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A UNIFIED ALGORITHMIC FRAMEWORK
FOR RAMANUJAN’S CONGRUENCES
MODULO POWERS OF 5, 7, AND 11

PETER PAULE AND CRISTIAN-SILVIU RADU

ABSTRACT. In 1919 Ramanujan conjectured three infinite families of congru-
ences for the partition function modulo powers of 5, 7, and 11. In 1938 Watson
proved the 5-case and a corrected version of the 7-case. In 1967 Atkin proved
the remaining 11-family using a method significantly different from Watson’s.
Finally, in 1983 Gordon found a way to adapt Watson’s method for the 11-
family. We present a new proof for the 11-family by generalizing Watson’s
method in a direction different from Gordon’s. Until now the case 11 has been
viewed as substantially different from 5 and 7. We show that this is not the
case by proving the families for 5,7 and 11 with the same new algorithmic
framework. In addition, we eliminate elements needed in the original proof
of Watson. Focusing on eta-quotient representations of modular functions in
the new setting, we derived new compact representations of Atkin’s basis func-
tions. This, for instance, gives a new simple witness identity for the divisibility
of the partition numbers p(11n + 6) by 11.

1. INTRODUCTION

We start by quoting A.O.L. Atkin, a pioneer in the use of computers in number
theory [6, p. 14]: “Watson’s method of modular equations, while theoretically
available for the case p = 11, does not seem to be so in practice even with the
help of present-day computers.”

Atkin’s statement refers to infinite families of congruences for p(n), the number
of partitions of n, which were first considered by Ramanujan [28] in 1919 when
he conjectured that for ¢ € {5,7,11} and o > 1:

(1) p(ln+ pare) =0 (mod (%), n > 0;
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2 PETER PAULE AND SILVIU RADU

here pq, is defined to be the smallest positive integer such that 24p,, = 1
(mod ¢*). Chowla [9] observed using a table by Gupta [16] that the conjecture
failed for £ = 7 and o = 3. In 1938 Watson [29] proved the conjecture for
¢ =5 and all a, and a suitably modified form for ¢ = 7 and all a. However, it
should be noted that according to [7] the task of assigning credit for the proofs
for £ = 5,7 poses an interesting historical challenge concerning the contribution
of Ramanujan. Regarding the case ¢ = 11 Watson states, “Da die Untersuchung
der Aussage tiber 11% recht langweilig ist, verschiebe ich den Beweis dieses Falles
auf eine spatere Abhandlung.”

In 1967 Atkin [6] proved (1) for ¢ = 11. Inspired by Lehner’s work [21, 20] he
uses an approach significantly different from Watson’s. The method has many
pieces linked together which makes the proof rather technical. Atkin ends with
the comment “We may observe finally that, in comparison with £ =5 and ¢ =7,
this proof is indeed “langweilig” as Watson suggested.”. In 1983 Gordon [14, p.
108, Thm. 2| proved a result which in a special case implies:

p(11%n + p111) =0 (mod 11%7°),

where € is some integer. By following carefully the proof of Gordon one easily
can show that € = 0. Consequently, Gordon in [14] provides another proof of (1)
for £ = 11. He concludes by saying that although his method contains a lot of
ideas from Atkin [6], it is more a generalization in the spirit of Watson’s method.
On pages 116 and 117 of [14] Gordon uses some recurrences which are too big to
be listed, but which are essential in the proof. Furthermore, in [14] and also in
the paper with Hughes [15, p. 112] he needs to compute the structure constants
of a certain algebra.

Restricting to modules with polynomial coefficient rings our method provides a
much simpler conceptual framework which avoids to deal in any way with struc-
ture constants related to multiplication. This feature comes close to Atkin’s
simplification of Watson’s proof for the powers of 5 and 7; Atkin made his un-
published work available to Knopp who published it in Chapter 8 of his book
[18].  Another streamlining of Watson’s proof was done by Andrews [2]. Be-
sides [7] another rich source concerning the history of Ramanujan’s congruences
is [8]. With regard to proofs not using modular function machinery in explicit
ways, Berndt [8, p. 374] remarks, “A more classically oriented proof for powers
of 5 was found by M.D. Hirschhorn and D.C. Hunt [17], while a proof in the same
vein for powers of 7 was given by F.G. Garvan [13].”

With respect to modular functions, an important new feature of our approach
concerns the use of different modular equations in comparison to those used
classically for 5 and 7, and also for 11. Our modular equation gives the action
of the U-operator on the basis elements in each of these cases—as in the other
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proofs. But using our equation this information is obtained in much more direct
fashion.

Despite its conceptual simplicity our setting has a strong algorithmic backbone
which computationally is somewhat demanding. But the arising complexity, in
view of the Atkin quote at the beginning of this introduction, is easily manage-
able for present-day computers. To prove the 11-case, our proof uses a modular
equation of degree 55 and needs 550 fundamental relations to set up the basis
for the induction. These 550 relations can be computed in about three days on
a standard workstation used in academic environment.

Exactly the same method works for ¢ = 5 and ¢ = 7: the modular equation is of
degree 5 in the 5-case and of degree 7 in the 7-case; for the induction basis we
need 10 fundamental relations for £ = 5 and 14 fundamental relations for ¢ = 7.
These relations can be computed in a couple of seconds; for further details see
Section 12.2.

At this point we want to stress two further aspects: (i) all these relations can
be (and were) obtained algorithmically; (ii) all the families of Ramanujan con-
gruences modulo powers of £ = 5,7, and 11 in our setting are proved using one
uniform approach, which we feel is desirable, for instance, in view of the following
statement by Ahlgren and Ono [1, p. 981], “By contrast, the case of powers of
11 is much more difficult.”

To underline the uniform nature of our setting, we mention our Conjecture 8.1
which extrapolates the common structure of the modular equations for ¢ = 5,7,
and 11 to all primes ¢ > 5. More concretely, we conjecture lower bounds for the
(-adic valuation of the coefficients of the modular equation. For ¢ = 5,7, and 11
this, in essence, is all what is needed to prove Ramanujan’s congruences.

Another uniform aspect concerns the module description of the algebra of modu-
lar functions for congruence subgroup I'g(¢). Namely, all the subalgebras needed
here can be represented as free modules (1, fi, ..., fn,—1)z[z, over the ring Z[z]
with fixed modular functions f; and

Y

and where (ns,n7,n11) = (1,1,5).

Our article is structured as follows. In Section 2 and Section 3 we introduce basic
notions and provide the necessary modular functions background. In Section 4
we state the Main Theorem, Theorem 4.15, of our paper. It describes the action
of the U-operator on quotients of eta function products being crucial for proving
the Ramanujan congruences modulo powers of ¢ = 5,7,11; see Corollary 4.16.
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The rest of the main part of the paper deals with proving the Main Theorem.
In Section 5 we state and prove the Fundamental Lemma, Lemma 5.8, which
will play a key role in the proof of the Main Theorem presented in Section 6. In
Section 7 we prove Theorem 7.1 which implies the existence of the fundamental
polynomials Fy(X,Y") stated in Theorem 5.2. Section 8 concludes the main part
of the paper; here we state a conjecture on lower bounds for the f-adic valuation
of the coefficients of the modular equation for all primes ¢ > 5.

Algorithmic aspects were a major driving force for the development of the ma-
terial of the main part of this paper. Nevertheless, for better readability we put
various constructions and results of algorithmic relevance in a separate part, the
Appendix. In fact, the main part up to Section 7 in its essence is independent
from the material in the Appendix with the only exception of Section 12 (Appen-
dix 4), where we describe the derivation and proof of the fundamental relations
needed to prove the crucial Lemma 6.5.

In Section 9, Appendix 1, we give a detailed description of the derivation of our
new representations of Atkin’s basis functions g; using an approach which is close
to an algorithm. To this end, we focus on properties of module generators, in
particular, the concept of an Atkin basis. In order to work with compact repre-
sentations of the modular functions involved, we make use of special instances of
a trace operator formula. Sections 10 and 11 (Appendix 2 and 3) are included for
the sake of completeness. Section 10 presents proofs of formulas for the modular
functions Fj, resp. J;, arising in Section 9. In Section 11 we give an elementary
proof of the non-existence of a principal modular function (“Hauptmodul”) on
LCo(11).

2. Basic NOTIONS

Notational conventions used throughout are: For x € R the symbol [z] (“ceiling”
of z) denotes the smallest integer greater or equal to x.

H:={r € C:Im(7) > 0} and C := CU{oo}. As usual,  denotes the Dedekind
eta function defined for 7 € H,
(2) n(r) = a(r/24) [ (1 — a(r)") where q(r) = exp(2nir).

n=1
Frequently we write ¢ = ¢(7). In general, we often suppress writing the argument
7 of functions f(7) defined on the upper half plane. With regard to ¢ we do this
also in view of the fact that, depending on the context, many infinite g-products
and g-series can be interpreted as formal power (resp. Laurent) series taking ¢ as
an indeterminate.
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For k € Z~ the function 7 is defined by
(3) me(7) == n(kt), T€H.

Let f =) yan,q" with N € Z such that ay # 0. Then N =: ord f is the order
of f. More generally, if t = Y02 b,¢"",w € Zsg, and F = fot =3 "7 = a,t",
then N =: ord, f is the t-order of f. For example, if N = ord f = —1 and
t = ¢, then ord, F = —1 but ord F = —2; if N = ord f = —2 and ¢t = ¢'/?, then
ord, F' = —2 but ord F' = —1.

The modular group SLy(Z) = {(¢}4) € Z*** : ad — bec = 1} acts on H by
(ab)yr:= Z:j:s, this action is inherited by the congruence subgroups
Po(6) :={(23) € SLa(Z) : l]c},

where ¢ € Z~q. Note that I'g(1) = SLy(Z). These subgroups have finite index in
SLQ(Z)

() SLo(Z) : To(0)] = ¢ ] (1+1), (> 2

prime plé p

see the standard literature on modular forms like [11] or [10]. Particularly related
to our context are [18] and [26].

The action of SLy(Z) on H extends to an action on meromorphic functions f :
H — C. With regard to the action of the W = ([} ;') operator, we define

the slightly more general action of the general linear group GLg(Z): for all 7 €
(¢a) € GLx(2),

(F 1)) = flar) = f ( + ”) |

ct+d

3. MoODULAR FUNCTIONS

To make this article as much self-contained as possible, in this section we recall
some facts about modular functions.

In this article a modular function for T'g({) is: (i) a holomorphic function f :
H — C such that (ii) for all (¢%) € T'z(¢),

at +0b

= H
f(CT+d> f(r), el

and (iii) if (¢}) € SLy(Z) then f (“Zt) admits a Laurent series expansion in

ct+d
powers of ¢8°4(¢*0/¢ with finite principal part. We will use the notation wy(c) ==

¢/ ged(c?, £), and M (¢) for the set of modular functions for I'g(¢).
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By (iii) with (¢%) = (39), any f € M(¢) admits a Laurent series expansion in
powers of ¢ with finite principal part; i.e.,

(5) fr) =Y fad"

Hence one can extend f to H U {oco} by defining f(oco) := oo, if N > 0, and
f(o0) := fo, otherwise. Subsequently, a Laurent expansion of f as in (5) will be
also called q-expansion of f at infinity.

Given v = (29%) € SLy(Z) and f € M({), consider the Laurent series expansion
of f(y7) in powers of g'/we(©),

(6) fFOm) =Y gag" .
n=—M

In view of y00 = limiyy (-0 Y7 = a/c, we say that (6) is the g-expansion of f at
a/c. Understanding that a/0 = oo, this also covers the definition of g-expansions
at 0o. Concerning uniqueness of such expansions, let 4" € SLy(Z) be such that
700 = yoo = a/c. Then the g-expansion of f(7'7) differs from that of f(y7)
only by a root-of-unity factor in the coefficients. Namely, then ' = ~ (iol n ) for
some m € Z, which implies

f(’}/T) _ Z On (627rim/wg(c))nqn/wg(c)‘

n=—M

As a consequence, one can extend f from H to H := HU {oo} UQ by defining
f(a/c) == (f oy)(o0) where v € SLy(Z) is chosen such that yoo = a/c. Another
consequence is that the g-expansions of f at oo are uniquely determined owing
to

(7) Yoo =00y = (F' ) and w(0) = 1.

In the next step, the action of SLy(Z), and thus of I'y(¢), is extended in an obvious
way to an action on H. The orbits of the I'g(¢) action are denoted by

(7] :={y7: v eTo(0)}, 7eH.
In many cases, ¢ will be clear from the context and we will write [7] instead of
[7]¢. The set of all such orbits is denoted by
Xo(0) := {[r],: T € H}.

The T'g(¢) action maps Q U {oc} to itself, and owing to (4) each I'y(¢) produces
only finitely many orbits [7], with 7 € Q U {oo}; such orbits are called cusps of
Xo(0).
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Lemma 3.1. For any prime p:
(1) Xo(p) has two cusps, [0o], and [0],;
(2) Xo(p*) has p+ 1 cusps, [00],2, [0],2, and [k/plye, k=1,...,p— 1.

