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Abstract
We study recurrence relations satisfied by the moments v, (z) of
a linear functional L. We consider the class of functionals whose first
moment satisfies a differential equation (in z) with polynomial coeffi-

cients.
We give examples for all cases where the order of the ODE is less

or equal than 3.

1 Introduction

Let K be a commutative ring (for our purposes we mostly think of K as the
set of complex numbers C) and Ny be the set of nonnegative integers

No=NuU{0}={0,1,2,...}.

*e-mail: diego.dominici@dk-compmath.jku.at
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We will denote by 0y, the Kronecker delta, defined by
1, k=n
6k’n:{0, k#n , k,neNg.

Suppose that L : K[z] — K is a linear functional (acting on the variable
z), {An (2)},50 18 @ basis of K[z] with deg (A,) = n, and we choose a nonzero
sequence of norms {h,},~, C K\ {0}. If the system of linear equations

D L[MA)&ni = hbn, 0< k<, (1)

=0

has a unique solution {¢,; we can define a polynomial P, (z) by

}OSign ’

Py (z) = an,z‘/\z‘ ().

We say that {P, (7)},, is an orthogonal polynomial sequence with respect
to the functional L.
The system (1) can be written as

L[AWP = hpbm, 0< k<,

and using linearity we see that the sequence { P, ()}, satisfies the orthog-
onality conditions

If we define the (symmetric) Gram matriz & by
Q5i,k =1L [AZAk] ) ia k S N07 (3>
one can show [24] that the condition

OSC}f]?CtSn (i) #0, n >0,
is equivalent to the existence of a unique family of orthogonal polynomial
satisfying (2) and deg (P,) = n.
The theory of orthogonal polynomials is vast and rich, extending all the
way back to the groundbreaking work of Legendre [69], where he introduced
the family of polynomials that now bears his name. We direct the interested
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reader to (some of!) the fundamental treatises on the field [9], [12], [50], [54],
(57, [65], [103)].

A particular fruitful approach that has received a lot of attention in recent
years, is to work with the (infinite) matrix (3) acting on the (infinite) vector

= (P, P1,...). One can then view orthogonal polynomials as elements of
an infinite dimensional vector space [28], [37], [52], [70], [112], [113], [114],
[115).

Of course, in its full generality, it’s difficult to get results that apply to
any family of orthogonal polynomials. Thus, one chooses, for example:

i.) an operator (difference, differential, functional, integral) that annihi-
lates P, (z) .

ii.) a degree-reducing operator relating P, () and P, (z) (Sheffer clas-
sification, umbral calculus, generating functions).

iii.) a particular form of the linear functional L (continuous, discrete,
matrix valued, g-series).

iv.) a particular domain of L (C, Ny, R, linear and quadratic lattices,
unit circle).

Another possibility, is to ask L to satisfy a relation of the form

Lop] = L[7U[p]], p€Kla],

where o (z),7 (x) are fized polynomials, and U : K[z] — K[z] is a given
operator. In this case, we say that L is a semiclassical functional with respect
to U. The class of the functional L is defined by

s = max {deg (¢) — 2,deg (1) — 1},

and semiclassical functional of class s = 0 are called classical.

This type of functionals was introduced by Shohat [100], and studied
in detail by P. Maroni and collaborators [80], [82], [83], particularly when
U [p] = p/(x) is the derivative operator [72], [78], [79], and also for the oper-
ator

0 ) - Pt a0

?

which contains the finite difference operators A, V as special cases (w = £1),
and the derivative operator as a limiting case [1]. Other examples include
the g—semiclassical polynomials [63], [85], associated with the operator

U lp) = PP g2



In this paper, we will focus on the so-called discrete semiclassical orthog-
onal polynomials [8], [42], [76], [87], [117], where U is the shift operator
U [p| = p(x + 1). In this case, the linear functional L is of the form

Lip)=) p)p(z), peK,

where p (x) is a given weight function. The traditional starting point is the
Pearson equation satisfied by p (x)

Ulop] =7 (2)p(2), (4)

but after trying this approach in [39], we found it very dissatisfying, especially
when one considers spectral transformations of L.
For example, applying an Uvarov transformation to L at a point w (see
Section 3.3) will lead to the Pearson equation
plz+1) (z—w)(@+1-w)T(z)

plz)  (-w(@+l-wo(@+1)

and this begs the question of when one is allowed (or not) to simplify the
above expression. A possibility to avoid this problem is to study the difference
equation satisfied by the Stieltjes transform of L

1

— X

S(t):LL ], t ¢ Ny,
and we did this in [40], where we classified the discrete semiclassical orthog-
onal polynomials of class s < 2.

Now suppose that the weight function p (x) also contains an independent
variable z, p = p(x; z) . Although this may seem like an extra assumption, we
note that one could always introduce such a variable as a Toda deformation
[10], [92], [105],

Flaiz) = p () e, f () =0,

and recover the original functional L by setting z = z5. We studied this type
of weight functions in [38], and observed that the operator ¥ defined by

_du
- Tdz

0 lu]
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is naturally associated to the shift operator.

As we will see in Section 2, this allow us to replace the Pearson equation
(4) with the ODE satisfied by the first moment A\ (2) = L[1],

o () [Mo] = 27 (9) [Ao] - ()

We note in passing that the ODE (5) is the true starting point of the theory,
and by considering alternative equations satisfied by Ag (2), one could study
semiclassical orthogonal polynomials associated with different operators U.
The structure of the paper is as follows: in Section 2, we introduce the
operator ¥ and the ODE satisfied by the moments of a discrete linear func-
tional
o (0) A, () [Ao] = 27 (D) A, (W +1)[No], n € Ny. (6)

This will naturally lead to the class of functionals whose first moment \q (2)
can be represented as a (generalized) hypergeometric function.

Since the ODE (6) contains a shift, we need to choose a convenient basis
{A, (2)},5, - In Section 2.1, we study the monomial basis and derive a linear
recurrence of order n + s + 1 for the (standard) moments s, (2). We also
find a representation for p, (z) as a linear combination involving a family of
polynomials that satisfies a differential-difference equation.

In Section 2.2, we consider the basis of falling factorial polynomials de-
fined by ¢ (z) = 1,

¢n+1 (%):.T(bn(l’—l), TLEN,

which allow us to easily work on the lattice Z. We use Newton’s interpola-
tion formula and obtain a linear recurrence of order s + 1 for the (modified)
moments v, (z). The linear functionals of class s = 1 are particularly in-
teresting, since in this case the moments v, (z) are themselves a family of
orthogonal polynomials. This is an area that has been studied in detail by
M. Ismail and D. Stanton, see [58], [59], and [60].

Both the monomials and the falling factorial polynomials are examples of
Newton basis polynomials defined by ng (x) = 1 and

e () = [ (2 — ).

where {r; }j>0 is a fixed sequence. This type of polynomials satisfy 2—term
recurrence relations, which we study in Section 2.3. Among other results,
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we look at the connection between the monomial and falling factorial bases
(through Stirling numbers), and find the (formal) representation for the
Stieltjes transform

S(w;z) = Z)\k—(z) (7)

In [41], we used (7) to derive recurrence relations for the modified moments
U (2).

In Section 3, we consider transformations 03 between different families
of discrete semiclassical orthogonal polynomials. We introduce a uniform
notation to label objects belonging to different families, and show how the
recurrence relations for the moments change as we apply a transformation.

In Sections 3.1, 3.2, 3.3, and (3.4) we consider the special cases « = f+1
(Christoffel transformation) [18], [45], [97], o = B — 1 (Geronimus transfor-
mation) [30], [31], [67], [81], their composition (Uvarov transformation) [5],
(7], [25], [64], [75], and o = B = —N, N € N (truncation transformation).
These rational spectral transformations have been studied by many authors,
4], [91], [119]. The relation between these transformations and the so-called
Darbouz transformation, has also been considered [19], [74], [118].

Finally, Section 4 applies the results obtained in the paper to all the
families of class s < 2. We see how many special subcases can be obtained as
single and multiple spectral transformations of polynomials in a lower class.

2 Differential operators and moment function-
als

Let F denote the ring of formal power series in the variable z

F=K[[z]] = {chz" Do € K} :

n=0

and ¥ : F — F be the differential operator defined by [89, 16.8.2]

¥ = z0,,
where 0, is the derivative operator
0
0, = —.
0z



The action of ¥ on the monomials is given by
19]6‘ [Zx] — xkzx,

where we always assume that x and z are independent variables. Using
linearity, it follows that

uw () [2°] =u(x)2®, weKlz]. (8)

Note that ¢ is multiplicative
P[0 = 2T = gt = 29T [2Y] = 97 2" 2T] = [T [27],
and therefore
(w) (W) =u(P)v(d), uveK|x].
On the other hand, if one of the terms is multiplied by a power of z, we have
u (1) [zkv () [2°]] = u (9) [zkv () 2"] = u () [v () z”k}

(z)u(z + k) 2"t*
O+ k)] [2"], wu,veK]|x],

and therefore
u (V) 20 (0)] = 2*&5 [u]v (¥), k>0, 9)
where &, denotes the shift operator in the variable x

S.lul=u(zx+1). (10)

Suppose that L : K[z] — F is the linear functional (acting on the variable
x) defined by

Ll =Y u@)p(@)=*, weKi,

where p : Ny — K is a given function. Note that if f € K[[z]], we can extend
(8) to

[e.9] o0

PO = 3 et [27) = 23 et = f (1) 2

and therefore we can consider L as a functional on K [[z]], satisfying
FOLE) =) ulx)ple) f(2)2* =L[fu], feK[a],ueK] (11)
=0
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Let {A,},5o be a monic polynomial basis, i.e., A, (x) is a monic polyno-

mial with deg (A,) = n. If we define a sequence of moments [2], [3], [101]
by

then from (11) we obtain

F@) ol = FO) LA = LIf],  feK[z], (12)

and in particular

A (2) = LAn] = Ay () [Ao] - (13)

Note that if £ (t,x) is the exponential generating function [116] of the poly-

nomials A, (z)
oo tn

E(t;x) =) A, (z) =

n!

