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Abstract

In this article, we find a power series expansion for the Hankel de-
terminant whose entries are the moments of a linear functional related
to discrete semiclassical orthogonal polynomials. We provide explicit
formulas that allow the computation of coefficients to arbitrary order,
and give examples for the first few terms in the series.

We reinterpret these results in the context of the theory of Young
tableaux and Schur functions, and find closed-form expressions for the
cases corresponding to the Charlier and Meixner polynomials.

We also discuss further research directions.
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1 Introduction

Let N denote the set of natural numbers and Ny the set of nonnegative
integers,

N={1,2,3,...}, No=NuU{0}.

If {4,} is a sequence of complex numbers and £ : C[z] — C is the linear
functional defined by
Lx"] = pn, n € N,

then £ is called the moment functional [4] determined by the formal moment
sequence {f,}. The number p, is called the moment of order n.

Suppose that {P,} is a family of monic polynomials, with deg (P,) = n.
If the polynomials P, (z) satisfy

L[P,P,] = hppm, n,m e N, (1)

where hg = pig, hy, # 0 and 6, ,, is Kronecker’s delta, then {P,} is called an
orthogonal polynomial sequence with respect to L.
If we write

= ZamkPk (), n € Ny,
k=0
we can define a lower triangular matrix A,, by
(A”)z,j = Q4 4, 0< Zu] <n-—1
If we define the diagonal matrix D,, by
(Dn);; = hidij, 0<4d,j<n-—1,
and the Hankel matrix H,, by



then we have the LDL decomposition [12, 4.1.2]
H, = A,D,AL. (3)
We define the Hankel determinants A, by Ay =1 and
A, =det(H,), neN. (4)
Determinants have a long history and an extensive literature, see [1], [3],
21], [25], [29], [30], [31], [32], and the impressive monographs [17] and [18].
The theories of Hankel determinants and orthogonal polynomials are
deeply connected, see for example [4], [6], [9], [10], [14], [15], [16] [19], and
28].

In [8], we studied the discrete semiclassical orthogonal polynomials of
class 1, and considered linear functionals £ that have the form

Llpl=) pk)w(k)z*, pl(z) € Cla], ()

for z € C and some function w with
w(k)#0, keN. (6)

In this case, the moments y; (z) are given by
wi () = Zkiw (k) 2F, i€ Ny, (7)
k=0
and the entries of the Hankel matrix (2) are
(Ho)ij = ptivs (2) = > K Hw (k)" 0<ij<n-—1 (8)
k=0

We note from (7) that all the moments p; (z) can be obtained from the
first one pg (z), since

Wi (2) = Zk‘iw (k) 2" = Zw (k)9 (2%) = P po (2),



where the differential operator ) is defined by [23, Chapter 6]

d
U=z—.
“dz
It follows that if the first moment p (2) is analytic in some disk |zo| < 7, the
same will be true for all the other moments. In fact, we showed in [7] that
for all families of discrete semiclassical orthogonal polynomials of class s, the
moments have the form

pi(2) = (727" ) i (2) e (2)

where the constants A, 7 € {—1,0, 1} and the polynomials pj, (z) depend on
the given family.

Since the Hankel determinants A,, (z) are analytic functions of z (in the
same domain as ), it is natural to consider the Taylor series

Ap(2) = dn(n)z", |z <, (9)

and try to determine the coefficients d,,, (n) . Surprisingly enough, we haven’t
been able to find many references on this topic. In [24], Rusk considered at
the n!"—derivative of a general determinant, whose elements are functions
of a variable ¢, and found some connection with a symbolic version of the
multinomial theorem. In [5], Christiano and Hall used the general Leibniz
rule and obtained a formula for the n'* —derivative in terms of determinants.

In [13], Hochstadt considered the derivative of a Wronskian determinant

W (t) = det X (¢),
where X (t) satisfies the matrix equation

d
SX(1)=ABX (W),

and obtained p
SW (1) =t (A) W (1),



where tr (A) denotes the trace of A. In [11], Golberg generalized this result
and proved Jacobi’s formula
d

. d
pr det A(t) = tr (ad‘]Ad_tA) :

where adj (A) is the adjugate of A defined by
adj (A) A =det(A)I.

Lastly, in [33] Withers and Nadarajah studied the Taylor series of a determi-
nant with general entries, and obtained a formula involving traces of powers
of the matrix and the complete exponential Bell polynomials.

In this article, we obtain explicit expressions for the coefficients d,, (n)
in the Taylor series (9) when the entries of the Hankel matrix are given by
(8). The paper is organized as follows: in Section 2, we derive a formula for
dy, (n) when w (k) is a general function. We give some examples for special
cases of w (k).

In Section 3 we relate the results from Section 2 to the theory of Schur
polynomials. We obtain exact evaluations of d,, (n) for the Charlier and
Meixner polynomials. Finally, in Section 4 we give a summary of results and
point out some future directions.

