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Abstract

We derive a system of difference equations satisfied by the three-
term recurrence coefficients of some families of discrete orthogonal

polynomials.

1 Introduction

Let {u,} be a sequence of complex numbers and L : C[z] — C be a linear
functional defined by

Lx"] =pu,, n=0,1,....
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Then, L is called the moment functional determined by the formal moment
sequence {j,}. The number p, is called the moment of order n. A se-
quence {P, (x)} C Clz|, of monic polynomials with deg (P,) = n is called
an orthogonal polynomial sequence with respect to L provided that [4]

L[P,Py] = hpdpm, n,m=01,...,

where hg = po, hy, # 0 and 6, ,,, is Kronecker’s delta.
Since
LxzP,P) =0, ké¢{n—1nn+1},

the monic orthogonal polynomials P, (x) satisfy the three-term recurrence
relation

e Py (2) = Poyr () + BB (2) + 7 Poei (2), (1)
where 1 1
B = h_L [xP,ﬂ = L{zP,P,4]. (2)
n n—1
If we define P_y (z) =0, Py (z) = 1, we see that
Pl(flj):.f—ﬂo, (3)
and
Py (z) = (z — B1) (z = fo) —m- (4)
Because
L[zP,P,_1)=L[P}],
we have

%:}Z:, n=12,..., (5)
and we define
Y0 = 0. (6)
Note that from (2) we get
fo= Ll =2 ™)
ho o

If the coefficients 3,7, are known, the recurrence (1) can be used to
compute the polynomials P, (x). Stability problems and numerical aspects



arising in the calculations have been studied by many authors [12], [14], [34],
[46].

If explicit representations of the polynomials P, (z) are given, symbolic
computation techniques can be applied to obtain recurrence relations and,
in particular, to find expressions for the coefficients 3, v, (see [5], [20], [37],
[38], [47]).

If, alas, the only knowledge we have is the linear functional L, the compu-
tation of 3, and =, is a real challenge. One possibility is to use the Modified
Chebyshev algorithm [13, 2.1.7]. Another is to obtain recurrences for (,, v,
of the form [2], [43]

Yn+1 = Fl (navnaf)/n—h s Jﬁnaﬂn—la .- ) )
5n+1 = F2 (n77n+177n7 cee 75717571717 .. ) )

for some functions F}, F5. This system of recurrences is known as the Laguerre-
Freud equations [11], [23]. The name was coined by Alphonse Magnus as part
of his work on Freud’s conjecture [24], [25], [26], [27]. In terms of perfor-
mance, the Modified Chebyshev algorithm requires O (n?) operations, while
the Laguerre-Freud equations require only O (n) operations for the compu-
tation of 3, and v, [3].

There are several papers on the Laguerre-Freud equations for different
types of orthogonal polynomials including continuous [1], [31], [41], discrete
[16], [17], [39], [44], D, polynomials [10], [30], Laguerre-Hahn [9], and ¢-
polynomials [18].

Most of the known examples belong to the set of semiclassical orthogonal
polynomials [28], where the linear functional satisfies an equation of the form

L[oU (x)] = L{yn], meCla],

called the Pearson equation [36], where U : C[z] — C|z] is a linear oper-
ator and ¢ (), ¥ () are fixed polynomials. The class of the semiclassical
orthogonal polynomials is defined by

¢ = max {deg (¢) — 2, deg (¢ — ) — 1}.

In this paper, we focus our attention on linear functionals defined by
L[f1=) f@)p(a), (8)
=0
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where the weight function p (z) is of the form

(a1), (a2), -~ (ap), 2
bt 1), (b 1), (by+ 1), 2! ©)

p(w)Z(

and (a), denotes the Pochhammer symbol (also called shifted or rising fac-
torial) defined by [35, 5.2.4]

1
a

(a)g

(a)

(a+1)---(a+zxz—-1), zeN,

or by : )
I'la+z
(a)xzwv

where I' (z) is the Gamma function. Note that we have
ple+1l)  ¢(x)

0@ e+l (10)

with

V() =z(®+a)(z+a) - (z+a), (11)
d(x)=x(x+b)(x+b) - (x+by).