Y

n=0

we can use (13) and get
S M) = ST () D] = B (50) [\
n=0 n=0
Using (11), we obtain the exponential generating function of the moments
f:A () E LB (2]
— n n! Y )

and in the special case of a power function E (¢;x) = [f (¢)]", we have

LB =i =3 o @ L pre

If the first moment A (z) satisfies a differential equation with polynomial
coefficients
[0 () — 27 (9)][Mo] =0, o,7€K]z], (15)

then we see from (9) that

uw () o (9) [Xo] =u () [z27 (9) [No]] = 27 (D) u (P + 1) [No], uweK[z]. (16)



Using (12), we conclude that L is a semiclassical functional with respect to
the shift operator G,

Liou] = L2176, [u]], weK]lx]. (17)

Suppose that ¢ (0) = 0. Using (17), we have

Za (x)u(z)p(x) 2" = Llou] = LzTu(x + 1)]

z=1

:ZT(x)u(x—l—l)p(x)zz“ :ZT(x—l)u(x)p(x—l)zw,

and we conclude that p (z) satisfies the Pearson equation [90]

ple+l) ()

p(aj’) = o‘(;L‘ i 1), T € No. (18)
Solving (18), we get
p(n) = ﬁ%, n €N, (19)

k=0

where we set p (0) = 1.
We define the Pochhammer symbol (c), by [93]

c+j

— —(c+2z) ¢ Ny,
S —ern N,

k
(c), = lim ka

k—oo :
Jj=0

and note that if z = n € Ny, the Pochhammer symbol becomes a polynomial
in 2z of degree n

n—1

(@), =]J(c+4), neN (0y=1 (20)

=0
We will use the notation [89, 16.1]

(e), = (c1)y - (em),, €K™,



and also
(x+c)=(x+c) - (x+¢p), ceK™

In the special case m = 0, we understand that
ceK'=10, (0),=1
Writing
o(x)=xz(x+b), 7(z)=(r+a), acK’, bekKq, (21)

and using (20), we can rewrite (19) as

(a), 1
P KP, be K
P = piay r 2€K, be

The ODE
[P (I +b)—2z(+a)][h] =0, acK, beKY?
is the (generalized) hypergeometric differential equation [89, 16.8.3] of order
0o =max{p,q+ 1},

and the first moment \q (z) can be represented as

a
= (252,

where the (generalized) hypergeometric function ,F, is defined by [89, 16.2.1]

a \_x~(a),
ﬂz(b“)_Elm;E’aGKﬂ b ek

=0

We define the class s of the semiclassical functional L by
s=o0—1=max{p—1,q},

and the functionals of class s = 0 are called classical.
Combining (16) and (21), we conclude that

DI +D) A, (D) M) = 2(I+a) A, (I +1)[N], neNy,  (22)
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and expanding the polynomials coefficients on the basis {An}nzo ,

n+q+1

I +b)A, () = > curh (V)
k=0
n—+p

(§-+-a) §'+i1 EE:anAk

we get a recurrence relation of order n + s + 1 for the moments

q+1
2{:(%1n+kAn+k__27§E:Cnn+kAn+k'_’0 (23>
k=—n k=—n

The question is: can we do better than this? In other words, can one
choose a convenient basis A,, so that the recurrence (23) will have minimal
order s+ 17 The answer is yes, as we will see in Section 2.2. In the meantime,
we will study the simplest basis: the monomials.

2.1 Standard moments

If 4, (2) € F denote the standard moments of L on the monomial basis
A, (x) =2"
pn (2) = L[2"], n €Ny,

it follows from (22) that
90+ b) o] = 2 (9 + 1)" (9 + ) [uo] (24)

If we use the umbral notation [95]

5 fi,

then we see from (13) and (24) that the standard moments p,, (2) satisfy the
recurrence
(n+b) " =z (p+a) (p+1)" =0 (25)

The coefficients of the polynomials (z + ¢) can be written in terms of the
elementary symmetric polynomials e, (c), defined by the generating function
[71]

ien( ﬁ 1+te), ceK™ (26)
i=1

11



It follows from (26) that

m
(x +¢) Eemk c)z¥, ceK™,
k=0

and using this formula in (25), we obtain the explicit recurrence

kz:@q—k( Hntk+1 — ZZ( )Zep —j(a) ppy; = 0. (27)

In particular, for n =0

q p
> gk (b) i — 2 _epj(a)p; = 0. (28)
k=0 =0

It is clear from (27) that elements of the set

{pr: k>s}, s=max{p—1,q},

are linear combinations of the first s + 1 standard moments. Thus, we have
a representation of the form

2) = gk (2)px(2), neN, (29)

where the coefficients must satisfy
Ik (2) = Opp, 0<n k<5, (30)
If we introduce the vectors I, ¢, € F5t1 defined by
() =ty (Fu)i = gosr 0k <5,
we can write (29) as an inner product
fn="gn M. (31)
To satisfy the initial conditions (30), we need

Tn=TFn 0<n<s,

12



where the standard unit vectors &, € K**! are defined by
(?n)k =0nk, 0<k<s, neN
From (31). we get
pner =0 [pn] =9 [ W] = 0[] + 9 []

and since
H1 71 Mo
2

o= 7| = 7 oy

Hs+1 7S+1 Hs
we have 9 [[f] = M7, with

Fe
M — 7_2 c Fle+Dx(s+1)
Fon
where vectors form the rows of the matrix M7, Thus,
Gt W= s = 0G0+ G (M) = (I [Fa] + M) T

from which we conclude that the vector 7,1 (z) satisfies the differential-
difference equation

Top1 =@ +M) G0, n>0, Go= 7o, (32)

Y

with
M = (?1,?2, .. 7?8778+1) € FEHDx(st1),

where now vectors form the columns of the matrix M.
It follows from (27) that we have three cases to consider:
1) If p > ¢ + 1, then the standard moments will satisfy a recurrence of

the form
n+p—1

Zn4p = Z Cn,k (Z) ke,
k=0

13



and setting
Fu@)=="u(z). n=0,
the vector polynomials 5n e (K [2])*"" will satisfy the differential-difference

equation

G = 2@+ M-nD)G,, n>0, Qo= o, (33)

where I is the (s +1 x s + 1) identity matrix.
2) If p = g+ 1, then the standard moments will satisfy a recurrence of

the form
n+p—1

1= D= 3 i

and if we set

7n 1_2) nan(z)v n >0,

the vector polynomials 6,1 € (K [2])*"" will satisfy the differential-difference
equation

Cor=11=2) W+ M) +n2l] G, n>0, Oop=To (34

3) If p < ¢+ 1, then the standard moments will satisfy a recurrence of

the form
n-+q

Hntg+1 = 2 § Cn, kMK,
k=0

and the functions ¢, (z) already are polynomials in z.
Remark 1 In [35], we derived (32) using a different method.

The exponential generating function of the monic basis is the exponential
function
0 n
an_ — ot
n! ’
n=0
and using (14) we obtain

Zun (2) ;—n' = L [e"] = po (2€") . (35)

14



Since

0 [y ()] = ze'y () = 20. [y (s!)] = 0 [y (2¢)],
it follows from (15) that pg (z€') is a solution of the linear ODE (in the ¢
variable)

[0 (0y) — ze'7 (8,)] [y] = 0. (36)
If we define
Gr(t,z) = ngk (2) t—n‘, 0<k<s,

it follows from (29) that

po (z€") = ZGk (t,2) p (2)

and therefore the functions Gy, (t,2), 0 < k < s form a basis of solutions of
the ODE (36) with initial conditions

[atnGk]t:O = 5n,k> 0< n, k < S,
since from (35) we see that

00 (26)] g = i (2).

2.2 Modified moments
Let ¢, (x) denote the falling factorial polynomials defined by ¢g (z) = 1 and

¢ (@) =]](@—k), neN (37)

Sometimes, the polynomials ¢, (z) are called “binomial polynomials”, since

Pn () _ (‘”)7 n € Np. (38)

n! n

From the definition (37), we see that
Ont1 () = (x —n) ¢, () =20, (x —1), n >0, (39)

15



and from (20) it follows that the falling factorial polynomials and the Pochham-
mer polynomials are related by

On (2) = (=1)" (=2), = (x+1—n),.

The falling factorial polynomials are eigenfuncions of the differential op-
erator 2"0] since

207 [Zx] = 2"¢n (CE) 2" = ¢ (LE) z°. (4())

Remark 2 Caution must be exercised when using the operators z"0; and "
since

9= (20,)" # 2" (0.)", n>1.