2 Main result

2.1 Vandermonde polynomials

Definition 1 The Vandermonde determinant V' (x1, za, ..., x,) is defined by

n

V@, oaa) = det (af7) = > san () [ [0,

1<ij<n ey i1
where sgn (o) denotes the sign of the permutation o.

Remark 2 [t is well known that the Vandermonde determinantV (x1, xo, ..., x,)
is an alternating multivariate polynomial given by [31, 4.1.2]

V(xy,m9,...,2,) = H (x; —x;), n>1 (10)

1<i<j<n

5



Definition 3 If a,m € Z and m < 0, we define

V (xaa Lat1s--- axa-‘rm) = 1.

(11)

Next, we derive some basic results about Vandermonde polynomials.

Lemma 4 Ifa € Z and m € N, then

m j—1

V (l'aa La+1y- - - 7xa+m) = HH (ijra - xiJra) 5

j=0i=0
Proof. Using (10), we have

a+mj—1

V(Ta, Tay1,- s Tatm) = H (zj — ) = HH(% — ;)

a<i<j<a+m j=a it=a
m j+a—1 m j—1

=L II @ivo—2) =TI (i = i50) -

j=0 i=a j=0i=0

[
Corollary 5 If m € Ny, then
V(0,1,2,...,m)=G(m+1),
where the function G (m) is defined by
G)=1

and

—_

m—

G(m)=]] @), meN.

=0

Note that G (m) satisfies the recurrence

G(m+1)=mlG(m).

(13)



Proof. If we set a =0 and

in (12), we get

v,Le...om) =[[[JG-9=]I1F &=i-9
j=0:=0 j=0k=1
= ﬁj! =G(m+1)

|
Remark 6 The function G (m) can be written as
g (m) = G(m+1),
where G(m) is Barnes’ G-Function [22, 5.17], defined by G(1) =1 and
G(z+1)=T(2)G(z), ze€C.

Proposition 7 For alln € N and r € Ny, we have

V(xy, 2, ... xn) =V (21,20, s Zpey) V (Tppg1, oo, Tp)
n n—r
X H H (33]' - xl) )
j=n—r+li=1

where empty products are assumed to be equal to 1.

Proof. Setting a =1and m =n —r — 1in (12), we get

n—r—1j5—1

\% (l‘l, T, ... ,In_T) = H H (ZE]‘_H — xi—i—l) .

J=0 =0
Similarly, if we set a =n —r+1 and m =r — 1 in (12), we have

r—1j—1

vV (:L‘n—r—&—h s ,l’n) = HH (:Ej—&-n—r—‘rl - Ii—l—n—r—‘rl) .

j=0i=0

7



Thus,

\% ([L’l,fﬂg, e ,[L‘n)
Vv (1'1, Loy ... wIn—r) V (xn—r+17 s 7$n)
n—1j—1
[T (- o0
. 7=01i=0
n—r—1j5—1 r—1j—1
H H Tjr1 — xH—l HH (xj—i-n—r-l—l - xi—i—n—r—i—l)
j=0 1i=0 j=0:i=0
H H Tjr1 — l‘z‘+1)
. j=n—ri=0
r—1j—1
HH x]-‘,—n r4+1 = Litn— r+1)
7=07=0
But
r—1j—1 n—1 j—n—r—1
HH (xj+nfr+1 - $i+nfr+1) H H 9133+1 - $i+nfr+1)
7=02=0 j=n—r =0
n—1 j—1
= (xj+1 Tit1)
j=n—ri=n—r
Hence,
\% (l’l,iﬂg, e ,l’n)
Vi(ry, 2o, o Zny) V (Tpepg1y oo Ty
7j—1
n—1 (Ij+1 - xi""l) n—1 n—r—1

jf? = H H (Tjr1 — Tiv1) -

St
(Tj41 — Tig1) e

-1

J

We conclude that

V(x1,29,...,2y) ﬁ

V (131, To, ... ,SCnfr) V (xnfrJrla B 7xn> j=n—r+1li=1



|
We now obtain a representation for A, (2) in terms of Vandermonde poly-
nomials.

Theorem 8 Let the moments y; (z) be defined by

= Kuw (k)
k=0
and let A, (z) denote the Hankel determinant

An(z) = det (isyos).

1<ij<n

Then,

2 (b, ks Kon) (16)

An(z)= > [Hw

0<ki<ko<--<kn Li=1

Proof. This result is essentially contained in the proof of the Theorem
in Section 6.10.4 of [31]. We reproduce the main steps for the purpose of
completion.