Hence, the weight function p (z) satisfies an alternative form of the Pearson
equation

Ay (dp) = (¥ — ) p, (12)
where

Apf(z) = flz+1) = f(z) (13)

is the forward difference operator. Using (10) in (8), we get the Pearson
equation

L[y (@) 7 (@)] = L[p (@) w (¢ —1)], =€ Cle]. (14)

The rest of the paper is organized as follows: in Section 2 we use (14)
and obtain two difference equations satisfied by the discrete semiclassical
orthogonal polynomials. As an example, we apply the method to obtain the
recurrence coefficients of the Meixner polynomials.



In Section 3, we derive the Laguerre-Freud equations for the Generalized
Hahn polynomials of type I, introduced in [7] as part of the classification of
discrete semiclassical orthogonal polynomials of class one. Specializing one
of the parameters in the polynomials, we obtain the recurrence coefficients
of the Hahn polynomials.

We finish the paper with some remarks and future directions.

2 Laguerre-Feud equations

As Maroni remarks at the beginning of [29], “the history of finite-type rela-
tions is as old as the history of orthogonality since

n+t

S )

k=n—t

when P, (z) is a sequence of orthogonal polynomials and 7(z) is a polynomial
with deg (r) = t.” The three-term recurrence relation (1) is the most used
example, with r(z) = .

We now derive difference equations for orthogonal polynomials whose
linear functional satisfies (14). We follow an approach similar to the one
used in [40] to find the Laguerre-Freud equations for the generalized Charlier
polynomials. Another method used in many articles is to use ladder operators
[19].

Proposition 1 Let {P,(z)} be a family of orthogonal polynomials with re-
spect to a linear functional satisfying (14). Then, we have

Y (v) Py (v + 1) Z Ay (n) Py () (15)
k=—q—1
and "
¢ (x) P (z—1) Z By (n) Pyi, (), (16)

for some coefficients Ay (n), By (n).



Proof. Since deg® (x) P, (x + 1) = n + p, we can write

Y (2) P (2 +1) ZAk Py ().

k=—n
Using orthogonality and (14), we have
hosr A (n) = L[ (z) Py (x4 1) Pog (2)]
=L[p(x)P,(z) P (x—1)]=0, k<—q—1.

Similarly, writing

()P, (z—1) Z By, (n) Pyyx (2),
we get
hniiBi (n) = L (¢ (2) Po (= 1) Poyy ()]
= L[ (¢) P (¢) Pusi (@ + 1)] =0, k< —p.
|

The coefficients Ay (n) and By, (n) are not independent of each other.

Corollary 2

hn
Ak(n):h+kB_k(n+k), —q—1<k<np. (17)

Proof. If —q—1 <k < p, then
1

Ak; (n) = hn+kL [¢ (I) P, (ZE) Pn+k (ZE - 1)]

q+1

= L|Py(x) Y Bj(n+k) Pue (@)

Jj=-p

DB (R LIP @) Paris ()

]
We can now state our main result.



Theorem 3 For —qg — 1 < k < p, we have

Yrtkr1Arr1 () = VAgsr (n = 1) + Ap_1 (n) — Ap_1 (n + 1)
- (Bn - Bn—O—k - 1) Ak (n) )

with
Ay (n) =z,

A—q—l (n) = TYnVn-1"""Vn—q

and
Aper () = 0= A_y 5 (n).

Proof. Using (1), we have

V(@) (@ +1) Pz +1) = ¢ (2) Py (v +1)
00 () Po (2 4+ 1) + 70t (2) Pocr (2 + 1),

and from (15)

¥ (x)(z+1) Py (z+1) ZAk1n+ Poyr ()
k——q
+ Z BnAi (1) Py ( Z VA1 (n = 1) Py ().
k=—q—1 k=—q—2

On the other hand, if we multiply (15) by z, we get

Y(@)aPy(z+1)= > Ap(n)aPy (),

k=—q—1
and using (1) we obtain
p+1
V(@) aPy(z+1) = > Ay (n) Puys (2)
k=—q
p p—1

+ Y BurkAr () Pogi (@) + D Ynsrs1 A (0) P (2).

k:—q—l k:—q—2

(21)

(22)



