K[dzq, ...,

make Macaulay’s algorithm more efficient.

Proposition 10. Ler My, M;_1, Dy, A; (1 < i< m), A, dz® and vgza be as above.

Then the following hold.

1. If vgga is a column of My, then vyza € Supp(Dy) if and only if vy can be reduced to zero by other columns

OfMt.

2. Forall 1 < i < m, if vaze € Supp(A;), Kj, is a basis for Ker(M, — vy,) and Dy, is the set of its
corresponding dual elements, then {A;} U Dj, is a basis for the degree t part of Q™. Moreover, if vza; €
Supp(A;), but vgge: ¢ Supp(A;), 1 < j # i < m, then there exists a basis Dy, such that Aj € Dj_,j # i.

3. Foralll <i<m, ifvage: € Supp(A;), but vgze: ¢ Supp(A
basis for the degree t part of Q.

Proof. Similar to the proof of Proposition [5]

ih 1<y

<i—1thenDyy U Dy | isa

O

In order to detect columns v4# that satisfy the assumptions of Proposition [I0} one can simply adapt the
methods mentioned for the modified integration method and equivalently form the matrices M”, G"~'M". Then
we have the following corollary, which is the equivalent of Corollary [I9]for Macaulay’s algorithm.

Corollary 22. (Criterion for Deleting Suitable Columns in Macaulay’s Matrices) Let D;_1 = {Ay,--- , A}, My,
Dy, vy, ...,v5, be as in Equation and G"~YM" be as above and (by abuse of notation) let vy,, ..., vy,

be the columns of M; corresponding to the first m columns in G"~'M" .

Also let Ky,

be a basis for

Ker(M; — vy, —---—wx,, ) and Dy, be the set of its corresponding dual elements. Then Dy_1 U Dy, isa

basis for Q.
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Proof. Similar to the proof of Corollary [T9] O
The following provides us with more modifications on Macaulay’s algorithm.
Lemma 23. Foralll <i<n,1<m,t< N anda,b € N" the following hold.

1. Let dz* € Supp(D;) and da®|da® then dz” € Supp(D). In particular, if dz* € Supp(Dy) and dx}*|dz"
then dx",- -+ dx;, 1 € Supp(D).

2. Let dz® ¢ Supp(D), da®|dz® and |a| < t. Then dz® ¢ Supp(Dy). In particular, if dz™ ¢ Supp(D) then
dxi”“, ...dxt ¢ Supp(Dy). Also if dz'™ ¢ Supp(Dy—1) then d:c;”H, dw}”“, ... ¢ Supp(Dy).

Proof. 1. Forall1 <7< n:

daz* € Supp(Dy) < 2 ¢ Q¢
¢ Qe =2 ¢ Q¢
zP ¢ Q¢ = dxz® € Supp(D).

The rest can be proved by putting 2® = 2.

2. Although this part can be proved directly, however, we use a simple logic argument to prove it. Consider
the following notations for the three logic statements that appear in the proposition:

p = da® € Supp(D;), q = daP|dz?, r = dz® € Supp(D).

Then the previous part says that
PAQ=T.

Therefore, we have the following (Note that the condition |a| < ¢ is a consequence of p):

(prg=r1)< (-r=—(pArQq)
< (-r= —pv —q)

< (—-r Aq= —p),

which means that if da® ¢ Supp(D) and dzP|dz? then dz® ¢ Supp(D;).
O

By Lemma one may find some monomials in Supp(D) that are of degree at most ¢, but not necessarily
belong to Supp(D;) and therefore not necessarily they appear as monomials in the generators of D;. Also if
dxl" is the largest power of dx; that appears in Supp(D;_1) then by Lemma dx;’““l is the largest possible
power of dx; that can appear in Supp(D;). Another point that we can deduce from the above proposition is that
if dz7" is the largest power of dz; that appears in Supp(D;_;) and dz{*** ¢ D;, then not necessarily p; = m,
because d:ci"“ may appear in some other step of the algorithm and therefore, for computing 1;, this doesn’t give
us a termination criterion. However, in that case there won’t be anymore a leading term of the form dxf, keN
when we work with respect to a degree term order. Also obviously, we have that dz!"*, ..., dz; € Supp(D). All
these monomials appear in Supp(D;) at some step of the integration method, as they only will be obtained via
integrating the lower power and therefore they will appear at some step of the integration algorithm. But this
doesn’t imply that they necessarily appear during Macaulay’s algorithm. The same applies not only for the powers
of a variable x;, but also to every monomial dz? € Supp(D;_1), i.e., Xz dx*, 1 < i < nis the only multiple of dz?
that can appear in Supp(Dy).

Based on the above remarks, we can make the following improvement to Macaulay’s algorithm.