Let n < N and

_ i+j— 2 N ki
An (2) = 1<(le?t<n (Zk ) :

Using the linearity of the determinant, we have
N n
sovio= 3 Tt | [T g, )
N n n
= ¥ [Hw (k:) zk] [ij—l

i=1

V (b, ko, ko) -

Since



is a symmetric function of (ki, ks, ..., k,), we get

Ay (2) :% > [Hw (k:) zki] > (Hkﬁ_(})) V (ko(t)s- -+ s ko)) -

“ki,..kn=0 Li=1 c€S, \i=1

Using the identity [31, 4.1.9]

Z (Hkl 1> ...’ka(n)) - V2 (k17k27"‘7kn)7
0ESh

=1

we obtain
1 N n
_ ki 2
Ann (z)—mk ij 0 [r{w(/@;)z V2 (ky, ko, ... k).
Tgeeny n= 1=

Finally, since
V2 (ky, ko, ... k)

is a symmetric function of (ky,ks,...,k,) that vanishes if k; = k;, we can
rewrite A, v (2) as

Ann (2) = > [Hw

0<ki<ko<--<kn<N Li=1

V2 (ky ko, k)

Taking the limit as N — oo, the result follows. m

2.2 Integer partitions

In this section, we will collect powers of z in (16) to find a power series for
A, (2) . First, we define the concept of integer partitions.

Definition 9 A partition A is any (finite or infinite) weakly decreasing se-
quence
A:<)\1,)\2,...,)\7«,...) (17)

of non-negative integers

Ai > A1 >0, 1eN|

10



containing only finitely many non-zero terms. We do not distinguish between
two partitions which differ only by a string of zeros at the end. For example,

(2,1) = (2,1,0) = (2,1,0,0).

The non-zero elements \; in (17) are called the parts of A. The number
of parts is the length of A, denoted by [ (A)

L(A) =card{\ € A| N\ # 0} < o0.

The sum of the parts is the weight of A, denoted by ||A|l,

00 I(A)
NS Y
i=1 i=1

If ||A]] = m, we say that A is a partition of m. The set of all partitions
of m is denoted by P (m). In particular, P (0) consists of a single element,
the unique partition of zero, which we denote by A = (0).

We will denote by P, (m) the set of all partitions of m into at most n

parts,
P, (m)={A|||A||=m and [(A) <n}.

We now establish a connection between the sum in (16) and those indexed
by partitions.

Lemma 10 Let n € N and f be an arbitrary function. Then,

S Flhike k)= D O A1 A+ —1). (18)

0<ki<ko<-<kn l(A)Sn
Proof. We define the bijection
e AA[TA) <np = {(R1 ko, oo k) €27 |0 <y < kg < <k}

by
p=Too,

where o € 5, is given by

g ()\1,)\2, .. ,)\n) = ()\n,)\nfl, Ce ,)\1)

11



and the affine transformation 7" is defined by
T (z1,22,...,2,) = (x1,29,...,2,) + (0,1,...,n—1).
Note that
o AN I(A) <n} = {(x1,29,...,2,) €Z" | 0< 21 <2y <+ <, }
and

T:{(z1,20,...,0,) €EZ" [0 < <29 <--- <1y}
—>{(l€1,l€2,...7kn>€Zn|0§]€1<k2<"‘</€n}

since ky = z; > 0 and
ki:Ii—i‘i—lSl‘i_;_l—Fi—l<J]i+1+i:]€i+1, 1<:<n—-1.

]
We can now write (16) as a sum over partitions.

Proposition 11 Let n € N. Then,
A o n
n()"’) => Y [Hw (Ap—iz1 +1 — 1)] (19)
2(2 m=0  A€P,(m) Li=1
X Vz()\n,)\n,1+1,...,)\1+n— 1)
Proof. Using (18) in (16), we have

A (2) = Z [HW (Ap—iz1 +i—1) z)‘"“rl“l]

I(A)<n Li=1
X V2()\n,)\n_1+1,...,/\1+n—1).

But

n

Z(Anmﬂ—l):g)\ﬁw:mﬂt (Z)

i=1
and therefore

] W (Ap_ip1 + i — 1) rnmirrtizt
i |

I(A)<n Li=1

= z@)izm Z [ﬁw (An—iz1 +1— 1)] )

m=0  A€P,(m) Li=1

12



|
We have now all the elements to prove our main theorem.