Using (15), (21) and (22) in the identity

(@) Po(x+1) = (z+ 1) ¢ (2) P (x+ 1) =2y (z) By (x + 1),

we have

> A () P (z) = Z (A1 (n+ 1) — Ap_y (n)] Posy (2)
T Z — Bu) Ag (n) Poyr ()
k=—q—1
+ Z VnAke1 (= 1) = YVagwr1 Ak (0)] Pogr (2) -

Since the polynomials P, (x) are linearly independent, we get:
k=p+1: A,(n+1)—A,(n)=0, (23)
k=—q—=2: %A 1(n—1)—Yg1441(n) =0, (24)
and for —q —1 <k <p,

(1+ Bosr — Bn) Ak (n) = Ap—1 (n+ 1) — A1 (n)
+ YAk (0= 1) = Vg1 Ara (n)

Comparing leading coefficients in (15) we obtain
Ap (n) =%

in agreement with (23).
Rewriting (24) as

we see that
A—q—l (n) - YnVn—1"""Yn—q

Ay 1(qg+1) MV2 Vgr1

From (17) we have

h
Ay lg+1) = 2B, (0).



Since ¢ (x) P, (x — 1) is a monic polynomial, (16) gives
By (n) =1, (25)
and using (5) we get

h
Z:;l Bq+1 (0) =M72 Vg+1

proving (20). m

2.1 Meixner polynomials

To illustrate the use of Theorem 3, we consider the family of Meixner polyno-
mials introduced by Josef Meixner in [32]. These polynomials are orthogonal
with respect to the weight function

pla) = (a), 5.
and using (11) we have
(@) =z +a), ¢(@)=ux,

andp=1, ¢=0.
From (19) and (20) we get

Ay (n) =2, A (n) =, (26)

while (18) gives:

k=1: (14 Busr— Bu) A1 (n) = Ao (n+1) — Ag (n),

Ek=0: Ag(n)=A1(n+1)—A1(n)+vA1(n—1) —v:14;1 (n),

k=—-1: (1481 —0)A1(n)=vA (n—1)—7,40(n).
Using (26) we obtain

2(1+Buy1 —Bn) =Ac(n+1) — Ag(n), (27)

9



Ao (n) =Yn+1 — Tn + 2 (’Yn - '7n+1) = (1 - z) (7n+1 - ’Vn) ) (28)

and
Summing (27) from n = 0 and (29) from n = 1, we get

2 (Bn — Bo+n) = Ay (n) — Ay (0),
B — Bo—mn = Ag(n) — A (0).

Using (28) and (6), gives
Bn_ﬂo_n:'z(ﬂn_ﬁo_"n):(1_2)(7n+1_7n_71)'

Therefore,

142
Bn = 50 + 1 n,
—z
and 5
nz
il — Yn — V1 = . 30
Tn+1 = T — N1 (1— 2)2 (30)
Summing (30) from n = 0, we conclude that
4P (n—1)z
n ="
Y it (1 _ 2)2
If we use (26) and (28) in (15), we get
z(x+a)P,(x+1)=~,P1 () (31)

+ (1 - Z) (’Yn—&-l - 771) Pn (Jj) + ZPn-i—l ($) )

and using (17),

Bl(n): hn A,1(71+1):w:17
thrl Yn+1
By (n) = Ao (n) = (1= 2) (Va+1 — M),
hy,
B_4(n) = Ar(n—1) =,z
n—1

Hence, from (16) we obtain
wby (x = 1) = 2 boy () + (1 = 2) (s = Y0) Bu (@) + Py (). (32)

10



Setting n = 0 in (31) and (32) gives

2(z+a)=[1—=2)n+z(—F),
= (1=2z)n+z— P,

from which we find

1—-=2
(I=2)n=pF=—a+t ~
and therefore
By = az _az
0 1— Z’ a1 (1 — 2)2 .
Thus, we recover the well known coefficients [35, 18.22.2]
n+(n+a)z nn+a—1)z
n — ) n — . 33
B T g e (33)

Using the hypergeometric representation [35, 18.20.7]

Py (2) = (a), (1—1>_n JF [ @ ;1—2} ,

z a

one can easily verify (or re-derive) (33) using (for instance) the Mathematica
package HolonomicFunctions [22].