Proof. This fact can be found in many sources; a detailed description of how to
construct a set of representatives for the cusps of I'y(¢), for instance, is given in
27, Lemma 5.3]. O

Suppose the domain of f € M({) is extended from H to H as described above.
Then the resulting function f (using the same notation for the extended function)

gives rise to a function f*: X,(¢) — C, which is defined as follows:

f ([rle) == f(r), 7€ H.
The fact that f* is well-defined follows from our previous discussion. We say that
f* is induced by f.

As described in detail in [11], Xo(¢) can be equipped with the structure of a
compact Riemann surface. This analytic structure turns the induced functions
f* into meromorphic functions on Xy (¢) having possible poles only at the cusps of
Xo(¢). The following classical lemma [22, Thm. 1.37], a Riemann surface version
of Liouville’s theorem, is crucial for zero recognition of modular functions:

Lemma 3.2. Let X be a compact Riemann surface. Suppose that g : X — C is
an analytic function on all of X. Then g is a constant function.

As already mentioned, possible poles of f* can only sit at cusps. More precisely,
owing to the definition of induced functions f*, all possible poles of f* can be
spotted by checking whether f*([a/c]) = f(a/c) = oo for a/c € QU{oc}. Because
of (4), QU {oo} splits only into a finite number of cusps,

Q U {OO} = [CLl/Cl]g U---u [ak/ck]g.

Hence knowing all the cusps [a;/c;] reduces the task of finding all possible poles
to the inspection of g-expansions of f at a;/c;; i.e., of g-expansions of f(;7) as
in (6) with v; € SLy(Z) such that yjo0 = a;/c;. We call these expansions also
local g-expansions of f* at the cusps [a;/cjls; we(c;) is called the width of the
cusp [a;/c;le. It is straightforward to show that it is independent of the choice of
the respresentative a;/c; of the cusp [a;/c;]e, and that wy(c;) = €/ ged(c5, £) for
relatively prime a; and ¢;. Note that [oo], = [1/0],.

The order ordy,/q, f* of f* at a cusp [a/c], is defined to be the ¢"/*!(9-order of a
local g-expansion of f* at [a/c]; i.e.,

ordja/d, f* 1= ord iju,e (f | 7) where v = (2}) € SLy(Z).
It is straightforward to verify that ordj, f* is well-defined.
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Ezxample 3.3. [18, Ch. 7, Thm. 1] Consider

(8) z5(7) == <7]n((5:)))6 = qH (11__q;j)6 =q+6¢°+27¢° +98¢* +--- .

Jj=1

Observing that 5 (2%)7 = (675 ‘r’db) (57) together with a straightforward appli-
cation of the n transformation formula [3, Thm. 3.4] shows that z5(y7) = 25(7)
for all v € I'p(5) and

1 573 1 1
(9) z(1'7) = 25 - 2(7/5) 5% \ql/5 +9¢7 4 g

where T'= (9 '). For p a prime, X,(p) has exactly two cusps [00], and [0], with
widths 1 and 5, respectively; see [18, Ch. 2, Sect. 2]. Hence (8) and (9) are the
local g-expansions of 2z at these cusps with

(10) ordjo); 25 = ordg z5 = 1 and  ordg, 25 = ord /s 25(—1/7) = —1.

Obviously, z5 has no zero in H. Consequently, the orders in (10) tell that zZ has
its only zero of order 1 at [oo]; and its only pole, also of order 1, at [0]5. This
is also in accordance with Lemma 3.4 which says that, with regard to counting
orders, induced functions f* have exactly as many zeroes as poles:

Lemma 3.4. For any f € M(() the induced function f* : Xo(f) — C is surjective
and
Z Ol"d[T]Z f* = 0,

[T]e

where the sum runs over all cusps of Xo(?).

The lemma is implied by another fundamental fact from compact Riemann sur-
faces; see, for instance, [22, Prop. 4.12].

The functions z5 are embedded in a general class of modular functions treated in
detail in [18, Ch. 7, Thm. 1]. In our setting we need a subclass defined as

n(7)\ sea-r= .

(11) 2(T) == < G ) , { aprime > 5.
n(r

Lemma 3.5. Let { > 5 be a prime,

(1) 2 € M(0);

(2) ord[ooh, ZZ = m = — Ord[o]e Zé;

(3 (= D)a(F) = e,

Proof. [18, Ch. 7, Thm. 1]. O
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We note that
ordj; 25 = ordjse), 27 = 1, whereas ordj,, 2 = 5.

Obviously, the modular functions in M (¢) form a C-algebra; i.e., a commutative
ring with 1 which is also a vector space over C. In our context, the subalgebras
Mz(£), resp. Mg({), of modular functions in M (¢) with integer, resp. rational,
coefficients in their g-expansions at oo, which by (7) are uniquely determined,
will be relevant too. Other important subrings are those having a pole only at 0,

MO(€) := {f € M({) : ord|), f* > 0},
and those having a pole only at oo,

M=) = {f € M({) : ordyy, f* > 0}.
When we want to focus on subalgebras with functions having ¢g-expansions at oo
with coefficients from R :=Z or R := QQ we use the notation

Mp(0) := M°(0) N Mg((), resp. My () := M=) N Mg(¥).

Ezample 3.6. By Lemma 3.5: z, € MJ(¢) for £ a prime.

Despite the naturally given ring structure of these function domains, inspired by
Atkin [6], Gordon [14], and Newman [24] and [25] we will make fundamental use
of representing these rings as freely generated modules.

Example 3.7. For £ =5 and ¢ = 7 the module structure for M2 (¢) boils down to

the naturally given ring structure. Namely, because of ord, 25 = ordg, 27 = —1,

together with the fact that z5 and z; are analytic in H, it is easily verified that
My(5) = {p(z5) : p(25) € Z[z5]} = Z[25] and Mp(7) = Z[z7].

This means, M3(¢) for £ =5 and £ = 7 is a module over the ring Z[z/] with one
module generator, the constant function 1. In other words, M2(5) and M2(7) are
polynomials rings in z5 and z7, respectively, with integer coefficients.

Ezample 3.8. Let Z[z11] denote the ring of polynomials in zy; with integer coef-
ficients. Atkin [6, Lem. 3] proved that M2(11) can be represented as a Z[z11]-
module which is freely generated by modular functions gs, g3, g4, and g € M2(11)
where the g; are as in [6], resp. (100) below. Notationally,

(12) Mp(11) = {po(z11) + p2(211)g2 + p3(211)gs
+ pa(211) 91 + pe(211)96 = Pi(211) € Zlz11] }
= <]-7 92, 93, 94, g6>Z[2’11]‘

Atkin [6] defined the functions g; in a skillful manner by following Newman [23].
It turns out that using “summing the even part”,

o

Uy Z a(k)q" = Z a(2k)q",

k=[N/2]
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the special case m = 2 of the U-operator in Definition 4.2, the g; can be repre-
sented in a simple and compact manner:

Theorem 3.9. Let

7 (L= (1 —¢*)?
(13) = H (1 — ¢'1n)3(1 — ¢22n)

and
sy =) —¢*)

(14) fs(r) =q*[] . .

L (=gt (1 —g*n)?
Then

1 1 4 1 11 1 1

15 U , gl — i
( ) 2f2 f3 g3 = f3 11/, g4 = 93 2f2
and

8 8 1 1 1
(16) g =29t plE

In the Appendix we prove this theorem; see Theorem 9.8 together with (100).
More generally, in Section 9 of the Appendix we describe how to derive these
representations using an approach which is close to an algorithm. This derivation
among other things also explains that in the choice of (16) there is some freedom.
For instance, one could omit the summand z;; there.

4. THE MAIN THEOREM

To state the main theorem of this paper, Theorem 4.15, we need some prepara-
tions.

Notation. It will be convenient to use the following shorthand (as in Lemma 9.6)
for the multiplicative inverse of functions:

- 1

For a prime ¢ > 5 one of the key players will be the following modular function
and its multiplicative inverse,

(17) up(7) ==
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Lemma 4.1. For any prime £ > 5,
(1) ug € M3°(0%) and iy € My (0?);
-1

24
Ol"d[k/g]e2 UZ = 0, k= 1, < e ’ﬁ — 1.

(2) ord o], Uy = — = —ordy), u; and

Proof. The statements are implied by [26, Thms. 1.64 and 1.65]. O

We will use the U-operator in its usual definition:

Definition 4.2. For f:H — C and m € Z~y we define U,,(f) : H — C by

[y

m—

Un(f)(7) ::%Zf(T;A), el

A=0

If f has period 1 and a g-expansion with principal part involving only finitely
many g-powers, then one has:

(18) Fr) = ak)d = Unf)(r)= Y a(mk)d"
k=N k=[N/m]

and for any ¢g : H — C,

(19) Un(f(m7)g(7)) = f(T)Un(9(7)).
Example 4.3.
_ n(11%27) &~ 11 > s
Ui (1) = Un (1) = Jl_Il(l —q )U11<§p(k)qk )
=[Ja-¢ ])Un(Zp(k‘ - 5)qk> = —=¢") > p(itk-5)¢"
j=1 k>5 j=1 k=[5/11]
=q ]J(1=4"™) 3 _p(11k+6)q"

Obviously U, is linear (over C); in addition, it is easy to verify that
(20) Upn =UpoU,=U,oU,, m,n¢eZs.

The U-operator turns modular functions for the full modular group into functions
from M (p), p a prime; but more is true:
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Lemma 4.4. For any prime p:

(1) fe M) = Uy(f) € M(p).
Ifp| N € Zso:
(2) f e M(N) = Uy(f) € M(N).
If p? | N € Z~o:
N
3) fe M) = U(f) e M(~).
Proof. For instance, [4, p. 138, Lem. 7]. O

Ezample 4.5. By Lemma 4.4(3), Uy (t11) € MJ(11); by Lemma 4.4(2), U (u11) €
MJ(11). By (20) and (19),

o0

1) 0 &) > p(11%k - 5)¢"
n(7) Nyt

_qH1—q ipll k+116)q

=0

U121 (ﬂll) — U112

o=

In view of the congruences (1) the following explicit expressions for the numbers
o ¢ are easily verified.

Lemma 4.6. For { € {5,7,11} and B € Zy:

1+ (24 —0)- 0?71 1+ 23 0%
H2p—1,0 = Y and g = o4

Definition 4.7. Let ¢ € {5,7,11} and uy as in (17). For f : H — C we define
U (). U2 (f) : H = C by

UL (f) i= Ue (aef) and UF(f) == Uil f).
Definition 4.8. For { € {5,7,11} we define Loy := 1 and for all § € Z~q:
LQQ,L@ = Ug(l)(Lg/g,gjg) and Lgfg’g = U€(2)(L2ﬁ,175).

In view of the Examples 4.3 and 4.5, which give the base cases L 1; and Lo 1,
the proof of the following lemma is an easy induction exercise.

Lemma 4.9. For ¢ € {5,7,11} and € Z~o we have:

(21) Log—1e=q (1 = ¢")> (" "'n+ pas_10)q" € MY(0)
n=1 n=0
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and
(22) Lose = q [J(1 = q") > p(Pn+ page)q" € M(0).
n=1 n=0

Example 4.10. Example 4.3 gives the g-expansion of Li; = Uy (a1;) € M2(11).
Atkin’s functions g; are module generators which satisfy (12). Hence one can
apply the reduction strategy as described in Section 9.3 and finds, as Atkin [6,
p. 26|, that

(23) Lig = 11" + 1190 + 2 - 117g3 + 11%g,.
By Theorem 3.9 this turns into

1 1 1 771 1 1 1
P— 3 — — — . — —— — — [ — — 4
(24) Lll =11 ( ?32 -+ 2[/2.][.22) + 11 2( 3 41/2f3> 11( } b2f2> + 11 211

This is Atkin’s (23) in the clothes of a new witness identity for 11 | p(11n + 6)
involving only eta quotients and the Us-operator (“summing the even part”)
acting on eta quotients.

To state the Main Theorem 4.15 of the paper, we introduce convenient shorthand
notation.

Definition 4.11. A map a : Z — 7Z is called a discrete function if it has finite
support. A map a : Z X 7. — 7 is called discrete array if for each i € 7 the map
a(i,—):Z — 7Z, j — a(i,j) is a discrete function.

Definition 4.12. For ( € {5,7,11} and s € {1,2} define numbers 558’6) via maps
€040, g — 1} = Zyi v §Z-(S’€) as follows:
(€M, ey = (-5,-1,1,2,6) and €2 =M 11, j e {0,...,4);

551’7) = —7 and 5(()2’7) = —10;
561’5) = —6 and 5(()2’5) = —9.

Definition 4.13. For the sake of uniform treatment we define

(25) Jos = Jor=Joa1 =1, and J;11 := g; fori=2,3,4,6,

where the g; are the Atkin generators from (100).

With the help of these numbers together with
B 12 (
Coged(—1,12) 0+ 1’

we define specific sets of modular functions which by Examples 3.8 and 3.7 are
in M2(0):

(26) Ag :



14 PETER PAULE AND SILVIU RADU

Definition 4.14. With Ji, as in Def. 4.13 and £ as in Def. 4.12:

neg—1
(s, Z) .
X0 .= { Z JMZ€ (tr+¢l a‘(]')zz
the a; are discrete functions with ag(0) = O} C My(0).