Theorem 12 If A € P, (m), then

VA, o1+ 1., +n—=1)=G(n) LyV, (n), (20)
where m
H ' ( Aj+i— ]) (1)
and

l(A)

Uy(n)=[[(n—i+1),,. (22)

i=1
Proof. Let [ (A) =r. (i) If r =0, then A = (0) and using (13), we have
VA A1 +1,...,0+n—-1)=V(0,1,2,....,n—1)
=G(n)=6(n) Lo¥ (n),
since
(i) If r = 1, then A = (m). Using (13) and (15), we get
VA der+ 1., 0+n—-1)=V(0,1,2,....,.n—2,m+n—1)

n—1

:V(O,1,2,...,n—2)H(m+n_i>:g(n_l)%.
But
L(m+n)  T'(n) F(m+n)_(n_1)!(n)
T(m+1) T(m+1) T'(n)  ml o
and therefore
(n—1)!
V(/\n,)\n_1+1,...,)\1+n—1):g(n_l) — (n)m

since



(iii) If r > 2, then using (13) and (15), we obtain

VA, dpr+1,...,0+n-1)=V(0,1,2,....,.n—r—1)

<Vatn—r.. M+n-1 J[ J]Cusr+i—19

j=n—r+li=1
=Gmn—r=2V(+n—r.. M+n=-1) J[ J[Ow-isr+i—1.
j=n—r+1li=1
(iv) We have
II T[Cwmti-d=][]]Nn+n—i+1-0) (I=n-j+1)
j=n—r+1li=1 I=1i=1
r n—r—1
:HH()\Z—Z+T+1+S) (s=n—r—1i)
=1 s=0

=[[n-1+r+1),.,

=1

Setting x = A+ 1, a =r — [ and b = n — r in the identity

(%) g1 = (), (z + @)y,
we get
(>‘l + 1)n—l

N—Il+r+1 = —
(l r )n—r ()‘l+1)r—l

Hence,

T T

H()\Z—H—r—l—l H)\H_l l=11 _,

=1 l:l




since (), = 1. We conclude that

T s

n n—r H (Al + 1)n—l
H H An—jir +7 —1) = r—17l~j—1 - rfll:

A+ ]')n—l

(
j=n—r+1li=1 H H (M +1+5s) H H (M+s—1)

(v) Using (12), we get

V+n—r.. Mt+n—10)=[[]]-i = Ai+i—i+1)

l—l

r—1r

dr—l—d)  (=r—j-1)

=

=1
r—1 r
=TI II = A+s=0)  (s=r—i).
I=1s=Il+1

(vi) From the previous results, we have

V()\n,)\n,1+1 )\1+Tl—1)

n—r—1 H )\l - 1 r—1 r
:<Hz!> H“T [HH(AZ—ASH—Z)]

I=1s=l+1

| [=1s=I+1 |
1 r
)\—I— — 1 — )
lls l+1 18—

Setting x = 1, a = \; and b = n — [ in the identity

(x4+a), (x+D),

we obtain

15



Thus,

" r),  (—1+1), [ -1+ 1),
[T0v =TT A:[H(”‘MHUTV

=1 =1

We conclude that

V()\n,)\n,1+1 >\1+Tl— )

nl ( —141),,
QUi

=1

(vii) Finally,

[T (M) -1 (-2

I=1s=Il+1 l=1s=l+1

since

But for s =1 we get

and therefore we can write

r s—1

I T ()

=41 s=2]=1

n
With the help of the previous result, we obtain a new expression for A,, (2)
as a sum over partitions.

16



Corollary 13 Let n € N. Then,

> A i+ n—1 2
o) ]ZZ’” 1 e LS

[ w (’L) m=0 AEP(m) =1
=0

Proof. Let A € P, (m). Since

An
2(8)g2 (n)
(24)

As =0, [(A)<s<n,

we have

n n

[[Jo i +i-D=JJo\+n-s) (i=n-s+1)
i=1 s=1

wDs+n—s n l(A)w Ae+n—3)| 1
:[H (W(:—s) )] HW(S): H (W(:LF—S)) HW(S)’

s=1

where we recall from (6) that w (s) # 0.
If 1 (A) < n, then the formula follows after using (20) in (19). If I (A) > n,
then

n i(A)
Uy(n)=[[(n—i+1), J[ n-i+1), =0,
i=1 i=n+1
and therefore
1(A)

3 HM (LA, (n)]2

AeP,(m) |i=1 w (n —1)

1(A)

= Y R g (o

AeP(m) | i=1 w(n—1)

n
We now compute some particular values of LyW, (n) .

Proposition 14 We have

L(O)\D(O) (n) = 1, (25)

17



L(m—2,2)‘1’(m—2,2) (n) = Tn( m—1 (26>

and for0 <a <m—1,

m—1\/n+m—1—a
L(m—a,l ..... 1)\Ij(m—a,1 ..... 1) (n) = ( ) < ) (27>

In particular, we have

n—1+m
L)V m) (n) = ( . ) (28)
and
n
L(l ..... 1)‘1’(1 ..... 1) (n) = <m> (29>
Proof. Using (21) and (22), we get
. 112 1 m-3
(m=22) 7 (1 = 2121 m—2+1)  2(m—1)!
and
n+m —3)
¥z (1) = (1) (0= 1)y = 0 (30)
Thus,
n (n+m—23)
L2V (m_ = —-3) =
(m=2)Won—2 () = (m = 8) 5y o)
Similarly,

1 at+1 [ il
Lim—a N 1=
(m—a,1,...1) (m_a)yiﬂ( —a+z—1>31_[( 1+2—])]
1

v T, 1 1 m-al
_(m—a)!,i I m—a+i—1/)i—1] (m—a)l m a

and
atl —a—1)! n—1)!
Vimanr,.1(n)=(n), , H (n—i+1)= u +(7:_ 1)! 2 (n(— 1 i)lt)'



Thus,

m! (n+m—a—1)!

