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Abstract

We study the three-term recurrence coefficients 3,, vn, of polyno-
mial sequences orthogonal with respect to a perturbed linear func-
tional depending on a variable z. We obtain power series expansions
in z and asymptotic expansions as n — oo.

We use our results to settle some conjectures proposed by Walter
Van Assche and collaborators.
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1 Introduction

Let Ny denote the set
No=NuU{0}=0,1,2,...,

and I the ring of formal power series on the variable z, F = C[[z]] . Suppose
that D, : F — F is a derivation (on the variable z), i.e., a linear operator
satisfying the product rule

D-(fg) = fD-(9) +9D-(f), [.g€F
If K (z, z) is an eigenfunction of D, with eigenvalue z,
D.k(z,2) = 2k (x, 2),

we define the vector space S, over the ring F generated by the monomial
basis {2"},, and the function & (z, 2),

S.={p@)r(x,z):peF[z]}.
Examples of D, and « (z, z) include
D, =0, k(x,t)=¢e",

where 0; denotes the derivative operator,

D, =z20,, k(x,z)=2",
and

Dy=w(l—w)dy, &lz,w)= (L>

Note that we have

%:z—)w(l—w)&u 20,, (1)
and in general
g(s)
z=g(s) — 20, = 0,
() g'(s)
Thus, up to a suitable change of variables, we can take D, = z0, and

k(x,z) = 2"



If £ €S} (the dual space) commutes with the derivation D,, we define
L:F[z] = F by

Llpl = Llp(x)r(z,2)], peFla], (2)

where we always think of L as acting on the variable x. A sequence {F,}, -,
deg (P,) = n, is called an orthogonal polynomial sequence with respect to L
if
L [Pkpn] = hnék,na ka n e NO) h’n 7é 0, (3>

where 0y ,, denotes the Kronecker delta. If h, = 1, then {Pn}nzo is called an
orthonormal polynomial sequence.

Let’s denote by P, (z;z), the sequence of monic polynomials orthogonal
with respect to L. From (3) we see that

L[xP.P,) =0, k#nn+l,

and therefore the polynomials P, (z; z) satisfy the three term recurrence re-
lation

xP, (x;2) = Py (2, 2) + B (2) Py (252) + v (2) Py (23 2) (4)

with P_y =0, Py = 1. The coefficients f3,,,, are given by [12]

BO = &7 Yo = 07 (5>
Ho
and L[zP? L|zP,P,
Bn = [2 ”], Vn = —[Qihn nil], n € N. (6)
n n—1

Note that using (3) we have
hn =1L [xnpn] =1L [xPnPn—l] = Vnhn—lu

and hence
n

hnfl 7

Orthogonal polynomials associated with deformed functionals have been
studied by many authors, see [1], [3], [28], [29], [38]. Particular examples
include continuous [11], [19], [23], discrete [5], [34], elliptic [36], [37], matrix

Yn = n € N. (7)



2], [9], multiple [4], multivariate [6], ¢ [10], and skew [24] orthogonal poly-
nomials. Applications to combinatorics have also been considered in [7] and
25].

In this paper, we focus on linear functionals of the form

CC

Z b+1 —, reF[z], (8)

=0

where
a=(a1,...,a,), b={(b,...,b;), p,q€Ny,
P q

(@), =]](@),. ®),=][0),. neN,

i=1 i=1
and the Pochhammer polynomial (), is defined by (z), = 1 and [27, 18:12]

|
—

n

(), =1 (x+j), neN 9)

[
Il
o

These functionals are both particular cases of (2) with « (z, z) = z*, and also
discrete semiclassical [18].

Our main objective is to analyze the asymptotic behavior of the three-
term recurrence coefficients (6) as n — oco. We illustrate our results with
several examples of discrete semiclassical polynomials of class s < 2. Among
these we are able to prove some conjectures proposed by Walter Van Assche
and collaborators in [20] and [32].

2 Orthogonal polynomials
Let L : F[x] — F be defined by (2). Then, we have
D.Lp] = LID: (p) s (x,2)|+ L [z (z,2) p] = L[D: (p)]+ Llxp], peF[a].
If we denote the moments of L by
L[z"] = pn (2) € F, (10)
we see that
D.pu, = D.L[2"]| = L[z2"]| = pin11, n € Ny,
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and conclude that
tn = Do, n € Np. (11)

If we write
Py(x;2) =a" — 0, (2) 2" ' 4+ qu (1;2),  deg(gn) <n—2, (12)
then we have oy = 0, and using (4) we get
" — 0,2+ xg, = 2" — 012"+ Qg1 4 B (27 — 002"+ @) + VP
Comparing coefficients of 2", we obtain —o, = —0,41 + 8,, or
Bn = Opt1 — On. (13)

The connection between o, ¥,, h,, and (§,, is given in the next proposition.

Proposition 1 Let h, be defined by (3), Bn,vn be defined by (6), and o, be
defined by (12). Then, we have

D.o, =, (14)

and
D.Inh, = f,. (15)

Proof. From (12) we have
D.P, (2;2) = Doy (2) 2"~ + Dogn (25 2) |
and using (3) we get
LP,yD.P,) = —D. (0,) L [¢"'Poy] = =D, (00) by (16)
On the other hand, since L [P, P, 1] = 0 and deg (D, P,_1) =n — 2,

0=D,L|P,P,4]=L|P,1D.P,)+ L|P,D.P, 1]+ L[zP,P, 1]
= _Dz (an) hnfl + ’Ynhnfla

and we obtain (14). Since deg (D, P,) = n — 1 we have
D.h, = D.L [P?] = L12P,D.P,) + L [+P?] = L [xP?] = B.h,,

and (15) follows. m
As a direct consequence, we see that (f3,,7,) are solutions of the Toda
lattice [33].



