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Abstract
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1 Introduction

Semiclassical linear functionals with respect to the derivative operator have
received increasing attention in the literature of orthogonal polynomials tak-
ing into account their connections with many interesting problems in math-
ematical physics and numerical quadratures. From the so called Pearson
equation associated with those linear functionals, ladder operators for the
corresponding sequences of orthogonal polynomials can be deduced from the
structure relations they satisfy (see [36],[37], [39]). As a direct consequence, a
simple computation allows to deduce the corresponding holonomic equations,
i.e. second order linear differential equations with polynomial coefficients of
bounded degrees (depending on the degree of the polynomial) associated with
the class of the linear functional (see [30], [39]).

The case of semiclassical linear functionals with respect to the difference
operator in a uniform lattice is related to discretizations of holonomic equa-
tions, a fact pointed out in the classical case by Nikiforov, Uvarov and Suslov
in a stimulating monograph on classical discrete orthogonal polynomials [42].

In both situations, a key problem is the classification of semiclassical lin-
ear functionals by using a hierarchy according to their class. This represents
an alternative method to the Askey tableau, where classical orthogonal poly-
nomials appear as a hierarchy of hypergeometric polynomials (see [31]).

Examples of semiclassical linear functionals with respect to the derivative
operator when the class is either s = 1 (see [9]) or s = 2 (see [35]) have been
studied in the literature. Nevertheless, some of them are related to pertur-
bations of classical linear functionals by the addition of Dirac functionals, or
their derivatives, supported on convenient points ([2], [33]). The important
fact is that these orthogonal polynomials, the so called Krall-type orthogonal
polynomials, are eigenfunctions of higher order differential operators. They
are related to bispectral problems and have been intensively used in the gen-
eration of exceptional polynomials, an useful tool in the study of integrable
systems.



In the discrete case, there is a limited development in these topics (see
[34]). The case s = 0 has been deeply studied by many authors (see [1], [24]
) and the approach to the case s = 1 has been done by Dominici and Mar-
cellan in a recent paper (see [19]). Some examples of semiclassical discrete
polynomials for s = 1 appeared in [47].

The aim of this contribution is twofold. First, we deal with three differ-
ent perturbations of discrete linear functionals based on the so called linear
spectral transformations (Uvarov, Christoffel and Geronimus) [50], trunca-
tions and symmetrization processes, respectively. Second, from the above
transformations we are able to generate semiclassical linear functionals of
class s = 1 and s = 2. Some of them appear in a natural way in the lit-
erature but others are new. We put attention only in the representation of
the corresponding Stieltjes functions and, as a consequence, we deduce the
corresponding class. Notice that an interesting and open problem is to an-
alyze the coefficients of the three term recurrence relation they satisfy, in
particular the so called Laguerre-Freud equations. For generalized Charlier
polynomials such equations appeared in the monograph by W. Van Assche
[49] as well as in [29]. They lead to limiting cases of the discrete Painlevé
equation corresponding to D in the Sakai’s classification. A generalization
of the Krawtchouk polynomials and the fifth Painlevé equation are studied
in [10]. Some interesting examples of semiclassical extensions of Meixner
polynomials appeared in [11] and [22]. They yield a limit case of asymmetric
discrete Painlevé IV equations. Discrete orthogonal polynomials with respect
to the hypergeometric weight have been analyzed in [21] and [17].

The structure of the paper is the following. In Section 2, a basic back-
ground about discrete semiclassical linear functionals is given. In particular,
the class is defined from the degrees of polynomials appearing in the discrete
Pearson equation they satisfy. We emphasize the role of the Stieltjes function
associated with every linear functional. In the semiclassical case, the corre-
sponding Stieltjes function satisfies a first order linear difference equation
with polynomial coefficients. They provide the key information about the
class of the linear functional. Section 3 deals with the three canonical per-
turbations of linear functionals we will deal in the sequel. The corresponding
Stieltjes functions are deduced. In Section 4, classical discrete linear function-
als are revisited. In Section 5 we analyze semiclassical linear functionals of



class s = 1 in such a way that the results given in [19] are completed. Finally,
in Section 6, we study examples of discrete semiclassical linear functionals
of class s = 2 generated by the three canonical perturbations introduced in
Section 3.

2 Basic background on discrete semiclassical
linear functionals

Let Ny denote the set NU {0} = 0,1,2,.... Throughout the paper we will
use the notation

a:(alv'-'aa’p>7 b:(b17"'7bq)7 p,quO,

x—i—a:H(x—l—ai), x—i—b:H(x%—bz-), (1)
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where the Pochhammer polynomial (z),, is defined by (z), = 1 and [43, 18:12]
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From (2), we immediately obtain the recurrence
()11 = (@ +n)(2),, neN. (3)
On the other hand, if we consider the analytic continuation with o € C, then

I'(z+ )
(2)g = —75
[ (z)
where I' (z) denotes the Gamma function [44, Chapter 5.].

In this work, we deal with linear functionals defined in C [z], the linear
space of polynomials with complex coefficients. Indeed,

—(z + a) ¢ Ny, (4)

Llr]=) r(z)e(x), reCla], ()

=0



where the weight function p: Ny — C is

T

(a), =z
o(r) = b+1). ol (6)

Using (3), we see that the weight function p () satisfies the Pearson equation

e +1) _ 0@ -

o(x)  o(z+1)

where the polynomials 1 (z), 0 (x) are
1@)=z(@+a), o) =z(s+b). (®)

Note that from (1) we have deg(n) = p and deg (0) = ¢ + 1 and we assume
they are coprime.

The linear functional L (and also p) is said to be semiclassical. The class
of L (and also p) is the non-negative integer number

s = max {deg (o) — 2, deg (o0 —n) — 1}.

The linear functionals of class s = 0 are called discrete classical [24] linear
functionals.

The number s depends on p,q, and z. It follows from (8) that we have
four cases to consider:

1. p > ¢+ 1. In this case, deg(c — ) =1 = p—1 > g and s =
max{¢g—1, p—1}=p— 1L

2. p < g+1. In this case, deg (0 — 1) —1 =g and s = max{q — 1, q} = ¢.

3. ¢+1 =p, z # 1. In this case, deg (6 — n)—1 = gand s = max {qg — 1, ¢} =
q.

4. ¢+ 1 = p, z = 1. In this case, deg(c —n) — 1 = ¢ —1 and s =
max{¢—1, g—1}=q— 1.
Thus, we conclude that

p—1, p>q+1,
qs p<q+l,
q, p=q+1, z#1,
qg—1, p=q+1, z=1



Note that we can also write s as

_ [ max{deg(c) -1, deg(c —n) =1}, deg(o —n)#deg(o) — 1,

N { deg (o) — 2, deg (0 —n) = deg (o) — 1.
(10)

The Stieltjes transform of the linear functional L is defined by

t—2x

s<t):L{ ! ] (11)

Here the linear functional is acting on z. The connection between 7 (), o (x)
and S (t) is given by the following result.

Lemma 1 The Stieltjes transform S (t) of the linear functional L satisfies
the difference equation

o(t+1)S({t+1)—n(t)S{)=¢(1), (12)
where & (t) is a polynomial of degree s that is the class of the linear functional.

Proof. From (11), we have

o(t+1)S(t+1)—nt)S{t)=0(t+1) ) Lyj)_"“)igw

x0t+1—x zzot—x
o(t+1) =~ o(x) —o(z)
= — t+1 — —n(t
t+1 +U(+ )let—l—l—x n()gt—x

t+1

_olt+l) +a(t+1)i—g(‘f+1> —n(t)ig(x).

Using the Pearson equation (7), we get

o)

t+1 oz+1)t—x

a(t+1)S(t+1)—n(t)S(t):MJra(tJrl)Z n(x) o@ g

ct+1) =ot+1D)n)—nt)o(x+1)o(z)
e +Z o(x+1) t—x

z=0

But
Ao (1) = U(t+1>77(fvg:;7(t)a(x+1)




is a polynomial in ¢ (with coefficients depending on z) of degree deg (o0 — 1) —
1. Since n(x) # o(x+1) (otherwise p is a constant function), we have

deg (o —n) # deg (o) — 1.
Therefore,

o0

§0="1 t+1 §: x+D (13)

=0
is a polynomial in ¢ of degree max {deg (0) —1, deg(c —n) — 1} . From (10)
we conclude that deg (§) =s. m
Let the falling factorial polynomials be defined by ¢q () = 1 and

1:[ (x —7) eN. (14)

Comparing (14) with (2), we see that
bn () = (—-1)" (—2), = (x —n+1), ,n €Ny, (15)

or, using (4),

b () = F(l;(ji)l) - f!n)! :n!(f), neNo.  (16)

We define the moments of L with respect to the basis {¢,(z)}n>0 by
VnIZ.L[¢n], n/ETNU
From (6) and (16), we have

B > (a)x P B o0 (a)x . SN
l/n_;(b—i-l)m(:v—n)!_Z(b—i-lJ)r x!

=0 z+n

If we use the recurrence [43, 18:5:12]

(2)pym = (@), (x+n),,, n,m e Ny, (17)
we get
. (a), > (a+n), =2° . (@), a+n
T 1), Zo(b+1+n) Z(b+1)onq(b+1+n’z>’
(18)



where ,F, denotes the generalized hypergeometric function defined by [44,
16.2]
ap,...,a o (a1), - (ap), 2
F, Poz)=) —F——8 19
P q(bl,...,bq Z) kzzo(bl)k“'<bq>k k! (19)

The moments of discrete semiclassical orthogonal polynomials of class s <1
were studied in [18].

Remark 2 The convergence of the series (19) depends on the values of p
and q. Three different situations appear [44, 16.2]:

1. If p < q+1, then ,F, is an entire function of z.

2. If p=q+1, then ,F, is analytic inside the unit circle, |z| < 1, and can
be extended by analytic continuation to the cut plane C\ [1,00). Let

y=bi+-+by— (a1 F ag1). (20)

On the unit circle |z| = 1, the series (19) is
(1) absolutely convergent if Re (y) > 0,
(i) convergent except at z =1 if Re (y) € (—1,0],
and
(iii) divergent if Re (vy) < —1.
3. If p > q+ 1, then ,F, diverges for all z # 0, up to a; = —N, with

N € N for some 1 <@ < p. In this case, ,F, becomes a polynomial of
degree N.