Lom-apWim-ai..n (n) = al(m—a—1!m m(n—1-—a)!

Formula (28) follows from (27) if we set a = 0, and (28) follows from (27)
ifweseta=m-—1. =

Using the previous result, we compute LW, (n) for all A € P (m), 0 <
m < 5.

Corollary 15 Let n € N. Then, we have:
(i) For A € P(0),

(ii) For A € P (1),

n+1 n
L)¥ (2 (n) = < 9 >, Lany¥a (n) = (2)

(iv) For A € P (3),

LV (n)

L(1,1,1)\1/(1,1,1) (n)

n+2 n+1
( 3 ) L(M)‘I’(m)(”):?( 3 >

(v) For A € P(4),

n+3 n+2
Liay¥ 4 (n) = ( 4 )a L)V (n) = 3( 4 ),

n({n+1 n+1
L22)¥(2,2) (n) = 5( 3 )a Li2a1VY2,1,1) (n) = 3( 4 ),

19



(vi) For A € P (5),

n+4 n+3
L5Vs) (n) = ( 5 )a Luy¥uy (n) = 4< 5 )

n—+ 2 n+2
L32)¥(32) (n) = n( 4 >7 Lisiy¥Ea,)(n) = 6( 5 > (31)

n+1 n+1
Lipn¥ee) (n) = ”( 4 ), Lii1y¥Yei (n) = 4< 5 )
n
L(1,1,1,1,1)‘If(1,1,1,1,1) (n) = (5)

Proof. All the results follow from Proposition 14, except for Lz21)¥(2,2.1) (1) -
In this case, we have

1
Loy = 6
and
V21 (n) = (n)z (n — 1)2 (n— 2)1
1 4! 1
— ZnZ(n—l)(n—2)(n+1) — Zn(nl— )
Hence,
n+1
Liany¥i2) (n) = n( A )
[ ]

We can now an explicit formula for the first few terms in the power series

of A, (2).

Corollary 16 Let g, (z) be defined by

In (Z) = B (i),l
z(g) G2 (n) | |w(4)
Then,
o (2) =14 1o (n) 2™, (32)



) ==y = (”“)2w(”_+1>+ <n)QM

wn—17 2 Jwmn—1 " \2) wmn-2)

+n_2<n+1>2 w(n)w(n+1)

1\ 3 ) win-Dwmn-2
() S () et

and

n+12
16 _
wu(" )

2.3 Examples

In this section we apply the previous results to some specific families of

orthogonal polynomials.

Example 17 Charlier polynomials. If

(33)

then the polynomials orthogonal with respect to the linear functional (5) are
known as Charlier polynomials /22, 18.19]. The monic Charlier polynomials

21



have the hypergeometric representation [22, 18.20.7]

Po@) = (-2)" oF [ e ;—z-ﬂ ,

where
prq bl,...,bq ’ 0 (bl)k"'(bq)k k!

denotes the generalized hypergeometric function [22, Chapter 16]. When
z > 0, the monic Charlier polynomials satisfy the orthogonality relation

00 k
N Py (k) P (k) % = 12"y (34)
k=0 ’

If we use (33) in (32), we obtain
: 2 6
gn(z):Zn H—i—O(z).
k=0

In the next section, we will prove that

w(n) = 2o, (3)

then the polynomials orthogonal with respect to the linear functional (5) are
known as Meixner polynomials [22, 18.19]. The monic Meizner polynomials
can be represented by [22, 18.20.7]

M,(x)=(a), (1—2)" LR | " 7 =t
where a > 0 and 0 < z < 1. They satisfy the orthogonality relation

> M, (k) My, (k) G (@), 2" (1—=2)""""" 6pm. (36)
k=0



If we use (35) in (32), we obtain

Zk

5 (2) = 3 (-t a— 1), 5 +0 ().

k=0

In the next section, we will prove that
In (Z) _ (1 . Z)—n(a—i—n—l) .

Example 19 Generalized Charlier polynomials. If

o (k) = 11

s 37
S (37)

then the polynomials orthogonal with respect to the linear functional (5) are
known as Generalized Charlier polynomials [27].
If we use (37) in (32), we obtain

1 n?+bn—1
nm =gy = na o,
s (n) = n4+2bn3+(62—5)n2—36n+4’
(n+b—2),
and
1

_ 7 6 2 5 2 4
ry(n) = (b (n T b—3), [n + 4bn +(6b 14)n —|—2b(2b 17)n

+ (b* — 260 + 49) n® — 2b (3b* — 31) n* + (196* — 36) n — 30b] .