Corollary 2 Toda equations. The coefficients of the 3-term recurrence rela-
tion (4) are solutions of the differential-difference equations

D.B, = Av,, D,lnv,=Vg,, (17)
with initial conditions (5), where
Afn)=fn+1)=f(n), Vfn)=fn)—-fn-1). (18
Proof. From (13) and (14) we get
D.Bn = D:0ony1 — D20y = Yoyt — T,
while (7) and (15) give
D.In~v,=D,Inh, —D,Inh, 1 =0, — Bn_1.

|
Let H,, be the n x n Hankel matrix defined by

(Hp);; = pivj, 0<i,j<n-—1,

and the Hankel determinants H,, be defined by Ho = 1 and H,, = det (H,,) .
The following result gives a relation between o, and H,.

Proposition 3 Let 0, (2) defined by (12) and

Ho(2) = _det (i) (19)
Then,
n—1
H, = Hhk, (20)
k=0
and
on=D,In(H,). (21)

Proof. Writing



and using (3) and (10), we have

n

Z,ui+k Cnk = hnéi,n .

k=0
Using Cramer’s rule, we get

M.,
Y
Hn—f—l

i = (=1 h,

where Mj, ,, is the minor defined by
My = det (pit;).

0<i,j<n
i#k,j#l
In particular, since ¢, , = 1, we have

%n—l—l _ Hn—l—l
Mn,n Hn ’

and (20) follows. From (13) and (15), we get
Ont1 — 0n = Ppn=D,In(h,) =D, In(Hus1) — D, In(H,),

hy, =

and since 0o = 0 = D, In (#H,) , we obtain (21). =

The functions o, 8, Vn, hn, and H,, are known exactly in very few cases.
Below we present two of the classical discrete orthogonal polynomials as
examples.

Example 4 The monic Charlier polynomials are defined by [27, 18.20.8]

Colaid) = (=" oFo| 77 i-1]

- z

where ,F, denotes the generalized hypergeometric function defined by [27,

16.2]
g 0 :i(a)kz_k (22)
PR by, by “~(b), k!"

The first few C,, (z; z) are given by Cy (x;2) =1, Cy (z;2) = x — z,

Cy(w;2) =2 — (22 + 1)z + 27,
Cy(z;2) =2° =3 (2+1) 2>+ (32> + 32+ 2) x — 2%,



and we can see that in this case the coefficients of C, (x;z) are polynomials
m 2.

The Charlier polynomials are orthogonal with respect to the linear func-
tional

Ll =Y pe) 5, peFl,

from which we obtain the moments of L [17]

un@y:&é;{Z}f, n € N, (23)

where {Z} denote the Stirling numbers of the second kind, defined by [27,

26.8.6] k
(- ()

The three-term recurrence coefficients are given by [27, 18.22(i)]
Bn(2) =n+2z, 7,(2) =nz, (24)

and using (7) and (13) we get
hy (z) =nlz"e*, o0, (2) = ———= + nz.

Finally, using (20) we obtain [14]

Example 5 The monic Meizner polynomials are defined by [27, 18.20.7]
1\ " —n, — 1
M, (z;2) = (a), (1——> o F { o ;1——] :
z

z a

where a > 0 and z € (0,1). The first few M, (z; z) are given by My (z;2) = 1,
az
z—1'

20z 4+ z+1

2
z
—_— 1
T THalat )(z—l) ’

M, (z;2) =2+

My (z;2) = 2



and we note that the coefficients of M, (x;z) are rational functions of z.
The Meixner polynomials are orthogonal with respect to the linear func-
tional

Ll =Y p@) e perFp,

and the moments of L are given by [17]

_Nn k ~(a+k)

n = 1-— Np. 25
(@ =3 pf @ A= e, (25)
The three-term recurrence coefficients are given by [27, 18.22(i)]

;e (2) =

(n+a—1)nz

:n—l—(n+a)z
(1-27"

1—=2

Pn (2)
and using (7) and (13) we get
(a), nlz"
h,, (z :”—2n+a, o, (2) =
()= 2t )

Finally, using (20) we obtain [14]

n—1
Ha (2) = [Hk! <a>k] S (L= ey,
k=0

Since the Charlier and Meixner polynomials have hypergeometric repre-
sentations, and the function

)= oF (1, 52) @)

satisfies the differential equation [27, 16.8.3]
[D. (D, +b1)- - (D:+ b)) — 2(Dz 4+ a1) - (Dz 4 a) o =0, (28)
with D, = 20,, we see that the monic Charlier polynomials satisfy the ODE
(D4 (x—n—2)D, +nz]C, =0, (29)

nn—1) (a+n—1)nz
+ .
2 1—2

and the monic Meixner polynomials satisfy the ODE

+az+ ta—1
{D% <x_%) D+ " i z>3nz Mo=0 G0)

In the next result, we find an ODE for general polynomials.