3 Modification of functionals

In this section, we describe three ways in order to change the class of a linear
functional.



3.1 Rational spectral transformations

Let L be a linear functional and S (t) denote its Stieltjes transform introduced
n (11). A rational spectral transformation of S (t) is defined by [50]

ST 1] s AMSH+B)
L{ }S(”cu)swmw’

where A (t), B (t),C (t), D (t) are polynomials such that A(z)D(z)—B(2)C(z) #
0. See also [13], [23], [32], [45], [48], and [50], among others.

It was shown in [50] what are the families of semiclassical orthogonal
polynomials related by spectral linear transformations (with C' = 0). They
can be written as a composition of two basic transformations:

t—x

1. The Christoffel transformation, (see [12],[13], [14], [46]) is defined by

)\ =L[(z—w)r(z)], reClx], (21)
c
or, equivalently, by

%0 6) _ (—w)s () -, (22)

Ac
where L (z —w) # 0,n > 0, and
__Lefh
Ao = L [a:C— w]’

2. The Geronimus transformation (see [15], [16], [26], [27], [32], [38]) is

defined by
lfjﬂzL[£f1}+Ah%m, reCla], (23)
or, equivalently, by
(z—wﬁﬁf):sgy—swy+M; (24)
with L Lel]
“T M-S (W)

where we assume that S (z) is analytic at z = w and M — S (w) # 0.

9



On the other hand, the Uvarov transformation (see [6], [33], [48]) is de-
fined by
Ly [r]
Au

=L[r|+ Mr(w), reClz], (25)

or by

Sul?) _ gy M (26)

where M + L[1] # 0 and

Note that since

deg(r)r(k) w
r(x)zz k'( >(x—w)k, r e Clz],

k=0

we can rewrite (23) as

Lo [r] o (w) k
=M =S @)+ Y L @)

k=1

which is well defined for all r € C [x].
We denote by Lp,7,, St,1y, 01317 » €tC., the object obtained by applying the
transformation 7 followed by the transformation T (in other words, by the
composition T3 o T}).
Let us assume that A\y = A\¢ = A\g = 1. If we apply a Geronimus trans-
formation followed by a Christoffel transformation, we get
(z —w)r(z)

Leelr] = Lo (e —w)r (@) = L [ }+M (@ —w)r @), = L[],

(27)

r—Ww

On the other hand, changing the order in the composition, we obtain

r — W r—Ww

Loe [r] = Lo [ r(2) }Jer (w)=L [w} + M7 (w) = L [r]+Mr (w) = Ly [r].

(28)
Thus, the Christoffel and Geronimus transformations are almost inverses
of each other in the sense that Log is the identity and Lge is an Uvarov
transformation.

10



3.1.1 Uvarov transformations

Let L be given by (5) and consider the linear functional Ly defined by (25)
with
Ly[l] = L[]+ M #0.

It follows that the moments of Ly with respect to the basis {¢,(z)},>0 are
vWW=uv, + Mg, (w), neN,. (29)
Using (26) in (12), we obtain

M

o(t+1) [0 (t+1) - B {SU@)——}—w). (30)

t—i—l—w] t—w

Therefore, the Stieltjes transform of Ly satisfies the difference equation
t+l—w)(t—wo(t+1)Syt+1)—(t+1—-w)(t—w)n(t)Sy(t) =& (1),
where

o) =(t-w(t-w+)E@O) + Mt —w)o(t+1)-(C-w+n)],
and the modified weight function gy () satisfies the Pearson equation

v+l  (r-w(@+1-w)n(z)

ov(z) (r—w(@+l-wo(x+1)

We conclude that if L was of class s, then Ly will be of class at most s + 2.
Notice that we have two special cases to consider:

1. If 0 (w) =0 and n (w) # 0, with o (z) = (z —w) o7 (z), then

wetl) oo @tl-wn@) | (@-w)n@
ov () (r—w)(z+1-w)o(x+1) (z—w)o(z+1)
)

o(t+1)Sy(t+1)—n(t)Sy (t) =& (t)+M |oy (t+1) — , (31)

— W

and Ly will be of class s + 1.

11



2. If 0 (w) # 0 and n (w) = 0, with n (x) = (x —w) n (z), then

W) @-w)Erl-wnE (@ l-w)i)
ov () (r—w)(z+1-w)o(z+1) (z+1—-w)o(x+1)
o(t+1)

o(t+1)Sy(t+1)=n(t)Su(t) =) + M —m ()],

t+1-w
and Ly will be of class s + 1.
Perturbations of discrete semiclassical functionals by Dirac masses were
studied in [2], [6], [24], [28], as well as in [3], [4], and [5].
3.1.2 Christoffel transformations
Let L be given by (5), and consider the functional Lo defined by (21), with
Lol =Lz —w] #0.
It follows that the moments of Lo with respect to the basis {¢,(z)},>¢ are
V= +(n—w)v,, neNg (32)
since we see from (14) that
B (2) = (2= 1) (&) = (2 = w) o () + (W — 1) b0 (2).  (33)
Using (22) in (12), we obtain

SC(t+1)+VO
t+1—w

SC(t)+VO
t—w

o(t+1) —n(?) =£(1).

Therefore, the Stieltjes transform of L¢ satisfies the difference equation
(t—w)o(+1)Sc(t+1) = (t+1-w)n(t)Sc(t) =& (1),
where
o) =(-w)(t-—w+DE) - [t —w)ot+1) = (t —w+1)n ()] v,
and the modified weight function ¢ (z) satisfies the Pearson equation

ec(z+1) _ (+1-w)n()

oc(x)  (r—wo(x+1)
We conclude that if L was of class s, then Lg will be of class at most s + 1.
Note that we have two special cases to consider:

12



1. If 0 (w) =0 and n (w) # 0, with ¢ (z) = (zr —w) oy (z), then

oc (x +1) n(z)

oc(r)  (v—w)o(z+1)

(t —w)or (t+1)Sc (t+1)=n () Sc (t) = (t —w) ()=t —w) o1 (t+ 1) =7 ()] v,

and Lc could be of class s.

2. If 0 (w) # 0 and n (w) =0, with n(z) = (x —w) n (z), then

oc(x+1) (r4+1—w)n (o)

oc () o(z+1)
o(t+1)Sc(t+1)—(t+1—w)m®)Sc(t)=t—w+1)EE)—[oc(t+1)—(t—w+1)m (1)

and Lo could be of class s.

Y

Christoffel transformations in the discrete case have been studied in [46].

3.1.3 Geronimus transformations
Let L be given by (5), and consider the functional L¢ defined by (23), with
Lol =M — S (w) #0.

Since

—~ 1 (), =
S<w):z;w—x(b+1)xa

r=

is a meromorphic function, we need w ¢ Ny for Lg [1] to be well defined.
It follows from (23) that the moments of L with respect to the basis

{dn(x)}n>0 satisty
v+ (n—w)vd =v,, neN, (34)
since from (33) we see that
La [¢ni1 — (W —n) ¢n] = La (& — w) én (2)] = L [dn] .
As it is well known, the general solution of the initial value problem

Yn+1 = CnlYn + 9ny  Yng = Yo,

13



is [20, 1.2.4]

n—1 n—1 n—1
wm=vo [ [+ (gk 11 c]).

Jj=no k=ng j=k+1
Solving (34) with v§ = M — S (w), we get

n—1
G _ G Vk
Vn —'¢n<“0 0 +_2£;¢k+1(w)]7
since from (14) we have
n—1 n—1
_ ) = i) — Pn (W)
11 (@ =) = ¢n (W), jl;[+1 W=i)=3—0

Replacing (24) in (12), we obtain
ct+1)[t+1—-w)Set+1) =] —n@) [(t—w)Se ) —v5] =£(1).
Therefore, the Stieltjes transform of Lq satisfies the difference equation
t+1-wo(t+1)Sa(t+1)—(t—w)n(t)Se(t) =& (),

where
E(t) =€) +[o(t+1) —n ()] vy,

and the modified weight function o¢ () satisfies the Pearson equation

¢ (z+1) (z —w)n ()

oc(r)  (z4+1—-wo(z+1)

We conclude that if L was of class s, then Lg will be of class at most s + 1.

Remark 3 For all these transformations, it is understood that

1@ =0= "1 oy — ),
o (w) =0 r+1—-w 1 B 1

14



Thus, if we write

¢ (z+1) (z —w)n () ne (¢)

oc(r)  (z+1—w)o(x+1) ogz+1)

then clearly ng (w) = 0 = o (w) . Hence,

ocg (x + 1) ne () r—w  nx)  o(x+1)

ocq () ag(x—i-l)xx—i-l—w o(z+1) o(x) ’

in agreement with (27).
On the other hand, if we write

ec(@+1) (@+l-wn(@)  ne(z)

oc(x)  (r—wo(x+1) oc(x+1)

then ng (w) o (w) # 0, and therefore

Qgc(x—i-l): ne () xx+1—w
oce (x) oc(x+1) T —w
@-w)@+1-w)n@) _ ov(w+])

- I

(x—w)(z+1—-w)o(z+1) ou ()

in agreement with (28).