Using (40) and the formula [89, 16.3.1]

N a _ (a), at+n
(] o (o)

we conclude that the modified moments
Vn(Z):L[(bn]’ neNOu

admit the hypergeometric representation

_n (a)n a+n .
vn(z) =2 mqu b+n+1'°)"

Using (22) with A, () = ¢, (9 — 1), we get
G (0 +b)dn (0 = 1) 0 () [vo] = 2 (0 + @) ¢ (9) 7 (V) [0],
and from (39) we conclude that
[(V 4+ b) ¢ny1 (9) — 2 (9 + a) ¢ (9)] [1] = 0. (41)

Unlike the monomial case, there is no immediate formula that would express
products of the form (¢ 4 ¢) ¢, (9) in terms of the polynomials ¢,, (¢) . Thus,
we will find one next.
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Any polynomial u (z) can be represented in the basis of falling factorials
using Newton’s interpolation formula [29]

deg(u) k ul (¢
iy =Y 2Oy ) (42)

k!
k=0

where the forward difference operator A™ (acting on x) is defined by
" " /n ne
A1) =32 (1) (ot ), (43)
k=0

We start with a result that may be already known, but we have not been
able to find in the literature.

Lemma 3 For any function f(x), we have
A [f¢a] (0)=0, 0<j<n, (44)

and

A" [f$a] (0) _ A [f](n)
(n+j)! J:

Proof. Using the definition (43),

, 1,5 >0 (45)

]
=0

A (7810 = 3 (1) 0 P n )

and since ¢, (i) = 0, for ¢ < n, we see that
A [f¢a] (0)=0, 0<j<n,

If 7 > 0, then

A" (] (0) =

I\t

N
S
_l_
<

) (=17 £ (i) 6n (1)

_ :("+?)«4y4f0w+waxn+n-

17



Using (38), we have

(o=,

and therefore

A" [f,] (0) =

‘7' =0 Z
n+j)
=(j+!”w 1] (n)

]
Using (45), we obtain the following Corollary.

Corollary 4 If u(x) is a polynomial of degree k, then
k .
A [u
Z ¢n+J( )
j=
Proof. Using (42) and (44), we have

u (z) on (x)

J! J!

j=n

S Oy =y 2B )

AT (0)
= 2 (n +])' (bTH-J ( ) )

and the results follows from (45). =
From the previous Corollary, we finally obtain the representation we were

looking for.

Corollary 5 We have

( +¢)¢u ( =Z e, @), cexm

Jj=

18



Let the recurrence operators T, (c) be defined by

j=0 J'

fn+]‘, C & Km, (46)

We have T,, (0) [f] = fn, and from (46), we get
Yo (©) [f] = far1 + (n+¢) fa.
In general, we have the following result.
Lemma 6 The recurrence operators Y, satisfy the basic recurrence
Tn(c,7) = Tnsr(€) + (n+7) Tn(c). (47)

Proof. From the definition of T,,, we have

Yo (e ] =y 2l ol

Jj=0

fn-i—j'

If we use Leibniz rule [61]

NGRS (J) A ] (4 8) A o] ().
we get

ANz +e)(@+7)](n) = (n+7) & [(z+¢)](n) + A [z + )] (n+1).

Since

"fjAj_l [(z+¢)](n+1)

T
=0 J:

fn-i—j

m+1A]1 o) (n+1) o AN [(x+c)](n+1)
Z (]—1) fn+J_j;O !

Jntitts

19



we conclude that

m+1

AN (x+c¢)(x+ n
ZO [( )j(! 7)) (n) oo
— (n+7) ZN (= ;r' c)| (n) oo + ZN [(z +;!)] (n+1) oo

and the result follows. =
If m =2, (47) gives

T, (e, c2) [f] = Toga (1) [f] + (0 + c2) Ty (c1) [ f]
= fore T (n+1+c1) fo1 + (n+c2) [furr + (n+ 1) ful,

and hence

T,(c,c) =G24+ 2n+c+c+1)6, +(n+e)(n+c).
Note that

T (e, e2) = (Gntn+c) (S +n+c)="Ty(c)oTh(ce),

where clearly

T,(c1)o Y, (o) =", (c2) 0oLy (eq).

Using induction, it follows that
T,(c)=(6,+n+c), ceK™,

and
T,(c)=",(c1)oTp(cg)o---0Y, (c), c€K™ (48)

Remark 7 Note that
[a16,, + bin + 1,026, + ban + o] = (ar1by — ashy) &,

so in general caution must be exercised when composing linear terms involving
S,

20



Using (41) and (46), we see that the modified moments v, (2) satisfy the
recurrence

[Tota (b) = 2T ()] [] = 0, (49)

and using (46) we have the explicit recurrence of order  s+1 = max {p,q+ 1}

Al (), e a)] )

J=0 J=0

It is clear from (50) that the elements of the set {v: k> s+ 1}, are
linear combinations of the first s + 1 modified moments. Thus, we have a
representation of the form

Vo (2) = 3 fak ()0 (2), (51)
k=0
where the coefficients must satisfy the initial conditions
fin(2) =0k, 0<jk<s.
Using (38) and the binomial theorem, we obtain the exponential gener-

ating function
St =37 )=,

n=0

and using (14), we get

S v (2) Z—n' — L1407 = v (= + 21). (52)

Since

A+0)0y(1+1)2)]=2(1+1)y (1+1)2)

z(1
20: [y (L +1) 2)] =9y (1 +1) 2)],

it follows from (15) that vy (2 + zt) is a solution of the linear ODE

o (L+4)0) [yl = zm (1 +1)0,) [y], (53)
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Remark 8 The differential equation (53) needs to be understood in an oper-
ational sense, since the coefficients are not constant. For instance, we have

A+ [1+1)d] =1+ (B + 1 +1)32) = (1+1)202+ (1 +1) 0,
and therefore
[(1+4) 0+ ai] [(1+1) 0+ as) = (1+ )22+ (1 + ay + as) (1 + 1) 9 + aya.
If we define

where f,,; (2) are the coefficients in (51), we see that

vo (24 2t) = Y Fe(t,2) ne (2),
k=0
and therefore the functions Fj (¢,2), 0 < k < s form a basis of solutions of
the ODE (53) with initial conditions
[G?Fk]t:() = Onk; 0 S n, k S S,
since from (52) we see that
(0710 (2 + 21)] ;g = v (2) -

In the next section, we will look at more general polynomial bases that
contain the monomials and falling factorial as particular cases.

2.3 Two-term recurrence relations

Both the monomial polynomials and the falling factorial polynomials satisfy
a 2-term recurrence relation of the form

zA, () = Apyr (2) + koA, (2) (54)

where for the monomials k, = 0 and for the falling factorial polynomials
Kn = n. From (54), we have

A, () Ay (W) = Ay (2) Ay (W) + By () Ay (W)
wh, () A, (W) = Ay (2) Ay (W) + BpAy () Ay (W)
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and therefore
(@ —w) An (2) Ay (W) = Apyr (2) Ap (W) = A (2) A (W) -
Dividing by A, (w) Apsr (@)
Ap(z) — Avni () A (2)
A

=) R ) ™ R (@)

and summing from 0 to n — 1, we obtain

1A, () — [Ap (@) Mg (2)

(‘I OJ) kZ:OAk+1 (W) o kgo |:Ak+1 (UJ) a Ay, (w):|
_Aa(@) Ao(2)
A (W) Ag(w)

Hence,

since Ag (z) = 1.
Applying L to (55), we see that

v L Pl R P +ZL<°)v>

and therefore

where

wm@:L{l]

wWw—

is the Stieltjes transform of the functional L [104].

Remark 9 Since
A, (x)
lim

=1
n—)ooAn ((,u)

’
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we have (at least formally)

— M (2)

S(w;z) = Mo ()"

k=0

The falling factorial case was already considered in [17].
Suppose that

7" =D i (@) (56)

Since A,, (z) is monic, we need &, ,, = 1. Using (54), we have

n+1

anﬂ,i/\i (z) = "t = mefl?/\z (z)
i=0 1=0

= Z&w [AH_l (ZL') + K\ (IE)]
n—i—ll:O

= ng_lAi (x) + Zgn,i'fz‘/\z‘ ().
i=1 i=0

Comparing coefficients, we obtain the recurrence

gn-i-l,i = gn,i—l + /iign,ia gn,n = 17

and the boundary conditions

$ni=0, 1¢1[0,n].

In a similar way, if we define the inverse coefficients by

An(2) =) &, ', (57)
i=0

then
n+1 n
D Gt Y byt = Apr (2) + Koy ()
1=0 1=0

n+1

n
= xAn (27) = Zgn,ilﬂ+1 = Zgn,i—l'xza
=0 =1
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and therefore

gnJrl,i = En,ifl - ’%ngn,iﬂ gn,n = 17
with ~
£,0=0, i¢[0,n].
In particular, if A, (z) = ¢, (x), we get

§n+1,i = fn,i—l + an,z‘; é'n,n - ]-7
£n+1,i - gn,ifl - ngn,i? gn,n =1L

In this case, the coefficients &, ; are known as Stirling numbers of the second
kind, and the coefficients &, ; are known as Stirling numbers of the first kind

[94].