It is of course possible to compute higher terms, but we haven’t found a
convenient way to represent them, and the expressions become increasingly
cumbersome.

Example 20 In general, let

w(l{:):%. (38)
We have
w(n—z’—i—)\i):g(n—i—i-)\i) (n—1)! :é(n—i+)\i) 1
w(n—1) En—1i) (n—i+N)! §(n—1) (n—i—l—l)/\i'



Thus,
I(A) I(A)

Hw(n—i—i—)\i) 1 Hf(n_i‘i‘)\i)'

i wh—i)  Wa(n)ig -0
From (14), we get

62 (n) [Tw (i) = 6 (m) [[€ ()

Hence, replacing in (24) we obtain

00 l(A) iy .
= (i)l - sz Z HH L3, (n). (39)
g [Jee ™= Aerom L=

1=

All families of discrete semiclassical orthogonal polynomials have weight
functions like (38) [8]. They include:

Polynomials ¢ (k)

Charlier 1

Meizner (a),, a>0

Generalized Charlier (b+11)k7 b>—1

Generalized Meizner (lfi)lk)k’ a>0,b>—1
Generalized Krawtchouk | (a), (—N),, a>0,N €N
Generalized Hahn (a(lb)i(f;i)k’ ai,as > 0,b> —1.

3 Combinatorial interpretation

3.1 Young tableaux

In this section, we will relate our previous results to some combinatorial
objects. We begin with some definitions and examples, to aid those reader
who are not experts in these topics.

Definition 21 The (Ferrers or Young) diagram D, of the partition A with

24



[(A) = 7 is the set of boxes

v bozes [T T T[]
Ao boxes Dj]D

A bozes . D

In other words (with coordinates representing bozes)
Op={(i,5) 1 <i<I(N), 1<j< N}
Example 22 The diagrams for the partitions A € P (5) are

]

\_‘J_‘_‘_L (— 9 9 [ — 9 (— P L 9

Definition 23 A Young tableau 7' (A) (of shape A) is a Young diagram Dy
for a partition A € P (n) and a bijective assignment of the numbers (1,...,n)
to the n boxes of the diagram .

A Young tableau T (A) is called standard if and only if the numbers in-
crease in each row and each column.

Example 24 The standard Young tableaux for A = (3,2) are

11213] [1]2]4] [1]2]5] [1[3]4] [1]3]5]
415)  [315]  [314]  [2]5]  [2]4
Definition 25 Let A be a partition. We define
f (A) = number of standard Young tableauz T (A) . (40)
Example 26 For m =5, we have
fLLLL)=1, f(2,1,1,1)=4, f(2,2,1)=5, (41)



The next result shows that the values of f (A) for A € P (m) also give
the dimensions of the irreducible representations of the symmetric group S,,
26, Chapter V].

Theorem 27 We have
>N =ml

AeP(m)

Proof. See [26, VI.2.2.]. m
Next, we relate the function L, defined in the previous section with f (A).

Theorem 28 Let A € P (m) with [ (A) =7 and

t=MN+17—1i, 1<i<r

II -t
1<i<k<r

£ (8) = miI=E . (42)

H (t:)!

i=1

Then,

Proof. See [26, V]1.2.3.]. m
Corollary 29 Let A be a partition. The function Ly defined in (21) can be

written as
o S
(IALD!

Proof. Let A be a partition with { (A) = 7. From (42), we get

T

IIT = Xe+k—1i) IT Qi =xe+k—4)

f(A)  a<icrss IR & L=rs
m! - T _H ()\14—7'—2)'
[T+ =) =
i=1
We have
Ai+T—1 Ai+T—i Tt
Nitr—it= T i=0 [T 5= Q] +9)
j=1 J=Xi+1 J=1
= O] Ce+k—i)  G=k—1).
k=i+1



Thus,

fA) 7l v =Ntk —9) 1 1 A
W‘H(wn ()\,»Jrkk:—z') _H(Ai)!H(l_AiJrZ:—z’)'

i=1 Tk=i+1

But -
T T Ak - - _ Ak
Hkql(l_m) _HH<1_m>,

and therefore

T k—1

f ) 1 < A >

= 1-— N LA~

m! kl_[l(/\k)!i1 Ni+k—1

n

We now find a connection between the function W, (n) defined in the

previous section, and some properties of the diagram 2.

Definition 30 Let A be a partition with diagram .

1) We define the hook length h; ; (A) of A at (i,7) € Dy as the number of
bozes directly to the right or directly below the box located at (i,7), counting
(1,7) itself once.