Theorem 4.15 (“Main Theorem”). For ¢ € {5,7,11} and [ € Z~q there exist
fas1 € XU and fo5 € X0 such that

(27) Log 10 =P Vs
and
(28) Loge = (7PP) fop,

where for n € Zq,

o ifle {511,
pe(n) ::{ (é},ggji. }

The next two sections are devoted to proving the Main Theorem by mathematical
induction on . To this end we need to investigate the algebra underlying the
induction step.

We conclude this section by proving the Ramanujan congruences modulo powers

of ¢ for £ € {5,7,11}.
Corollary 4.16. Let ¢ € {5,7,11}, then for o € Z~o and pi, as in Lemma 4.6:
p(lon + poe) =0 (mod P4 n > 0.

Proof. The statement is immediate by applying Lemma 4.9 to (27) and (28). O

5. THE FUNDAMENTAL LEMMA

In this section we state and prove the Fundamental Lemma, Lemma 5.8, which
will play a key role in the proof of the Main Theorem presented in Section 6.
Besides the z, € M2(¢) and the u, € M3°((?), resp. u, € MY(¢?), further crucial
functions, ¢ > 5 a prime, are

to(7) = (:(%?))W = Z(1) € Mp°(¢) and

To(7) = to(lr) = <n<€T> )W = ()" 2(7) € M (%),



A UNIFIED ALGORITHMIC FRAMEWORK FOR RAMANUJAN’S CONGRUENCES 15

where
24d, i (e—1)¢
29 = thdy .= ————F——.
(29) T e M T ed(f—1,12)
Lemma 5.1. For any prime ¢ > 5,
(1) to,te € Myz(€) (and thus in Mz(0?)), and Ty, T, € My(0?);
_ d _
(2) ordjog], = YZ, ordy),, t; = —dy, and
e, B = 2 1 :
or [k/g]ﬂQ:?, :1,...,6—1,
Tk Tk dg
(3) ordje),, Ty = dy, ordy), T} = v and
- d
OI‘d[k/g]z2 T; = —76, k= 1, cee ,f — 1.
Proof. The statements are implied by [26, Thms. 1.64 and 1.65]. O

The Fundamental Lemma owes its existence to the following theorem.

Theorem 5.2. For any prime £ > 5 and v, as in (29) there exists a polynomial
Fy(X,Y) € Q[X, Y] which is irreducible over C and which is monic in x of degree
dy = v(0 — 1)0/24 such that

14 2 14
Fy(t,Ty) = F((WT)) § <—”<£ T)) =0
n(7) n(er)
Remark 5.3. Being monic and having polynomial coefficients the modular relation
Fy(X,Y) is of particular algorithmic importance. Therefore we give a detailed
proof of its existence in Section 7. Nevertheless, for a fixed prime ¢ > 5 the
polynomial Fy(X,Y’) can be computed explicitly as in the proof of Theorem 5.4.
In other words, for our proof of the Ramanujan congruences (Cor. 4.16) one does
not need Theorem 5.2, respectively the proofs presented in Section 7.

Theorem 5.4. For ( € {5,7,11} the uniquely determined polynomials as in
Theorem 5.2 are of the form

do—1

F(X,Y)=X"+Y ol (V)X
=0

where
BXY) =X +dPMX 4+ +dP X+ (V) = X°
— (5"Y° +6-50Y* +63-57Y? +52.5°Y? +63-5°Y) X!
(30) — (5°Y*4+6-5Y?4+63-5'Y? +52.5°Y)X?
— (5°Y?4+6-5'Y? +63-5Y)X? — (5°Y? +6-5Y)X — Y;
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(31)
6 .
FXY) =X+ o) (v)x = X7
=0

—(82-7°Y +176 - 7'Y? +- 845 - 7°Y3 + 272 - 7Y
446 - 79Y5 + 471y 6 4 712y 7) X6

— (176 - 7*Y + 845 - 73Y? + 272 - 7°Y3 446 - 7'Y* + 4. 7°V° 4- 710y %) X ®
— (845 -7Y +272 - 7Y% 446 - 7°Y3 +4- 77V 4 Y ®) x4
—(272-7Y +46-73Y2 + 47973 + 70V X3 — (46 - 7Y 4+ 4 - 732 + 71Y3) X2
—4-TY +TYHX Y
and
54
(32) Fiu(X,Y)=X"+Y o' (v)X',
=0

where the polynomials agn)(Y) are listed explicitly at
https://www.risc. jku.at/people/sradu/powersil

Remark 5.5. We prove our claim by invoking a reduction algorithm. Its steps have
been described in the proof of Lemma 9.6; its strategy is used at various other
places in this article. We stress the following aspect: By running the reduction
algorithm for ¢ = 5,7,11 one detects that the principal parts indeed reduce to
zero, which is sufficient to prove Theorem 5.4. But the guaranty that this always
happens (not only for £ = 5,7,11 but also for all primes ¢ > 5) is provided by
Theorem 5.2. Before entering the algorithmic reduction argument, we begin the
proof of Theorem 5.4 by making this existence aspect explicit.

Proof of Theorem 5.4. By Theorem 5.2 there exist polynomials al@) (Y) € Q[Y]
such that Fy(ty,T;) = 0 for

(33)  F(X,Y) = X" 4afl (V)X 4 (V)X 4 a (V)

in addition, F;(X,Y) € Q[X, Y] is irreducible in C[X, Y]. To compute the a;
recall Lemma 5.1 which implies that t,7, = ¢~ (d+de/O) 4 O(q~(detde/O+1) and
T, = ¢% + O(q~%*!) have their only pole at oo with multiplicity d, + d;/¢,
respectively d,. Hence, analogously to the proof of Theorem 5.2, Theorem 7.1
implies that there exist polynomials p!” (V) € Q[Y] such that

J

)
)

(34) (tT0)% + p(T) (tT) ™ + -+ p(T0) = 0.
Define
(35) Ge(X,Y) = X% 4 p (V) X4 4 pl(Y) € QIY][X].
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Rewrite
) ) €
pi (To) . py'(Th) Pa, (Te)
Go(teTy, Ty) = (tsz)@(l += T, et 2Tg B+ + Zngf t/)
©)

_(tTy) ™ < 1 pgf)@)[g . pge)(TE)iz T P, (T@)t@)
- m m m m 4 m s

N\ o (o Tyt

where m > 0 is such that y™ is the maximal non-negative power of y occuring in
the summands of the Laurent polynomials pz@(y) Jyt, i =1,..., dy; if all occuring

powers of y are negative, set m := 0. Owing to the choice of m, the pg) (y)/y™*
are polynomials in 1/y over Q. Hence by the irreducibility of F,(X,Y") there
exists a ¢ € QQ such that

(36) a;(Y)=c- Ymel@)(l/Y), i=1,....,d¢—1, and ag(Y) =c-Y™.
As a consequence, to compute Fy(X,Y) it is sufficient to determine the polynomial
G¢(X,Y) which can be computed by iterated reduction until the principal part
vanishes.
The reduction procedure. For instance, for £ = 5 the first reduction step is

(tsT5)° — TP = —30q™* + 405¢ 2% — 3190 " + O(q~*%).
For the next step one determines non-negative integers a = 4,b = 1 such that

6a-+50b=29.
Then
(tsT5)° — TS + 30(t5T)* Ty = —315¢~ 2% + 4370¢~*" — 28500¢ % + O(q~%).
One finds a = 3,b = 2 such that
6a-+50b=28
resulting in the reduction,
(tsT5)° — TS + 30(tsT5) Ty + 315(t5T5)* T2 = —1300¢~ %" + O(q2°).
By iterating this reduction and setting S := t;75 and T := T5, one arrives at
Gs(X,Y) = X+ p (V)X 4 4+ p0 (V)X +p7 (V)
=X+ (5°+5-6-Y)X*'+(5°+5"-6-Y+5-63- VX

+ (57 +57.6-Y +5"63-Y2+52.52. V) X?

+ (52456 V+5-63-V2+5 .52 Y3 +52.63-YHX - Y5,
ie.,ds =5 m=1and c=—1. By (36),
37) o) (Y)=-Y, and (V) = =YD (1/Y) for i =1,2,3,4,
which gives F5(X,Y) asin (30). The cases ¢ = 7 and ¢ = 11 work analogously. [
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By inspection we have
Corollary 5.6. Let { € {5,7,11}. With A, as in (26) and v, as in (29), the
polynomials agé) (Y) in Theorem 5.4 are of the form

dp | .
z T

(38) d'(v)y= > sl oyl Ftimdo |y ok

e

where the sy(i, k) are integers.

Remark 5.7. Writing ag.e) (Y) as in (38) to reveal divisibility by powers of ¢ of its
coefficients is of help in the proof of Lemma 6.3 and is inspired by [5].

Lemma 5.8 (“Fundamental Lemma”). Let ¢ € {5,7,11}, d; as in (29), and
a(ﬁ)(Y) as in (38). Then for any w : H — C and arbitrary j € Z:

)

do—1

Urw)) = =3 al? (f) Up(w ).

1=0

Proof. Let A € {0,...,£—1}. Theorem 5.4, after substituting 7 — T+’\ and using
to(T + X) = to(7), imphes

() () <o

7=

Now, after multlplylng both sides with w (T+’\) te (T%\)j_dg, summation over all

A from {0,...,¢ — 1} completes the proof of the lemma. O

6. PROVING THE MAIN THEOREM

Throughout this section we assume that ¢ is a fixed prime chosen from {5,7,11}.
We need to prepare with some lemmas.

Lemma 6.1. Let dy be as in (29) and w : H — C. Suppose for some | € Z and

all k with | < k <l+4d,—1 there exist Laurent polynomials p,(fo) (X),... ,p,(:) (X) €
ZIX, XY, functions vy, ..., v, : H — C, and integers oy, ..., 0, such that

(39) Uy(wth) Z vlp
where

(40) ordg, (p,(j) (fg)) > V + Ui—‘ , 1€40,...,1}.
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For each i = 0,...,r extend {p,ﬁi) (X) bi<k<itd,—1 to the infinite set {p,(f)(X)}kZl
by defining for successive N and starting with N =1+ dj:

dg—1
(41) PV(X) == a(X)pl,; 4 (X) € Z[X, X7,
=0
Then
(39) and (40) hold for all k> 1 andi=0,...,r

Remark 6.2. The definition (41) is a natural consequence of extending the set

{p,ﬁi) (X) }i<k<i+a,—1 by inductive use of the action of the U-operator. For example,
if N = ¢+ d, then by (39) and Lemma 5.8:

de—1 dp—1 r
,th Z o e) t@ N+] dz _ Z al ) Z UipS\zf)—i-j—dg @)
=0
r de—1 I
Z n i
(42) = - sz Z ) pN+] dz(tﬂ) = szpg\f)( )
=0

where the last equality is by (41).

Proof of Lemma 6.1. In view of (42) the definition of the p,(;) is such that (39)
is satisfied also for all k& > ¢ + d,. To show (40), we proceed by mathematical

induction assuming that /V is an integer with N > [ 4 d, — 1. Moreover, suppose
that (40) holds for I <k < N — 1 and

pg)(X): Z ci(k,n) X", [1<k<N-1,

n>[ 7]

with integers ¢;(k,n). Then,

Z o) (X pN-‘r] a,(X) = a’(X) Z ci(N +j —dg,n) X"

=0 n> (Lﬂ—ﬂ“'f’f‘

:Zag-é)(X) ci(N—l—j—dg,n— [deg_j—DX"_[de;q

_ ay)(X)X_[#w 3 Ci(N—l—j—dg,n_’Vdf_j—‘)Xn

Jj=0 n> [@—‘4_[1\41 /dﬁffﬂ ¢
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dg—

Finally, recall that ay)(X )X -[#] for 0 < j < dy — 1 is a polynomial in X
(Corollary 5.6). Hence, owing to [z] 4+ [y — x] > [y], the Laurent polynomials
PV (X) satisty (40) for all N > I. 0

Lemma 6.3. Let d, be as in (29) and w : H — C. Suppose for some l € Z and

all k with | < k <l+dy—1 there exist Laurent polynomials p,(go) (X),... ,p,(:) (X) e
Z|X, XY and functions vy, ... ,v, : H = C such that

r

(43) Up(wtf) =" vip} (£)

1=0

<
>

and

(44) pg)(X) = Z ci(k, n)f[%(mﬂ’ WX” for integers c;(k,n) and ~;,
where Ay is as in (26). For each i = 0,...,r extend {p;gi)(X)}lgkgl+d[—1 to the
infinite set {p,(;) (X) }i>1 by defining for successive N and starting with N = l+d,:

do—1

i ¢ i _

(45) PV (X) = =Y aP(X) py;y, (X0 € ZIX, X7

=0
Then

(43) and (44) hold for all k> 1 andi=0,...,r

Proof. In view of (42) the definition of the p,(f) is such that (43) is satisfied also
for all k > ¢+d,. To show (44), we proceed by mathematical induction assuming
that N is an integer with N > [+ d, — 1. Then using (45), (38), and (44) as the
induction hypothesis,

dg—1

i ¢ '
(0 =3 a0 (X)
=0
do—1dp+j

_ Z Z s b o (ktri=do)| 5ok

7=0 k=1

<) (N +j—dy, )l N =) yen

dy+j
ZZS@], Jei(N + 7 —dg,n — k)

=0 k=1 n

o g U Rty N—jitde) |+ G (Ehti—dp) | rn

The induction proof of (44) is completed by bounding the exponent of ¢ from
below with y := [4¢(¢n +; — N)]|, again using [y — 2] + [z] > [y]. O
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Before proving the Main Theorem, Theorem 4.15, we need three more lemmas
and the integers,

(-1 dy

46 =———=— (=5,7,11.
(46) e ged(0 —1,12) ¢ T

In addition, for the next lemma we need to define integer maps.