Using Newton’s interpolation formula (42), we have

=320 ),

k!
k=0

and therefore the Stirling numbers of the second kind have the representation

89, 26.8.6] "
(- =iz ()

Applying L to (56) and (57), we see that

Hn = Zgn,i)\ia )\n = Zgn,i,uia
=0 1=0
and in particular

iy, = i{:}w (58)

3 Transformations of functionals

Let p,q € Ny, a € KP and b € K?. In the remaining of the paper, we will use
the notation <{1’-> to stress the "location” of an object (p, L, fin, Vs, etc.) with
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respect to the number of parameters in the hypergeometric representation of

the first moment
a
00 =0 (557

For example, we have

(a), 1
<P> rl)

and <p)\> ) denotes the moments of the linear functional

(L) [u §:u ) 2%, we Kz, (59)

on the A, (x) basis, i.e.,

N (2 Z)

The first moment <2)\> , satisfies the hypergeometric ODE

[(30) (9) = = () ()] [(2),] =

where

(o) () =0@W+b), (2r)(¥) =" +a).
We will also use the notation
(o) 1= (p+b) " —z(n+a)(u+1)",

and
<p\p> n+1 ZTTL (a) 9

which allow us to write the recurrences for the standard and modified mo-
ments as <{Z’CI>>n (1] =0 and <1q”\1/>n [v] = 0 respectively.
We define the upper moment transformation Q% by

a° [<g>‘>o} = "o,
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where ®)g (2) is a solution of the hypergeometric ODE
[0 (0 +b) =2 +a)+a)lly =0. (60)

From (25) and (60), we see that the transformed standard moments “,
satisfy the recurrence

(u+b) "™ =z (p+a)(u+a)(p+1)" =0,

and from (49) and (60), we see that the transformed modified moments “v,
satisfy the recurrence

(Y11 (b) — 27, (a,a)][v] = 0. (61)
Using (47), we can rewrite (61) as
(Tot1 (b) = 2Tnpa (a) — 2 (n+ ) Tn (a)] ] = 0.

In a similar way, we can define the lower moment transformation 2z by
Qﬂ [<§)\>0} = ﬂ/\()?
where 5X0 (z) is a solution of the hypergeometric ODE

(V+p—-1)Y0 (I +b)—2(0+a)]y] =0. (62)

From (25) and (62), we see that the transformed standard moments g,
satisfy the recurrence

(4B =1 (u+b) ™ —z(u+a)(p+1)" =0,

and from (49) and (62), we see that the transformed modified moments g7,
satisfy the recurrence

[(Tnia (b, 5 —=1) = 2T, (a)] [] = 0. (63)
Using (47), we can rewrite (63) as

[Triz (b) + (n+ 3) Tnia (b) — 275 (a)] [] = 0.
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Of course, we can compose two (or more) of the basic transformations Q¢
and (2, and in this case we will write

Q%0 Qg = Q500 =Q7F,
and
% [(EA),] = 52,
where gXO (z) is a solution of the hypergeometric ODE
(W +B-1)0 (0 +Db) =2z +a)(@+a)] [N =0, (64)

the transformed standard moments gy, satisfy the recurrence

(B = 1) (+b) ™ — 2 (u+ ) (u+2) (u+ )" =0, (65)
and the transformed modified moments 3, satisfy the recurrence

[Tz (B) + (n+ 8) Tt (b) = 2Ty (8) — = (n+ ) T,y ()] [v] = 0. (66)

Let’s consider the composition (&,, + ¢) [<§I’<I>>n} . We have

(8n+0) [ (@), | Iu] = (S + ) [+ D) p™ = 2 (u+ ) (u+1)"]
= (u+b) " =z (p+a) (p+ )" e (p+ )t —ze(p+a) (p+1)"
= (u+0) () ™ =2 (e 1) () (u+ )" = Q2 [(20), [

and thus
(S +c—1)[(2), | = |(e) | (67)

If we compose two of these linear factors, we get

(St c=1) (& +0) |(10) | [u] = it o) | ]
=(p+e=1)(p+o)(p+b)p"™ —z(u+c)(p+ec+1)(u+a)(p+1)
=[(pte=D(u+b)p"™ —z(u+c+1)(u+a)(p+1)"] (1+o),

and hence,
(S +c—1) (S, +c) [<gc1>>n] — et {<gq>>n] o (S, +c). (69

28



Finally, we note that

Oy [(10), ] 1] = () (4 D) = 2 () (u+ @) (u+ 1)
= [(u+b) " =2 (u+a) (p+1)"] (n+c),
and therefore
% [(G),] = [G2),] o (®0+0). (69)
Similarly, we have
(& +n+c)|(zw), ]

=Tpo(b)—2T, (@) +(n+c) Ty (b)—2z(n+¢) T, (a)
=T (byc—1) =27, (a,c),

and comparing with (66) we conclude that
(6 +n+c) |(40) | =0 |(hw) | (70)
Also, using (48), we obtain
(Gt ntct1) (S, +n+o) [(w) | =aui [(hw) ]

=T (b,e—1,¢) — 27, (a,¢c,c+ 1)
=[Tpi1(bye—1) =27, (a,c+1)] oY, (a,c),

and hence

(Sp+n+c+1)(6,+n+c) [<§\I’> ] Qett [<p\IJ> ] (Sp+n+c).
Finally, o

Oy [(40), ] = Tass (b0) = 2T (a,6) = [Ty1 (b) = 2T (a)] 0 T (),

and therefore
Oy [(00),] = (20), 0 (Sn+n+0). (72)

It follows that the special cases a = f and o = £ 1 lead to some
interesting transformations. We will study them in detail in the next sections.
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3.1 The Christoffel transformation
The Christoffel transformation is defined by

(A7), =925 [,
From (64), we see that <§1’)\C>0 is a solution of the ODE
(P—w—-—1)0W@+Db)—z(W—-—w+1)(W+a)][\=0, (73)

and admits the hypergeometric representation

a,—w-+1
(), () =~ i (005 (74

The reason for choosing this particular solution is the identity

—w—(_(ci:)l)x =r—w (75)

which shows that
<§LC> [u] = <§L> (z —w)u(z)], uweKlz]. (76)
This transformation was introduced by Elwin Bruno Christoffel (1829-1900)

in his pioneering work [26].
Clearly we must have

(XY, = (SL) [o = w] = (9 = w) [(20),] #0,
and since the operator 9 — w annihilates any multiple of 2, we need
(PN, (2) #nz*, nek
From (54) and (76), we get
() = (LY (M) = (L) [ — ) Au] = (), + (=) (2A)
and in particular

B, =y —w ., (77)
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and
)= () + (0 =) (), (78)
Note that,
<§/\C>o - <Z/”L>1 g <§“>o - <ZV>1 W <ZV>0‘ (79)
From (65), we see that the standard moments 2M0>n satisfy the recur-
rence <’q’<I)C>n [<Zuc>} = 0, where

(o) [ =(p—w—=1)(ut+b) " =2 (p—w+1)(u+a)(u+1)",

and from (66), we see that the modified moments <gyc>n satisfy the recur-
rence <Z\Ilc>n [<§7/C>] = 0, where

(W) =This(b)+ (n—w) Yo (b) = 2Tpq (@) — 2 (n—w+1) Ty (a).
(80)

Remark 10 Using (68), we obtain
(6 —w—1) (S, ~w) |(40) | = (20°) o (&, —w),
and therefore
@0%), (), = w (), | = (509, [(8n = w) [(2)]]
= (B —w = 1) (&, —w) [(5@), | [(tn)] = 0= (20 |(2u), |,

in agreement with (77).
Similarly, using (71), we see that

(Gp+n—w+1)(6,+n—w) [<’q’\ll>n] :<Z\Ifc>n0(6n+n—w),

and hence

Y, (), + (= w) (), | = (G0), (0 +n—w) [(20)]
= (Gntn—wt1) (S +n—w) [(00) | [(1)] =0= ) [, ],

in agreement with (80).
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Using (35) and (77), we obtain the exponential generating function of the
transformed standard moments

f: (1), (2) 5 = 120, () = (1), () = (2, (o0").

while from (52) and (78) we get the exponential generating function of the
transformed modified moments

Z<Zuc>n(z)i—7§:<”)\c> z + zt) <1/> (z + 2t) —w<p1/> (z+ 2t).

3.2 The Geronimus transformation

The Geronimus transformation is defined by
(XY = Qi [(EA),] 0 w N,
From (64), we see that <§)\G>O (2) is a solution of the ODE
(0 +b) (9 —w) [(1A%) | =z @ +a) @ —w) [(0A9) ], (1)
and admits the hypergeometric representation
e . _ a, —w
@A) (2) = =™ paFya ( b+1,-w+1" )

Remark 11 The function z* is also a solution of (81), and therefore we
could define (as some authors do)

— ay_w w
= b (3,270 o

where n 1s an arbitrary constant.

The identity (75) shows that

(PLEY [u _<pL>{ @)}, weKi, (82)

r— W
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and

@0 -an [ @--ts @ )

where <{1’S > (w; z) is the Stieltjes transform of the functional <Iq’L>. Since

=) [(0),] = () (2= 25 | = ey ) = (),

we need

(18 (w;2) #nz*, nek

This transformation was introduced by Yakov Lazarevich Geronimus (1898
1984) in his groundbreaking article [55].

Remark 12 If we use the integral representation [89, 16.5.2]

a,«
p+1Fq+1 ( b, 3 ;Z)

1

o— —a—1 a
/t L1 —1t)” qu(b;zt>dt,

0

we obtain
1

D0 = [ )y G e )

0

If we use (84) and formally integrate term by term, we get

1

s o =1 (a), =2
PG r—w—1 _ z
(XD, (2) ;bﬂ /t dt_;x—w(b+1)xx!7
r= 0 =

in agreement with (82). Extending (84), we conclude that

9,0 = [, Gt nete @)
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From (54) and (82), we see that
(A r + (0 =) (X),,
= (L) [(z — w) Au (@)] = (L) [An (@)] = (V).

and in particular
Gy = w G, = G, (86)

Vs + (=) ), = (), (87)
Using (55), we get

), = o) (4 s ).

where care needs to be exercised if Ay (w) = 0 for some k.
From (69), we have

(29, lul = (42), © (6 —w) 4] , (88)
in agreement with (86), since
(), [0, — 0 (24, ] = (40), 0 (&, ) [(4°)]
= (129, [Gr)] = 0= (o), [Gm)] -
From (72), we get <§1’\IJG>H [(2v9)] = 0, where
GV, = QU)o (Gntn-w), (89)
in agreement with (87) since
@), [, + (0= w) (%), | = (0w o (& +n—w) ()]
= <5@G>n (@), | =0=(w), [(w),].