9



Proposition 6 The polynomials P, (x; z) defined by (3) satisfy the ODE
D?P, + (x — 3,) Do Py + v, P, = 0. (31)

Proof. If we write )

D.Py = vPx,

k=1
then (16) and (14) give

1

Up—1 = L [Pnlean] = _Dzan = —Tn-

n—1

Moreover, for all k =0,1,...,n—2
0=D,L|P,P;] =LI[P.D,P,|+L|P,D,P)+L [xP,P) = L[PyD.P,] = hyuvy,

and therefore we obtain
Dan == _P)/nPnfl- (32>

From (4) and (32), we have
Dan = _fYnPnfl = Pn+1 + (ﬁn - l’) Pn
Using (13), we get

szn = Dan+1 + PnDzﬁn + <6n - LE) szn
= _7n+1pn + (fYn-ﬁ—l - 'Yn) Pn + (571 - fE) Dan

and (31) follows. =
Using (24) in (31) we obtain (29), and using (26) in (31) we get (30).

Remark 7 The convergence of the series (22) depends on the values of p
and q. We have three different cases [27, 16.2]:

1. If p<q+1, then ,Fy is an entire function of z.

2. If p=q+1, then ,F, is analytic inside the unit circle, |z| < 1, and can
be extended by analytic continuation to the cut plane C\ [1,00). Let

Y=bi+-+b,— (a1 + -+ ag1)- (33)

10



On the unit circle |z| = 1, the series (22) is

(i) absolutely convergent if Re () > 0,

(7i) convergent except at z =1 if Re (y) € (—1,0],
and

(111) divergent if Re () < —1.

3. If p > q+ 1, then ,F, diverges for all z # 0, up to a; = —N, with
N € N for some 1 < i < p. In this case, ,F, becomes a polynomial of

degree N.
If the first moment of L is given by (27),we can use the formulas [27,
16.3.1]
n a \_(a), a+tn.
9 pFy ( b 72) = (b), pl ( b+n 72)7
and [30, 6.6]

(20.)" = D2 = Z{Z}’“@’“ (34)

k=0
n (11) and obtain [17]

oSl (1)

Thus, the analytic properties (with respect to z) of all the functions
tns Ty Bry Yo, By, and H,, depend on the analyticity of pg (2), and in view
of Remark (7) this depends just on the parameters (p,q). In the next sec-
tion, we find power series expansions for o, (2) .

3 Series expansion of o, (2)

In [15], we studied power series expansions of Hankel determinants of the
form (19) with p, € F. Below we state one of the main results we obtained.

Theorem 8 Let the Hankel determinant ©,, (z) be defined by (19) and
D1 (2) = po(2) = Y ex?* €T (35)
k=0

11



Then, we have

=

n—

H, (2) = 2(2)g, (2) H ((iV%¢], n>2, (36)

=0
where

wo= () it (2w e () 2

Using (21) we obtain the following result.

<

2240 (23) , z—0.

Corollary 9 Let 0, (2) defined by (12). Then,

O'n(Z): n(n_l) +n2 C(n)

5 mz +0 (%), z—0. (37)

We can now state one of our main results.

Theorem 10 Let 0, (z) defined by (12). If we write

on(2) = Zsmkzk eF, (38)
k=0
then we have ( 0 (n)
_n(n-— 5, c(n
Sn,0 = 9 ) Sn,1 n c (’I’L — 1)7 (39>
and
1 k-1
= — 9 _.VAs, ; > 9 4
Sn k 2 (k — 1) < (k ]) Snk—j VASn 4, k=2, ( O)

where the coefficients ¢ (n) were defined in (35).

Proof. The initial values (39), just follow from (37). From (13), (14), and
(17) we get

D.In (Dzan) =D.In (777,) = ﬁn - ﬁn—l = 0Opy1— 20, + 0p1.
Using the difference operators (18), we can write

On41 — 20, +0p1 = VAO’n,

12



and since we are using D, = z0,, we have

A -1
0" (2) = o' (2) VAo, (2) -1
2
Since .
VAsy = VA% —1,
we see that from (38) that
A _ 1 o0 o0
V Onp _ ZVASn,ka_l _ ZVASTZ k12
& k=1 k=0
Also,
o (2) = S ks = 3 (k4 1) sppnz
k=1 k=0
and

Zk — 1) sz = Z (k+2) (k+1) sppp22".

k=0

Comparing coefficients of z in (41) gives

k
(k+2)(k+1)sppi2 = Z (k—=Jj+1)snrjr1VAS, i1,

=0
and (40) follows after shifting k -k —2and j - j—1. =
Remark 11 Note that we have

Snl

Sn2 - VASnla

1 1 n
Sp,3 = gsn,QVASn,l + gsn,lvAan - 861 [(VASN 1) + VASnQ} )

and using induction we see that

From (13) and (14), we immediately obtain the following.

13



Corollary 12 The coefficients of the 3-term recurrence relation (4) admit
the power series

B (2) = ZAsn,kzk, T (2) = stn,kzk, (42)
k=0 k=1

where the coefficients s,k are defined in (38).
In particular,

Bn (0) =N, n (0) .

We now give some examples. We start with the discrete classical orthog-
onal polynomials [26].