Definition 6.4. For { € {5,7,11} and s € {1,2} define integer maps fis e, Vsy
{0,...,np — 1}*> = Z as follows: For s =1,

p15(0,0) := =3, 17(0,0) := —6, and v15(0,0) :=1,147(0,0) :=2, and
piar| 0 1 2 3 4 vin| 0 1 2 3 4
0 -3 1 8 59 0o |1 -1 -3 -5 -7
1 -3 18 4 8 and 112 -1 -3 -5 -7
2 |-8 1 2 4 8§~ 2 12 0 -8 -5 -7
g |-8 0 2 4 8 3 12 0 -2 -5 -7
i 130 2 4 7 i 2 0 2 4 -7
For example, j1111(1,2) = 3. For s =2,
14

(i, J) = pae(i, 7) + and vo(1,7) == 1144, J) — =——

24,

where Ay is as in (26).

For our convention for J;; recall Definition 4.13. Also recall that ¢, = z, with 2,
as in (11). For the rest of this section we prefer to use z,.

Lemma 6.5. Let £ € {5,7,11} and n, as in (46). Then for (s,m,k) € {1,2} x

{0,...,np — 1} X Zsq there exist discrete arrays afZ’j;) such that
ng—1 (o.0)
s s$,0) /. . 5 0i,5) _d
(47) U Umezf) = D Jie D a6, )0 092,
=0 N )
where

s . k S 7. S .. A . .
(48) NUY(j) = [+V+<ml)—‘ and M;:,?(z,j) = [7@(5‘7 —k + s 0(m, Z>>W

m,k
with vsy and 150 as in Definition 6.4.

Remark 6.6. In particular, if s =1,
k + 1}

NP6 = NE(0) = [

)/ 7 k42
m,k N(lk)(2> = Né,lk )(0) = [—W’

7

and,

N(l,ll)(i) _ [

m,k

k —+ Ul’ll(m, ’l)—‘
11
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If s =2,

N @) (2,5) k @7, @,7) k
() = NGO =[], M 6) = NEP©) = | 2],

and,

N@W ) = W‘“ -1 +ﬁ’“(m’i)] > (%W m,i€{0,...,4}.

Sketch of Proof of Lemma 6.5. For a fixed s € {1 2} let

i (5,0 ¢; .
() A0 = Y el =0, =1
ZN5 )
Recall that U (Jme2) = Up(tigdnezk) and U (Joezk) = Up(Jpezk). Con-
sequently, for either choice of s € {1,2} the conditions (47) and (48) fit the
pattern of (39) and (40), and (43) and (44) with v; := J;,. Thus to prove the

properties claimed by Lemma 6.5 we can invoke Lemma 6.1 and Lemma 6.3.
Concretely, to complete the proof of Lemma 6.5 one only has to verify that in

the given setting there exist Laurent polynomials p( )(X ) € Z[X,X1] of the
form as in (49) which satisfy the conditions (47) and (48) for all (s,m,k) €
{1,2} x{0,...,ny — 1} x {—=dy + 1,...,0}. To this end we compute explicity
all such relations and check the conditions (47) and (48) by inspection. This
procedure proves Lemma 6.5; details are given in Section 12.2 (Appendix). O

Definition 6.7. For m € Z\ {0} and any prime p let v,(m) > 0 be the p-adic
valuation of m; i.e., the maximal non-negative integer power of p arising as a
factor of m.

Lemma 6.8. Let ¢ € {5,7,11}, ny as in (46), and r € {0,...,ny — 1}. Let
f € M2({) be of the form

ng—1

f= ZJmZmen TUMGM)WZK

with fized €,, 0 € Z and where bisa dzscrete array with b(m,0) =0 for0 < m <.
Then U (f), s € {1,2}, is of the form

ng—1

ZJZZZ (SZ l j

is a discrete array with c*Y (0, 0) = 0. Moreover, for the given r:

v(@9(0,5) = min (M5, 9) + {A?(HEM)W,M;;Q(@]'H{%emﬂ),

where 59

using the notation from (48).
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Proof. Utilizing Lemma 6.5 we write U®)(f) as

ne—1 oo mny—1

=222 2 i)

m=0 n=0 i=0 ZNT(rf”l;)()

with

A n-+e (5, i
e0(0,3) = alg (i, )blm, myel e |G,
Splitting the sum with respect to the given r, and noticing that b(0,0) = 0, gives
rise to summation bounds as follows:

ng—1
U (f JMZZEZZ 290, 7) +ZJMZZEZZ 20,
m= (j,; 11 . m= Onn;l
+JMZZZ > Z 00, 4) + ZJ,ZZZZ > Z 20
j=1  m=r+1n=0 =0  m=r+1n=0

From this representation the lemma follows 1mmedlately by inspection. 0
Lemma 6.9. For ¢ € {5,7,11} and X as in Definition 4.12 we have
(50) fe X0 umplies (UP(f) e X9
and
(51) feX®9 umplies XV tyW(f) e XOH,

where (x(5), x(7), x(11)) := (0, 1,0).

Proof. Recall the map £ from Definition 4.12. Applying Lemma 6.8 with
— — - (176) 3
r=0,s=2and¢,:=¢§ ~ we obtain
A
vl e®0(i5)) = | G+ 2| +1.
Similarly, applying Lemma 6.8 with r =0, s =1 and ¢, = f-(u)

()

w0, 1) 2 [T+ 609 +1- x@)

we obtain

Now we are ready for the proof of the Main Theorem.

Proof of Theorem 4.15 (“Main Theorem”). We proceed by mathematical induc-
tion on . For § = 1 the statement is settled by the fundamental relations
providing representations of U}, (1):

L1,5 = Ué”(l) =5 Z5 J075, L177 = U7(1)(1> = 7(27 + 7Z$)J077
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and

Lin =UY(1) = 1101182 Joq1 + Jras + 211010 + 112 J511).
These identites are entries of the tables in Section 12.2 (Appendix); there it is
also explained how to obtain them algorithmically. The induction step will be
carried out as follows: In the first step we show that the correctness of (27) for
N =26—1, B € Z~o, implies (28) for N + 1 = 23, which in the second step is
shown to imply the correctness of (27) for N +2 =25+ 1.

For the first step we recall (20). Assuming the induction hypothesis (27) and
applying (50) from Lemma 6.9 we obtain

U (Lapre) = OO0 (fog 1) = G770 g

for some fo5 € X%, Next we assume (28) and apply (51) in Lemma 6.9 to
obtain
Ue(l)(LZﬁvg) _ gpe(Zﬁ)Ue(l)(fQB) — ¢pe(28) .glfx(f)fwﬂ

for some fo511 € X9, This completes the proof of the Main Theorem on the
basis of having established the fundamental relations for Lemma 6.5 which is
done in Section 12.2 (Appendix). O

7. THE FUNDAMENTAL POLYNOMIALS

In this section we prove Theorem 7.1 which, as shown below, implies the existence
of the fundamental polynomials Fy(X,Y') stated in Theorem 5.2. To this end we
need to recall a couple of notions from Riemann surfaces; see for instance [12].

We let M(S) denote the field of meromorphic functions f : § — C on a Riemann
surface S.! Let f € M(S) be non-constant: then for every neighborhood U
of x € S there exist neighborhoods U, C U of z and V of f(x) such that the
set f~!1(v) N U, contains exactly k elements for every v € V \ {f(z)}. This
number k is called the multiplicity of f at z; notation: k = mult,(f). If S
is compact, f € M(S) is surjective and each v € C has the same number of
preimages, say n, counting multiplicities; i.e., n = erf_l(v) mult, (f); see, e.g.,
[12, Thm. 4.24]. This number n is called the degree of f; notation: n = Deg(f).
RamiPts(f) := {z € S : mult,(f) > 2 denotes the set of ramification points of
f: BranchPts(f) := f(RamiPts(f)) C C denotes the set of branch points of f.

Theorem 7.1. Given a compact Riemann surface S, let G € M(S) be non-
constant with n := Deg(G). Let F € M(S) be such that for p € S:

(52) p a pole of F = p a pole of G.

'In this context C := C U {o0} is understood to be a compact Riemann surface isomorphic
to the Riemann sphere.
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Then there exist POLYNOMIALS ¢y, ..., ¢, € C[Y] such that
(53) F' 4 ci(G)F" -+ c,(G) = 0.

Remark 7.2. Without the pole condition (52) this theorem is folklore. In this
case the ¢; are rational functions; see for instance [12, §8.2 and §8.3] and also
Lemma 7.3 below. The given version where condition (52) forces the ¢; to be
polynomials is algorithmically relevant, but it seems to be less known. A special
instance of Theorem 7.1 where F' is allowed to have poles only at one point is
used in [30].

Proof of Theorem 7.1. The meromorphic function G € M(S) can be viewed as
a holomorphic map between Riemann surfaces which, by the compactness of
S, is also proper.? Hence one can apply the Theorems 8.2 and 8.3 from [12]
which imply the existence of ¢1,...,¢, € M(C) such that (53). Namely, G
being a non-constant proper holomorphic map implies that G is an n-sheeted
covering map. This means, for each 2 € C\BranchPts(G) the set G~ (x) contains
exactly n elements, say G~!(z) = {ai,...,a,} for a fixed x; moreover, there
exist neighborhoods U, of the a;, containing no pole of G with the possible
exception of a; itself, and a neighborhood V' of z containing no branch point of
G, such that G71(V) = U’_,Uj; as a disjoint union, and where the local restrictions
G|U; — V are bi-holomorphic maps. Using the elementary symmetric functions
e;(X1,...,X,), 1 <j <n,in n variables, for v € V the ¢; are defined as

¢j(v) == (=1)e;(F o (G|U1) "' (v), ..., F o (G|Un) " (v)).

These locally defined c; are glued together to define global meromorphic functions
¢ C \ BranchPts(G) — C. By applying Riemann’s Removable Singularity
Theorem [12, Thm. 1.8] and the Identity Theorem [12, Thm. 1.11] one can show
that these functions can be extended meromorphically also to the branch points
of G i.e., to meromorphic functions ¢; : C— @, g =1,...,n. Classical complex

analysis tells that M (C) = C(z), the field of rational functions. To show that

the c; are indeed polynomials, consider z € C such that co(z) = oo for some
te{l,...,n} and G }(z) = {ay,...,ap}.?

Case A: = ¢ BranchPts(G). In this case we have n = k and
00 = ci(2) = (=1)’e(F(ar), ..., Flay)).

Hence F'(a;) = oo for some j € {1,...,n}, which by (52) implies co = G(a;) = z.
This means, the only pole of ¢, is at x = oo.

2A continuous mapping f : X — Y between two locally compact spaces is called proper if

the preimage of every compact set is compact.

3n = 25:1 mult,, (G); if « is no branch point of G' then all mult,,;(G) =1 and n = k.
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Case B: z € BranchPts(G). Suppose all values F(ay),..., F(a) are in C. Then
F'is bounded in neighborhoods Y; of a;, 7 = 1,...,k, and again owing to G
being non-constant, proper and holomorphic, there is a neighborhood W of z,
containing no further branch point of G, such that G™*(W) C Y, U --- U Y.
Consequently, for v € W\ {z} the values

lee(v)] = lee(F o (GIU) " (v),..., F o (G|U.) " (v))]

have a common bound; recall that as described above the c¢; are defined locally
as functions on suitable neighborhoods V' C W of v together with neighborhoods
U; of the n preimages of v. The bound for |¢,(v)| on W \ {z} is a contradiction
to ¢,(z) = oo. Hence as in Case A the only pole of ¢ is at x = oc.

Summarlzlng, we have proven that for j = 1,...,n the only possible poles of the
: C — C are at oo. Hence the c; are polynomlals 0

Lemma 7.3. Given a compact Riemann surface S, let G € M(S) and F € M(S5)
be non-constant meromorphic functions with n := Deg(G) and m := Deg(F). If
ged(m,n) =1 then there exists a polynomial

p(X,Y)= X"+ (Y)X" '+ +c,(Y) € C(Y)[X]

which is irreducible over C(Y'), and where the ¢;(Y') are rational functions in C(Y")
such that p(F,G) = 0.

Proof. See for instance [30, p. 485, Lem. 1]. O

Proof of Theorem 5.2. To determine Deg( f) of a meromorphic function f one can
count the number of its poles, alternatively its zeros, with their multiplicities. By
Lemma 5.1, t = t, and T = T, can be viewed as meromorphic functions F := ¢*
and G := T* on the compact Riemann surface Xo(¢?). They are both holomorphic
and non-zero at all points of [7] € X(¢?) with 7 € H. At the £+ 1 cusps Lemma
5.1 gives:!

ord[oO =ny, Oordpy f* =dy,
ord; ]t*_ —dy, ord T" = —ny,
Ord[k/g} tr = Ny, Ord[k/g} T = —MNy.