3.2 Truncated linear functionals

Let N € Ny and define the truncated functional Ly of the linear functional
L by

Lr[r] =Y r(z)e(x), reCla, (35)

where o (z) satisfies (7) with 7 (V) # 0. We define the truncated weight
function or (z) by

or (r) = o(x)[1 — H (z — N)|, (36)
where H (x) is the Heaviside function [44, 1.16(iv)] defined by

1, >0
H(x):{o <0



Multiplying (36) by (N 0> we obtain

ﬁQT (z) = ﬁ@(l’)a z € No. (37)

Using (37) in (7), we get

QT@+1)_a:%mmﬁx+w__m:%m9@+ﬂ)__N_ ) 1 (x)

(N —2) = = )~
or (z) wemior (@) o () o(x+1)
We conclude that the modified weight function or (x) satisfies the Pearson

equation
or(x+1)  n(z)(@—N)

= 38
or () o(x+1)(x—N)’ (38)
and Lz will be of class s + 1.
The moments of Ly with respect to the basis {¢,(x)},>0 are
- (a), =
T _ T ~
vy (2) _;:;p O "N
A similar calculation leading to (18), gives
ey (a+n), =°
T
= € No. 39
Vn<z> n; b—|—1+n $!7 n 0 ( )
Using the identity [44, 16.2.4]
K K pta+l
- “K-b (-1
Z (a>K Z_ q+2Fp K7 17 K b : ( ) , K e N,
= b+1 (b+1) K! l1-K— a z
we can rewrite (39) as
1
T (a)N ZN n_Nala —N—-b (_1)p+q+
= F ;———1| . (40
Vn(z) (b+1)N(N—7’L)!q+2 p[ 1—N— a ) > ( )

16



3.3 Symmetrized functionals

Let o (z) be given by (6) and m € N. We consider the symmetric weight
function o, (x) defined by

o () = Co(z+m)o(—z+m), (41)
where C is a constant factor to be determined. Replacing (7) in (41), we get

oc(x+1) ox+1+m)o(—zr—1+m)  n(x+m) o(—z+m)

o (0) ~ elwtm) e(atm) oltmtD(—a—1+m)
Therefore,
oc (x4 1) r+m+a (m+b—2)(m-—ux)

Y

o(z)  (w+m4+b+)(z+m+1) mta—-x—1

or

@+l _ )T @amba)@-m-b)e-m) .,
oc () (x+1—m—-a)(z+1+m+b)(x+1+m)

Note that, from (42), we have o, () = o1 (x + m), with

o (z+1) (=) (z+a)(z —2m —b) (z — 2m)

01 () (x+1—=2m—a)(z+1+b)(x+1)

If we write N = 2m, then

o1(x+1) (—1)p+q+1(:U+a)(x—N—b)(x—N)

o1(r)  (w+1-N-a)(z+1+b)(z+1) '

and it follows that o1 (z) (and g.) is of class s; with

. p+gq, if ¢+ piseven
"\ p4+qg—1, ifg+pisodd -

If a=(a;,—N), then

o(z+1) (-D)"P(x+a)z—N(@x—N-—b)(z—N)

o1(xr)  (z4+1+b)(z+1)z+1 2+1-N-—a

17



, we consider the reduced Pearson equation

and since the ter

o +1) (=)™ (z+a) (- N-b)(x—N)
02 () (x+14+Db)(z+1) x+1—-N-—a

()" (z+a) (x—N-b)
(x+1+b) z+1—-N-—a’

and o () = 02 (x +m) . In this case g9 (z) (and g.) is of class sy with

o p+q—1, if g+ piseven
27 p+q—2, ifg+pisodd

As a conclusion, if o (x) satisfies (7), then we have g, (x) = p (x + m) where

(a), (20" (=N), (=N —Db),

p(x) = (b +(11))x ' (1-N-a)

n(N) #0,

and
2= (=1 N =2m.

We define the symmetrized functional L of L, by

N

= Y r@e@) =Y r@=mp@) = Lylr(@—m).

r=—m =0

Hence, the moments of L. on the basis

an($)=¢n($+m)7 n € Ny,

are

m N

vi= > b.(@)oc(x) =) dn(x)p(x)=L,[¢n), neNy,  (43)

r=—m x=0

and the Stieltjes transform of L. is

S=Y %_(52 = tfyf?_g} = S,(t+m).

T=—m r=

18



It follows that if the Stieltjes transform of L, satisfies the difference equa-

tion
0p(t+1) S, (t+1) —m,y (1) S, (8) =&, (1),
then
o,(t+m+1)S,(t+m+1)—n,(t+m)S,(t+m)=¢,(t+m).
Therefore
o (t+1)Sc(t+1) —ne(t) Sc(t) =& (t+m), (44)

since

no(x)  _e(e+l) pletm+l) (e tm)

o (x+1)  o(x)  ple+m)  gy(r+m+1)

Symmetric orthogonal polynomials of a discrete variable were studied in
[7], 18], [40], [41].

3.4 Summary

Let’s list all the transformations that we will use in the sequel. For simplicity,
we will not consider compositions of them.

1. Uvarov transformation: s — s + 2

QU(iL'-i-l)_ n (x) X(x_w)(x_|_1_w> e
w@ owtD) Gow@rize)y "TWowAO

2. Reduced Uvarov transformation: s — s + 1

()
wl+l)  nE) rtl-w

QU(ZE) :U(l‘+1)xx+1_w’ 77(0))20.

. (z+1) ()
ou (z _ ol emw
ov(x) o+l r—w (w)=0

3. Christoffel transformation: s — s + 1

Qc@(;c(;l) _ U(nx(i)l) y x;i;w 1 (@) () £ 0,
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4. Geronimus transformation: s — s+ 1

T = sl riToy Do o

5. Truncationat t=N:s —> s+ 1

or(z+1)  n(x) r— N
@ o@rD fzoN "TW7O

6. Symmetrization on the interval [—m,m] :

(a)

Qc(ZL’—I—l)_ n(m+x) U(m—aj)
2@ T aim e 1m0

(b)

oc(x+1) n(m+ x) o1 (m — )
o () :a(m—l—x—i—l)xm(m_x_1>> n(2m) =0, (45)

where
n(@) = (@ —2m)m (), o(2) =20y ().

4 Semiclassical polynomials of class 0
(classical polynomials)

In this section, we consider the families of discrete classical polynomials. We
have 3 main cases, corresponding to (p,q) = (0,0),(1,0),(2,1). There are
also 3 symmetrized subcases.

We use the notation (p,q; V) to denote the family such that one of the
parameters in the numerator is a non-negative integer, and (p,q; N, 1) if in
addition the value of z is equal to 1.

For each polynomial, we list the linear functional, the Pearson equation
satisfied by the weight function, the moments computed from (18), and the
difference equation satisfied by the Stieltjes transform, using (13) and (44).

20



4.1 (0,0) : Charlier polynomials

Linear functional

Zl‘

Lir]=>r () =

Pearson equation
o(x+1) z

o(z) x+1

Moments
vn (2) = 2" oFy [ : ;z} =z"e*, neN,.

Stieltjes transform difference equation

(t+1)S(t+1)—25(t) = w.

4.2 (1,0) : Meixner polynomials

Linear functional

xT

LI =Y"r(@) (a), 5.

=0

8

Pearson equation

Moments

+n

Vo (2) = 2" (a), 1Fy [ “r ;Z] =2"(a), (1-2)7"™", neN,

where we choose the principal branch z € C\ [1, 00).
Stieltjes transform difference equation

(t+1)S(t+1) —2(t+a)S(t) = (1 - 2)w.

21



4.3 (1,0; N) : Krawtchouk polynomials

These polynomials are a particular case of the Meixner polynomials, with
—a=NeN.

Linear functional

L =Y ) (M), 5

=0

x!

Pearson equation
o(x+1) z(z—N)

o () r+1
Moments
v (2) = 2" (=N), (1=, 2#1, neN, (46)
Stieltjes transform difference equation
t+1)S{Et+1)—2(t—N)St)=(1—2) .
Remark 4 Let’s consider the symmetrized Krawtchouk polynomials. Since
n(N) =0, we use (45) and obtain
o (x+1) z(x-m) (r+m+1)(-x+m)  x-m

o.(x)  xdm+l@-m)z(—z—1-m) z+m+1

Hence, the symmetrized Krawtchouk polynomials are shifted Krawtchouk poly-
nomials with z = 1. But from (43) and (46) we see that

v, =1, (1) =0, n €Ny,

and, therefore, we need to discard this example.

4.3.1 Symmetrized Charlier polynomials
Special values
N —=2m, z— -1, x—z+m.
Weight function
(—1)"*

gy GO (2m>(<—m>x e

™ oml (m+1), m)(m+1),

o (z) = o(x +m) = (=2m)
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Linear functional

L= () Yo ro) g o
Pearson equation
Q<<x+1) —(x—m)

o (x) wtm+l )

Moments on the basis {¢,, (x)}n>0

vy = Leld (@ +m)]

(=1)"(=2m), 2°" "=, (-1), neNy, (48)

where v, (z) are the moments of the Krawtchouk polynomials defined in (46).
Stieltjes transform difference equation

(t+m+1)S (t+1)+ (t—m)S(t) =215.

Remark 5 These polynomials were studied in [8]. The Pearson equation
(47) is the same as equation (11) in that paper, with m = c. The authors
used the weight function

1 L (=m),

plr) = Tx+m+ )L (—z+m+1) (m)? (m +1), (=17,

and, therefore,
o (x) = (2m)lp (). (49)

The moments (48) are the same as those appearing in equation (15), if we
use (15) and write
I (_1)71 (—Zm)n 22m—n — 22m—n¢n (Qm) ,

n

after taking the scaling (49) into account.

4.4 (2,1;N,1): Hahn polynomials

Linear functional



Pearson equation

n(x)  o(x+1)  (z+a)(x—N)

o(x+1) o(x)  (z+b+1)(z+1)

Moments
B (—=N), (a), —N+n,a+n
Vn—w21 bilin ;1) ,n e No.
Using the Chu—Vandermonde Identity [44, 15.4.24],
2F11(_n7b;1>:(c_b)n7
¢ (),
we get
—-N b+1—
_ ( )n (&)n ( 6L)N—n ne NO-

T h+1), (btltn)y,’

n

Stieltjes transform difference equation

t+D)(t+b+1)St+1)—(t—N)(t+a)SEt)=0b+1—a+ N)w.

4.4.1 Symmetrized Meixner polynomials
Special values
b——N—-—a, N-—=2m, x—x+m.

Linear functional

m

L] = (Zm)% S (@) et mom),

m ) (a+ m)mx:_m .