3 Generalized Hahn polynomials of type I

The Generalized Hahn polynomials of type I were introduced in [7]. They
are orthogonal with respect to the weight function

(a1), (az)

Za:
= £ — 1, b#-1,-2,....
p(l’) (b+1)x :E!? |Z| < ’ ;é ) )

The first moments are given by

ai, a
Mo = 2F1[ bl+12 ;Z:|7 (34)
_Zal(lg F a1+17 a2+1 .
H1 = —b—i—121 b+ 9 A

11



Since
plz+1) z(z+ar)(x+a)

plz)  (z+1)(z+b+1)

we have
V(@) =z@+a)(r+a), ¢x)=z(z+),

and p=2, ¢=1.
We can now derive the Laguerre-Freud equations for the Generalized
Hahn polynomials of type I.

Theorem 4 The recurrence coefficients of the Generalized Hahn polynomials
of type I satisfy the Laguerre-Freud equations

(1 — Z) Vn (’Yn+1 + ’Yn) == zvnvn (ﬁn + 77,) - Unvn (ﬁn - n) ) (35)

with initial conditions By = % and

(a1 “+ a9 — b) 50 + ajas

M= 1=, — (Bo + a1) (Bo + az) , (37)
where
Unp, :Bn—i_ﬁnfl _n+b+17
Up =B+ Bo1 tn— 1+ a1 + ag,
and
Vo f(z) = f(z) — flz —1). (38)
Proof. From (19) and (20), we get
A2 (n) =z, A*Z (TL) = TnTn—1, (39)

while (18) gives:
k=2: A(n+1)—A1(n)=z21++ Bnia—Ln), (40)

kE=1: AO(”"‘l)_AO(n) :Al(n)<1+/6n+l_6n>+z(’7n+2_7n)a
k=0: A(n+1)— A (n) =40 (n)+ A1 (n) Y1 — A1 (n — 1) 7,
k=-1: Ao(n+1)—A 5 (n)
=A_1(n) (14 Bn-1— Bn) + 7 [Ao(n) — Ag (n — 1)],
(41)

12



and

k=-2: Aosn)(1+4+06ia2—0F)=A1(n—1)7—A_1(n)Yn_1.

Solving (40) we get
Ar(n) =41 (0) + 2 (Bpsr + B +n—Bo— ).
Setting 7 = 0 in (15) we have
(2t a1) (2 +as) = Ao (0) + Ay (0) Py (2) + 2P (),
and using (3)-(4), we get
Ag (0) = z [araa + 7 + (a1 + a2) Bo + 53] ,

and
A1 (0) = 2 (ag + az + Bo+ 1) -

Using (45) in (43), we obtain
Ap(n) =z (Boy1 + B+ 1+ a1 +ag).
If we use (39) in (42), we get

A_ -1 A_
1+6n72_5n: l(n )_ 1(n>7
Tn—1 Tn

and summing from n = 2 we see that

s ot B — Gy~ A D) A ()
T Yn

Setting » = 0 in (16), we have
z(z+b)=(z—p)(x— b)) —n+ Bi(0)(z— o)+ Bo(0)

and hence
By (0) = Bo + 1 + b,

By (0) = B3 + bBo + .
Using (17) with £ = —1 and (48), we obtain

A1 (1) =71B1(0) =~ (Bo+ 51 +b).

13
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Combining (47) and (50), we conclude that
A—l (n) =Tn (ﬁn"’ﬁn—l —n+b+ 1) (51)

If we introduce the functions

A_{(n
unzﬁzﬁn_‘_ﬁn—l_n_‘_b_‘_la

A (n—1
Un:¥:ﬁn+ﬁn—l+n_l+al+a27

and use (46),(51) in (41), we get

Vn*AO - zvnvn (ﬁn + 7’1,) + Zvn (/Yn—i-l + /Yn) >
Ag = Ay [(un — 205) Yal, (52)