2) We define the content ¢; ; (A) of A at (i,7) € Dy by

Example 31 The hook lengths of A = (3,2) are

413]1]
201] . (44)

—1[0]. (45)

Remark 32 Let A be a partition. Then,

S[R3 ()~ & (N)] = AR

(27.7) €D

For a proof see [20, 1.1. Example 5.].

The contents of A = (3,2) are
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Proposition 33 Let A = (A, Ag, ..., \) and

ti:)\i—l—’f‘—i, ISZST
Then,

hij () = ——— .
(i,jl)_e[m J I ¢-t

Proof. See [20, I.1. Example 1.]. m

Corollary 34 Hook length formula. Let A be a partition. Then,

(IA[D!
fA)=———"—. (46)
IT his )

(1,5)€EDA

Example 35 Let A = (3,2). Using (44) in (46), we obtain

5!
2: —=
1(3:2) 4x3x1x2x1 2

in agreement with (41).

Definition 36 Let A be a partition. We define the content polynomial of A
by [20, 1.1 Example 11]

Ca@)= J[ [z+cy ). (47)

(6,5)€EDA
Example 37 Let A = (3,2). Using (45) in (47), we get
Cao ()=(x—1)2*(@+1)(z+2).
Note that from (30) we have

(n+5—3)!

Vs (n) = e g = (0= 1) (0 42) (n41) = Clg ().
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Proposition 38 Let A = (A, Ao, ..., \.). Then,
Ca(z) =y (2).

Proof. Using (43) and (47), we have

H [:L’—l-ci,j(A)]:Hﬂ(x—l—j—z'):Hﬁ(a:—i—|—1+j)
(4,J)€EDA i=1j=1 i=1 j=0
[l it =0 ).

3.2 Schur polynomials

In this section now introduce the concept of Schur polynomials, which will
be essential in finding closed-form formulas for the Charlier and Meixner
polynomials.

Definition 39 Let n € N and A be a partition. We define the Schur poly-
nomial sy by [20, 1.3]

sa(x1,...,x,) =0, [(A)>n

and

det (:c@_j A )

1<ij<n \

det (zf77) ~

1<i,j<n

[(A) <n.

Sa (1,0 ) =

Example 40 Let n =3 and m = 5. We have

2

S(1,1,1,1,1) = 0, 5(2,1,1,1) = 0, 5(2,2,1) = €2€3, 5(3,1,1) = (61 - 62) €3,
2 2 2
8(372) = €165 — (61 + 62) €3, 5(4’1) = (63 — 6162) (262 — 61)

5 3 2 2
S(5) = €] — 4dejes + 3eze + 3eje; — 2ezes,

where e denotes the elementary symmetric polynomials defined by

n

T2 =) (-1 er(a,...,z)t" "

k=1 k=0
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The following is known as the principal specialization of Schur polynomi-
als.

Theorem 41 Letn € N and A be a partition with I (A) < n. Then,

sx (17) = H n+Ci,j<A)7

(i.)€DA hij (A)

where
SA(1H>ISA 1,1,...,1
—_——

n times

Proof. See [20, 1.3. Example 4]. m
We have now all the elements to represent LyW, (n) and A, (2) in terms
of Schur polynomials.

Corollary 42 Letn € N and A € P, (m). Then,
f(A)

SA (1”) = WCA (n) = LA\I’A (n) (48)
and
R D Ol || e ) FITRNCG
) N =LV S P
2\2/G (n) £ (4)
= (49)

The next result will be needed in finding the Hankel determinants for the
Charlier polynomials.

Proposition 43 Let n,m € N. Then,

S FW)salan . w) = (w4 )" = (50)

AEPR (M)

Proof. See [20, I.4. Example 3]. m
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Example 44 Let n =3 and m = 5. We have
Z f(A) sp (21, 2, w3) = Beses + 6 (€] — €2) €3
AeP3(5)
+5 (6162 — (61 + 62) 63) +4(e3 — e1e9) (262 — ef)
+eb — defes + 3ezed + 3eje5 — 2ezen = €.

Corollary 45 Charlier polynomials. Let & (k) = 1. Then,
A, (z) = 2(3)g (n)e".

Proof. Setting

n (50), we have

Thus, from (49) we get

(51)

The next result will be essential in finding the Hankel determinants for

the Meixner polynomials.