Pearson equation

oc(x +1) (x+a+m)(x—m)

o(r) (@+l-m—-a)(z+1+m) (50)
Moments
el Y B e
Stieltjes transform difference equation
(t+m+1)(t—m—a+1)S.(t+1)—(t—m)(t+m+a)S(t) = (1 —2a)v.

24

(=m—a+1),(m+1),



Remark 6 If we use (4) and (41) to write the weight function o (x) in

terms of Gamma functions, we have

m! 1% (@), (@) _piim em)!T(x+m+a)T (—x+m+a)
Qd”:QJmL@J @+m)l(—z+m) (@), T@tm+ )T (—z+m+1)
This agrees (up to a normalization factor) with the weight function considered

by the authors in [8] (equation 27), if we set 6y = —m and d3 = m + a. Note
that the condition dy > —0y is satisfied if a > 0 (the positive-definite case).

4.4.2 Symmetrized generalized Charlier polynomials

See section 5.1 for a definition of the Generalized Charlier polynomials.
Special values

a——N—-b, N—=2m, x—x+m.

Linear functional

(b+1+m) —-m—=2>5) (—m
Lg[r]Z(m) _:)—i-_; mz b+1+m;zgm—|—)i)x'
Pearson equation
oc(w+1) (x —m —b) (z —m)
os () (z4+m+b+1)(x+m+1)
Moments
—2m) (—2m —0b) (2m+2b+1
=t %inn LJ@+1+m:i“ n < o

Stieltjes transform difference equation
t+m+1){Et+m+b+1)S.(t+1)—(t—m)(t —m—0)S(t) = (2b+ 1+ 4m) 1.

Remark 7 If we use (4) and (41) to write the weight function o (x) in
terms of Gamma functions, we have
1 1
= 0. (0) [(b+1),, m!]”

S T(@+m+b+ 1)F(x+m+1)F(—x+m+b+1)r(—x+m+1)'
This agrees (up to a normalization factor) with the weight function considered
by the authors in [8] (equation 26).

(—x 4+ m)!

—x+m
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5 Semiclassical polynomials of class 1

In this section, we consider all families of polynomials of class 1. We have 5
main cases, corresponding to

<p7 Q) - (07 1) ) (17 1) ’ (270) ) (27 1) ) (37 2) :

There are also 14 subcases.

5.1 (0,1): Generalized Charlier polynomials

Linear functional
X

> Z
IZT b+1

Pearson equation

oz +1) z
o(x) (x+b+1)(z+1)
Moments
_L F - . eN
Vn(z)_(b+1>n01 b—|—1—|—n’2 ) n 0-

Stieltjes transform difference equation

t+D)(E+b+1)SEt+1)—2St)=(t+b+1)vy+ 1.

5.2 (1,1) : Generalized Meixner polynomials

Linear functional
X

e (a), =
N IZ:OT (z) (b+1), z!

Pearson equation

Q(:E+1): z(z+a)
o() (x+1)(z+b+1)

26



Moments

_ o (), at+n
v (2) =2 b 1) wa b—l—l—l—n’z’ n € Np.

Stieltjes transform difference equation

(t+1)(E+b+1)S(t+1)—z(t+a)S ()

(t+b+1—2)1vy+rv. (51)

5.2.1 Reduced-Uvarov Charlier polynomials

Let w = 0.
Special values
a—0, b— —1.

Linear functional

(o) Za:
Ly [r] = Zor(x) o + Mr(0).
Pearson equation
ov (x+1) zx

ov (1) (x+1)x

Moments
v (2) = 2"e* + Mo, (0), n €N

n

Stieltjes transform difference equation
tlt+1)Sy(t+1)— 28y ()] = (t —2) ) + 7. (52)
Since
-2+ =@t —2)(€+M)+z2e* =ty + M(t —2),

where vy = € is the first moment of the Charlier polynomials, we can rewrite
(52) in the M —dependent form

(t+1)SU(t+1)—zSU(t):VO+M(1—§>,

which agrees with (31).
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5.2.2 Christoffel Charlier polynomials

Let w ¢ {0, 2} .
Special values
a— —w+1, b— —w-—1.

Linear functional

Lol = r (2) (2 — w) %

Pearson equation

oc(z+1) z(z+1—w)

oc(z)  (r4+1)(r—w)

Moments

V() =t +(n—w)v, = (n+2—w) 2", n €N (53)
Stieltjes transform difference equation
(t—w)(t+1)Sc(t+1)—(t+1—w)zSc(t)=wvy [(z —w)t+ (W — 2w+ 2)].
Note that if we use (53), we have
v =(z—w)vy, v =(1+z—w)zw,
and therefore

(t—w)(t+1)Sc(t+1)—(t+1—-w)zSet) =t —w—2)v§ + V7,

which agrees with (51) asa -1 —w, b— —w—1.

5.2.3 Geronimus Charlier polynomials

Let w ¢ {—1} UNy.
Special values

Linear functional




Pearson equation

o (x +1) z(r —w)

oc ()  (z+1)(z+1-w)

Moments
n—1
Sk

G () = b (w — 5 (w) + €7
v, (2) = o (w) |M — S (w) + k:0¢k+1(w)

s nENo.

Stieltjes transform difference equation
(t+1—w)o(t+1)Seg(t+1)—(t—w)nt)Se ) =vo+v5{t+1—2).
Note that if we use (34), we have
v — v =,
and therefore we can write
t+1D)(t+1—-w)Set+1)—2(t—w)Sg(t)=(t+1—w—2)v§ + 17,

which agrees with (51) as a —» —w, b— —w.

5.2.4 Truncated Charlier polynomials

Special values
a——N, b——-N-—-1.

Linear functional

z
Ly[r] =) r(x) —
=0
Pearson equation
or(x+1)  z(x—N)
or () (x4+1)(x—N)
Moments
N
T z n—N,1 1
= E —— N

Stieltjes transform difference equation
(t—N)[t+1)Sp(t+1)—2Sr ()] = (t — N —2))f +vi.
Remark 8 The performance of the modified Chebyshev algorithm used to

compute the moments of these polynomials was studied in [25] (example 4.3).
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5.3 (2,0;N): Generalized Krawtchouk polynomials

Linear functional

Pearson equation

Moments

Stieltjes transform difference equation

(t+1)S(E+1) —2(t+a)(t—N)SEH) =[1—(t+a—N)zwv— 2.

5.4 (2,1): Generalized Hahn polynomials of type I

Linear functional
as), z°

- (a1), (
Lir| = E = r—.
z=0 T
Pearson equation

ez +1) _ z(z+a)(z+a)
o(x) (x+b+1)(z+1)

Moments

a(a1), (az),
(b+1),

where we choose the principal branch z € C\ [1,00). Note that since

ar+n,as+n

L A L1 E

vn (2) =2 n € N,

b+1+n—(a;+n+ax+n)<0, n>b—a; —ay+1,

vy, (1) is undefined for n > b —a; — as + 1.
Stieltjes transform difference equation

t+1)(E+b+1)SEt+1)—2(t+ay)(t+az)S(t)
=[t+b+1—z(t+a+a)vo+ (1 —2)v.
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5.4.1 Reduced-Uvarov Meixner polynomials

Let (w,) € {(0,0),(—a,a+1)}.
Special values
ap — €, ay—>a, b—Q-—1.

Linear functional
Ly =) r(x) (a), =+ Mr(w).

Pearson equation

ov(z+1) z(xz+Q)(z+a)

ov(x)  (2+Q(@x+1)°

Moments
v(2)=2"(a),(1—2)" """+ Mg, (w), neN,.
Stieltjes transform difference equation
E+D[E+1)Sy(t+1)—2(t+a)Sy @) =[1-2)t+Q) —az]/f+(1—2)v].
Stieltjes transform M —dependent difference equation

t+1 z(t+a)
t—w+1 t—w

(t+1)Su(t+1)—z(t+a)Su(t)=1—2)vy+M

5.4.2 Christoffel Meixner polynomials

Let w ¢ {—a,0,az (1 — z)fl} :
Special values

ay—a, a——w+1l, b——w-—1

Linear functional

Lol) = r () (e —w) (), =
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Pearson equation

oc(x+1) z(x+a)(z+1-w)

oc(x)  (@+1)(z-w)

Moments

VE (2) = vppi+(n —w) vy = 2" (a), (1 —2) """ az + w2z +n —w),

Stieltjes transform difference equation

t—w)(t+D)Sc(t+1)—(t+1—w)z(t+a)Sc ()

= [(az —w+twz)t+ (W + az + wz — azw — 2w7%)].
Note that if we use (54), we have

az +wz —w zalaz +wz +1—w
L A 1-w)
(1—-2)

14
1—2z ’

and therefore we can also write

(t—w)(t+1)Se(t+1) = (t+1—w)z(t+a)Se(t)

=t-w—z@t+ta—w+DvS+(1-2)0f.

5.4.3 Geronimus Meixner polynomials

Let w ¢ {—1,1—a} UN,.
Special values
ap —a, a— —w, b— —w.

Linear functional

Lolr] = Z;E’”L (@), 2+ Mr ().

Pearson equation

oc (x+1) z(x+a)(r—w)

og(r)  (z+1)(z+1-w)
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Moments

n—1 k

—k
VG (2) = ¢ (w) | M — S (w) + (1 - 2) azz 1_2) , neN,.
=0

¢k+1
Stieltjes transform difference equation
(t+1)(t—w+1)Se(t+1)—2(t+a)(t—w)Se ()
=(1-2)r+r5[(1—2)t+ (1 —a2)].
Note that if we use (34), we have

G G __

and therefore we can also write

t+1)(t—w+1)Se(t+1)—z(t+a)(t—w)Ss(t)
=[(1-2)t+20—w—az+ 15+ (1—2)°

5.4.4 Truncated Meixner polynomials

Special values
a —a, a—>—N, b——N—1.

Linear functional
N
=> r(z) (a)
x=0

Moments

n—N,1 1
Vn:(a)N (N_n)!2F1|:1_N_a;;:|, TLGN().