Using (35) and (83), we obtain the exponential generating function of

(),

and

2 (1), (2) o = (%), (=) = = (350 (wi ).

and for the transformed modified moments <pyG>n we get
Z<pGnn|—<p)\G> (z42t) = = (29) (w; 2 + 2t) .
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3.3 The Uvarov transformation

Let’s consider the composite transformations (Christoffel-Geronimus)

(9%, 0 9052) [, ]

and (Geronimus-Christoffel)

(@1 0 ,) [(30), |-

We see that in either case, the transformed first moment <p)\U> is a solution
of the ODE

(ﬁ—w)(ﬁ—w—1)§(79+b [<p/\U>} (90)
=2 (0 —w) (I —w+ 1) (I +a) | (L), ]

which can be written as
(9 —w) (9 —w=1) [(F0) (@) = 7y )] [(2AD),| =0. (1)
Clearly, <p)\> is a solution of (91). If we set <p)\U> (z) = 2¥, we have

[Go) (9) == (Gr) )] [2°] = (o) (@) 2 = Gr) (@) =7, (92)
and therefore
(9 =) (9 == 1) (1) (9) — = () ()] [(2AL)
= —w) (¥ —w-1) [(§o) @) 2* = ({7) (w) 2"'] = 0.
Thus, the linear combination
<f1’)\g = <”)\> )+nz*, nek, (93)

is a solution of (91).
We define the Uvarov transformation by

PLY) [u] = L) [u] + nu(w) 2¢,  weKla],
which is well defined as long as
(GA), (2) # —n2”.
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This transformation was introduced by Vasilii Borisovich Uvarov (1929-1997)
in his monumental paper [110].
From (67), we see that the standard moments <puw> satisfy

1Y) = (6, —w—1)(S, —w) [<gq>>n] , (94)
and from (70), we have
POY) = (S +n—w+1) (S, +n—w) [({;\IJM . (95)
If (?0) (w) = 0, then we see from (92) that
[(ho) (9) == (Gr) (0)] [*] = = (4r) (w) 2+
and therefore the transformed moment (2A7) satisfies the reduced ODE
(9= w=1) [(5) (9) = = (5m) )] [(2A), | = 0. (96)
Similarly, If (?7) (w) = 0, then we see from (92) that

[(Go) W) =2 (Gr) ()] ] = (o) (w) 2

and therefore the transformed moment <p)\U > satisfies the reduced ODE

(9 —w) [(50) (@) — 2 (7)) [(2A0),] =0 (97)
Comparing with (64), we can interpret <p)\U> as
(ALY, = 972 [, (o) @) =0, (98)
and
Ny = Q2 [(0A),] . @) (w) =0, (99)

From (65) and (98), we get

Gol), = (Gu—w-1) (@) |, (o)) =0, (100)
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while (66) gives
(), = (& +n—w) [(G0), ] Go)@=0. (o)
From (65) and (99), we have
(h2,), = (6, —w) [(Z@n] , (7Y (W) =0, (102)
while (66) gives
¢vg), = (6n+n—w+1) [(Z%J , (07) (w) =0. (103)
Finally, we have

ALY, = LYY [An] = BAn) + 1A, (W) 22, (104)

q

from which we obtain the exponential generating functions of <§,ug>n (2)

tTL

Z (i), (2) = = (G (2¢) +m (2¢')"

and <gug>n (2)

oo e .
2%@1/5 n(z)m: <§1/>0 (z+2t)+n(z+ 2t)".
3.4 Truncated linear functionals

Let N € Ny and the truncated functional <{1’LT> be defined by

N

LY [u] =) u(x) (0p) (v) 2*, ue K], (105)

=0

as long as

(PN (2) =D (Bp) (x) 2% # 0.

z=0
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Remark 13 If (¢7) (N) = 0, then the functional (59) is already a truncated
functional, since
(-N),=0, x>N.

Therefore, we assume that (P7) (N) # 0.

Using the Pearson equation (18), we have

(1) (9) = = (57) (@)] [(2AT),
[(Go) (@) (Gp) (2) 2" = () (2) (Gp) (2) 2]

N+1

(ro) () (o) (@) 2" = > (&) (x = 1) (Bp) (= 1) 2

N+1

== (37) (N) () (V)
and we conclude that A} (z) satisfies the ODE
(0 - N =1) [(0) (0) = (r) )] [(AT),] =0 (106)
Using (9) in (106), we obtain

(9= N = 1) (20) (9) [ (2AT),| = = (0 = N) (5m) (9) [ (A7), |

and therefore we have

Mz

Il
=)

T

WE

i
o

(A7), = QTN [<§A>O] , NeN,. (107)

Remark 14 If we use the formula [89, 16.2.4]
— (), 2N () —N,1=b-N,1 (-
Z N a2y ; . (108)
0 (b), k! N!(b)y l—a—-N z
we obtain the hypergeometric representation

N q+p+1
p\T z (a>N _N7 —b—N,1 . (_1)
< > N' (b + 1) Q+2Fp l—a—N ) P : (109>
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Using the integral representation [89, 16.5.3]

a, z 2% a— a —Z
pHFq< bo‘ ;;> = F(a>/t L F, ( b ;:ct> e *dt (110)

0

with a = 1, we see that <p>\T> can be represented as a Laplace transform

0

r —N,—b—-N
p\T ’ .(__1\9tpt+l —zt
<>\> NI b+1N/q+1Fp( l—a—N 7( 1) t>e dt.
0
(111)
From (67) and (107), we get
("), = (&~ N-1) (@) |, (112)
while (70) gives
@wwn:(em+n_N>R@gJ. (113)
Remark 15 Note that since
i o () 22 _ i PN P
g (b +1), (b+1), (x—n)! b—i—l)gH_n x!
we have N
<pVT> J (a4 n), zx (114)
b+1 ), = b+1+n

Thus, we can use (108) and obtain

(), (0) = o ("‘N’ b N1 ()T

ey At R BRI A
(115)
In particular,
T @)y ~ T _
(*v >N b—i—l) 2N (b >n(z)—0, n > N.
Using (110) and (115), we get the integral representation
T (a)y 2Nt —N,-b—-N g+p+1 —zt
(') (2 BTSN o1y 1_a_N ;(—1) t) e *dt.
0
(116)
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4 Examples

In this section, we will illustrate the application of the formulas that we
have derived. We will consider all the polynomials of class s < 2 and also
look at the subclasses obtained by applying one or more of the moment
transformations from the previous section.

4.1 Polynomials of class 0 (discrete classical polynomi-
als)

The discrete classical orthogonal polynomials (Charlier, Meixner, Krawtchouk)
first appeared in the literature in the years 1905-1934, and were considered at
the time as a generalization of the continuous classical polynomials (Hermite,
Laguerre, Jacobi).

The last member of this class (Hahn polynomials) were introduced by
Chebyshev (1875) and Hahn (1949), but we don’t consider them by them-
selves since they are a special case (z = 1) of the Generalized Hahn polyno-
mials (see Section 4.2.4).

We will use the notation (p, ¢; N) to indicate that one of the upper param-
eters in the hypergeometric representation of the first moment is a negative
integer —N, N € N.

For additional references, see [11], [22], [33], [34], [51], [88], [96].

4.1.1 Polynomials of type (0,0) (Charlier polynomials)
Linear functional .
Zﬂ?
QLY [u] = u(x) -
x=0 ’
First moment

(0A)g (2) = oFo( - ;Z> = ¢~

ODE satisfied by the first moment

(0 —2) [(GA),] = 0. (117)
Standard moments recurrence operator
(0®), [l = p = 2 (n+1)". (118)
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Recurrence of the standard moments
“/n
<8'u>n+1 - ZZ (k) <8:U“>k'
k=0
Representation of the standard moments in terms of the polynomials
Qn (2)
(Omy, = (O, (6Q),,, n=>0,
with
(s = 0+ Q). (@) =1

Hypergeometric representation of the modified moments
<81/>n (z2) = 2" oy ( : ;z) = z"e”. (119)

Remark 16 Using (58) and (119), we have

-l
and therefore )
(ENCEO RS

The polynomials <8Q>
polynomials [106].

. are known as the Touchard (or exponential, or Bell)

Modified moments recurrence operator
<8\Il>n =T (0) =27, (0) =6, —=.

Remark 17 The Charlier polynomials have the hypergeometric representa-
tion [89, 18.20.8]

(0P),, (x12) = 2Fo( e ;—zl) . (120)

The Charlier polynomials were introduced by Carl Vilhelm Ludwig Char-
lier (1862-1934) in his paper [23].
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4.1.2 Polynomials of type (1,0) (Meixner polynomials)

Linear functional -
Z:U
=S u) (a), =
prs z!

First moment

(0A)y (2) = 1Fy ( ¢ ;Z> =(1—-2)".

The Meixner polynomials can be obtained from the Charlier polynomials
by means of the transformation

(1) =0 [,
Using (60) and (117), we obtain the ODE satisfied by the first moment
[ — 2z (9 +a)] [{oA),] = (121)
Standard moments recurrence operator
0®), 1] = 1" — 2 (n+a) (u+1)".