Proposition 11 (Improvement on Macaulay’s Algorithm). Let M; be the matrix obtained via Macaulay’s algo-
rithm. Consider the set

A= {J dz*;1<i<n : dz” € Supp(Di—1) A (ﬂdmb € Supp(Dt,l) , dx“|dxb)} . (18)

Then Ker(My—v,) = Ker(M;), where M —v 4 is the matrix obtained by deleting the columns corresponding
to the members of A.
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Proof. The proof is immediate from part 2 of Lemma[23] O

We explain the improvement by redoing the calculations for Example step 3 using the above result and
comparing the computations.

Example 24. Let

fi=2*+(y-1)7-1
fa =y
After doing the computations in step 2, we have Dy = {1, d1,2d? +dz}. da € Supp(Ds), but d3 ¢ Supp(Ds). So,
in step 3, by the above improvement, we can remove v, gz and vgs from Ms. Also we can remove the columns
V1, Vd, , Vg2 USINg proposition @} So the new matrix has 5 columns, while the original matrix in Macaulay’s
method has 10 columns.

Algorithm 4: Modified Macaulay’s Algorithm

Input: A basis for an m¢-primary ideal Q¢
Output: A basis for Qé and the directional multiplicities

def ComputeBasis:
Doy = &
Dyew = {A =d° =1}
t=0

i :O,i: 1,...,’/77,

while D,y # D, 0t

Dy = Doy

Dold = Dnew

Construct matrix M.y, the coefficient matrix of Dpey
VYA € Dy , delete a good active column in A from M,
Compute A as in Equation

Mnew = Mnew —vA

Ifv, w1 € Ker(Muew), then p; = p; + 1

Dyew = kernel(Myey)

Drew = Do U Ker(MneW)

Lt=t+1

| return Dy, and p;

Example 25. Let I = {(fy, f2, f3) € K[z, y, z], where

fi =2z + 222 + 2y + 2% + 22 — 1,
fa=(z+y—2z-1)7° -2
f3 = (22 + 2y + 102 + 522 + 5)% — 10002°.

(0,0,—1) is a root of multiplicity 18, 1, = 5,1, = 8, . = 8 and N' = 9. From step 3 to step 5, the highest
power of dz is 2. In step 6, the monomial dz® appears and in steps 7 and 8, we see the monomial dz*. For dy
and dz all the powers appear in all steps. This is a very dense system for computing ji, and p,, in the sense that
all the powers of dy and dz appear in all the steps. However for dx we see that we have done many redundant
computations.

At the end of this section, we comment on the comparison between the size of the matrices obtained at step
t of the above algorithms and their modifications, as size is a big obstacle in computations. The matrix obtained
via Macaulay’s algorithm has (tjln) columns and at least the same number of rows. In the integration method,

n

]\Z has nm columns and (2) + e rows. Applying Conditionin the integration method, one gets m extra rows,
which in special cases can result in deleting at most those m rows and also at most m columns. So the size of
the matrix is at least (Z) + e+ m x (n — 1)m. However, this is exactly the size of the matrix obtained using
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our modification to the integration method. Also if we let J\//_Tt be the matrix obtained from Macaulay’s algorithm
applying our modifications, for every column vgza of Z\Z, there exists a py such that dz?* € Supp(p,). In other
words, all the monomials appearing as the columns of ]\//ft, will appear in the columns of ]\Z, but the difference is
that they might be a monomial in a polynomial. This means that the number of columns of J\Z and J\/4?p will be
the same if every py is a monomial. Thus, the columns of Z\Z are (possibly sums of) the columns of ]\//E Note that
many of the rows in both methods can (and in practice are) zero and can be simply deleted.

Concluding this section we provide a list of computational observations:

» Computing the directional multiplicity is basically equivalent to computing the projection of the kernel of
M. There are several classic kernel computation algorithms, e.g, Singular Value Decomposition. However,
we are not aware of any algorithm for projection, without computing the whole kernel. Proposition 5] can
be considered as a proposal for an incremental algorithm for computing kernel projection.

» Having a bound for the directional multiplicities, one can construct a single matrix and compute the dual
basis using that matrix rather than running several steps. This is guaranteed by Proposition [3| part[3] The
idea for constructing such a matrix is to use the resultant in order to get a bound U for directional multi-
plicities. Having My, the Macaulay matrix of size U, the kernel of My will give us the whole dual. Note
that the main obstacles for this method are the size of M, as well as computing the resultant. The bound U
could be the Bezout bound in worst case.

4 Applications and Future Work

4.1 Applications of Directional Multiplicity

We explore some applications of directional multiplicity. The exploration does not go into details, as the main
purpose is to show the usefulness of the concept rather than present the applications themselves.