Pearson equation

or(x+1) :z(:era)(x—N)
or (z) (z=N)(xz+1)

Stieltjes transform difference equation

(t—N)[t+1)Sr(t+1)—z(t+a)Sr®)] =[(t—-N)(1—2)—az]y] +(1 —2)vf.
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5.4.5 Symmetrized Generalized Krawtchouk polynomials

Special values
a —a, a——2m, b—-2m-—a, z— -1, =—x+m.

Linear functional

m

Ll =00 3 @) o S e (1)
where
0.0 = (0 ()
Pearson equation
oc (x+1) —(x+a+m)(x—m)

o.(x)  (r+l—a—m)(z+1+m)
Moments on the basis {¢,, (7)},>0

-9 _
Vfl — (_1)71 (a)n( m)n 2F1 2m+n7a’+n
(—2m —a), —2m—a+n

7—1 , nec No.
Stieltjes transform difference equation
t+m+1)(t—m—a+1)S.(t+1)+(Et—m)(t+m+a)S:(t) = (2t —2m+ 1) y5+2v;.

5.5 (3,2;N,1) : Generalized Hahn polynomials of type
II

Linear functional

. (a1), (a2), (=N), 1
LI =2 r(@) (bi+ 1), (by+ 1), 2l

=0 T

Pearson equation

oz +1) (z +a)(z+ap) (z = N)

o)  (z+bi+D)(z+by+1)(z+1)
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Moments

— <_N)n (al)n (a2>n 3 F —-N + n, ap + n, as +n
Yo +1), (bt 1),

Stieltjes transform difference equation

byt ltnbytlin it

y nGNO

(t+b+1)(E+b+)Et+1)St+1)—(t+ar)(t+a2)(t—N)S(t)
:[(N+2+b1+b2—a1—a2)t—|—bl—|—b2—|—blb2—a1—ag—a1a2+Na1+Na2+1]V0
+ (N +by+by—a; —ay+1)17.

5.5.1 Reduced-Uvarov Hahn polynomials

Let (W,Q) € {(070> ) (—a,a—|— 1) ) <_b7 b) ) (N7_N+ 1)} :

Special values
a; — a, CL2—>Q, bl—>Q—]., b2—>a.

Linear functional

Pearson equation

ov(r+1)  (z+a)(x+Q)(x—N)

ou () (x+b+1D)(x+Q)(x+1)

Moments

_(=N),(a), (b+1—a)y_,
Yo = (b+1), (b+1+n)N_n+M¢”<w)’ 7 € No.

Stieltjes transform difference equation

t+Q[t+b+1)(t+1)Sy(t+1)—(t+a)(t— N)]Su(t)
=[(N—a+b+1)t+(N—a+b+1)Q+aN]vj +(N+b—a)r}.

Stieltjes transform M —dependent difference equation

(t+b+1)(t+1)Sy(t+1)—(t—N)(t+a)Sy(t)

P (t+tb_+j)+(t1+1) _ (t—ivz(ut}+a)
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5.5.2 Christoffel Hahn polynomials

aN
Let —a,—b,0, N, ————— 5.
ew%{ a? V) ) b—a+N}

Special values
ar—a, a— —w+1, b —b by— —w—1.
Linear functional
> a) (—=N) 1
Leolr] = ZT () (z — w) (@), (=), —.
=0 )
Pearson equation

oc(r+1) (v+a)(z—N)(z+1-w)

oc(x)  (z+b+1)(z+1)(z—w)’
Moments
a+n)(N—n
v (2) = v+ (n—w) v, = n_w_(b—a:—(N—n) vn, n € Ny. (55)

Stieltjes transform difference equation

(t—w)(t+b+1)(t+1)Sc(t+1)—(t—w+1)(t—N)(t+a)Sc(t)
= [(aw = Nw — bw — Na) t + aw — Nw + w” + Nw® — aw® + bw® — Na + Naw] 1p.
Note that if we use (55), we have

o (a+w)N+(b—a)w ¢ (Na+Nw—aw+bw—b—w)Na

T N Y M T T h—ar N b—ar N—1)

and therefore we can also write

(t—w)(t+b+1)(t+1)Sc(t+1)—(t—w+1)(t—N)(t+a)Sc(t)
=[(N—a+bt+Na— Nw+taw—bw+N—a—wlv§+(N—a+b—1)v°.
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5.5.3 Geronimus Hahn polynomials

Let wé¢g {-b—1,—1,1—a, N+ 1} UN,.
Special values
ap —a, a— —w, b— —w.

Linear functional

> T N) 1
Z (—c)u b_i_l)m)"”a—i—l\/[r(w).
Pearson equation
gg(:):+1): (x4 a)(x—N)(x—w)
oc () (x+b+1)(z+1)(z+1—-w)
Moments
v (2) = 6 (w) | M Z neN,.

¢k+1

Stieltjes transform difference equation

o () =E&(t) + o (t+1) —n )]y,
(t—w+1)E+b+1)(t+1)Sa(t+1)—(t—w)(t—N)(t+a)Se(t)
=(b+1—a+N)yy+[(N—a+b+2)t+b+ Na+1]0§.

Note that if we use (34), we have
J/IG—wV(?:VO,

and therefore we can also write

t—w+D)(t+b+1)(t+1)Se(t+1)—(t— )(t—N)(t+a)SG()
=[(N—a+b+2)t+Na—Nw+taw—bw+b—w+1]v§+(b—-1—a+ N)vF.
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5.5.4 Symmetrized Hahn polynomials
Special values
a —a, a—>—N—-b, by —b, by—>—N—a, N —2m, x—xr+m.
Linear functional
S (m+a), (=m —b), (—m)
L — O X X X

r=—m

x

where

2m> (@), (b+1+m)
m)(a+m), (b+1),

2.0 = 1"

Pearson equation

oc(x +1) (x+m+a)(zx—m—0>0)(x—m)

o.(z)  (r+l-m—a)(z+1+m+b)(z+1+m)

Moments on the basis {¢,, (7)},>0

. _ (=2m),(a), (=2m —b),
=Gt 1), (2m—at), "

—2m4+n,a+n,—2m—>b+n

btl4n—2m—at14n 1[0 "ENe

Stieltjes transform difference equation

(t+1l-—m—a)t+14+m+b)(t+1+m)S. (t+1)—(t+m+a){t—m-—0>)({t—m)St)
=[20+b—a+m)t+2am—2bm—2m* —a+b+1]v§+ (1 +2m — 2a+2b) 5.

5.5.5 Symmetrized polynomials of type (3,0; N)
For a definition of the polynomials of type (3,0; V), see Section 6.4.
Special values

b1—>—N—a1, b2—>—N—CL27 N—)Zm, T — T+ m.

Linear functional

m

Lol = 0. (0) > r(x) (

T=—m

(a1 +m), (a2 +m), (=m),
l—a;—m), (1 —ay—m), (m+1)

Y
xT
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where

0, (0) = (—1)" (2m> ( (ar),, _ (az),,

m ) (ay +m), (as+m), ~

Pearson equation

o (v +1) (2 + ay+m) (& + a + m) (z — m)

o(x)  (r+l—a—m)(x+1—ay—m)(x+1+m)

Moments on the basis {¢,, (7)}.>0

¢ (=2m), (a1),, (a2),,
“n = (1—a1—2m), (1 —ay—2m), a2

—2m+n,a; +n,as +n 1 neN
l—ay—2m+n,1—ay—2m+n’'"|’ 0

Stieltjes transform difference equation
(t+1—a;—m)(t+1—ay—m)(t+1+m)S.(t+1)
—(t+ar+m)(t+as+m)(t —m)S(t)

=[2(m4a+a—1)t+2m* —2m+1+ 2m —1) (a1 + a2)] 1§
+ (—2m + 1 — 2a; — 2a9) v.

6 Semiclassical polynomials of class 2

In this section, we consider all families of polynomials of class 2. We have 7
main cases, corresponding to

(p,q) = (0,2),(1,2),(2,2),(3,0),(3,1),(3,2),(4,3) .

There are also 25 subcases.

6.1 Polynomials of type (0,2)

Linear functional

d 1 2"
L= ;r @) o 1. 1), o

Pearson equation

o(z+1) z

o)  (x+bi+1D)(z+by+1)(z+1)
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Moments

Zn

F o .
(b1+1)n(b2+1)n02 b1—|—1+n,b2+1—|—n’

Vn (Z) =

zZ, nENO.

Stieltjes transform difference equation

(t+b+1)(E+b+1)(t+1)S(t+1)—25 ()
={t+b+1)(t+ba+ 1)+ (t+b+by+2)v1 + s

6.2 Polynomials of type (1,2)

Linear functional

=0

Pearson equation

o(r+1) z(z+a)

o(x) (x+by+1)(x+by+1)(x+1)
Moments

(a) a+n

W () = 2" - E 2|, neN,
1/(2) Z(bl+1>n(b2+1)n12 by +14nby+1+n Z n € Ny

Stieltjes transform difference equation

(t+b1+1)(t+b+D)(E+1)S(t+1)—2(t+a)S(t)
=[(t+b+1)(t+by+1)—2]vg+ (t+ by + by + 2) vy + va.

6.2.1 Reduced-Uvarov Generalized Charlier polynomials

Let w € {0, —b} .
Special values

a— —w, by —0b by— —w-—1.
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Linear functional

o0

1 z*
r]:;r(as) b+ 1), Mr (w).
Pearson equation
QU(x—i-l): 2 (r—w)
ou () (x+b+1)(z—w)(x+1)
Moments
vy ( ):m oy [b+1+ ]+M¢n( ), n€N.

Stieltjes transform difference equation

(t—w)[t+b+1)(t+1)Sy(t+1) — 25y (t)]
=[(t+b+1)(t+b) — 2]y +(t+20+1)v] + 7.

Stieltjes transform M —dependent difference equation

b+ (E+1)

z

(t+b4+1)(t+1)Sy (t+1)—=2Sy (t) = (t+ b+ 1) e+ +M Pa—

6.2.2 Christoffel generalized Charlier polynomials
Let w ¢ {—b,O, ﬂ} .
Vo
Special values
a— —w+1, b —b by— —w-—1.

Linear functional

-3 o
(b+1),
Pearson equation

gc(x—i-l): z(z+1—w)
oc () (z+b+1)(z+1)(z—w)
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Moments

Ve (2) = Uy + (0 —w) v, nEN.