Standard moments recurrence

= 5 s () (B o)

Representation of the standard moments in terms of the polynomials
@n (2)
(om), = (1=2)7""(Q), (), n=0,
with
<(1)Q>n+1 = —z)0+(n+a <0Q> <(1)Q>o -

Hypergeometric representation of the modified moments

(), (2 F[i}

and therefore
<(1)1/>n (z) =2"(a), (L—2)"". (122)
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Remark 18 Using (58) and (122), we have

=0 (1)

k=0

and therefore )
(ONCE I IO

Using (35), we get

n=0
and hence
i(é@n( t )”_(1—2)“
— n! 1—=z2 1— zet
or
N 1—2 ¢
> (@i = (=)

This shows that the polynomials ({Q), () are related to the Eulerian poly-
nomials, defined by the exponential generating function [21]

TL

ZA

Modified moments recurrence operator

1—z

<(1)\If>n =T, 1(0)—2Y,(a)=(1-2)6,—z2(n+a).

Remark 19 The Meizner polynomials have the hypergeometric representa-
tion [89, 18.20.7]

(P (232) = oF, ( R Zl) .

The Meixner polynomials were introduced by Josef Meixner (1908 — 1994)
in his paper [86], although Ladislav Truksa (1891-7) already considered them
in his 1931 papers [107], [108], [109] (see [20]).
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4.1.3 Polynomials of type (1,0; N) (Krawtchouk polynomials)

These polynomials are a particular case of the Meixner polynomials, with
—a=N¢eN.

Linear functional

First moment
(") (@) =(1-2)".

ODE satisfied by the first moment

[0 — 2 (0 — N)] [<3;N)\>0] —0.

Standard moments recurrence operator

. . n+1 . . n
), = (8 = () = ) () 1)
Representation of the standard moments in terms of the polynomials

Qn (2)
<c1);NH>n =(1-2""EQ), (2), n>0,
with
Q). =l(1=2)0+n-N)23GQ),, (Q), =1

Modified moments
(") () =2"(=N), (1=2)"".
Modified moments recurrence operator
LN
<0 xp>n = Y1 (0) — 2T, (~N) = (1 — 2) &, — 2 (n — N).

The Krawtchouk polynomials were introduced by Mykhailo Pylypovych
Kravchuk (1892 —1942) in his paper [66].
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4.2 Polynomials of class 1

In [39], we classified the discrete semiclassical orthogonal polynomials of class

s = 1. There are 4 main families and 8 subfamilies, obtained by applying

rational spectral transformations to the Charlier and Meixner polynomials.
To help the reader with some of the results, we note the formula

T,(c)=62+[1+e(c+n)&,+ex(c+n), c=(c,c),

where the elementary symmetric polynomials were defined in (26).
For additional references, see [99], [98], [84], [15], [49].
4.2.1 Polynomials of type (0,1) (Generalized Charlier polynomi-
als)

Linear functional

1 2

First moment
— _b
<?)\>0(z) = oF} [ bl ;z] =D (b+1)z2 L, (2Vz),

where I, (2) is the modified Bessel function of the first kind [89, 10.25.2].
The Generalized Charlier polynomials can be obtained from the Charlier
polynomials by means of the transformation

(100 = Qo [(0A),] -
Using (62) and (117), we obtain the ODE satisfied by the first moment
[ (0 +b) — 2] [(IA),] = 0. (123)
Standard moments recurrence operator
Q@) 1] = (n+b) " =z (n+1)".

Standard moments recurrence

n

8, = b 0, 4 23 ) (-

k=0
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In particular,
M)y = 2 )y = b (i), -

Representation of the standard moments in terms of the vector polyno-

mials CX (2)
Oy, = (1) - (7). .
(1) =@+ (1) . (1d) ==,

with

and
0 =z
0
wn=[} 3]
Hypergeometric representation of the modified moments

z

0 _ " - .
(), () = (b+1), o1 [ b+1+n ’Z] '
Modified moments recurrence operator
(J0) =Tpi1 (b)) = 2T, (1) =62+ (n+1+0)6S, — 2.

or,

() =6+ (n+1+b)6, —z.

Remark 20 If we write
(W) = Ay,

then the recurrence (3¥) [(Jv)] = 0 becomes

(n+0b) z
hn+1 + Thn - ﬁhnil - 0
Choosing
1 z
Z = —233'7 —E = 1,
we get
hpi1—2(n+b)zh, + h,—1 = 0. (124)

The orthogonal polynomials satisfying the 3-term recurrence relation (124)
with initial conditions

ho = 1, hl = 2bx
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are the modified Lommel polynomials having the hypergeometric representa-
tion

n —1
— n T2 _T C 2
hy () = (b),, (22) 2F3(b7_n b " )
See [32], [46], [68], 73]
Remark 21 Another possibility is to define
<(1)V>n = (_1)n Tns

where the monic polynomials 1, (b) satisfy the 3-term recurrence relation

brp, =rp1 —nr,+2r,1, r-1=0, rg=1

For additional references, see [27], [56], [102], [111].
4.2.2 Polynomials of type (1,1) (Generalized Meixner polynomi-
als)

Linear functional
xT

- (a), =
“]:;“(w) b+1), !

First moment

(1) (2) [b+1’}'

The Generalized Meixner polynomials can be obtained from the Meixner
polynomials by means of the transformation

(100 = Qo [(0A),] -
Using (62) and (121), we obtain the ODE satisfied by the first moment
[0 (0 +b) =z +a)] [(1A),] = (125)
Standard moments recurrence operator
(1®) [l = (u+d)p™ —z(p+a)(p+1)".

Standard moments recurrence

n

sz = =0 G+ 230 (1) (B + 0 hi,)

k=0
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In particular,
(im)y = az Gy + (= = 0) G, -

Representation of the standard moments in terms of the vector polyno-

mials Cjn)(z)
(), = (1d) (7).
(1d) =w+(m)(1d) . (1d) ==

with

and
0 az
1 —
Gn=[1 %)
Hypergeometric representation of the modified moments

(@), at+n
G+, Y b+ 140 7

1
(1), (z) = 2"
Modified moments recurrence operator

<}\I/>n ="Tp11(b) — 27, (a)
=&2+(n+1+b—-2)6,—z(n+a).

Remark 22 If we define
(), = (=1
then the monic polynomials 1, (b) satisfy the 3-term recurrence relation
brp=rpr1—n—2)r,+zn+a—1)r,_;.

For additional references, see [16], [27], [47].

Christoffel-Charlier polynomials The Christoffel-Charlier polynomials
[45] can be obtained from the Charlier polynomials by means of the trans-

formation
(02 7Y = Q7 [(OA),] -

Using (79) and (119), we have
<8)\C>0 (z2) = (2 —w) €.
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Linear functional
OLY W] =Y (@ —w)ulz) .
=0
Using (73), we obtain
W@ —w—-1)— 20 —w+ 1] [({A),] =0
which is a special case of (125) with
a=—-w+1, b=-w-—1

Standard moments recurrence operator

(), W =(p-—w-1)p"" —z(p—w+1) (p+1)".
From (78) and (119), we have

(0 ) = (V) piy T (0 =) (v), = (z+n—w) e (126)
Modified moments recurrence operator

<8\IJC>n:Tn+1 (—w—1) =27, (—w+1)
=G24+ n-w—-2)6,—2(n—w+1).

Remark 23 Using (126), we see that the modified moments satisfy the first
order recurrence <8@/}C>n [(Jv©)] =0, where

() =n-w+2)8,—z2(n—w+1+2).
This agrees with the recurrence (JU<) [(Jv”)] =0, since
(G, +n+1-w) <0¢C> (n—w+1+2) <8\Ifc>n.

Geronimus-Charlier polynomials The Geronimus-Charlier polynomi-
als can be obtained from the Charlier polynomials by means of the transfor-

mation
(0A%) = 4, [(BA)], w ¢ No.
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Linear functional

First moment

(0A%), (2) = —é 1F1 ( __w 'Z) :

Using (81), we obtain

[0 —w)— 20 —w)] [(§A),] =

which is a special case of (125) with

Standard moments recurrence operator

0% 1l = (1 —w) §@),, [u].
Modified moments recurrence operator
<8\I/G>n =T (—w) — 27, (—w) = <8\Il>n oY, (—w)
=G+ n+1-w—-2)6,—z2(n—-w).
Using (85) and (119), we have

1

(), (2) = / £ Q) (=t) dt

0
1
= z"/t”‘“letht =(-D)"(-2)"v(n—w,—2),
0

where v (a, z) is the incomplete gamma function defined by [89, 8.2.1]

1

v(a,z) = z“/t“_le_tht.

0
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Reduced Uvarov Charlier polynomials Since for the Charlier polyno-
mials (§0) (¥) = 9, we will have a reduced case for their Uvarov transfor-
mation if w = 0. The Reduced-Uvarov-Charlier polynomials can be obtained
from the Charlier polynomials by means of the transformation

AN, =N\, +n=¢+n, neK

Linear functional

T

GLYY ) = u(x) % +u (0).

=0
Using (96), we obtain
[0 (9 = 1) = 20] [(3A0 )] = 0,

which is a special case of (125) with

Standard moments
Cora ). = Quy, +1x0" = (i) +ndnp.
Standard moments recurrence operator
(25), = (6 = 1) [(o),].
Modified moments
(v ), = (o), + 16 (0) = 2" + ndyp.
Modified moments recurrence operator

<8\I/g>n = Tn—f—l (_1) - ZTn (0) = Tn (0) o <8\I’>n
=G24+ (n—2)6, —nz.