Using (17) with £ = 0 and (49), we obtain
Ao (0) = By (0) = B2 +bBy + 7. (53)
From (44) and (53) we have
(1 —2)[y1+ (Bo + a1) (Bo + az)] = (a1 + a2 — b) By + a1as. (54)
Finally, if we eliminate Ay from (52), we conclude that

zvnvn (571, + n) + zvn <7n+1 + f)/n) = unvn (ﬁn - n) + vn (7n+1 + f}/n)

and
An [(un - Zvn) ﬁ)/n} - An [(Un,1 - Z'Unfl) ’Ynfl]
= upVp (ﬂn - n) + Va, ('Vn—&-l + 'Vn)
or
Ap Vi [(Un = 200) Y] = unVin (Bn — 1) + Vi (Va1 + ) -
|

14



3.1 Hahn polynomials
We now consider the case z = 1. Under the assumptions
Re(b—aj; —ag) >0, b—a;—ay#1,2,...,
the first two moments (34) are given by [35, 15.4(ii)]
Fro+1)rb+1—a; —as)

P T+ 1—a)T b+ 1—as)
o a1a9 F(b+2)f‘(b—a1 —ag)
M 1T T(h—a)T (b—a)
Hence,
251 a1z
== "= 55
o Ko b—ai — ay ( )
Note that we get the same result if we set z = 1 in (54).
Taking limits in (37) as z — 17, we obtain
a1a9 (b—al) (b—ag) b— aq b—ag
"= — a1 ) )
(b—ay —az)(b—1—a; —as) b—a;—ay “b—a; —as
or ; ;
= @a2(b—a) (b o) (56)

(b—al—a2)2(b—a1 —a2—1)’
where we have used the formula [35, 15.5.1]

d a, b | ab a+1, b+1
EQF1|: c 72}—?2F1{ c+1 ,Z]-

When z = 1, the Laguerre-Freud equations (35)-(36) decouple, and we
get

Unvn <5n - n) - Unvn (Bn + n) ) (57)
ApVi [(b—a1 —az+2—2n) V] — Vi (Vng1 + V) = Vi (B — 1), (58)
since in this case
Uy — Vp =b—ay —ag +2— 2n.

Solving for f3,, in (57), we have

_2ntartay—b—4 a1+ as+0b

B = 2n+a; +as —b 6"71_2n+a1—|—a2—b'

(59)

15



As it is well known, the general solution of the initial value problem

Yn+1 = Crln + 9ny  Yno = Yo, n Z no,

is [8, 1.2.4]
n—1 n—1 n—1
yn:yOHCj+ Z <gk H Cj) .
Jj=ng k=no j=k+1
Thus, the solution of (59) is given by
(a1+a2—b)(a1+a2—b—2)
2n+a+a2—0b)(2n+a;+ay —b—2)

(a1+a2+b)(a1+a2—b+n—1) n
2n+a;+as—b)(2n+a;+ay—b—2) "

o

Bn:

where we have used the identity

rr2n+K—2  (2ng+ K)(2no+ K —2)
2n+K+2 (2ni+K)(2n + K +2)

k=ng
If we use the initial condition (55), we conclude that

(b+2—a; —ag)ajag —n(ag+az+b)(n+a;+ay—b—1)
2n+a;+as—b)(2n+a;+ay—b—2)

Bn:

Re-writing (58), we have

(b—a;—ay—2n—1)y1—2(b—a; —as —2n+2) 7,
—|—(b—a1—a2—2n—|—5)%1_1Zunvn(ﬁn—n)'

Summing from n = 1, we get

(b—a; —as—2n— 1) Y1 + (a1 +azg — b+ 2n —3) 7,
n—1
+(a1+a2—b+1)%=—Z&+BZ—5§

k=0

15(Ba— fo—n) - + 2D,

2

16



The solution of this difference equation with initial condition (56) is

o (n+a;—1)(n+ax—1)(n+a —b—1)
2n+ay+as—b—1)2n+a; +ay—b—3)
" (n+as—b—1)(n+a; +as —b—2)
(2n + ay + as — b — 2)? ’

Tn = —

We summarize the results in the following proposition.