Example 13 Charlier polynomials. From (23) we have

fo (2) = €7,
and using (35) we get
1
c(n) = ml
Therefore, (39) gives
Sp,1 = N,

and using (40) we conclude that
Snk = O, k Z 2.

Hence, we obtain

and

in agreement with (24).
Example 14 Meizner polynomials. From (23) we have
po(z) = (1—2)",

and using (35) we get

c(n) = : (43)



Therefore, (39) gives
Sp1=n(n+a—1),

and using (40) we conclude that
Snk = Sn,1, k> 2.

Hence, we obtain

Jn(z):—1+n(n+a—1)22k

and
Bn=n+ (2n+a)

1—2z’

in agreement with (26).

Next, we consider the discrete semiclassical orthogonal polynomials of
class s =1 [18].

Example 15 Generalized Charlier polynomials. These polynomials were in-
troduced in [22], and studied in [13], [18], [21], [32], [35]. They are orthogonal
with respect to the linear functional

J?

— F
Zp (b+1) , peF[],
and from (35) we get
1
c(m) (b+1)
Therefore, (39) gives
n
LT b
and using (40) we have
b 2% (n — b)

Sp2 = — ) Sn,1,  Sn,3

(n+b— 1) (n+b)(ntb—2)

15



From (42), we obtain

B bz 3n?+(20+3)n—>b(b—1) 3
and
B 2b 6b(n —b) 9 4
T (2) = Suaz {1_ (n+b—1), (n+b)(n+b—2)521+0(z)’

as z — 0.

Example 16 Generalized Meixner polynomials. These polynomials were in-
troduced in [31], and studied in [8], [13], [18], [32]. They are orthogonal with

respect to the linear functional

T

Lip) =) p(x) (b(i)”l”) % p € Flz],

and from (35) we get

__ (a),
) =G50
Therefore, (39) gives
A n(n+a-—1)
n,l — n+ b )
and using (40) we have
b(b+1—a) b(b+1—a)(n—>)(n+2a—b-—2)
Sn2 = 77 -\ Snl, Sn3 = Sn,1-
T o (n+b-1); 7 ’ (n+b—2)5(n+10) ’

Note that if a = b+1, then s, = 0, kK > 2 since then we recover the Charlier

polynomials.
From (42), we obtain

n(n+2b+1)+ab

Bn(2) =n+ ——y z+0 (%),
and
~nn+a—1)  20(b+1—-a)n(nt+a—1) , 5
) =t T e o,  © O
as z — 0.

16



Example 17 Generalized Krawtchouk polynomials. These polynomials were
introduced in [18], and studied in [13]. They are orthogonal with respect to
the linear functional

oo

Ll =Y p(@) (), (-N), 5 pePal,

=0

where N € N and from (35) we get

Therefore, (39) gives
Spp=n(n+a—1)(n—N—-1),
and using (40) we have

n(n—1)

on (2) = B

where

+ sz [+ @ (n)z+q(n)2?] +0(Y), 2-0,

¢1(n)=3n—N —2+a,
¢ (n)=12n> =8(N —a+2)n+5N —5a — 3Na + N? + a® + 6.

From (42), we obtain
Bn(z) =n+ [3n” +n(—1+2a—2N) —aN] z+ O (z%),

and
Yo (2) = sp1z [142¢1 (n) 2+ 3¢2 (n) 2°] + O (),
as z — 0.

Note that yn1 (2) = 0, and from (7) it follows that hyi1(z) = 0. There-
fore, in this case the polynomials P, (x;z) are a finite family for 0 < n < N.

Example 18 Generalized Hahn polynomials of type I. These polynomials
were introduced in [18], and studied in [13], [16], [20]. They are orthogonal
with respect to the linear functional

Z b+1)z—, p€F[z],

=0

17



with ay,ay # b+ 1, and from (35) we get

c(n) = ((Zinl—%. (44)

Therefore, (39) gives
n(n+a —1)(n+ay—1)

Sl = n+b
and using (40) we have
n(n—1) ¢ (n) 5
n = s n 1 1 4N O 9 07
on (2) 5 + Sp1% +(n+b—1)32 +0 (%), z—
where

q1 (n) = n® + 3bn? + (362—1)n+[(a1—|—a2—2)b+a1+a2—a1a2—2]b.
From (42), we obtain
— @ (n) 2
Bn(2) =n+ n+bz—|—0(z),

and
2q¢1 (n)

mz + 0 (23),

Y (2) = spa1z |1+

as z — 0, where
¢ (n) = 2n°+(3b + a1 + ag + 1) n®+(a; — b+ ay + 2ba; + 2bay — 1) n+baas.

Remark 19 It is clear from (40) that if s,1 € C(n) (i.e., is a rational
function of n), then s, € C(n) for all k > 1. This will be the case for
all families of orthogonal polynomials for which uo (2) is a hypergeometric
function.

Note that from the previous examples we have, as n — oo

Meixner: s, ~ n?, Spk ™~ n?, k>2,

Generalized Charlier: s,1~1, $,.~n "2 k>2

) Y 5 Y 9
Generalized Meixner: s,1~mn, Spr~n"r, k>2
n, ) Tl,k‘ ) 9

Generalized Krawtchouk: s, ~ n?, Sp k™~ nk+2, k> 2,
Generalized Hahn:  s,1 ~ n?, s, ~n?, k>2.

n, ) Tl,k 9

Therefore, it seems that in some cases the coefficients s,, ;, form an asymptotic
sequence as n — 0o. We show that this is the case in the next section.