Theorem 46 Let nqy,no € N. Then,

ny n2

ZZ Z SA xl,...,xm)sA(yl,...,ym HH zy]

m=0 AeP(m) i=15=1

Proof. See [20,1.4. |. m

Proposition 47 Let m € Ny and x,y be indeterminate variables.

m!
AeP(m)

31
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Then,

(53)



Proof. Setting

in (52), we get

izm D sa(1M)sa (1) = ﬁﬁ(l —2)"
m=0  AeP(m) i=15=1
=(1—-2)""= ;(”ﬁ?)m "

Hence, from (48) we obtain

N LAUA () Ua(ng) = Y sa (1M)sa (1) = (a2,

m!
AeP(m) AeP(m)

But this is an identity between polynomials of degree m, and since it’s valid
for all ny,ns € N it must be valid for indeterminate variables z,y. =

Example 48 Let m = 5. Using (31), we have
(5!)2 Z L3Wa () Wy (y) = (z — 4)5(y —4)5 +16 (z — 3)5 (y — 3);
A€P(5)
+25zy (x —2), (y —2), + 36 (x — 2), (y — 2); + 252y (z — 1), (y — 1),
+16 (x = 1)5 (y = 1)5 + (2)5 ()5 = 5! (2y); -

Corollary 49 Meizner polynomials. Let & (k) = (a), . Then,

A () = 25)g () [H <a>2-] (1= z)7enD.,

Proof. Replacing

I(A) iy ‘
H—g(z(n _*;)AZ) =[[(a+n—i), =wa(atn-1
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n (39), we have

An(z>1 :f:zm D LiUs(n) Uy (a+n—1),

and using (53), we get

An (Z) izm CL +n— 1)) _ (1 . Z)—n(a-‘rn—l) .

-1

3

m=0

=0

.

n
We can also use the previous results to find a general identity for U, (z),
corresponding to the Charlier weight.

Remark 50 From (53), we see that
e x
Z ZLA‘I’A Upr(y)=(1-2) y=1F0<_y;Z>.
m=0  AeP(m
Thus,

3 () 3 Aneno

AeP(m

= lim 1F0 ( i ,E) = e,
Yy—>00 -y

But since Wy (y) is a monic polynomial with
degWy (y) =m, AeP(m),

we have v
lim A (y)

Y—00 ym

=1

’

and using Tannery’s theorem [2], we obtain

Zz > LA‘IIA 2,

m=0 AeP(m
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or

Z L2, (x

AeP(m)

which is the extension of (51) for an indeterminate variable.

Finally, for weight functions corresponding to discrete semiclassical or-
thogonal polynomials, we have the following.

Example 51 In general, let

Then,

Em—i+N) (a1 +n —i), - '(%"‘n—i),\
&(n—1) (b1+1+n—z) (b +14+n—id),

Y

and therefore

lﬁﬁ(n—z‘ﬂi) Wafatn D)W tn—1)

U
En—i) Wp (by+n)- - Wp (by +n)

i=1

Replacing in (39), we conclude that

n—1

I (a1)y, - -~ (ap)y,
(b1 + 1))+ (bg + 1),

k=0

A, (2) = 2(8)G (n) [

XZZ S o {\I/A(a1+n—1)--~$A(ap+n—1)}.

=S Uy (b + 1)Uy (by + 1)

Unfortunately, we haven’t been able to find any identities for Schur poly-
nomaials that will allow the computation of

Z L2\I/ {\IJA(al—i—n—l)\IfA(ap—l—n—l)]
A
AeP(m) \I/A(b1+n)\IIA(bq+n)

forp>1 and q > 0.
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4 Conclusions

We have obtained a Taylor series

An( ) ( )g2 [H ] Zrm 7
for the Hankel determinant
_ i+7
An(2) = 0<2C}g51 1 (Zk w( > ’

where w (k) is a known nonzero function, G (n) is defined by

and the coefficients r,, (n) are given by

I(A)

i = 3 T 0p | awa o0

AeP(m) | i=1 w(n —1)
with o
i—1
1 A
S | A [
IS
and

l(A)

Uy () =[[(x—i+1), .

i=1
In particular, when w (k) is the weight function associated with discrete
semiclassical orthogonal polynomials

(@) (@), 1

@) = ), by + 1), R
we have
ZLA\I’A (a1+n—1)--~\IJA(ap+n—1)'
N Wy (by+mn)--- Uy (b, +n)

35



Using Schur polynomials, we showed that
Y B
A€P(m)

and

N L3Ua () Ua (y) = (@),

m!
AeP(m)

From these identities, we obtained exact evaluations for the Hankel determi-
nants of the Charlier polynomials

it+j % — n) nz
og%’%q (Zk ) 2\2)G (n)e

and Meixner polynomials

<5 (ZW (@), y) =G (n) [ﬂ <a>i] (1 -2y ety

=0

We plan to extend these results and study the multivariate rational func-
tions

R(t,xl,...,xp,yl,---ayq)

ZL\I/A \DA(al—‘—xl—1)"'\IJA(CLP+.’L'p—1)
A Wy (bl“'yl)"'\lll\(bq_‘_yq) 7

AeP(m)

in order to obtain closed-form formulas for the Hankel determinants of other
families of discrete semiclassical orthogonal polynomials.
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