Proposition 5 The recurrence coefficients of the Hahn polynomials, orthog-
onal with respect to the weight function

_(a'l)x(az)x
with
Re(b—ay —as) >0, b—a;—ay#1,2,...,

are gien by

(b+2—a; —ag)ajas —n(a;+as+b)(n+a;+ay—b—1)

Bn = (2n+a;+as—b)(2n+a; +as —b—2)

, (60)

and

(n+a;—1)(n+ax—1)(n+a —b—1)
2n+a;+as—b—1)2n+a; +ay —b—3)
y (n+as—b—1)(n+ar+ay—b—2)

(2n +ay + az — b — 2)? '

Yo = —N (61)

This family of orthogonal polynomials was introduced by Hahn in [15].
They have the hypergeometric representation [45]
—n, —x, n+a +ag—b—1

(a1), (a2)
Pn = " & F 71 )
(@) (n+a1+a2—b—1)n3 2 ai, a

from which (60) and (61) can be obtained using HolonomicFunctions.

As we observed in [6], the finite family of polynomials that are usually
called “Hahn polynomials” in the literature [35, 18.19] correspond to the
special case

ay=a+1, a=-N, b=-N-1-0.

17



4 Conclusions

We have presented a method that allows the computation of the recurrence
coefficients of discrete orthogonal polynomials. In some cases, a closed-form
expression can be given. We plan to extend the results to include other
families of polynomials.
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00- 2010 plus" from the Upper Austrian Government. We wish to thank
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5 Appendix

In this section we review the theory of orthogonal polynomial which are so-
lutions of the difference equation of hypergeometric type (see [33, Chapter
2]) and also list some of the main properties of the Meixner and Hahn poly-
nomials (see [21, 2.5,2.9] and [35, 18.19-18.23]).

5.1 A.0. Second order hypergeometric difference equa-
tion
Let’s consider the difference equation
o(x) AVy+ 71 (2) Ay +vy =0, (62)
where

Af (z)
Vi(x)

fle+1) = f(z),
fla) = flz—1),

and o (z),7 (x) are polynomials with deg (o) < 2, deg(7) < 1, and v is a
constant.

18



The higher-order differences

dy () = A™ [y (2)],

satisfy the equation

o (x) AVd,, + 1, () Ad,y, + Vipdy, = 0, (63)
where
Tm (x) =T (x4+m)+0o(x+m)—o(x), (64)
and
/ m (m B 1) "
Up=V+mMmT + ——0 .

2

The solution of (62) is a polynomial y,, (z) of degree n if and only if the
function d, (z) is a constant. From (63) we see that v, must be zero and

therefore )
v=-—n7 — %a” = An. (65)

If we multiply both sides of (62) by a function p () satisfying the Pearson
equation

A(op) = Tp,

then we can write (62) in the self adjunct form
A (opVyn) + Anpyn = 0. (66)
Similarly, the equation (63) can be written as
A (00 Vdy) + Vipmdm = 0, (67)

where p,, (x) satisfies the Pearson equation

A(0pm) = TimPm- (68)
Solving (68), we obtain
pm (@) = p(z+m) [Jo (@ +k) (69)
k=1

Note that
pm(2) =0 (@ +1)pps(z+1).
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Considering two solutions ¥, y,, of (66), we see that

(Am = A) Un (2) Y (%) p(2) = A[(YnVYn — YnVym) o () p ()] .

Hence,

Zyn Ym p () = [(YmVn — Y Vym) o (z) p (CE)]ZZ )

where ¥, VY, —YnVyn, is a polynomial. If we impose the boundary conditions
[2'0 (x)p(a:)}zzz =0, ¢=0,1,...,

then we obtain the orthogonality relation

Zyn Ym (x) p(x) =0, n#m.

V"™ [pn ()], (70)

where C), is a normalizing constant. Writing
yn(;p):/{nmn+ ,
we find that

=C, H < Lkld’) . (71)

Using (70), we also get the backward difference

An C,
g (ZL’) Vyn = F <Tnyn - —yn+1> . (72)

Finally, using the formula



we can rewrite (70) as

or

But from (68), it follows that

pnx—n+k+1) o@x—n+k)+7m(x—n+k)

pn(x—n+k) oz —n+k+1)

is a rational function of k, and therefore y, () admits a representation as a
hypergeometric function.