Consequently, we see that the pole condition (52) of Theorem 7.1 is fulfilled.
The resulting algebraic relation between t* and T* on X,(¢?) induces on H the
relation:

(54) " 4 ey (T)" 4+ 4y (T) =0
for some ¢;(Y) € C[Y] where n := Deg(T*) = dy, the number of zeros of T* in
Xo(€%). We still need to verify that the ¢;(Y) are polynomials in Q[Y] and not

“Recall ny := de = m from (46).
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in C[Y]. But this is straightforward by using the same induction argument as in
the proof of Lemma 9.7.

Finally we prove that the polynomial
FUX,Y) = X"+ (V)X 4+ 4 oY) € QIY][X]

is indeed irreducible in C[X,Y]. To this end, we apply Theorem 7.1 again, now
with F = (£*T*)"* — (T*)""' and G := T*.° From the ord-scheme above we
see that both F' and G have poles only at [0o]. A simple calculation shows that
m := Deg(F) = —ordg F' = ({ +1)d; — 1 and n := Deg(G) = —ordo) G = dy.
Hence Theorem 7.1 implies the existence of a polynomial

pe(X,Y) = X% 4y (V)X¥ 4o 4y, (Y) € CIY][X]

such that p,(F, G) = 0. Owing to gcd(m,n) = 1, Lemma 7.3 implies that p,(X,Y)
is irreducible over C(Y"). Hence [C(F,G) : (C(G)] = d, or, equivalently, [C(¢,T) :
C(T)] = dy. Since C(t,T) D C(#*,T) it follows that

(55) [C(¢,T) : C(T)] > dy.

But now, owing to (54), we must have equality in (55). This proves the irre-
ducibility of F,(X,Y) € Q[Y][X] as a polynomial in X over C(Y). As such the
polynomial Fy(X,Y") is monic; this means, it has 1 as leading coefficient. Conse-
quently, Fy(X,Y) is irreducible also in C[X,Y7; i.e., it has no proper non-trivial
factor in C[z, y]. O

8. CONCLUSION

As pointed out in the introduction, algorithmic aspects were a major driving
force for the development of the framework presented in the main part of this
paper. Despite new results like the derivation of new compact representations of
Atkin’s basis functions g; in Section 9, for the sake of better readability we put
various constructions and propositions of algorithmic relevance in a separate part,
the Appendix, starting with Section 9. In fact, the main part up to Section 7
in its essence is independent from the material in the Appendix with the only
exception of Section 12, where we describe the algorithmic derivation and proof
of the fundamental relations needed to prove the crucial Lemma 6.5.

We conclude the main part of this paper with a conjecture on lower bounds for
the f-adic valuation of the coefficients of the modular equation for all primes

¢ >5.

®Note that f: f.
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Conjecture 8.1. Write
do—1

(56) F(X,Y)=X"+Y o (V)X
=0

for the unique polynomials Fy(X,Y) € Q[Y][X] determined by Theorem 5.2.
Then the statement of Corollary 5.6 is valid not only for € € {5,7,11} but for all
primes £ > 5.

9. APPENDIX 1: NEW REPRESENTATIONS OF ATKIN’S GENERATORS

In this section we prove Theorem 3.9; see Theorem 9.8 together with (100). More-
over, we give a detailed description of the derivation of our new representations
of Atkin’s basis functions g; using an approach which is close to an algorithm. To
this end, we focus on properties of module generators, in particular, the concept
of an Atkin basis in Definition 59 of Section 9.1.

In order to work with compact representations of the modular functions involved,
starting with (65) from Section 9.2 we make use of special instances of a trace
operator formula; see, e.g., [19, (1)]. In Section 9.3 we describe a classical reduc-
tion procedure to obtain relations between modular functions. This reduction
strategy is applied at various places in this article, in particular, in Section 12
to obtain the fundamental relations. Finally, Section 9.4 completes the “recon-
struction” of Atkin’s g;. Besides proving Theorem 3.9, we explain that there is
some freedom in the choice of (16). For instance, one could omit the summand
211 there.

9.1. General construction strategy. First, we recall that the Fricke involution
Wy == (% 3") which normalizes [o(N); i.e., WyTo(N)Wx' = Wy'To(N)Wy =
[To(N). In particular, for all f € M(N),

(57) (f I WN)|v=[f]| Wy forall y € I'o(N), and
(58) ordig, (f | Wn)* = ordjse)y f* and ordpe, (f | Wx)* = ordjg, f*.
For the case N = 11 the short hand notation W := Wj; will be convenient.

Ezample 9.1. Recall that ord|y,, 2{; = 5. By Lemma 3.5(3) we have that (z; |
W)(r) = 117%2, (7)1, Hence ordy,, 2§, = ordjey, (211 | W)* = —5.

Definition 9.2. We say that the functions ¢q, ¢3, ¢4, s € MI(11) form an Atkin
basis iff the following three conditions hold:

(59) MZO(ll) = <17¢27¢37¢47¢6>Z[zu];
(60) (Ol"d[oo]11 ¢§, Ol“d[oo]u g;, OI"d[oo]11 gbz, Ord[oo]n 9252) = (1, 2, 3, 4);
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(61) (ord[o]u gb;, ord[o]u ¢§, ord[o]u ¢Z, Ol"d[o]11 ¢g) = (—27 —37 —47 —6).

We note that ordy),, ¢; = ordjs),, (¢ | W)*. Moreover, owing to (60), Mp(11) is

a 7Z[z11]-module which is freely generated by the basis elements ¢;.

Ezample 9.3. Atkin’s functions g; from Example 3.8 form an Atkin basis. In [6]
Atkin uses the notation g; | W = 117'G;, i = 2,3,4,6; the first terms of the
g-expansions of the g; and G; are given explicitly in Table 1 of [6, Appendix].®

Inspecting the orders in (61) one observes that the minimal pole order at 0 is 2.
Indeed, as a consequence of Riemann surface theory one can prove that there is
no f € M(11) having exactly one pole of order 1. An elementary proof is given
in the Appendix, Section 11.

Atkin [6] defined the functions g; in a skillful manner by following Newman [23].
In this section we present a method to find these functions which is more close to
an algorithm. More precisely, in a first step and in view of (61) we will construct
modular functions .J; € Mg(11) such that

(62)  M°(11) = (1, Jo, J3, Ju, Jo)csy) With ordp, Ji = —i, i=2,3,4,6.

2

Subsequently, using these J; we construct an Atkin basis (hy | W, hs | W, hy |
W, he | W) and relate it to Atkin’s g; in (100).

A first natural choice to choose such J; is an ansatz in the form of eta quotients
[Tsn ns(7)" (. Newman [25] gave a criterion for membership of such quotients
in M(N); see also [27, Thm. 5.1]. For N = 11 this criterion translates into
the following linar system of Diophantine equations: ry(i) + r11(¢) = 0, r1(i) +
11r11(7) = 24a(i), 11ry (i) +7r11(2) = 24b(7), and 71, (7) even. In addition, Ligozat’s
order formula, e.g., [27, Lemma 5.2, translates ordyy,, J; = —i into 11r(z) +
r11(1) = —24i. For ¢ = 2,3,4,6 the resulting linear Diophantine system has
no integer solutions. For ¢ = 5 there is exactly one solution z;;, because then
ri(5) = —12, r1(5) = 12 with a(5) = 5, b(5) = —5, and ¢(5) = 6. As a
consequence, to construct the desired J; we try as the next nearest choice N = 22.
The heuristical fundament for proceeding like this is

Conjecture 9.4 (Newmann’s Conjecture, modified version). Let N be divisible
by two distinct primes. Then each modular function from M(N) can be written
as a linear combination of eta quotients of the form [ 5 n(d7)" where (rs)sn is
an integer sequence indexed by the positive divisors & of N.

6Atkin uses z instead of g.
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Invoking the index formula [SLy(Z) : To(N)] = N [],x (1 + %) for N =11 and
N = 22 implies the existence of a decomposition into three disjoint cosets such
that

(63) To(11) = T'o(22)y0 U T'o(22)y1 U T'o(22)72.

As a concrete choice we take vo = ({9), v := V and 7o := V? where V :=
(4 &)- This coset decomposition together with a coset decomposition of I'g(11)
in SLy(Z), for example as in [18, Ch. 1, Cor. 7], implies that X,(22) has the four
cusps [00]a2, [0]22, [1/2]22, and [1/11]e with widths 1, 22, 11, and 2, respectively.

In a first step, in view of (58), for i = 2,3,4,6 we will construct

(64) F; € Mg’ (11) such that ordyy,, F;" > 0 and ordp,, Fj" = —i.

7

Then the functions .J; := F; | W € Mg(11) will have the desired properties (62).

9.2. Constructing the Fj, resp. J;. As an ansatz for the construction we con-
sider traces

(65) Fo=fi+fi|V+fi| V2

For any f; € M(22) the decomposition (63) implies that F; € M(11). The F; are
also in M (22), and the cusp orders of the F; in I'y(22) connect to those in I'g(11)
by the following relations which are also straightforward to prove.

Lemma 9.5. Let F; € M*°(11) such that (64). Then F; € M>(22) and
Ol“d[oo]22 Fl* = Ol“d[oo]11 = —i;

(2

Ord[1/11]22 E* =2 Ol"d[oo]n E* = —2;
ordy,, F; = 2 ordjy,, F;y > 0;
Ord[1/2}22 Fz* = Ofd[o]u Fr>0.

(2

When choosing the f; as eta quotients [] 522 ns’, for fixed integers 75 Ligozat’s
lemma, e.g. [27, Lemma 5.2], tells the orders of the f; at the cusps. We set

a(i) := ordj,, fi, b(i) := ordy,, fi,c(i) = ordp a1y, f7, d(2) = ordp g, f;-
From (65) one obtains
(66) ord o]y, Fi > minfa(i), c(i)/2}, with equality if a(i) < c(i)/2;
(67) ordp 11}, Fi* > min{2a(i), c(é)}, with equality if a(i) < c(i)/2;
(68) ord,, ;" > min{b(i),2d(i)}, with equality if 2d(i) < b(i);
(69) ordp s, ;- > min{b(i)/2,d(z)}, with equality if 2d(i) < b(%).
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As consequence of (66) to (69) and Lemma 9.5, without loss of generality we can
restrict to choosing eta quotients f; € M3°(22) such that

a(i) = ordeg,, f; = —i and ¢(i) = ordp i, f7 > —2i.

3 (3

Constructing the f;, respectively the F;: To find such f; computationally, similarly
to above one solves the linear system of Diophantine equations and inequalities
determined by Newman [27, Thm. 5.1] and Ligozat [27, Lemma 5.2]. For i = 2
one finds
nmm(r)?® 1 1 2

70 T)i=—"5—"—~=————4+3¢+3¢ +--- € M;°(22
(70) fol7) mi(7)3na(r) @ ¢ e I Z(22)
with

a(2) = =2, b(2) =2, ¢(2) = =3, and d(2) = 3.
Consequently, (66) to (69) and Lemma 9.5 give ord|),, F5 = —2 and ord,, F5 >
min{1,3/2} > 0, as desired. For i = 3 one obtains

3 1 3 1
n(7)%n2(7) - - C48—q—-- € MP(22)

() falr) = M1 (7)m22(7)? ¢ @ g
with
a(3) =-3,b(3) =3, ¢(3) =—2, and d(3) =
Here (66) to (69) and Lemma 9.5 give ordp,, F5 = —3 and ordy,, F5 >
min{3/2,2} > 0, as desired. Finally,

fa(7) == fo(7)? € MZ®(22) and fs(7) := f3(7)? € M (22)

give ord|o},, Fy = —4 and ordjg),, F; > 2, resp. ord|),, Fg = —6 and ordjg},, F§ >
2, as desired. The fact that the Coefﬁments of the F; are integers for i = 2, 3,6,
resp. half-integers for ¢ = 4, is immediate from the following representations being
more explicit than (65):

(

(72) Fo(7) = fo(7

Usfs)(T) =q 2 +2¢7 " =124+ 5q +8¢° + .. .;

) —
(73) Fs(1) = fs(1) = 4(Uafo)(1) = q¢ > =3¢ > —5q " +24 — 13— .. .;
2 Lo .03 4 T, 21
(1) Fi(r) = o) + 50 =0 = S0 = a7 = T + 45—
(75) Fo(r) = fo(r)? + S(Uaf2)(7) = ™ — 6g75 +7q ™ + 2247 — 412 + ...