18



4 Asymptotic analysis
We begin with a simple lemma.

Lemma 20 Suppose that for j > 1

Spj ~ nf 5 Aj,ln_l, n — 0o,
1>0

with Ajo # 0. Then, for all 1 < j <k —1,

1
- 0, +2i—1
Sn—i V Aspj ~ 2n0ht0 E ”_mE E Ak—j,m—lAj,l—2i< ! +2; ) , N —00.

m>2 1=2 i=1

Proof. First, we observe that

0 .
0 __ 0—21
VAn" =2 E (22)71 ,

since

(46)

(47)

VAR = (n+1)° + (n—1)? — 20 = —2n° + Z(f) [1 + (—1)"] nf=i.

i>0

Using (47) in (45), we get
VASs, ; ~ QZA-ZZ 6; -1 nfi==2 5 0o
" 1>0 " ST\ 2 ’ ’

and changing the index of summation to m = [ + 2¢, we have

El Lo
VAs,;j ~ QHQjZn_mZAj,m_gi (0] " ' m)’ n — 00. (48)

217

m>2 =1

Computing the Cauchy product of s, ;_; and VAs, ;, we obtain (46). m

We now have all the elements to prove our main result.

19



Theorem 21 Let c¢(n) be defined by (35) and the coefficients s, be defined
by (40). If

2, c(n) 61 —1
n‘——— ~n Ayn™, n— oo, (49)
c(n—1) ZZ;

then:
(i) If 6, # 0,1, then for all k > 2
Snk ™ Ak,On(el_z)k+2>

where

Ao = li(k —1)-

(ii) If 0, =0, then for all k > 2

Arq (A1) M4k /01
ook~ 11 (A1) Y e
> A .

(iii) If 0, = 1, then for all k > 2

k—1 —k
Sn,k ™~ ALQ (Al,O) n ", n—oo.

Proof. Using (46) in (40), we have

—1
n%y " Agm™ = ) (k — j)nf-i+% Zn*mZZAk —jm—t1Aji- 22(0 +22; l).

>0 j=1 m>2 =2 i=1
(52)

?T

For k = 2, we get

m % .
n922A2,ln_l = n291zn_mZZA1,m—zA1,Z—2i (91 +22; B l)

1>0 m>2 1=2 i=1

0 9
== 71201_2 {(A1,0)2 (21) + A170A1,1 (91 — 1)2 TL_1 + |:(A170)2 <41)
0, —1
+ (Al,l)2 ( ! 9 ) + A12A10 (0% — 301 + 3)} n 240 (n_?’)} ,

and therefore we need to consider three cases.
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(i) 6, #0,1. In this case,

0
Oy =20, —2, Ayp= (141,0)2 <21>7

and a simple induction argument shows that
We conclude from (52) that the leading coefficient satisfies

1
2 | 0,
Ao = mz (k—17) Akj,OAj,0(2)a k> 2,

7j=1
since
Op—j+0;, —0, =2, 1<j<k-1 k>2
(ii) 6, = 0. In this case,
O = =3, Ago= A10411,
and we can show by induction that

O, =—2k+1, k2>2.

Hence,
Op = =2k +1+0p1, k=>1,
and if k > 2 we get
2<j<k-2
j=1Lk—-1

)

L,
Qk_j +0j — O =1 +5k—j11 +6j71 - { 2

From (52) we see that for k > 3

1 -1
2 . 6.
ny Apm™ = KE=D) > (k= j)neitt 2Ak—j,oAj,0<
=0

j=1

and we conclude from (53) that

0
2

)

(53)

(54)

k> 3.



(iii) 6, = 1. In this case we have
O = =2, Agp= AjoAig,
and using induction we get

Op = —k, k>2.

Therefore,
Op = —k 4+ 2051, k>1
and if k¥ > 2 we have

0, 2<j<k-2
Qk_j + Qj — ‘gk =2 ((Sk_jJ + (5]'71) = { =J= . (55)
Using (54), we obtain
Ako =777

and hence
Ago = A1 (ALo)k_l , k>2.

We now specialize our main result to the case when p (2) is a hypergeo-
metric function.

Corollary 22 Suppose that the first moment pg (z) is given by (27). Then:
Q) Ifp=qg—1andm > 1,
on(2) = Zsmkzk +0 (n*™ "), n—oo. (56)
k=0

() Ifp=q andm > 1,

on(2) = Zsmkzk +0(n™"), n—oo. (57)
k=0
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(i) Ifp<q—1andm >1,

on(2) = anvkzk +0 (n_(q_p+1)m_(q_p_1)) ., N — 0. (58)
k=0

Proof. All we need to observe is that if u (2) is given by (27), then

_ (a),
«M) =31

and therefore
2 C (TL) ~ np—q—l—l
c(n—1)

Sp1 =" , N — 0.

Remark 23 Ifp > q+ 1, then 6, > 2 and therefore
0k+1_0/€:91_2>0a ]{321

Thus, in this case {sy i}, @5 not an asymptotic sequence as n — co. This
agrees with Remark 7, since ,Fy is divergent for p > g+ 1. For these orthog-
onal polynomials we need to take ay = —N, for some N € N, and they will
be finite families, with 0 < n < N.