For additional references, see [13], [44].
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Truncated Charlier polynomials The truncated Charlier polynomials
can be obtained from the Charlier polynomials by means of the transforma-

tion

(A7), = N [(§0),]. NeN

Linear functional

(L = S uto) 2
First moment - N
B, () =30 5
From (106), we have -
(W —N—-1)—z@—N)][E\),] = (127)

which is a special case of (125) with
a=—-N, b=—-N-—1.
Standard moments recurrence operator
(©2"), = (& =N =1 [(c®),].
Modified moments recurrence operator

<8\I,T>n =T, 1 (-N—-1)—2Y,(-N)=7,(=N)o <8\11>n
=& 4+(n-N-2)6,—(n—N)z.

Using (116), we obtain

(ov'), (2) = %7 11 ( ! __N ;—t> e tdt

o

2N+ N '(N—-n+1,z2)
= ——— [ (1+¢) "e Fdt=2" e
(N—n)!/( e TN O

0

where I (a, z) is the incomplete gamma function defined by [89, 8.6.5]

I'(a,2) = 2% /1+ta1_2tdt
0

52



Comparing with (119), we conclude that

<8VT>n(Z>:F(]\(7—n+1z<O> 0<n<A.

For additional references, see [53].

4.2.3 Polynomials of type (2,0; N) (Generalized Krawtchouk poly-
nomials)

Linear functional

<(2);NL> [u] = iu (z) (a), (=N), i_g:’ N € N.

First moment
. —N,a
<§’N)\>O (z) = 2Fy [ B ;z} .

Remark 24 If we use the hypergeometric representation (120), we can write
the first moment in terms of the Charlier polynomials

<8;N/\>0 (2) = <8P>N (—a;—271).

The Generalized Krawtchouk polynomials can be obtained from the Krawtchouk

polynomials by means of the transformation
(), =[5,
Using (60), we obtain the ODE satisfied by the first moment
W — 2 (0 +a) (W — N)] <§;N)\>O —0. (128)

Standard moments recurrence operator

<3;N<I>>n W] = p" " =2 (p+a) (p=N) (n+1)".

Standard moments recurrence

Hnt2 = (N —a-+ Z_l) Mn+1 + aN,un

—Z( ) fir2 + (@ — N) puyr — aN ] -
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In particular,

(), = o ), s+ ()

Representation of the standard moments in terms of the vector polyno-

mials CX (2)

<3;Nﬂ>n =z <§;N5> <§§Nﬁ> >0

From (33), we have
(@), == (0 (0r) =) (50)

with

2N —
(), 2

?
n

24N . 0 alN
<0 M>_[1 N—a+z_1]'

Hypergeometric representation of the modified moments

(3), ) =" @, (M), k| T ]

n+1

Modified moments recurrence operator
(V) = Tan (0) = 2T (0, M),
or,
-z <§;N\If>n:6i+ (I1+a—=N+2n—2"")6,+(n+a)(n—N).
Remark 25 If we set 2! = x, we see that the modified moments are a fam-

ily of monic orthogonal polynomials r,, (x), satisfying the 3-term recurrence
relation

xrp=rpm1+@—N+2n—1)r,+(n+a—-1)(n—N—1)r,_;.
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4.2.4 Polynomials of type (2,1) (Generalized Hahn polynomials of
type I)

Linear functional

az), 2°
g u(r) —E—=E—.
b—l—l) !
First moment
2 ay,az
<1)‘>0(2) = oF |: b+ 1 7Z:| :

The generalized Hahn polynomials of type I can be obtained from the
Meixner polynomials by means of the double transformation

(I0) = Qi [(0A),] -

Using (64), we obtain the ODE satisfied by the first moment
[0 (0 +b) — 2 (0 + ar) (94 az)] [(IN),] = (129)
Standard moments recurrence operator
(@), [ = (u+0) p™ — 2 (p+ar) (p+as) (p+1)" .
Standard moments recurrence
(1 —2)2  ppgo = (a1 + ay — bz_l) fni1 + a1a2fiy
+Z( ) frt2 £ (a1 + a2) peir + arao/u]

In particular,

)y = 1 [mas Gy + (o + a2 —027) (), ]

Representation of the standard moments in terms of the vector polyno-

mials @;} (2)
Gy, = (-2 (37) -GH), nzo
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From (34), we have

(10) === @+@n)+na] (3d) . (30) =0

a-a@n =0, ]

1—2=2 (a1+a2)z—b

Hypergeometric representation of the modified moments

(iv), (2) = a0y o { e ;z] . (130)

(b+1), b+1+n

Modified moments recurrence operator

<%111>n =Thp (b) - 2T, (a17a2)
=(1-2)82 +n+14+b—2(1+2n+a,+a)]6, —2z(n+a)(n+ay).

Remark 26 If we set b = —x, we see that the modified moments are a family
of orthogonal polynomials r,, (x), satisfying the 3-term recurrence relation

Q;’r‘n:(1—2)7’n+1—|—[n_2<2n_1+a1+a/2)]r’n
+zn—14a1))(n—14as)r,_1.

Remark 27 The special case z = 1, corresponds to the Hahn polynomials
[62].  Note that in this case (130) can be reduced using the identity [89,
15.4.20]

h—
ay, az ;1] _ % Re (b —as) > Re (a1) .

2 [ b ® -,

Choosing a1 = —N, N € N, as = a, we get

N), (a), (b+1—a)y_,
b+1), (b+1+4+n)y.,’

n

NG
<1 >n (1) (

and since

(b+1), (b+14+n)y ,=(0b+1)y,

(b+1-a)y = ()" "(@a—b+n—N), , =(-1)
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we obtain
2 B (b+1_a>N n (_N)n (a’)n
=" Y e

n

This agrees with the recurrence

[Tut1 () — Yo (=N, a)] [(Gv) (1)] =0,

which becomes )
<1y>n+

(i) (

For additional references, see [36], [48].

1) _ (m=N)(n+a)
1) n+a—b—N

Christoffel-Meixner polynomials The Christoffel-Meixner polynomials
[45] can be obtained from the Meixner polynomials by means of the trans-

formation
(02 %) = Q75 [(6A),) -

Linear functional

GLOY ) =D (e = w)u(2) (a),

Using (79), we have
<(1]>\C>0 (2) = (zw+az—w)(l-— z)_a_l ,

and therefore we need
z(w+a)—w#0.

From (73), we obtain
W@ —w—1)—z0 —w+1) (I +a)] [(GA),] =0,
which is a special case of (129) with
@m=a a=-w+1l, b=-w-1

Standard moments recurrence operator

n

GO, W =(p-w=-1) " —z(p—w+1) (n+a) (p+1)".
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From (78) and (122), we get
<(1)1/C>n = (zwtazt+n—w)"(1—2)""""(a),. (131)
Modified moments recurrence operator

<(1)\ch>n:Tn+1 (—w—1) =27, (a,—w+1)
=(1-2)&+nh—w-22+a-w+2n)]6,—z(n—w+1)(n+a).

Remark 28 Using (131), we see that the modified moments satisfy the first
order recurrence <3w0>n (o] = 0, with

<éwo>n: l—2)(n—w+zw+az)S,—z(n+a)(n+1—w+z2w+az).
This agrees with the second order recurrence <(1)\Ilc>n [éuc] =0, since

(&, +n+1—-w) [<é¢c>n} =n+1—w+ 2w+ az) <(1)\I/C>n.

Geronimus Meixner polynomials These polynomials can be obtained
from the Meixner polynomials by means of the transformation

(A9 = %, [(0A),] s w ¢ No.

Linear functional

1 “u(m)
(L) =30 (@ o

First moment

1 a, —w
G ) .
(oA >0(Z)—_w 2F1<—w+1 ’Z)'

Using (81), we obtain
[0 (9 —w) — 2 (9 —w) (I +a)] [(4A7),] =0,
which is a special case of (129) with

a1 =a, ay=-w, b=—w.
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Standard moments recurrence operator

(029, Il = (1 =w) (0@),, [u].

Modified moments recurrence operator
<(1)‘I/G>n =T (—w) — 27, (a, —w) = <(1]\11>n oY, (—w)
=(1-2)&+n—-wt+tl—2(1+a—w+2n)]6, —2(n—w)(n+a).
Using (85) and (122), we have

1 1

<(1)VG>H (2) = /t_w_l <(1)’/>n (2t)dt = (a), Z”/t”_“’_1 (1 —2t)" " "dt

0 0
=(a), 2*B,(n—w,1—a—n),

where B, (a,b) is the incomplete beta function defined by [89, 8.17.1]

1

B. (a,b) = 2° / 1971 (1 — 2t)" 7 dt.

0

Reduced-Uvarov Meixner polynomials Since for the Meixner polyno-
mials we have

<(1)‘7>:797 <(1)T>=19+a,

we will have reduced cases for their Uvarov transformation if w = 0 or w =
—a.

i) w =10 In this case, we have

(0400 = (@A)g 1 =(1—2)"+n.

Linear functional
(LYY (] Zu = + nu (0) .

Using (96), we obtain
[0 (0 —1) — 20 (94 a)] [(4AF),] =0, (132)
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which is a special case of (129) with
ap=a, ay;=0, b=—1.
Standard moments
(010 ),, = (or),, + 1 % 0" = (o), + Nonp.
Standard moments recurrence operator
0®0), = (6. — 1) (@),

Modified moments

(0, = (¥),, + 16 (0) = 2" (a),, (1 = 2)" " +1dn.