Stieltjes transform difference equation

(b= w)(t+b+ 1) (E+1) S (t+1) — 2 (t—w+1) S (1
=[—wl+ (z—w—bw+w)t+ (z— 2w+ w + )] v+t —w) (t —w-+1).

6.2.3 Geronimus generalized Charlier polynomials

Let w¢ {—b—1,—-1} UNy.
Special values
a— —w, by —b, by — —w.

Linear functional

Pearson equation

oc (x+1) z(z —w)

oc(x)  (r+b+D)(z+1D)(z+1—-w)

Moments
vy (2) = ¢n (W) M—S(w)+z¢k—

Stieltjes transform difference equation

(t—w+1)E+b+1)(E+1)Se(t+1)— (t —w)2Sq (¢)

=(t+b+ D+ +[E+0+1)(E+1) - 2],

6.2.4 Truncated generalized Charlier polynomials

Special values
a——N, b —b by——N-—1.
Linear functional
N 1 z*
L = —_—

=0
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Pearson equation

or(x+1) z(x—N)
or () (x+b+1)(z—N)(x+1)
Moments
1 2N n—N,1, —=N—b 1
T — F y Ly . .
v, (2) (b+1)N(N—n)!3 0 -~ S E n € Ny

Stieltjes transform difference equation

(t—=N)[(t+b+1)(t+1)Sr(t+1) — 257 (t)]
=[t+b+1)(t—N)—zlyf +(t+b+1—-N)v] +vd.

6.3 Polynomials of type (2,2)

Linear functional

xT

I [T] _ ZT (QZ) ( <a1>x (a2)m Z_

x
Pearson equation

o(z+1) z(x+ay) (z+ az)

o)  (z+bi+1D)(z+by+1)(z+1)

Moments

ai+n,as +n

n (al)n(%)n .
by +1+n,bo+1+n""|’

€ N,.
(b + 1), (bs + 1) e

v (2) =2 o FY

n

Stieltjes transform difference equation

(t4+bi+1)(t+by+1)(t+1)S(t+1)—2(t+ar)(t+az)S(t)
=[t+b+1)(t+bo+1)—(t+ar+a)zlvg+ (t+b1+ba+2—2)1n + 1o
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6.3.1 Uvarov Charlier polynomials

Let w # 0.
Special values

a; — —w, a2—>—w+1, b1—>—w—1, b2—>—w.

Linear functional

[e.e] Zm
Ly[r] =) r(x) —  Mr ().
=0
Pearson equation
ov (x+1) z(x—w)(xr—w+1)

ou () (r—w)(z—w+1)(z+1)

Moments
vV (2) = 2"e* + Mo, (w), n € Ny.

Stieltjes transform difference equation

(t—w)(t—w+1)[(t+1)Sy(t+1)—2Sy(t)]
=[t-wt—wt+l)—(t—20w+D2] )+t —2—2w+ 1) +7.

Stieltjes transform M —dependent difference equation

t+1 z
(t+1)SU(t+1)—zSU(t)—V0+M(t+1_w—t_w).

6.3.2 Reduced-Uvarov generalized Meixner polynomials

Let (w,Q) € {(—a,a+1),(=b,b),(0,0)}.
Special values

a; — a, a2—>Q, b1—>b, bg—>Q—1

Linear functional

Lol =Y r(a) (b(i)gf) % + Mr ().

=0
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Pearson equation

ov (z+1) z(x+a)(x+Q)

ou () (x+b+1D)(x+Q)(z+1)

Moments

Uiy o (@) a+n
v, (2) ==z bt 1), 1F1{b+1+n’z]+M¢"(w)’ n € Ny.

Stieltjes transform difference equation
t+D[(t+b+1)(t+1)Sy(t+1)—z(t+a)Su (t)]
=[t+b+D)(t+Q) —(t+a+Q) 2]y +(t+b+1+Q—2)vY + 7.
Stieltjes transform M —dependent difference equation

(t+b+1)(t+1)Sy (t+1)— 2 (t+a) Sy (t)

(t+b04+1)(t+1) z(t+a)
=({t+b+1— M -
(t+5+ ot [ t+1—-w t—w

6.3.3 Christoffel generalized Meixner polynomials

Let w ¢ < —a, —b,0, ﬂ} )
Vo

Special values
ar —a, a——w+1, b —>b by— —w-—1.

Linear functional

Pearson equation

oc (z+1) z(x+a)(z+1—w)

oc(r)  (z+1)(z+b+1)(z—w)

Moments
c

v, (2) =Vps1 + (n—w)1v,, ne N
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Stieltjes transform difference equation

(b—w) (t+b+1)(t+1)Se(t+1) =2 (t —w+1) (t +a) Se (1)
= [—wt’ + (2w — bw —w+ W’ + az) t + 2w + W + bw® — 2w® + az — azw] Yy
+(t—w)(t—w+1)u.

6.3.4 Geronimus generalized Meixner polynomials

Let w¢ {-b—1,-1,1—a} UN,.
Special values

a; — a, ay— —w, by —b, by— —w.

Linear functional

Pearson equation

Qg($+1): z(x+a)(r—w)
oc () (x+D(z+b+1)(z+1—-w)
Moments
G(z) = w - S (w S il n 0-
Ve (2) = ¢ (W) | M — 5 ( )+;¢k+l(w> , neN

Stieltjes transform difference equation

t—w+D)(t+b+1)(t+1)Seg(t+1)—2(t—w)(t+a)Sa(
=(t+b+1l -2+ +[t+b+1)(t+1)—z(t+a)]rs.

~+

)

6.3.5 Truncated generalized Meixner polynomials

Special values

a; — a, &2—>—N, b1—>b, bg—)—N—l
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Linear functional

xT

Leb] =Y r(@) e 2

—~ (b+ T)m x!
Pearson equation
QT(x—i-l): z(z+a)(zx—N)
or () (x+b+1)(z—N)(z+1)
Moments
N
‘o () = (b(i)le)N R TS o omem

Stieltjes transform difference equation

(t—N)[t+b+1)(t+1)Sr(t+1)—z(t+a)Sr(t)]
=[t+b+1)(t—-—N)—(t+a—N)zJvl +(t+b—-N+1—2)v] +vd.

6.4 Polynomials of type (3,0;N)

Linear functional

Pearson equation

o(x+1) z(x%—al)(x—l—ag)(x—]\f).

o(x) r+1

Moments

n —N+n,a1 +n,a0+n
vn (2) = 2" (=N), (@), (a2), 3Fo ! 2 72|, mn €N

Stieltjes transform difference equation

(t+1)S(t+1)—z(t+a)(t+a)(t—N)S ()
= [—ZtZ—<O,1+CL2—N)Zt+Z(NG1+NCL2—O,1a2)+1] Vo
—(t+ay+as+1—N)zvy — zus.
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6.5 Polynomials of type (3,1;N)

Linear functional

Ll =3 "r() (al)z((“”"f a2

;.
— b+1), !

Pearson equation

o(r+1) z(x+a)(x+ay)(x—N)

o(x) (x4+b+1)(z+1)

Moments

_ n(_N)n(a’l)n(a’2)n _N+n7a1+n7a2+n .
Un(2) =2 (b+1). 3 biltn 12|, n €N

Stieltjes transform difference equation

(+b+1)(t+1)SE+1) —2(t+a)) (t+az)(t—N)S(t)

= [—zt2+t—(a1—|—a2—N)zt+(Na1+Na2—a1a2)z+b—|—1] Vo
+[1—(t+a+ar+1—N)z|lvy — zvs.

6.5.1 Reduced-Uvarov generalized Krawtchouk polynomials

Let (w,Q) € {(—a,a+1),(0,0), (N, —N + 1)}

Special values

ap —a, ay—Q, b—>Q—1.
Linear functional

Lylr] = r(z) (a),(=N), 5 + Mr (w).
Pearson equation

ov (z+1) :z(ﬂc—l—a)(x—i—Q)(x—N)
ou () (x+Q)(z+1)
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Moments

—-N
WU ()= 2" (=N), (@), oFp | 0 T S Mg (W), ne N,

Stieltjes transform difference equation
E+[E+1)Su(t+1) —z(t+a)(t—N)Sy (i)
=[-2+t—(a+Q—N)zt+ (Na+ NQ—aQ) 2+ Q] v
+[1l=(t+a+Q+1—-N)z W — 27,

Stieltjes transform M —dependent difference equation

(t+1)Sy(t+1)—z(t+a)(t—N)Sy(t)

t+1  z(t+a)(t—N)
t—w—+1 t—w

:[1—(t—{—a—N)Z]V0—ZV1+M|:

6.5.2 Christoffel generalized Krawtchouk polynomials
Let w ¢ {—a,O,N, ﬂ} .
Vo
Special values

a—a, a——w+1, b——w-—1.

Linear functional

Pearson equation

oc(z+1) :z(x+a)(:c—N)(a:+1—w)
oc (z) (x+1)(z —w) '

Moments

Ve (2) = Uy + (R —w)v,, n €N

Stieltjes transform difference equation
(t—w)(t+1)Sc(t+1)—z(t—w+1)(t+a)(t—N)Sc(t)
= [zwt2 — (w — 2w+ 2w? + Nzw — azw + Naz) ] 0
+ (w® = Nzw + azw + Nzw® — azw® — Naz + Nazw) vy — 2 (t —w) (t —w+ 1) 1
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6.5.3 Geronimus generalized Krawtchouk polynomials

Let w¢ {—1,1—a,1+ N} UNy.
Special values
ap —a, a— —w, b— —w.

Linear functional

-y

=0

—N), —+ Mr (w).