Example 24 Generalized Charlier. In this case, (p,q) = (0,1) and from
(56) we get

and b b? bz (0* + 2
4 z Z + 2z
'yn:z———l——2—¥+0(n_4), n — o0.
non n
These results agree with the limiting values conjectured from numerical ex-
periments by Smet and Van Assche in [32].
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Example 25 Generalized Meizner. In this case, (p,q) = (1,1) and from
(57) we get as n — oo
n (a—b—1)bz (a—b—1)bz(2—10)

2 1 5
Jn:?%—(z’—é)n—l—(a—b—l)z— - - = +0 (n7?).

From (42), we obtain

—b—1 —b—1 2 1-2
ﬁn=n+z+(a 62 )bz (a—b )bz§ b+ Z)+O(n_4),
n n

and

(a—b—l)bz_'_(a—b—l)fz(b—Qz)_’_O(TFS)7

as n — 00. These results agree with the limiting values conjectured from
numerical experiments by Smet and Van Assche in [32].

Yn=2n+(a—b—1)z—
n n

In ([13]), we studied the discrete semiclassical orthogonal polynomials of
class s = 2. We named the families based on the (p,q) parameters for the
hypergeometric representation of the first moment g (z) .

Example 26 Polynomials of type (0,2). These polynomials are orthogonal
with respect to the linear functional

=300 o e FE

and therefore
n

Sp,1 =
(
Using (58), we have as n — oo

n? n oz (bi+by)z  (BI+03+biby)z _
U”(Z):?_§+ﬁ_ 2 + 1 2n3 —|—O(n 4)’

and from (42), we obtain

z (2b1 + 2b2 + 1) z

— 4
ﬁn—n—ﬁﬁ- 3 —G—O(TL ),
and - PO
+ + 05 +
,.)/n:i_(l 22)Z_|_(1 23 12)24_0(7/"_4)7
n n n
as n — oQ.
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Example 27 Polynomials of type (1,2). These polynomials are orthogonal
with respect to the linear functional

(a), i
Z) s D), bty o0 PEFlL

and therefore
n(n+a—1)
(n+b1) (n+by)

Sn,l -

Using (56), we have as n — 0o

n> n (a—1—0b —by)z L
and from (42), we obtain

(a—l—bl—bg)z

Bn=n— e +O(n_3),
and

yn:z—i—(a_l_bl_bZ)Z—i—O(n_Q)
as n — oo. "

Example 28 Polynomials of type (2,2). These polynomials are orthogonal
with respect to the linear functional

(CLQ) z*
§: z 2 F
p(@ m+1 bot1), o’ P€ 2]

and therefore
n(n+a —1)(n+ay—1)
(n+by) (n+ by)

Sp,1 =

Using (57), we have as n — 0o

2 1
an(z):%—i—(z—5)n+(a1—|—a2—2—b1—b2)2+0(n_1),

and from (42), we obtain
5n:n+z+0(n_2),

and
Yo=z2n+(a1+as—2—by —b)z+0(n7"),

as n — Q.

25



Remark 29 If 0, =2, then (39) and (50) give
Snk ™~ Ak70n2, n — 0o,

for all k > 0. From (51) we get

Ead

-1

2

Ao = k(k—1)

(k - j) Ak—j,OAj,07

=1

<
I

and therefore Ao = (Alyo)k forall k> 1. If A; o =1, it follows that

z—1

1 « 1
an(z):<§+2A’f,02k>n2+0(n):<5— : )n2+0(n), n — 0o,
k=1

z

We conclude that in this case, the natural variable to use is w = *5.

4.1 The variable w

z

In this section, we "translate” our previous results to the variable w =

z—1"
Theorem 30 Let 0, (z) defined by (12). If we write
Onp (U)) - an,kwk)
k=0
with w = %5, then we have
n (n—1) RS
gn,O - 9 ) gn,l a1 c(n _ 1)7 (59>
and
1 k—1
én,k = T 7 N (k - .7) fn,k‘fj (VAgn,j + kdl,j) ’ k 2 27 (60>
k(k—1) ‘=

where the coefficients ¢ (n) were defined in (35). In particular,

§n2 = &n (1 + %VA&LJ) : (61)

26



Proof. If we use the identity [27, 26.3.4]

we have

Using (62) in (37), we get
nn—1) 5 c(»)

on (W) = 5 —nc(n_l)w+0(w2), w — 0,
and (59) follows. Using (1) in (41), we obtain
Ao, -1
(1) ) () — 20, (1) = (1) “ D=L
and since
VAo, (w) -1 C
’ (w) = ZVAgn,kwk_l = ZVAgn,kJrlwka
w k=1 k=0
we see that

(1—w) ol (w) =0}, (w) > (200 + VAL, py1) wF.

k=0

Comparing coefficients of w, we conclude that

N

-1

(k - ]) Sn,k—jVAgn,j

1

1
k(k—1)

J

gn,k: = fn,k—l +

u
Remark 31 If we use (1) in (14), we see that

o =20, (2) = w(l —w) o, (w),

and therefore
oo

T = (1 —w) Zkﬁmkwk.

k=1
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Theorem 32 Let c¢(n) be defined by (35) and the coefficients &, be defined
by (40). If )
c(n _
—m ~ ZBLlTL s n — 0o, (63)

we have:
(i) If B1o # —1, then for all k > 1

€nk = Bio(1+ Bio)* 'n*+0(n), n— .
(ii) If B1o = —1 and By 3 # 0, then for all k > 2,

& =0 ("), n— . (64)

Proof. Suppose that for j > 1

Enj~n" g Bjﬁln_l, n — oo,
1>0

with Bjo # 0. Using (46) in (60), we obtain

nT’“ZBk,m—l ~ nT’“*ZBk_Lm_Z (65)

>0 >0
2 e 742 — 1
k— i)nm-itm —m B,'m,B‘,i J .