Arrangement and Topology of Planar Algebraic Curves. There are several methods in the literature for com-
puting the arrangement and topology of a planar algebraic curve, e.g [12,[1,[7, 10} 4]. In principle, all methods use
some elimination tool, e.g Grobner basis or resultants, in order to project algebraic curves on one axis and identify
the critical points (points where derivatives vanish). This is done by finding the real roots of the elimination ideal
and using this information to reconstruct/identify the arrangement and topology of the curve. These approaches
typically assume that no two critical points have the same projection on the axis. Our work explains what happens
in that situation. In Section[d.I} we show how directional multiplicity can handle degenerate situations. Particu-
larly, our algorithms for computing directional multiplicity with respect to an axis could be useful for computing
the multiplicity of a point in its fiber. Devising a full algorithm for determining the topology of the algebraic curve
is beyond the scope of this paper.

Geometry of the Elimination Ideal. Let I < C[x,y] be a zero dimensional ideal with no roots at infinity
generated by two polynomials corresponding to two planar curves and Iy = I n C[y] = {g) be its elimination
ideal. We illustrate the case of geometric degeneracy and how directional multiplicity can be used, in a concrete
example. Let f; = (y + 1)(y — 2 + 1) and fo = 22 + y? — 1 as shown in the figure. The two curves intersect at
two points, namely (1,0) and (0, —1). Their Sylvester resultant is 2y(y + 1), which implies that the projection
on the y-axis of the roots (1,0) and (0, —1) have multiplicity 1 and 3 respectively. On the other hand, comput-
ing the Grobner basis of the elimination ideal in C[y], we obtain the unique monic generator g = y(y + 1).

3

‘ fi +Dly—=z+1)
/ ‘ fo 24y’ -1
9 yly+1)7°

: S resultant  2y(y + 1)3
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Observing the difference in the multiplicities of the resultant and g, the questions “when does the multiplicity
drop?” and “what does the multiplicity of a factor in g mean?” arise. Using the concept of directional multiplicity,
we are able to address these question in the degenerate case, as the one in the example.

The exponent of the factor of g corresponding to an intersection point is the directional multiplicity at that
point. The exponent of the corresponding factor of the resultant give us the multiplicity of the intersection points.
However Grobner basis did not say much about the geometry of the intersection. Now having the concept of
directional multiplicity, we can explain the generator of the elimination ideal geometrically. In general given
dense polynomials f1,..., f, € K[z1,...,2,], let I; = {g) and R; ... R}, be the square-free factorization of the
Macaulay resultant. Then g = R} ... Ri*.

Computing Hilbert Series of Zero Dimensional Ideals. For an isolated point ¢ and its corresponding m-
primary ideal ()¢, Mourrain has shown in [23] that having a base for Qé, one can obtain a basis for i / Q- Also
the improvement of the integration method using Equation [10]is based on computing a dual basis along with a
basis for R / Q- The function mapping ¢ to the dimension of the space generated by the degree ¢ part of this
quotient is actually the Hilbert Function. Hilbert function and Hilbert series can be computed via Grobner bases.
Having the dual basis, one can compute the Hilbert function and Hilbert series. For instance, for a 0-dimensional
ideal, given the set of points in the variety of the ideal, Chapter 7 of [25] shows such a method to compute the
Hilbert function and series as well as the regularity. These are based on using Grobner basis for the computations.
Alternatively, one can use dual bases in order to compute these objects. In particular, directional multiplicities
can be used to compute the degree of the elements of the ideal, which can be useful in computing the regularity.
Finally, directional multiplicities can be used in computing the Hilbert series of the last elimination ideal.

4.2 Future Work

Directional Multiplicity with respect to an arbitrary v € R”. In the definition of directional multiplicity, we
have considered the n axes as the directions. One could think of defining the multiplicities in the direction of an
arbitrary vector v € R™. The directional multiplicities along these vectors might be useful in studying singularities
of curves.

Directional Multiplicity for Sparse Systems. Let us consider the following example.

Example 26. Let I = (f; = 2 — 252, fo = y) < K[x,y]. Then the origin is a root of degree 9, y11 = 9, 12 =
1. Both the integration method and Macaulay’s algorithm need to run until step 10 in order to find the dual space.

In the above example many columns (corresponding to monomials) are considered, which are equal to the zero
vector. This is because the system is sparse. If we knew a-priori that dz° € D, then we could have avoided the
previous steps. One idea to deal with such cases is to start with the matrix My, where k is an upper bound for
N and do the binary search top-down. However the only such bound that we are aware of is the Bezout bound
for p, which can be too big and hence this method is impractical. For computing j;, when we have a sparse
system with respect to z;, one could follow a down-top algorithm which works by a-priory adding extra columns
Vda,y - - - Ugyot 10 the modified matrix M;, where modified M; refers to the matrix that has been obtained at step
t of either modified integration method or Macaulay’s algorithm.
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