Pearson equation

oc (z+1) :z(x+a)(x—N)(x—w)
oc () (x+1D)(z+1-w)

Moments

vy (2) = ¢n () | M Z

Stieltjes transform difference equation

n e No.
¢k+1

(t—w+1)(t+1)Sg(t+1)—z(t—w)(t+a)(t—N)Sq(t)
=(—2t+Nz—az+ 1Dy -2y +[t+1—2(t+a)(t— NS

6.6 Polynomials of type (3,2)

Linear functional

- as), (as), Zz
Z b1+ ). (ba + )

x
Pearson equation

o(x+1) _ z(z+ay) (z+ az) (z+ a3)
o(x) (z+b+1)(x+by+1)(z+1)

Moments
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n (al)n (a2)n (a3)n
(by+1) (bs+1)

ai +n,ae2 +n,as3 +n .
by +1+n,bo+1+n""|’

Vp, (Z) =z 3F2 n e NO,

n

where we choose the principal branch z € C\ [1, 00). Note that since
bi+1+n+by+l+n—(a1 +n+as+n+as+n) <0, n>b+b—as—az—a;+2,

vn (1) is undefined for n > by + by — as — az — a3 + 2.
Stieltjes transform difference equation

(t+br+ 1) (E+by+ 1) (E+ 1) S (t+ D)=z (t+a1) (E+ az) (E+ az) S (£) = > _&t",

where
So=1-2)rv, &=la(b+1)—e(a)z]v+(1—2)v,
Eo=lea(b+1)—ey(a)zlvg+ler(b+1)—er(a)z— 2]y + (1 — 2) 1o,

and eq, eg, e3 denote the elementary symmetric polynomials defined by

e (x) = Zmi, e (x) = Zmixj, ez (x) = Z LT T,

i<j i<j<k

6.6.1 Uvarov Meixner polynomials

Let w ¢ {—a,0}.
Special values

ay —a, a— —w, a3——w+1l, b —>—-w-—-1 b — —w.
Linear functional

z

Ly [r] = Z;r (v) (a), — +Mr(w).
Pearson equation

ov(x+1) z(@+a)(z—w)(r—w+1)

ov () (r—w)(z—w+1)(z+1)"
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Moments
v(2)=2"(a), (1—2)" """+ M¢,(w), neN,.

Stieltjes transform difference equation
(t—w)(t—w+D)[t+1)Sy(t+1)—z(t+a)Sy(t)]
=[(1=2)"+ (—az 42wz —2w— 2+ Dt +w (2 +w— 2w+ 2az — 1) —az]
+ (1= 2)t =22+ 220 — 2w —az + 1Y + (1 —2) VY.
Stieltjes transform M —dependent difference equation

(44 1) S (b4 1) =2 (14 0) S (1) = (1= 2) vy b M |-t ZUE0)

6.6.2 Symmetrized generalized Meixner polynomials

Special values
a; —a, ay— —b—2m, a3 — —2m,
bp > —a—2m, by —>b—2m, z— -1, x—zx+m.

Linear functional
S (a+m), (=b—m), (-m), (=1)°
Lc[r]zgc(O)ZT(l‘) (—a—m-i—l)m(b—l—l—m)w(m—i—l)m’

r=—m

where

~(2m (a),, (b+14+m),,
Q<(0)_< )(a+m)m (b+1—-2m), ~

Pearson equation
oc(x+1) —(z+a+m)(x—b—m)(x—m)

m

oc () (x—a—m+1)(z+b+1+m)(x+1+m)
Moments on the basis {¢,, (x)}n>0

. (=D"(a), (=b—=2m), (=2m), a+n,—b—2m+n,—2m+n )

= - No.
T Ca—2m+1), (b—2m+1), V| —a—2m+14nb—2m+14n’ me o

Y

Stieltjes transform difference equation
t—a—m+1)(t+b+14+m)(t+14+m)Sc(t+1)+({t+a+m)({t—b—m)(t—m)S.(t)
=22 +2(1—m)t+b—a—2ab—dam + 1] 5 + (2t — 4m + 3) v + 2u5.
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6.6.3 Reduced-Uvarov generalized Hahn polynomials of type I

Let {w,Q} € {(—ay,a; + 1), (—ag,as +1),(=b,b),(0,0)}.
Special values

CL3—>Q, bl—>b, bz%Q—l

Linear functional

Lol =3 o) T ),

Pearson equation

ov(x+1) z(x+a)(r+a)(x+Q)

ov(r)  (z+b+1D)(z+Q) (z+1)

Moments

n(01), (92), a1 +n,as+n
VU(z):z%gFl 1b+1jn 2| + Mo, (w), n€N.

Stieltjes transform difference equation
E+D[E+0+1)(E+1)Sy(t+1)—2(t+a1) (t+ az) Sy (¢)]

=[(1=2)"+ (b+ Q= 2Q— za1 — zap + 1)t — (Qas + Qaz + araz) z + (b+ 1)Q] v
+(1=2)t+1—2(Q4a +ag+1)+Q+b] Y + (1 —2)v5.

Stieltjes transform M —dependent difference equation

(t+b+1)(t+1)Su(t+1)—z(t+a)(t+a)Su(t)=[t+b+1—2(t+ a1+ a2) v

+(1—z)m+Ml<t+b+1)(t+1) _ztta)ttao)

t—w+1 t—w
6.6.4 Christoffel generalized Hahn polynomials of type I

Let w ¢ {—al, —ay, —b,0, ﬂ} )

Special values

as — —w + 1, b1—>b, b2—>—w—1.
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Linear functional

Lol =Y r (@) (z —w) %%

xT

T

Pearson equation

oc(z+1) :z(x+a1)(x+a2)(x+1_w) en
oc (z) b+ D) (z+1)(z—w) 0-

Moments

VY (2) = Vg1 + (0 — W) vy,

Stieltjes transform difference equation
(t—w)(t+b+1)(t+1)Sc(t+1)—z(t—w+1)(t+a)(t+ az) Se (t)
=[(z = Dwt® — (w4 bw — 2w — w* + 2w*

+ [w? (b+1) — 2 (w—1) (way + was + a1a2)| vy — (2 — 1) (t —w) (t —w + 1) vy

— 2Wa1 — ZWay — za1a2) t} Vo

6.6.5 Geronimus generalized Hahn polynomials of type I

Let w ¢ {—b— 1,-1,1-@1,1-@2}UNO.
Special values
a3 — —w, by —0b, by — —w.

Linear functional

T

Lgr] = z;;ixzd (O(J;))i(la;jx % + Mr(w).

Pearson equation

ec(z+1l)  z(@ta)@ta)(r-w)

oc(x)  (r+b+1)(z+1)(z+1-w)

Moments

TLGNO

Stieltjes transform difference equation
(t—w+D)Et+bo+1)(Et+1)Sc(t+1)—2(t—w)(t+a1) (t+a2) Sq (t)
=[(1—=2)t+(b—z2a1 —zaz+ D]+ (1 —2)1y
FE+D+1) (E+1) — 2 (t+ar) (t+a2)] 5.
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6.6.6 Truncated generalized Hahn polynomials of type I
Special values
a3—>—N, b1—>b, by —» —N — 1.

Linear functional

gy (), (), 2"
Ly[r] = a2 2
Pearson equation

or (x+1) _ z(zx+ay) (z+a) (xr—N)
or () (x+b+1)(z—N)(x+1)

Moments
T (a)y (a2)y 2V n—N,1, —=N —b 1
Vn(z) <b+1)N (N—TL)'32 1_N—a,1,1—N—CL27Z 3 TLE 0

Stieltjes transform difference equation

t—N)[t+b+1)(t+1)Sy(t+1)—z(t+ar) (t+ az) Sy (t)]
[ 1—2)t* +(b—N +2zN —za; — zay + 1)t — (—Na,

+[1=2)t+1—=2(=N+a;+as+1) = N+bv¥+(1-2).

6.6.7 Symmetrized polynomials of type (0, 2)

Special values

a1 — —by —2m, ay — —by—2m, a3— —2m, z— -1, x—x+m.

Linear functional

L) = 0.(0) Y p(ay el mm), ), (1)

ey (by +1+m), (ba+1+m), (m+1)’

~(2m\ (bi+14m), (b1 +1+m),
9<<0)‘(m) CESMCERE

95
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Pearson equation

oc(x+1) —(x—=by—m)(x —by—m)(z—m)

o. () (x+bi+1+m)(x+by+1+m)(z+1+m)

Moments on the basis {¢,, (7)},>0.
For n € Ny

o (—=1)" (=2m),, (=by —2m), (—by — 2m),, 7
n (by+1), (by+1), a2

Stieltjes transform difference equation

—2m+n,—b; — 2m, —by — 2m + n,
;—1.
by +14+n,bo+1+n

(t+bi+14+m)(t+ba+1+m)(t+1+m)S.(t+1)
+({t—br—m)(t—by—m)(t—m)S;(t)
= [262 +2(1 — m) t + 8m® + 2m (2b; + 2by + 1) + by + by + 2b1by + 1] 1§
+ (2t —4m + 3) v + 2v5.

6.7 Polynomials of type (4,3;N,1)

Linear functional

@), (09), (=N), 1

ﬁ

bl + 1) (b2 +1), (bs + 1), !
Pearson equation
o(+1) (z + a1) (v 4 a2) (x + a3) (x — N)
o(x) (x+bi+1)(x+b+1)(z+bs+1)(z+1)
Moments
For n € Ny

- (_N)n (al)n (a2)n (a3)n F _N+naa1+n7a2+n7a3+n .
" i+ 1), (b 1), (bs+1), TP i lAn b+ l4nbs+ 140

Stieltjes transform difference equation

(t+by+ 1) (t 4Dy + 1) (t+bs+ )(t+1)S(t+1)

—(t+a) (t+az) (t+az) (t— Z&ktk,
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where

S=ler(b+1)—e(a)rvy, & =[ea(b+1)—ex(a)lvo+er(b+1)—e5(a)—1]v,
& =les(b+1)—es(a)vg+fea(b+1)—ezx(a)—e(a)—1vy+[er (b+1) —er (a) — 2] o,

with a4 = —N.
If we use the relations

ep(a,—N)=e;(a)—N, es(a,—N)=ey(a)—Nej(a), es(a,—N)=ez(a)—Nes(a),

we obtain expressions for the coefficients & explicitly depending on N

& =[e1(b+1) — ey (a) + N]w,

& =[ea(b+1)—ey(a)+ Ney(a)]vg+[er(b+1)—e(a)+ N — 1]y,

o=les(b+1)—e3(a)+ Nez(a)vg+[ea(b+1) —ex(a)+ (N —1)(e;(a) + 1)1y
+ler(b+1)—e(a)+ N —2]wn

6.7.1 Uvarov Hahn polynomials

Let w ¢ {—a,—b,0,N}.
Special values

ap —a, ay — —w, az— —w+ 1,
bl—)b, b2—>—w—1, by — —w.