From (59) and (63) we see that

Ena ~ n? E Bun’l, n — oo,

>0
and using (61) we get
€n72 = (1 + Bl,O) (BL()’I’LQ + Blyln + Bljg)—F(l + 2B170) B1737’L_1+O (n_2) s n — oQ.

Thus, we need to consider two cases.
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(i) Bip # —1. In this case, 7o = 2, and it follows from (65) that 7, = 7,_; =
2, k> 2. To leading order, (65) gives

k—1
2 .
By = Bi-10 + mz (k = J) Bi—j0Bjo;

j=1
and therefore
Bpo= Big(1+ Bl,0>k_1 :

(ii) Bio = —1, B3 # 0. We now have » = —1, and we can show by
induction that 7, = —k + 1, k > 2. Hence, 7, = =k + 1+ 2014, k> 1
and we observe that

Toej + T — T =14+ 2(0k—j1 + ;1) = { 5. 1 k-1 (66)
Using (66) in (65), we have for £ > 3
k+2 k—2
By = Br_1on+By_1,1+DBr_10B1on+ BioBi—1,1+ Bi_10B11,
and since B = —1,
2 k—2
B = _Ekal,l + 2 By_1oBi1, k=>3. (67)
n
Example 33 Meizner polynomials. From (43), we see that
c(n) n+a—1 l—a
- _ =1 ) 68
c(n—1) n - n (68)

Therefore, we are in case (ii) of Theorem 32. Using (68) in (59) we get
épi=-n(n+a—1),

and (60) gives
gn,k = Oa k > 2.

Hence, we conclude that
1
an(w)zin(n—l)—n(n—l—a—l)w: (——w) n® + (w—aw——) n,
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and
Bn(w)=n—2n+a)w, y,(w)=nn+a—1)w(w-1),
in agreement with (26).

Example 34 Generalized Hahn polynomials of type I. From (]4), we see
that
~_c(n) :_(n+a1—1)(n—|—a2—1)_1+b+2—a1—a2 (69)
c(n—1) n(n+0b) n
-
_(b+1—a1 b+1—(12 ;nlﬁ_Q.

Since Biyg = —1 and By 3 # 0, we are in case (i) of Theorem 32. Using
(69) in (59), we get By =b+2—ay —ay and

Bip=—(b+1—a)(b+1—ap)(=b", k>2.
Thus, (60) gives
Cno=-bb+1—a)(b+1—az)[n' —(4b+2—a;—a)n ] +0 (n7?),
and
ns=—bb+1—a)(b+1—a)Bb+2—a —ag)n*Q—l—O(n’g),

as n — 0o, in agreement with (64). Note that

2 1
B370: [—§(4b+2—a1—a2)—g(b+2—a1—a2)]b(b+1—a1)(b—|—1—a2),

in agreement with (67).
We conclude that

o (1) = (%—w)nu {(b+2—a1—a2)w—ﬂn—(b+1—a1)(b+1—a2)w

~b(b+l—a)(b+1l-a)w(w—-1)n'+0(n?),

Bo=(1—-2w)n+(b+1—a; —a)wt+b(b+1—a;) b+1—a)w(w—1)n"*+0 (n~

30

3>’



and
Tn

m:n2—(b+2—a1—(lg)n+(b+1—a1)(b+1—a2)

+b(b+1—a))(b+1—a)(2w—1)n"4+0(n7?),
as n — oo.

Remark 35 In ([/20]), the authors considered the sequences (x,,,yy,), defined

by
xn:@fjH%n+m;ﬂ?Z—@+1) (70)
=64+ Q2u—1)n+b+1+(ag+ay—b—1)w,
and
b= o () (o) ()
Vn

1
= —E—Jn—(al—l—ag)n—ﬁn(n—l).
Using the results from our previous example, we see that

o =b+14+b(b+1—a)(b+1—a)w(w—1)n">+0 (n?),
and

Yo ==+ D) n+b+1—a)(b+1—a)=bb+1—a)(b+1—a)(w—1°n"40(n?).

These expansions agree with the limiting values conjectured from numerical
experiments by Filipuk and Van Assche.

Example 36 Polynomials of type (3,2). These polynomials were introduced
in [13], and are orthogonal with respect to the linear functional

p € Fa],

I [p] _ Zp (l‘) (al)x (a2)z (a3)x Z_w

=0 (bl—Fl)r (bg—i‘l)x SL’"
with by # by and a; #b; +1,1 <7< 3,1 <5 <2. We have

B c(n) :_(n+(11_1)(n+a2_1)(n+a3_1) (72)
c(n—1) n(n+by)(n+bs)
L by +by+3—a; —ay — as _ink (b2) — 1k (bl)nfkfzj
n prt by — by
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where
3

(@) = ()" [[ (e +1—ay).