5.2 A.l. Meixner polynomials

From (33) we see that the monic Meixner polynomials satisfy the three-term
recurrence relation

n+(n+a)z nn+a—1)z

oMy = Mo + 5 My S M (74)
From (31) and (74) we obtain the forward difference
z(x+a) M, (x+1)=(2—1) Mpy1 () + (x — n) M, (x), (75)
and from (32) and (74) we get the backward difference
eM, (x —1) = (1 —2) Mpy1 (x) + 2z (x + a+n) M, (z) . (76)

Combining (75) and (76), we have the difference equation
z(@x+a)M,(z+1)+[n—2—z(x+a+n)|M,(x)+zM,(z—1) =0,
which can be written in the hypergeometric form

AV M, + (zo — 2z + az) AM,, +n (1 —2) M,, = 0. (77)
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Comparing (77) with (62), we see that
ox)y=z, 7)) =(EF-1x4+az, N\i=n(l-2). (78)
Note that from (64) and (78) we have
T () = (z = 1) (x +n) + az + n, (79)
and that
M=n(l—-2)=-n(z—-1)=-n1’ —

in agreement with (65).
Introducing the weight function

we can write (77) in self adjunct form. Note that p (z) satisfies the Pearson
equation
A(zp)=(zx —x+az)p

and that - .
po =Y ple) =Y (a), 5 =(1—2)", (80)

as long as |z| < 1. In order to have

weneed a >0and 0 < z < 1.
Using (69), we get

pn (T) x+nHaz+k =p(z+n)(z+1),. (81)

Since we are considering monic polynomials, we set x, = 1 in (71) and obtain

Cn:H%ZUZilz(z—l)‘". (82)




Using (81) and (82) in (70), we have the Rodrigues formula

G (@ @,
M) = v [t ]
which we can rewrite as
G0 @), L,
T e T

using the identity
(Z)Z')n+m = (x)n (ZE + n)m :
Note that using (78), (79) and (82) in (72), we obtain

VM, =(z—1) M, — (—z+az + nz + xz) M,

in agreement with (76).
Using (5) and (33), we get

h, = thfyk =n!(a), (1—2)72"""2",

k=1

since from (80)
h():[to: (1_2)—(1‘
Using (73), we have
"~ (=n), p(z+k)

Ma@) =12

k=0 p(x)

=(x+1-n) 1-2)""

Thus, we obtain the hypergeometric representation

z+1—n"’

k! (x+1—n)kz

My(2)=(z+1-n), (1—2)" 3F < —mrta 'z).

Using the linear transformation [35, 15.8.7]

c 1+b—c—n'’

_ s 1 — o —
2F1( n,b;z):(c )nzn2F1< n,1-c [ R

(©),,
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we can rewrite (83) as

1\ " . — 1
Mn(x)—(a)n<1——> 2F1( " ”3;1—-).
z a z
Using the expansion [35, 16.10.2]

(&9}
Z(Ch)n —N, A9, . ..y Qg41
F ) I » Yq . wn
n! ot q( bl,...,bq 7<

n=0

= (1-w)™™ . F, a1,a2; ..., 0q4+1 ;W_C 7
b17 ab

w—1
1-¢| <1, Re<L> <
w—1

we obtain the generating function

valid for

N —

and (84
()

o n z—1

where we chose

q:17 a1:£7 Ay = —Z, blza7
1 t

(=1—-, w= L
z z—1

If we set £ = a in (86), we get

o0

B z
1— .
z—1

= g in (86), and let # — oo, we obtain

—0¢
2F1(9£,—x_ (z —1)t

a Ttz+E0(1—2)

i ”:(1_ 2t )f gFl(f’;x' (z—1)t ) (86)

)



where we have used the identity

. (€0) k
Jim =gt =&

and Tannery’s theorem [42].