These representations, which invoke the U-operator (see Def. 4.2), can be derived
in a straightforward manner by applying the modular transformation properties
of the eta function. Nevertheless, from a more general point of view we remark
that they are special instances of a trace operator formula; see, e.g., [19, (1)]. A
proof of (72) along this line is given in Section 10.1 (Appendix); the proofs of the
other formulas work analogously.
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Another advantage of invoking the formula [19, (1)] is that it facilitates (we leave
the details to the reader) the application of the W-operator to finally obtain the
desired module generators .J; := F; | W € Mg(11) satisfying (62):

2 1 1 o 2 2 .
(76) Jo(r) = —11 (E—UQE>(7) = 112(g + 56 +...);
(77) Jo(r) = —112(fi - 4U2fi)(7) —12(11¢% 4+ 99¢° + ... ):
1 1
(78) Tu(r) = 114(f—§+%U2fi22)(7) _ 114(%q2+71q3+...);
1 1
(79) Jo(r) = 114<f—22 +8 UQf—g) (r) = 11*(8¢° + 233¢* + . ..).

All these equalities are obtained as direct consequences of the formula [19, (1)].
A proof of (76) along this line is given in Section 10.1 (Appendix); the proofs of
the other formulas work analogously.

9.3. Module property of the F;, resp. J;. For later it is important to note
that the first coefficients of the g-expansion in (77) suggest that

(80) 11’(%—4@%),

meaning that 11 divides each coefficient in the g-expansion. This divisibility is
immediate from a relation already used by Atkin [6, (56)]; namely,

(81) J3 = 113F3 211-

This relation cannot only be proved but also derived algorithmically. To this end

we introduce an elementary but useful

Lemma 9.6. For z;; = 1/z,
(82) Moo(l]') = <17F27F37F47F6>(C[211}'

Proof. The non-trivial direction is to show that every non-constant function F' €
M*®°(11) can be represented in the form

(83) F = Py(z11) + Pa(Z11) Fo + P3(Z11) F3 + Py(z11) Fy + Ps(z11) Fs

for some polynomials P;(X) € C[X]. Suppose that F(1) = cq " + O(¢g~""?) for
some ¢ € C. Recall that there exists no principal modular function (“Haupt-
modul”) in M (11) (Section 11), hence n = 5j +¢ > 2 with j > 0 and i €
{0,2,3,4,6}. Owing to ordjg,, Zi; = —5 one can reduce F with 2/, F}; more
concretely,

F(1) —czn(r)Y Fi(t) = dqg ™ + O(q~""?) for some d € C.

Consequently, owing to Lemma 3.2, by iterated reduction F' finds a representation
of the form (83) for some polynomials P;(X) € C[X]. O
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Proof of (81). The only pole of Js is at 0 of multiplicity 3 = —ordyy,, J5 =
—ordp),, (J3 | W)* = —ordjq,, F3; in addition, J3 has a zero at infinity of mul-
tiplicity 2 = ord|y,, J3. The only pole of z;; is at infinity of multiplicity 5; in
addition, Z;; has a zero at 0 of multiplicity 5 = ordjy,, Zj; = ordjse,, (Z11 | W)* =
ordjse)y; (11%211)*. Hence 1173J3%;; has its only pole at infinity of multiplicity
3 which is confirmed by 1173J3z;; = ¢ 2 —3¢72 —5¢ ' +24 — --- € M>(11).
Thus (82) implies that 1173321, € (1, Fy, F3, Fi, Fg)cpz,). To derive the corre-
sponding representation, we can apply the reduction strategy as described in the
proof of Lemma 9.6. Already the first reduction step gives
1172 J5(1) 20 (7) — F3(1) =04+0-q+0-¢*+ ...,
which by Lemma 3.2 proves (81). O

The J; we constructed satisfy the requirements of (62): By construction the J; are
in Mé(ll) with Ol"d[o}11 Jr = Ord[oo}u(Jz' | W)* = Ol"d[oo]11 FZ* = —q¢fori= 2, 3, 4, 6.

7

To show also the first part of (62); i.e., that every function f € M°(11) can be
represented in the form
(84) [ =po(z11) + p2(211)J2 + p3(211) S5 + palz11) Js + pe(211) Je
for some polynomials p;(X) € C[X], one proceeds as follows: For any non-
constant f € MY(11) the only pole sits at 0 with some multiplicity n; i.e.,
(fIW)(r)=cq ™+ O(g ™) € M>(11) for some ¢ € C. Hence by Lemma 9.6
f | W finds a representation of the form

[IW = Fy(Z11) + Pa(Zu) Fo + P3(211) Fs + Py(Z11) Fy + Po(Z11) Fs.

for some polynomials P;(X) € C[X]. Using z;; | W = 11°2y; (Lemma 3.5) and
F; | W = J; this relation turns into one as in (84).

From complex to rational numbers coefficients. If we want to show that every
function f € M{(11) can be represented in the form

(85) f=po(211) + p2(211)J2 + p3(211) S5 + palz11) Ja + pe(211) Je
for some polynomials p;(X) € Q[X], it would be sufficient to have
(86) Ord[oohl J; = 1, Ol“d[oo]11 J; = 2,ord[oo]11 JZ = 3, and OI‘d[OQ]11 Jg =4.

Because then mathematical induction would show that the p;(z11) := P;(zZ11 | W)
must have coefficients in Q; i.e., p;(X) € Q[X].

The same induction argument would apply to showing that every function f €
MJ(11) can be represented in the form

(87) J = po(211) + p2(211)Jo + p3(211) S5 + pa(211) Js + pe(211) s
for some polynomials p;(X) € Z[X], provided we would have
Ji(1) = ¢+ O(q") € MY(11) for i = 2,3,4, and Js(7) = ¢* + O(q°) € MY(11).
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We summarize these observations:

Lemma 9.7. Let hy, h, hy, hg € M>(11) be such that

(88) orde),, hi = —i fori=2,3,4,6,
and
(89) (hi | W)(T) = ¢ "+ O(q") € MY(11) fori=2,3,4, and

(he | W)(7) = ¢* + O(¢°) € Mp(11).
Then the functions ¢; :== h; | W, i =2,3,4,6, form an Atkin basis.

Proof. The order properties of the ¢; are clear by their definition and (58). The
remaining non-trival part of the proof is to show that any function f € M2(11)
can be represented in the form

(90) J =po(211) + p2(211) P2 + p3(211)P3 + Pa(211) Pa + P6(211) D6

for some polynomials p;(X) € Z[X]. Since f | W € M®(11), using the same
argument as in the proof of Lemma 9.6, one has that

(91) fIW = Py(Z11) + Pa(Z11)he + Ps(Z11)hs + Py(Z11) ha + Ps(Z11)he

for some polynomials P;(X) € C[X]. Using z;; | W = 11°2y; this implies that
J=po(z11) + p2(211)d2 + p3(211) b3 + pa(211)da + po(211) ds

for polynomials p;(X) := P;(11°X) € C[X]. We show that all p;(X) € Z[X]:

For i = 0,2, 3,4,6 suppose p;(X) = a; + ;X +¢; X?+. .. with a;, b;, ¢; € C. Then

f(7) = (ao +bozua(7) +...)
+ (a2 + byzn (1) + .. ) (g + O(¢) + (az + byzn (1) + ... )(¢* + O(¢”))
+ (a1 +bazin (1) + .. ) (@ + O(g")) + (ag + bsznn (1) + ... ) (¢ + O(¢)).
Since f € MJ(11), one has f(r) = > o7 foq™ with all f, € Z. Because of
211(7) = ¢® + O(¢°) coefficient comparison implies ag, as, as, a4, ag € Z. Hence
(f—ao — aspa — azdz — ass — agde) 211 = (bo + coz11(7) +...)
+ (b2 + cozia (1) + .. ) (g + O(¢*) + (bs + c3zua (1) + ... )(¢° + O(q?))
+ (ba+cazn(7) + .. )(@* + O(g")) + (b6 + cozua (1) + ... )(¢" + O(d")).

The left hand side is again in MP(11), hence by, by, b3, by, bg € Z. Tterating this
argument proves p;(X) € Z[X]. d
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9.4. Atkin’s functions reconstructed. The functions hy := F5/11? and h3 :=
F3/11% are in M>°(11) and satisfy all properties requested in Lemma 9.7; in
particular,

(92) (hy | W)(T) = Jo(T) /112 = g4+ ¢° + --- € M(11)
and
(93) (hs | W)(T) = J3(7)/11° = ¢* + 9¢° + - - - € MJ(11).

The fact that these functions are in M} is owing to the representations (76)
and (77) in terms of the Us-operator and to (80). In the next step we try to
determine a, b, c € Q such that

" Ju(7) b J3(7) . Jo(7)
114 113 112

11
=cq+ <g+b+5c>q2—l— <7a+9b+19c>q3+...
= ¢’ +0(q") € Mp(11).

The linear system ¢ = 0, a/2 + b+ 5¢ = 0, and 11a/2 + 9b + 19¢ = 1 has a
unique solution a = 1, b = —(1/2), and ¢ = 0. Looking at further terms in the
g-expansion

Jio1
1—{‘4 -5 1—133 = ¢® + 14¢* +102¢° + 561¢° + 2563¢" + 10285¢° + 37349¢° + . . .
supports to conjecture that
Joo 1 Js .
94 A e MO(11).
( ) 114 2 113 € Z( )

In Section 10.2 (Appendix) we prove that this is indeed the case. Thus we can
define

o) )= S -

1
- m(q‘4 4 4g™ — 20472 — 38¢" + 180 — 86¢ — . )

€ Mg (11)

which then has the properties requested in Lemma 9.7. In particular,

FolW 1 F W Jy 1 Js 3 4 0
(96)  hy |W = T 5 1 —1ui o1p ¢ +0(q") € My(11).

Finally, proceeding analogously to above, we try to find a,b, ¢, d € Q such that

Js(7) Ju(7) J3(7) Jo(T) b 2
S b R e D a2 —dq+(2+c+5d>q

116 )
+ <8a+ > + 9c + 19d>q3—|— (233a+7+490+63d>q4+...
=q¢' +0(¢°) € MY(11).
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The linear system d = 0, b/2 4+ ¢ + 5d = 0, 8a + (11b)/2 + 9c¢ + 19d = 0 and
233a + (77b)/2 + 49c + 63d = 1 has a unique solution a = 1172, b = —8/1172,
c=4/11"% and d = 0. Looking at further terms in the g-expansion

J6 Ja J3 4 5 6 7 8

— =8 —+4 —= 18 179 1310 7853

116 116+ B =q +138¢" + q + q + q +
supports to conjecture that
Jg Jy J3 0
— = +4 — € M,(11
116 ® 116 116 115 € Mz(11).
In Section 10.2 (Appendix) we prove that this is indeed the case. Thus we can
define

(97)

Fg Fy Fy
= — -8 — +4 — € Mg (11
(98) he(T) := 116 8 G + G e Mg (11)
1
=176 (q‘6 —6g° — ¢t +78¢ % — 145¢7% — 206¢ " + 864 — ... )
which then has the properties requested in Lemma 9.7. In particular,
Fs|W  _F|W F|W
he | W = -8 4
6 | 116 116 + BB
Ji J. J:
=20 gy 2 O(gP) € MY(11).

New representations of the Atkin functions. We summarize in the form of a
theorem.

Theorem 9.8. The functions h;, i = 2,3,4,6, constructed above satisfy

(i) 11°h; € M3°(11);
(ii) hi | W € My(11);
(iii) the h; | W form an Atkin basis.

We have seen that following the framework set up by Lemma 9.7 one is forced
to define hy, hs, and hy as we did. With hg the situation is slightly different; its
definition is up to adding constant multiples of powers of z;; = ¢7° + O(¢™?) €
Mz°. For example, for m € Z:

Hy(r) i= ho(r) + 175 7n(r) = 135 (470~ (6= m)g 7 + ..

with 118Hg € M3°(11), and by using again (106) and 2z;; = ¢° + O(¢°),

(He | W)(7) = (he | W)(7) + % (11 [ W)(7) = (he | W)(7) + mzns
= (hs | W)(7) + mq’ + O(¢°) = ¢" + O(¢”) € M(11).
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In fact, Atkin’s setting [6] corresponds to the choice m = 1; concretely, instead
of using (hq, hs, hy, hg) he worked with

Z11 Gy G Gy G
h7h7hah _>:: <_7_7_7_>7
(99) ( 2213, s 16+ g 11271137 1147 116
with the G; being the notation used by Atkin. Consequently, instead of the Atkin
basis h; | W, i = 2,3,4,6, Atkin worked with the slightly different Atkin basis
(100) (ho | W hg | W, hy | W he | W+ 211) =: (g2, 93, 94, J6)-

Subsequently we will work with this Atkin basis; moreover, we will use Atkin’s
notation g; as in (100).

10. APPENDIX 2: PROOFS OF FORMULAS FOR Fj, RESP. J;

In Subsection 10.1 we prove the formulas (72) and (76) for F, and .Jo, respec-
tively. The proofs of the other formulas in these families work analogously. In
Subsection 10.2 we prove that the modular functions in (94) and (97) involving
J; have integer coefficients in their ¢-expansions.

10.1. Proofs of (72) and (76). The following lemma states a special instance
of formula [19, (1)] adapted to our situation.

a decomposition of I'o(11) into disjoint cosets. Then the trace map

tr: M(22) > M), f—=tr(f):=flrw+fln+f]r

can be written as
(101) tr(f)(r) = f(1) +2 Ua((f | V)(27)) with V = (} ).