J=1

Since Byg = —1 and By 3 # 0, we are in case (ii) of Theorem 32 and therefore
£n2 =0 (n"1), n — oo. We conclude that

1 1 by) — b
on (W) = (§—w) n2+{(b1+b2+3—a1 —ag — az)w — 5 n_ﬁo( Zi_Zf( 1>w—l—O (n’l),

Bn=(1-2w)n— (a1 +as+az—b; —by—2w+0(n"),

and

n b - b _
w(”‘Z_D :”2_(b1+52+3—a1—a2—a3)n+n0(Zi_Zf( 1)+O(n 1)
as n — oo.

5 The shifted lattice

In [32] and [20], the authors consider shifted linear functionals of the form

[e.e]

Lir =S r() (b(i)f)_f_b (;w_b)!’ reFla. (73)

r=

The moments of L and L are related by

pn (2) =Y K'e(k—b) 2" =270, (2), neN,

k>0

and the Hankel determinants by

2K, = 2" det (fitj) = det (zbuiﬂ-) = det (fi1j) = H,.

0<i,j<n—1 0<i,j<n—1 0<i,j<n—1

Therefore, we see from (36) that



where
gn(2) =1+ <n>206(n—_b)z +0(2?).

We conclude that

- -1 —b
On (Z) = % —nb+n2%z+0(22) y Z—>O, (74)
and we can apply the results of Theorem 21 if we replace n? c(cﬁ)n by
—b
n2 c(n )

c(n—b-1)
Let’s look at some examples.

Example 37 Generalized Charlier polynomials on the shifted lattice. We
have

, c(n—10) n b b

= =l+-4+—=+0(n*
nc(n—b—l) =D +n—|—n2+ (n), n — 0o,

and

~ n? 1 bz b’z bz (0?+ 2) )
0"(2):?_<b+§)n+Z+E+F+T+O(n ), n—oo.

From (42), we obtain

~ b 1-2b)b
Boon_p_ bz (L=20)bz

— 5 +0(n™"), n—oo

and
~ bz bz N bz (b* + 22)

’Yn:Z‘f‘g—f‘ﬁ 3 +O(TL74), n — 00.

These results agree with the limiting values conjectured from numerical ex-
periments by Smet and Van Assche in [32].

Example 38 Generalized Meixner polynomials on the shifted lattice. We
have

— —ph— — 2(q —
2 c¢(n—>b) :n(n—i-a b 1):n—|—a—1+b(a 1)+b (a—1)

c(n—0b—-1) n—>b n n?

+0 (n*),
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and

2

5o (2) = n—+<z—b—%> nt(a—1) 24+

. (a—l)bz+(a—1)bz(z+b)

2

+0 (n*),

n n
as n — oo. From (42), we get

Bomnts—b (a—1)bz (a—l)bz(2b+22—1)+0(n_4>

n? ns

and

(a —nl) bz N (a—1) Z;;(Zz +b)

+0 (n3),

Tn=2n+(a—1)z+

as n — 00. These results agree with the limiting values conjectured from
numerical experiments by Smet and Van Assche in [32].

Example 39 Generalized Hahn polynomials of type I on the shifted lattice.

We have
2 c(n—10) :_n(n+a1—b—1)(n+a2—b—1):_n2
cln—b-1) n—>b
ay —ay+ 1

aytan—b—2)m— (ay — 1) (ay — 1) — (D122 ‘“n @2F )b+o(n—2),
and
_ 1 , 1
on (W) = i—w n- + 2w—wa1—wa2+bw—b—§ n

+ (a1 +ag — ara3 — Nw + (@ — V(e —nl)b(w — D +0 (n7?),

asn — oo. We conclude that

(a7 — 1) (az — 1) bw (w — 1)

Bn = (1 = 2w) ntw—wa; —was+bw—b— 5 +0 (n_3) ,
n
and
n a; — 1) (ap —1)b2w — 1
ﬁ = n*+(a;+as—b—2)n+(a; — 1) (ay — 1)+( 1= b (e - L )
as n — oo.
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In terms of the sequences (x,,,y,) defined by (70) and (71, we get

(a3 — 1) (az — 1) bw (w — 1)

Tp=1— —i—O(n*B), n — oo,

n

and

(a1 — 1) (ap — 1) b(w—1)

Yo = —n+(ay — 1) (ag — 1)+ -

+0 (n’z) . n — oo.

These results agree with the limiting values conjectured from numerical ex-
periments by Filipuk and Van Assche in [20].

6 Conclusions

We have analyzed the three-term recurrence coefficients (f,,7,) of orthogo-
nal polynomials associated to a perturbed linear functional depending on a
variable z. The functions 5, (2),7, (z) satisfy the Toda system

Dzﬂn - A’Vm Dz 1n’7n - Vﬂm

and we have obtained asymptotic expansions of 3, (z),7, (z) as n — co.
We have shown that our methods can be used to prove some conjectures
stated by Walter Van Assche and collaborators.
In follow-up papers, we will use our results to obtain nonlinear ODEs for
the functions 3, (z),7, (), and we will analyze the polynomials P, (z;z2)
asymptotically as n — oc.

Acknowledgement 40 This work was done while visiting the Johannes
Kepler Universitat Linz and supported by the strategic program ”Innovatives
00- 2010 plus” from the Upper Austrian Government.
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