Linear functional

Pearson equation

ov (x+1) (x4+a)(zr—w)(zr—w+1)(x—N)

ov(x)  (r+b+D(z—w (z—w+1)(z+1)

Moments

U — (=N), (a), (b+1—a)y_
T(b+1), (b+14n)y

n+M¢n(W), TLEN().

n

o7



Stieltjes transform difference equation

(t—w(t—w+)[Et+b+1)(t+1)Sy(t+1)—=(t+a)(t—N)Sy(t)
=[(N—a+b+1)*+(N—a+b—2w—2Nw+ 2aw — 2bw + Na + 1) t] v|j*

+ (aw — Nw —w — bw + w* + Nw® — aw® + bw® + Na — 2Naw) v
+[(N—a+b)t+2N —2a+b—2Nw + 2aw — 2bw + Na — 1]vY + (—a —1+b+ N) vy,

Stieltjes transform M —dependent difference equation

(t+b+1)(t+1)Sy(t+1)—(t+a)(t—N)Sy(t)

B (t+b+1)(t+1) (t+a)(t—N)
=(b4+1—a+N)y+M P e P—

6.7.2 Symmetrized generalized Hahn polynomials of type I

Special values

a3—>—b—N, bl—>—a1—N, bz—)—CZQ—N,
bs —b, N —2m, x—x+m.

Linear functional

I (@14 m), (0 m), (b= m), (-m), 1
L [7"] 9¢ (O) Z T‘(l‘) (_al —m‘i‘l)m (_a2 _m+1)x(b—|—1—|—m)x (m—i—l)x’

r=—m

_(2m (al)m (a2)m (b+1+ m)m
O¢ (0) - (m> (al +m)m (CLQ +m)m (b+ 1)m‘

Pearson equation

oc(x+1) (x+a;+m)(z+ay+m)(x—b—m)(z—m)

o.(x)  (z+l—a—m)(z+l—ay—m)(x+1+b+m)(z+1+m)

Moments on the basis {¢,, (7)},>0.
For n € Ny
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e (a1), (a2), (=b—2m), (=2m),
" (—m—2m+1), (—ag —2m+1) (b+1),

—2m+n,ay +n,as +n,—b—2m+n q
—a1—2m+14+n,—ay—2m+1+n,b+1+n’

X 4 F3

Stieltjes transform difference equation
(t+1l—ag—m)(t+1—as—m)(t+1+b+m)(t+1+m)S (t+1)
—(t+ar+m)(t+ax+m)(t—>b—m)(t—m)S.(¢)
=20b—a—ax+1)(t+1—-—m)t+t(t+1)]y
+[b—=m—2bm—m*+1—(b+1)(ar +as) + (2b+ 4m + 1) aras] v
+[2t+3—4m)(b—ay —a2) +2(t+1—m)|v; + (2b+ 1 — 2a; — 2as) vs5.

6.7.3 Reduced-Uvarov generalized Hahn polynomials of type 11

Let {CL), Q} S {(—(11, ai + 1) > (—CLQ, as + 1) y (-bl, bl) s (—bg, bg) > (O, 0) R (N, —N + 1)} .
Special values
as —» Q, b3 — Q—1.

Linear functional

N —-N aq = a9 = 1
Lyr] = Zor (7) ((bl +)T)(m (22 EL 1)):6 ) + Mr (w).

Pearson equation
ov (z+1) (x+a1) (z+as) (x+ Q) (z— N)

ov(x) (b +1)(z+b+1)(2+Q)(z+1)

Moments
U __ (_N)n (al)n <a2)n |: _N+n7a1 +n)a’2 +n
342

i 1|+Mo, (w), n €Ny,

T o+ 1), (b + 1), bit1l+nby+1tn

Stieltjes transform difference equation
(t+D[(t+b+1)(t+ba+1)(t+1)Sy(t+1)— (t+ay) (t+a2) (t — N) Sy ()]
=[(N—a; —ay+by+by+2) (t +Q)t + (by + 1)(by + 1)t + N (ay + az) t — ayast] vy
4+ [(by + 1) (b2 + 1)Q + aras (N — Q) + (ay + a2) QN v
+ (N —a; —ay+by +by+1)(t+Q) + N +by + by +biby + (N — 1) (a1 + a) — aras] VY
+ (N + by +by—ay —ag) VY.
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Stieltjes transform M —dependent difference equation

(t+by+1)(t+by+1)(t+1)Sy(t+1)— (t+a)) (t+ag)(t —N)Sy(t)
=[(N+24b+by—ay —a)t+by +by+bibs + (N — 1) (a; + az) — arjas + 1] g
+ (N +by+by—a;—ax+ 1)1y
(t+b1+1)(t+b+1)(t+1) B (t+a1)(t+az)(t—N)

t—w+1 t—w

oo

6.7.4 Christoffel generalized Hahn polynomials of type II

Let w ¢ {—al, —Aas2, _bla _b2707N7 ﬂ} .
Y

Special values
az — —w—+1, by = —w — 1.

Linear functional

b1+ 1), (by+1), !l

xT

(05} le
Zr @), (@), (=N)

Pearson equation

oc(z+1) _ (x+a1)(r+a)(x—N)(z+1—w)
oc () (x+bi+D)(x+b+1)(z+1)(z—w)

Moments

Ve (2) = Uy + (0 —w)v,, n €N

Stieltjes transform difference equation

t—w)(t+b+1)E+b+1)(E+1)Sc(t+1)—(t—w+1)(t+a)(t+a)(t—N)Sc(t)
—[W(N4+by+by+1) = (w—1)(a; +a)] vy +w (w — 1) (N + by + by + 1) t1y

+ [(-=N 4+ w) aras + (3w — Nw — w? = 1) (a1 + a2) + w (w — biba)] trg

+ [ww—=1) (N =1) (a1 +a2) + (w—1) (N —w) aras + w? (b2 + 1) (b1 + 1)] 1

+(N—ag—ax+bi+ba+1)(t—w)(t—w+1)u.
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6.7.5 Geronimus generalized Hahn polynomials of type II

Letw¢ {—bl —1,—b2—1,—1,1—&1,1—a2,1+N}UN0.
Special values
a3 — —w, by — —w.

Linear functional

:Z ZE b1+ )2)$(_N)xi.+MT(w>'

Pearson equation

og(r+1) (x+a1) (x4 ag) (xr—N) (z —w)

oc () (x+bi+ 1) (z+b+1)(z+1)(z+1—-w)

Moments
vy (2) = én (W) M—S(W)Jrzm—

Stieltjes transform difference equation

(t—w+ 1)+ +1)(E+be+1)(t+1)Se(t+1) — (t—w)(t+a1) (t+a2) (t—N)Sq (¢)
=[(N+24b +by—a;—ax)t+ (b1 +1)(ba+ 1)+ (N —1) (a1 + az) — aras] vy
+(N+bi+by—a;—ays+1)1n
+ [(N— a1 —az + by + by + 3) 2 + (2b1 + 2by + Nag + Nas — aras + biby + 3) ] v’
(bl+b2+blb2+Na1a2+1)uo

6.7.6 Symmetrized polynomials of type (1,2)

Special values
a; —a, as— —bj—N, a3 — —by—N, b3 — —a—N, N —2m, x— z+m.

Linear functional

m

L. [r] = oc (0) Z r(z) : (a+m), (=by —m), (—=by —m)_ (—m), 1

bi+1+m) (bo+1+m) (—a—m+1), (m+1)’

r=—m

61



where

2m> (a),, (by+1+m), (bh+1+m)

0, (0) = ( (a+m), (by+1) (ba+1)

Pearson equation

m

oc(x +1) (x+a+m)(x—b —m)(x—by—m)(x—m)

o.(z)  (wH+b+l14+m)(z+b+14+m)(z+1—a—m)(z+1+m)

Moments on the basis {¢,, (7)},>0

. (=2m), (a), (=bi — 2m), (b, — 2m),

" (1—a—2m),(b+1), (ba+1),

—2m +n,a+n,—b; — 2m, —by — 2m + n,
l—a—2m4+nbi+1+n,b0+14+n

X4F3 ,1 y nENo.

Stieltjes transform difference equation

(t+l—a—m)(t+b+14+m)(t+by+14+m)({t+1+m)S. (t+1)
—(t+a+m)({t—>b—m)(t—by—m)(t—m)S.(t)
= [(4m + 3+ 2b; + 2b, — 2a) t* + 2 (m — 1) (a — by — bo) t] 1§
+ [(—4m® +2m + 3) t — (18a + 4ab; + 4aby + 1) m — (by + by + 1) (a — 1) — bybs (2a — 1)] 1§
+[(2t —4m+3) (b + by —a) + 2 (t +2mt + 1) +4m (1 — 2m)] v
+ (4dm + 1+ 2by + 2by — 2a) vs.

7 Conclusions
We have considered all solutions of the Pearson equation

ez +1) _  n(z)

o(x)  o(z+1)

with deg () < 4 and deg (0 —n) < 3. We deduce 15 canonical cases, from
which 42 subcases can be obtained and we relate those to rational spec-
tral transformations (Uvarov, Christoffel, and Geronimus), truncations, and
symmetrizations.
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For each family, we have listed a representation of the moments and the
first order linear difference equations satisfied by their Stieltjes transform.

Extensions to the class s = 3 are possible, but the complexity of the
formulas will demand new forms of notation in order to be able to type the
results in a comprehensive way.
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