Relevant for our applications are the following actions of V and W = ([ ')
which are straightforward consequences of the transformation formula for the n

function.

Lemma 10.2. For fy, f3 € M3°(22) as in (70) and (71):

(102) (o[ V)(27) = —%f?,(r) and (f3 | V)(27) = =2f2(7),
and

112 1 5 1
(103) (fo | W)(27) = 7% and (fs | W)(21) =2-11 FAES

Proof of (72). In (63) we used 7o = (§9), 711 = V, and v, = V2. Hence by (102),

EB=tr(fo) = 2 +2U((f2 | V)(27)) = fo— Usfs;
this is (72). O
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The representations (73), (74), and (75) are derived analogously.

Proof of (76). Consider
Jo() = (B [ W)(r) = (f2 | W)(7) + (f2 | VIV)(7) + (f2 | V2W)(7).

From the functions on the right side, using the rules of Lemma 10.2, the first and
the third evaluate to functions in the argument 7/2. For the remaining function
these rules give

1, /Wr 1 1 1
VW)(r)=—= (—) =211 = 11’
VIO = =575 2 (Fs [W)(Wr) f3(7)
This motivates to express the fo | W trace as a ¢ := —11%/f3 trace. To this end,
observing that VW = WX for X = (3121 ’11) one rewrites

Bl VW = f | VW X =¢| X and fo |W=fo [ VIV | X =] X
Consequently,
h=p+tp|X+p| X"

Since T(11) = T'y(22) U Ty(22)X UT((22)X ! is a decomposition into disjoint
cosets, formula (101) gives

112 1
Jo(T) = (1) + 2 U. V)(27)) = - — 2 11Uy
A7) = () + 2 Ua{( | V)(27) =~ T
112 1
= — + 112Uy ——;
f3(T) *fo(7)
the last equality is by (102). This completes the proof of (76). O

The representations (77), (78), and (79) are derived analogously.

10.2. Proofs of (94) and (97). The proofs are straightforward; they are included
for the sake of completeness.

Proof of (94). The functions J3 and J; from (77) and (78), respectively, are
in Mg(11) and have their only pole at 0 with multiplicity i = —ordy,, J;* =
—ordie,, (Ji | W)* = —ordq),, F, @ = 3,4. The only pole of Z;; is at infinity
of multiplicity 5; in addition, z;; has a zero at 0 of multiplicity 5 = ordy,, 2]; =
ordiee)y, (Z11 | W)* = ordjeq)y, (115211)*. Hence (Jy/11* — 1J5/11%)z; € M>(11)
has its only pole at infinity of multiplicity 3 as given by the g-expansion

(M _ L)
114 2 113

Now (82) 1mphes that (J4/114 - %Jg/llg)gll S <]_,F2,F3,F4,F6>C[gn}. To de-
rive the corresponding representation, we can apply the reduction strategy as

)ZH:q_2+2q_1—12+5q+8q2+...
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described in the proof of Lemma 9.6. As in the proof of (81), already the first
reduction step gives

Ju(t) 1 J3(7)N )
which by Lemma 3.2 proves (94) because Fy € M7°(11). O

Proof of (97). The functions Js, Jy, Jo € Mg(11) from (77), (78), and (79), re-
spectively, have their only pole at 0 with multiplicities 3, 4, and 6, respectively.
Eg.,6=— ord[o J§ = —ordise),, (J6 | W)* = —ordjs,, Fg. We follow the same
strategy as in the proof of (94) where using z;; we modified the expression in
question such to express it as a linear combination of F;. Recall that the only pole
of z1; is at infinity of multiplicity 5 and its only zero at 0 also with multiplicity
5. Hence (Js/115 — 8J,/11% 4+ 4.J3/11%)22, € M*>(11) has its only pole at infinity
with multiplicity 6 as given by the g-expansion

(% -8 % + 4 %)zfl =q%—6¢°—q " +78 % —145¢* — 206¢ " +
Now (82) 1mphes that ((]6/].].6 - 8J4/116 + 4J3/115>2%1 S <]_, F27 F3, F4, Fﬁ)@[zll}.
To derive the corresponding representation, we can apply the reduction strategy
as described in the proof of Lemma 9.6. The first reduction step gives

J J J
(1_166 ~8 g +4 1135)211 Fy = =8¢~ +56¢° — 104¢™* — 136¢~" +

The second reduction step results in

J, J. J.
(1—166 ak 1—146 +4 1135)211 Fs + 8Fy = 44¢7% — 132¢7% — 220¢~" + 1056 — . ..
Finally,

Ji J. J:
(1_166_81_;6—’_41135)211 F6+8F4—44F3:0+0'Q+0'q2+""

which, by Lemma 3.2, proves
Jg Jy J3
26 gy ) = Fy — 8F) + 445,
(116 FCRERETE 6T oha A
Finally observe that Fy is in M7°(11), owing to its definition, respectively to

the property of the Uj-operator. Finally, also —8F; + 44F3 is in M$°(11) since
applying the W-operator to both sides of (104) gives

11 1
Here one uses again the fact
(106) Zi | W= 11%2,

from Lemma 3.5(3). This completes the proof of (97). O
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11. APPENDIX 3: THERE IS NO PRINICPAL MODULAR FUNCTION ON I'y(11)

As announced in Section 9 we give an elementary proof of the non-existence of
a principal modular function (“Hauptmodul”) on I'g(11). By (57) and (58) it is
sufficient to prove the following version.

Lemma 11.1. There exists no modular function on I'g(11) which has only one
single pole at the cusp [0o]11 and no pole at [0];;.

Proof. Suppose there exists a modular function g € M(11) having a pole only
at infinity with pole order 1; i.e., ord,g = ordj),, ¢* = —1 and ordyy,, g* =
ordjogyy, (g | W)* > 0 for W = () Bl), where we recall (58). Using g we will
construct a non-zero modular form h of weight 2 on SLy(Z) which cannot exist;
see e.g. [3, Thm. 6.4]. To this end, consider the following group action of GL,,(Z)
on meromorphic functions defined on H: for v = (zg) € GL,(2), k € Z,

(F b)) = det()2er + )+ (20),

For f(7) := (n(7)n(117))?, using the standard 5 transformation formula, one can
verify that f |o W = —f and f | v = f for all v € I'o(11). The latter invariance

holds also for fg. The Atkin-Lehner operator (ﬂ 1%) with 118 — a =1 can be

~1181
from [19] applied to fg gives
h:= fg+ Uii(fg|a W) such that h|o vy =h for all v € SLy(Z).

Owing to ord,(fg) = —1 + ord, f = 0, and ord,(fg | W) > 1 which implies
ord, Uy1(fg | W) > 1, we obtain the desired contradiction; i.e., the modular form
h of weight 2 on SLy(Z) is non-zero. O

written as the product of ( o 1) € I'o(11) with W. Hence the trace operator (1)

12. APPENDIX 4: THE FUNDAMENTAL RELATIONS FOR LEMMA 6.5

In order to compute the fundamental relations to prove Lemma 6.5, we need
two g-expansions at 0 derived in Section 12.1. The usage of these expansions is
described in Section 12.2.

12.1. Expansions at zero. The first g-expansion at 0 is proven in [21, (8.81)]:

Lemma 12.1. For any prime p € {5,7,11} and f € M(p):

(107) () = )or) = 10+ 1 ().
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Because of Uél)( f) == U,(u,f) we need a second g-expansion formula at 0. For
the rest of this section we use the abbreviations u := u, and % := ; (%) denotes
the Jacobi symbol.

Lemma 12.2. For any prime p > 5 and f € M(p) with f(1)=> " b(n)q":

n=m

U(an () = s ()
(108) + }9 (%3) O_O (1—d") i a(n) (24np_ 1)q"

where the a(n) are defined from the q-expansion of f and the partition generating
function:

i a(n)q" == i b(n)q" x ip(n)q”,
Proof.
P (7) :Z ”:’(T;)A”f( =
" — p) + 242
— npT T
B ~ n<r+j4,\) f( D )

Next we note that for any integers x and y such that 24°\y — pz = 1,

24\ — 1 — 24 24X
AT T AAT y where A, = ( i ) € To(p).
pT p p 24y
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Using this together with the standard n-transformation formula we find that
pU(uf) <_—1>
_n(=1/(r/p)) ( >+p_1 n(=1/(/p)) (24AT—1>
n(—1/pt) pT — (24>\T 1) pT

_1n(r/ ( 1y, & (i) (/) =2ty

(110) P 0(pr) =1 €(240, z, p, 24y) (—i )1/277<T_T?4y> ( p

1n(r/p) . =1\  e® DA pir/p) 2dyy T — 24
21_9737(1)7{9) (p_7> + VP — nZT 22)( py>f( P y>

_Ln(7/p) (<—1) | vl = n(r/p) (24)\>f<7 — 24)\>.

p npr) " \pr VD A—1n<%> p D

The second last equality follows from a classical formula for €(a, b, ¢, d); e.g., [18,
Ch. 4, Thm. 2]. The last equality follows from the following observation: For
1 <A< p—1let (x,y) = (z(A),y(\)) be such that 24*°\y — pr = 1, then
{y(1),...,ylp—1} =A{1,...,p— 1} (mod p). Finally, by Lemma 12.3, using
that em™P~1/2 = (—1)P~1)/2 = (_71), we obtain

pUp(ﬂf)<_Tl> _ ln(T/mf(—_l) +( ) emf//gp i:na (24n_1> e

p nlpr) " \pr
Substituting 7 with pr gives the desired result. O
Lemma 12.3. Let g(7) = ¢~ V/*Y°>° a(n)q" where ¢ = ¢*". Then for any
prime p > 5,
p—1 e’}
T — 24)\ 24)\ 3 m(p 1) 77r1‘r (2471, — 1) 2minT
g =P\ - e v .
o () (5) = (5) e e
Proof.

p! (T 24)\> (24)\> ! <r+24x) (—w)
g = g
0 p ‘ p p

A=
1
P— i r+24,\ i a(n>e2mnr+§4x <—24/\)
p

A=0 n=m
o9

= Z a(n)e%;ms(n,p),
n=m

bS]

>
Il
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where

p—1
—24\ 27X (94, —-1)
111 s(n,p) == <—)ep(" .
(111) (n,p) =Y ;

A=0

For p 1 (24n — 1), under transformation of equivalent residue systems, the sum
s(n,p) rewrites to a classical Gauss sum:

1

(—24) (24n—1> - ( 24n—1) 2xi22an=) i( ) 2mir
p p =0 A=0

It is convenient to represent the evaluation of the Gauss sum in the form

p—1
)\ T —2 mi(p—
o \P p

which immediately implies

(112) s(n, p) :e"""i‘“\/ﬁ@) (24”_1>.

p p

Because of 35~} (%) = 0, the s(n,p) sum as defined in (111) evaluates to 0 if

p | (24n —1). Hence (112) is valid also in this case. Substitution of this formula
for s(n,p) completes the proof. |

12.2. How to derive the fundamental relations. In this section we explain
how one computes the fundamental relations needed for the proof of Lemma 6.5.
As pointed out in the “Sketch of Proof of Lemma 6.5”, the task to prove the exis-
tence of the infinitely many relations of type (47) can be restricted to computing
only finitely many of them. More precisely, if £ = 5 then n5; = 1 and one needs

to compute two times ds = 5 relations: for each k € {—4,...,0} and with s =1,
and another 5 relations for the same k but with s = 2. If / =7 then n; = 1 and
one needs to compute two times d; = 7 relations: for each k£ € {—6,...,0} and

with s = 1, and another 7 relations for the same k£ but with s = 2.

Fundamental relations, £ = 5 and ¢ = 7 in Lemma 6.5 Since ¢ = 7 works
completely analogously, we restrict to discuss ¢ = 5. For —4 < k < 0 we have to
derive relations of the form,

(1.5) .
Uél)(zg) U5<U57J5) J05 Z a,((Jllj)(() ])5M (0,5 )Zg
N(l 5)(0)

. Ligi b
- Z afi? (0,7)5 3R]

. k+1
J>TE
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and

(2,5)
Ué2)(zé€) = U5(Z§) = J0,5 Z a(()?;f) (0 )5M0k (0, j) 5

i>N%P(0)

— Z a25) (0, )52 (i k=217

J>T5]

Because of s, 28 € MY(52), Lemma 4.4(3) and (18) give UL (2¥) € M2(5). By
inspection one sees that for —4 < k <0 and 5 =0, 1:

J k)* _ {17 if (]7k> = (170)7

ord[oo]5 U5(ﬂ5z5 0. otherwise.

As a consequence, since U5 (25) is analytic on H, the only possible pole of

U, 5(8)(25) must sit at 0 with some multiplicity. Consequently, to derive the desired
relation we first compute the g-expansion at 0, using (108) if s = 1 and (107)
if s = 2. Next, in view of ordj); zz = —1 and of Lemma 3.2, we reduce the
obtained g-expansion (i.e., the sum of sufficiently many terms) with respect to
powers of Z5 until the principal part is 0. Finally, using Lemma 3.5(3) we trans-
late the computed relation which, as we note, is presented at —% instead at T,
into the desired relation.