5.3 A.2. Hahn polynomials

In this section we consider the monic Hahn polynomials with the special
choice of parameters

apa=a+1, a=-N, b=—-N-1—-p§, NEeEN,

denoted @, (z) . From (60) and (61) we see that they satisfy the three-term
recurrence relation

2Qn = Qni1 + BnQn + 1nQn-1, (87)

with
5. — 2N —a+B8)n?+ (a+B+1)2N —-a+B)n+(a+1)(a+B)N
2n+a+8)2n+a+3+2) ’

and

N _nnta)n+p)(ntatP)(N—n+1)(N+n+ta+p+1) (8)
! n+a+8>2Cn+a+8-1)2n+a+B+1) '

From (15) and (87), we obtain the forward difference

(x+a+1)(N—2)AQ,=—2n+a++1)Qnn (89)
(m+a+1)N+n(n+p5+1)
+m+a+ﬁ+1ﬂx— o taiBio ]Qm

and from (16) and (87), we get the backward difference

t(N+B+1-2)VQy=—2n+a+B+1)Qnn (90)
(n+ta+1)(N—n)
+(n+a+5+1) |:£U— i rat 1o }Qn.
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Combining (89) and (90), we have the hypergeometric difference equation

e(N+B+1—-2)AVQ, +[(a+1)N — (a+ B+ 2) 2] AQ, (91)
+n(n+a+pF+1)Q, =0.

Comparing (91) with (62), we see that

ox)=x(N+p+1—-2), 7(x)=(a+1)N—-(a+5+2)z, (92)
A=nn+a+pB+1).

Note that from (64) and (92), we have
m(x)=m+a+1)(N—n)—2n+a+5+2)x. (93)
Introducing the weight function

(a+1),(-N),
AN =P), &

we can write (91) in self adjunct form. Note that p (z) satisfies the Pearson
equation

p(x) =

Ax(N+p+1—-z)p|=[(a+1)N —(a+5+2)x]p,

and that

- (a+1),(=N), (a+B8+2)y
0= =X e o

as long as 5 ¢ [N, —1]. In order to have

we need o, < —N or a, 3 > —1.
Using (94), we get

n

pn(@)=p+n)[[@+k)(N+B8+1-2—k) (96)

=(-1)"px+n)(x+1), (x—N-75),.

26



Since we are considering monic polynomials, we set x,, = 1 in (71) and obtain

M - (1"
C, = = :
l1k+n+a+ﬂ+1 (n+a+p+1),

(97)

Using (96) and (97) in (70), we have the Rodrigues formula

(-n"
n+a+p+1), p(x)

Qn (z) = V(=D p (e +n) (@ +1), (x =N —=p),],

which we can rewrite as

1 \vid (CV + 1)x+n (_N)ern
(n+a+p+1), plo) (1), (=N =5),

Using (5) and (88), we get

@n (JZ) =

(=N), (a+1), (a+8+2+n)y
(a+p+2), (a+B+1+n),

Y

hy, = hOH% =(—-1)"n!
k=1

since from (95)
(a+B84+2)y

ho = po = CESIN

Using (73), we have

()" () pat K) (e =t k1), (z—n+k— N — ),
Qul) =) — (@) (n+atpB+1),
_(=D"(@+1-n),(@—n-N-p),
(n+a+p+1),
- (—n)y (= N)(z+a+1),
Ko (x—n—N-8),(x—n+1),

X
k=0

Thus, we obtain the hypergeometric representation

-1)'"(e=N-p-n), (x+1-n),

o () " )z +1-n)
n+a+p5+1),

< .F —n,r—N,z+a+1 1
2\ s —-N—-fB—-nz+1—n"")"

(98)
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The linear transformation
F ) ) ,1 — _1 n n
o G R CR () o

 F —n,l—d—n,1+a+b—c—d—n‘1
302 l+b—d—n,1+a—-d—n ’

can be proved symbolically using HolonomicFunctions (or in other ways by
hand). Using (99), we can rewrite (98) as

Qn (x) =

(a+1),(—=N), FQ[—n,—x,n—l—a—l—ﬁ—l—l;l} (100)

(n+a+p+1), a+1, =N

Finally, the polynomials @,, (x) have the generating functions [35, 18.23.1]

N n B B
nz n+oz+/3+ ;nQn( )_._ lFl[afl ;—t} 1F1{%+]¥;t},

and [35, 18.23.2]

N i
(n+a+B+1), Qula)

n=0

_ QFO[—:U,—x—i—_ﬂ—{—N—i—l ;—t] 2F0[x—N,x_—|—a+1 ;t],

valid for x =0,1,..., N.
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