Ezample 12.4. With (108) we compute

U () (52) = Uslisss?) (52) = —pa 2+ 50 = B - pa— w4
First reduction step:
U§1)<z52>(5—71) = %5(7)2 = —%ql + % - %q —22¢° + .
Next reduction step:
U (2 )(_—1) +125(T)2+£25(7') = —114+0-¢q+0-¢*+...
5T 5 5

This proves that

-1 1_ 11 _
Uél)(25 2) <5_T> = —525(7')2 — 325(7') —11.

To obtain the desired relation one applies the W-operator to both sides which,
using Lemma 3.5(3), gives

UM (22)(1) = =11 — 11 - 5225(7) — 5225(7)>
This relation matches the pattern

(113) G = D il (0,5
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predicted for £ = —2 by Lemma 6.5.

Below the 5 times 2 relations for ¢ = 5, and the 7 times 2 relations for ¢ = 5 are
listed explicitly. All these relations have been computed in the same manner as
in Example 12.4.

Fundamental relations, ¢ = 11 in Lemma 6.5: If ¢ = 11 then n;; = 5 and more
work has to be done. In particular, one has to be careful with the domain for k.
For ¢ = 5,7 we could use k € {—d, +1,...,0} owing to ordjy, Us(@)z})* > 0 for
k from this domain and j = 0, 1. But, in contrast, if j € {0,1}:

ord,, Un(@,25)* > 0 only for k> —2.
For example, for j = 0, using (107) one can compute
ord[o]u Ull(Zﬂg)* = —15.

In addition,

ord[oo]n U11(21_13)* =—1.
As a consequence, one runs into functions having poles both at 0 and oco. To
avoid special treatment of these cases we choose {0,...,54} as the domain for

k. More precisely, to settle the s = 1 case of (47), we compute dj; = 55 times
5 relations: for each k£ € {0,...,54} and with varying m € {0,...,4}. The
same number of relations result from the s = 2 case of (47). Despite the larger
number of fundamental relations for ¢ = 11, the algorithmic derivation works as
straightforward and along the same lines as for ¢ = 5,7. These 550 relations,
partitioned into five groups according to m € {0,...,4}, are presented at the
web page
https://www.risc. jku.at/people/sradu/powersil

Notation used there: u := uyy,t := 213 =: J[0], J[1] := g2 = Joq1,J[2] := g3 =
J3,11, J[S] =04 = J4711, and J[4] =0 = Jﬁ’ll.

To illustrate the computation, we restrict to one example. Because of the size
of the relations for k£ > 0, we present an example with £k = —2; in this case the
function under consideration still has a pole only at 0. The computations for
k > 0 work entirely the same.

Ezample 12.5. We derive the relation
(114) Ul(f)(Jg.HZﬁQ) = —9204J0711 — 1172’11J1711.
We note that this matches the requirements of Lemma 6.5 with

2.11) . —241511(3,19) -3+ v111(3,19)
525 (6) = [ 11 1 - [ 11
and

—‘ =0fori=0,1,2,3,4,

- L. : L. :
M () = | 500 42+ 12 (3,9) | = | 501+ 3+ mn(3,9) .
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which for the 11-power in question gives M?E?f;)(l, 1)=r1.
To derive the right side of (114) we apply (107) with f = J31,2%,

o (52) = ) (552) =(qu)(117)—1—11f( )+ 11 ()

1 .10 18 . 169 _, _3
-1 +11q 117 ¢ o)

To expand f(—1/(11%7)) we use the relation
FIW = (g0 | W)z | W) = 11" hy 27y,

which is by (106) and (100). The first reduction step already gives

v (7

Applying the W-operator to both sides, and using again (106) and (100), results
in

1
>+11211h2 —9204+0-q—|—0.q2+...:0'

U (F)(r) = 9204 — 11721y 1.
which is (114).

12.3. The Fundamental Relations for ¢ = 5. U\"(2%) = Us(uis2*) represen-
tations, z := z5 and k € {—4,...,0}:

U;”( ): 52,
W) =
U51)(z ) = —11 — 11-5%2 — 5°22,
W (273) = 119 + 51-5%2 4 34-5722 + 5823,
W (x4 = —253.5 — 759-5%2 — 925022 4 51124,

UK(Q)(zk) = Us(2*) representations, z := z5 and k € {—4,...,0}:

= —5%3% - 1025,
—5M¢t 1966 - 5.



A UNIFIED ALGORITHMIC FRAMEWORK FOR RAMANUJAN’S CONGRUENCES 47

12.4. The Fundamental Relations for ¢ = 7. U"(z*) = Uy (ii:2%) represen-
tations, z := 27 and k € {—6,...,0}:

UP (271 = 260 — 772*,
U (27%) = 687 — 7727,
U (270) = —2392.7 — 71125,

12.5. The Fundamental Relations for ¢/ = 11. The representations for
Ul(%)(JmJltk) = Ull(ﬂllt]m,lltk) and Ul(f)(Jm’lltk> = Ull(melltk), m < {O, Ce ,4},
and k € {0,...,54} are displayed at

https://www.risc. jku.at/people/sradu/powersil

At this web page these 550 relations are partitioned into five groups according
tom € {0,...,4}. Notation used there: u := uyy,t := 211 =: J[0], J[1] := g2 =
Joa1, J12] == g3 = J311, J[3] := ga = Ju11, and J[4] := g5 = Js 11

Acknowledgement. While working on parts of this paper the first named
author enjoyed the overwhelming hospitality of Bill Chen and his team at the
Applied Center for Mathematics, Tianjin University.



48

[1]

PETER PAULE AND SILVIU RADU
REFERENCES

S. Ahlgren and K. Ono. Addition and Counting: the Arithmetic of Partitions. Notices of
the American Mathematical Society, 48(9):978-984, 2001.

George E. Andrews. The Theory of Partitions, volume 2 of Encyclopedia of Mathematics
and its Applications. Addison-Wesley, 1976; reprinted Cambridge Univ. Press, 1984.

Tom M. Apostol. Modular Functions and Dirichlet Series in Number Theory. Grad. Texts
in Math. 2nd edition, Springer, 1990.

A. O. L. Atkin and J. Lehner. Hecke Operators on T'o(M). Mathematische Annalen,
185:134-160, 1970.

A. O. L. Atkin and J. N. O’Brien. Some Properties of p(n) and ¢(n) Modulo Powers of 13.
Transactions of the American Mathematical Society, 126:442-459, 1967.

Arthur O.L. Atkin. Proof of a Conjecture of Ramanujan. Glasgow Mathematical Journal,
8:14-32, 1967.

B. C. Berndt and K. Ono. Ramanujan’s Unpublished Manuscript on the Partition and Tau
Functions with Commentary. In D. Foata and G. N. Han, editors, The Andrews Festschrift,
Number Theory and Combinatorics, pages 39-110. Springer, 2001.

Bruce C. Berndt. Commentary on Ramanujan’s collected papers. In G. H. Hardy, P. V. Se-
shu Aiyar, and B. M. Wilson, editors, Collected Papers of Srinivasa Ramanujan, pages
357-426. 3rd printing, AMS Chelsea Publishing, 2000.

S. Chowla. Congruence Properties of Partitions. Journal of the London Mathematical So-
ciety, 9:247, 1934.

H. Cohen and F. Strémberg. Modular Forms: A Classical Approach, volume 179 of Grad.
Stud. Math. AMS, 2017.

F. Diamond and J. Shurman. A First Course in Modular Forms. Springer, 2005.

O. Forster. Lectures on Riemann Surfaces. Springer-Verlag, 1981.

Frank G. Garvan. A simple proof of Watson’s partition congruences for powers of 7. J.
Austral. Math. Soc. (Series A), 36:316-334, 1984.

B. Gordon. Ramanujan Congruences for p_j (mod 117). Glasgow Mathematical Journal,
2:107-123, 1983.

B. Gordon and K. Hughes. Congruences for rs(n). Proceedings of the London Mathematical
Society, 3:527-546, 1983.

H. Gupta. A Table of Partitions. Journal of London Mathematical Society, 39:142-149,
1935.

M.D. Hirschhorn and D.C. Hunt. A simple proof of the Ramanujan conjecture for powers
of 5. J. Reine Angew. Math., 326:1-17, 1981.

Marvin I. Knopp. Modular Functions in Analytic Number Theory. American Mathematical
Society, 1993.

Winfried Kohnen. A Short Remark on Weierstrass Points at Infinity on Xo(N). Monatsh.
Math., 143:163167, 2004.

J. Lehner. Proof of Ramanujan’s Partition Congruence for the Modulus 113. Proccedings
of the American Mathematical Society, 1:172-181, 1950.

Joseph Lehner. Ramanujan Identities Involving the Partition Function for the Moduli 11¢.
American Journal of Mathematics, 65:492-520, 1943.

Rick Miranda. Algebraic Curves and Riemann Surfaces, volume 5 of Grad. Stud. Math.
AMS, 1995.

M. Newman. Remarks on Some Modular Identities. Transactions of the American Mathe-
matical Society, 73(2):313-320, September 1952.

Morris Newman. Construction and Application of a Class of Modular Functions. Proceed-
ings of the London Mathematical Society, 3(7), 1957.



[25]
[26]
[27]
28]
[29]

[30]

A UNIFIED ALGORITHMIC FRAMEWORK FOR RAMANUJAN’S CONGRUENCES 49

Morris Newman. Construction and Application of a Class of Modular Functions 2. Pro-
ceedings London Mathematical Society, 3(9), 1959.

Ken Ono. The Web of Modularity: Arithmetic of the Coefficients of Modular Forms and
q-series. CBMS Regional Conference Series in Mathematics, 102, 2004.

Cristian-Silviu Radu. An Algorithm to Prove Algebraic Relations Involving Eta Quotients.
Annals of Combinatorics, pages 1-16, 2016. to appear.

S. Ramanujan. Some Properties of p(n), the Number of Partitions of n. Proceedings of the
Cambridge Philosophical Society, 19:207-210, 1919.

G. N. Watson. Ramanujan’s Vermutung iiber Zerfallungsanzahlen. Journal fir die Reine
und Angewandte Mathematik, 179:97-128, 1938.

Yifan Yang. Defining Equations of Modular Curves. Advances in Mathematics, 204(2):481—
508, 2006.

RESEARCH INSTITUTE FOR SYMBOLIC COMPUTATION (RISC), JOHANNES KEPLER UNIVER-
SITY, A-4040 LINZ, AUSTRIA

E-mail address: Peter .Paule@risc.uni-linz.ac.at

RESEARCH INSTITUTE FOR SYMBOLIC COMPUTATION (RISC), JOHANNES KEPLER UNIVER-
SITY, A-4040 LINZ, AUSTRIA

E-mail address: Silviu.Radu@risc.uni-linz.ac.at



2018-01

2018-02

2018-03

2018-04

2018-05

2018-06

2018-07

2018-08

2018-09

Technical Reports of the Doctoral Program

“Computational Mathematics”

2018

D. Dominici: Laguerre-Freud equations for Generalized Hahn polynomials of type I Jan 2018.
Eds.: P. Paule, M. Kauers

C. Hofer, U. Langer, M. Neumiiller: Robust Preconditioning for Space-Time Isogeometric
Analysis of Parabolic Evolution Problems Feb 2018. Eds.: U. Langer, B. Jiittler

A. Jiménez-Pastor, V. Pillwein: Algorithmic Arithmetics with DD-Finite Functions Feb 2018.
Eds.: P. Paule, M. Kauers

S. Hubmer, R. Ramlau: Nesterov’s Accelerated Gradient Method for Nonlinear Ill-Posed
Problems with a Locally Convexr Residual Functional March 2018. Eds.: U. Langer, R. Ramlau
S. Hubmer, E. Sherina, A. Neubauer, O. Scherzer: Lamé Parameter Estimation from Static
Displacement Field Measurements in the Framework of Nonlinear Inverse Problems March
2018. Eds.: U. Langer, R. Ramlau

D. Dominici: A note on a formula of Krattenthaler March 2018. Eds.: P. Paule, V. Pillwein
C. Hofer, S. Takacs: A parallel multigrid solver for multi-patch Isogeometric Analysis April
2018. Eds.: U. Langer, B. Jiittler

D. Dominci: Power series expansion of a Hankel determinant June 2018. Eds.: P. Paule,
M. Kauers

P. Paule, S. Radu: A Unified Algorithmic Framework for Ramanujan’s Congruences Modulo
Powers of 5, 7, and 11 Oct 2018. Eds.: M. Kauers, V. Pillwein

The complete list since 2009 can be found at
https://www.dk-compmath. jku.at/publications/



Doctoral Program

“Computational Mathematics”

Director:
Dr. Veronika Pillwein
Research Institute for Symbolic Computation

Deputy Director:
Prof. Dr. Bert Jiittler
Institute of Applied Geometry

Address:
Johannes Kepler University Linz
Doctoral Program “Computational Mathematics”
Altenbergerstr. 69
A-4040 Linz
Austria
Tel.: ++43 732-2468-6840

E-Mail:
office@dk-compmath.jku.at

Homepage:
http://www.dk-compmath.jku.at

Submissions to the DK-Report Series are sent to two members of the Editorial Board
who communicate their decision to the Managing Editor.