Modified moments recurrence operator

GUE), =Toer (—1) = 27, (a,0) = T, (0) 0 (JT),.
=(1-2)&2+[n—2(1+a+2n)]6, —2n(n+a).

For additional references, see [6], [14], [43].

ii) w = —a In this case, we have
(A7) = 0Ny +nz " = (1 —2) " +nz""
Linear functional
Zu )y — + nu (—a) z~¢.
Using (97), we obtain
W +a)—z0+a)(@+a+1)] [({AY >}— ,
which is a special case of (129) with
ar=a, a=a+1, b=a.
Standard moments
(orZa), = (om),, + 1 (=a)" 27"
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Standard moments recurrence operator

(oY) = (&, +a)[(1e) ].
Modified moments
V), = (30D, 4 o (=) = = 27 (a),, (L= )" 4 5 (—a) 7"

Modified moments recurrence operator

<(1)‘1/[£a>n=Tn+1 (a) — 2T, (a,a+1) =T, (a+1) <0\11>
:(1—z)6i+(1—22)(n+a+1)6n—z(n+a)(n+a+1)‘

Truncated Meixner polynomials These polynomials can be obtained
from the Meixner polynomials by means of the transformation

(@A) =N [(0A)] . NeN.

Linear functional

<&Um:iwmwu§
First moment x N
B, ()= (@),
From (106), we have -
[0 (9 —N—1)— 29+ a) N [(GAT),] =0, (134)

which is a special case of (129) with
ap=a, ay=—-—N, b=-N-—1
Standard moments recurrence operator
(107, = (6, - N = 1) [(30),].
Modified moments recurrence operator

(0U"), =T (=N —1) = 2T, (a,—N) =T, (=N) o (4¥)
:(1—z)6i+[n—N—z(2n+a—N—|—1)]6n—z(n—N)(n+a).
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From (115), we have

N
1. T _ a)y # Nl.—1
(ov > —n)! 21171(1 a— N # )

Using the transformation 15.8.7

—Nya \ _ (b—a)y n —~N,1-b—N 1
2F1< b ’Z)_WZ o F1 a—b—N+1 il—=z )

we obtain
1.7 )N+1 2" n—N,a+n
— F o1 — )
o), (2 a+n(N—n)!2 1< at+n+1 Z)

Since the incomplete beta function has the hypergeometric representation

89, 8.17.7]
B.(ab)=" R 170
2 @, _CL2 1 CL+1 AR

<(1l T> N+1 1 =2)""B_.(a+n,N—n+1),

— )l

and comparing with (122), we see that

we conclude that

<é T> %Blz(a+nN_n+l <(1)V>n

4.3 Polynomials of class 2

In [40], we classified the discrete semiclassical orthogonal polynomials of class
s = 2. There are 6 main families and 13 subfamilies, obtained by applying
rational spectral transformations to the polynomials of class s = 1.

To help the reader with some of the results, we note the formula

T.(c)=6, +ei(ctn+1)6;
+[14+e(c+n)+e(c+n)]S, +es(c+n),

¢ = (c1, ¢, c3), where the elementary symmetric polynomials were defined in
(26).
For additional references, see [77].

62



4.3.1 Polynomials of type (0,2)

Linear functional

0 1 z””
(2L) [ Z“ b1+ 1), (bo+ 1),

First moment

0
(A0 (2) [b1+1b2+1’

These polynomials can be obtained from the generalized Charlier poly-
nomials by means of the transformation

(90, = e [(),].
Using (62), we obtain the ODE satisfied by the first moment
[0 (04 by) (04 b2) — 2] [(3A),] =0
Standard moments recurrence operator
(@), (1] = (1 +b) (+bo) " = 2 (+1)".
Using (28), we get
211)y = 2 (50) = bibz (90) — (b1 + ba) (o11),

Representation of the standard moments in terms of the vector polyno-

mials@(z)
(), = (59) - §H), n=o,
(53),, = 00 (53), . (13), =2

with
0 0 z
GM)=1{1 0  —biby
0 1 —(by+0b9)
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Hypergeometric representation of the modified moments

n

<0V> ° 0F2 B y 2
b1+1) (b2+1)n b1+1+n,b2+1+n7

Modified moments recurrence operator

SU) = Tpr (b, bs) — 2T (D)
=& +[l+e(b+n+1)]62+e(b+n+1)6, — 2.

4.3.2 Polynomials of type (1,2)

Linear functional

(a) Zx
Zu (by + 1) (by+ 1)

First moment

a
(2A) (2) [bl+1b2+1’

These polynomials can be obtained from the generalized Meixner poly-
nomials by means of the transformation

(Mo = Qo [GA),] -

Using (62), we obtain the ODE satisfied by the first moment

[0 (04 b1) (94 b2) — 2 (0 + a)] [(3\),] = (135)

Standard moments recurrence operator

(@) [u] = (+b1) (+bo) "™ =z (p+a) (n+1)".
Using (28), we get

<%,u>3 =az <éu>o (2 = biby) <2,u> (by + b,) <2,u>2
Representation of the standard moments in terms of the vector polyno-

mials @ (2)
(), = (40) - (), nz0,
(3d) =@+6m)(3d) . (3@), =7
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with

0 0 az
GM)y=11 0 z—bb
0 1 —(by+0b9)
Hypergeometric representation of the modified moments

1 2" (a) a+n
- n F. -
<2V>n (Z) (bl + 1)n (b2 + 1)n 142 bl ‘I’ 1 + n’ b2 _I_ 1 + n 7’2

Modified moments recurrence operator

<§\Ij>n = Tn—l—l (b17b2) —ZTn (CL)
=&+ [l+e(b+n+1)]& +lea(b+n+1)—26,—2(n+a).

Christoffel Generalized Charlier polynomials These polynomials can
be obtained from the Generalized Charlier polynomials by means of the trans-

formation
(§A%) = Q75 [(N),] -
Linear functional

(OLCY [u] = Z (z —w)u(x) m;—f

z=0

Using (74), we have

W)=t |15

Using (73), we obtain

[ +b) (0 —w—1)— 2@ —w+1)] [(JA9),] =0,
which is a special case of (135) with

a=—-w+1, by=b, by=-w-—1.

Standard moments recurrence operator

(G2, ) =(u+b) (p—w—=1) " =2 (p—w+1) (u+1)".
Modified moments recurrence operator
() =62+ (b—w+2n+2)6,

+n+b+H)(n—w)—2]6,—2(n—w+1).
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Geronimus Generalized Charlier polynomials These polynomials can
be obtained from the Generalized Charlier polynomials by means of the trans-

formation
(A% =02 [(A)] . w ¢ No.

Linear functional

> 1 z
OLG — U ($) iy
(L) [ Zx—w (b+1), =
First moment

0 1 —w
06 =51 (g g 1 5)
Using (81), we obtain
[P0 4+0b) (V¥ —w)—2z(0—w) [<0)\G> | =

which is a special case of (135) with

Standard moments recurrence operator

(109 (1] = (n—w) §@) (1]

Modified moments recurrence operator

(JU) =Ty (b, —w) — 27, =) o™, (~w).

Reduced Uvarov Generalized Charlier polynomials Since for the
Generalized Charlier polynomials we have

(Joy=0@+b), (Ir)=71,

we will have reduced cases for their Uvarov transformation if w = 0, —b.
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i) w =10 In this case, we have

(12 )g = (14, +

Linear functional
OV ) = S u @) (),
0 ot (b+1), z!

Using (96) and (123), we obtain
[0 (9 +b) (9 —1) = 2] [(}AG),] =0,
which is a special case of (135) with
a=0, b=0b b =-1
Standard moments recurrence operator
(120), = (6. =1 (12), -
Standard moments recurrence
pl(p+0) (p=1)p" =z (u+1)"] = 0.

Modified moments recurrence operator
(J0Y%) ="Tpp1 (b, —1) — 27, (0) )o (YU) .

ii) w = —b In this case, we have

<(1)>‘gb>o - <(1))‘>0 +z7?

Linear functional

<(1)LZ,> [u] = ;u (7) ﬁ i—T +nu (=b) .

Using (96) and (123), we obtain
W@+b)(0+b—1)— 2@ +0b)] [(JA,),] =0
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which is a special case of (135) with
a=b, by=b b=b—1.
Standard moments recurrence operator
(187, = (©,+0-1) [(}0)].
Standard moments recurrence
(n+0) [(p+b=1) ™ =2 (p+1)"] = 0.
Modified moments recurrence operator

(J0Y) =Tni1 (b,b—1) =20, (b) =T, (b) o (V) .
Truncated Generalized Charlier polynomials These polynomials can
be obtained from the Generalized Charlier polynomials by means of the trans-
formation

(A = n [N, ], NeN.

Linear functional

1 2"

OL) [u] :;u(aj) Rl

First moment

=2
&

(A0 (2)

and using (108), we get

N
07 2 ~N,1-b-N,1 _,
F, )
(A" = b+1 N'30( - '

From (106), we have

z~z
8

[W@W+b) (9 —N—-1)—z(@—N)][(IA\),] =
which is a special case of (135) with

CL:—N, blzb, bQZ—N—l.
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Standard moments recurrence operator
("), = (6, = N =1 [(12),].
Standard moments recurrence
(h=N=1)(p+b) " =2 (u—=N) (p+1)" =0.
Modified moments recurrence operator
(") =Tnia (b,—N —1) = 2T, (=N) =T, (=N) o (JU) .

From (115), we see that

1 2N n—N,—b—N,1
OT F 9 ) -1 )

4.3.3 Polynomials of type (2,2)

Linear functional

First moment

2 ay, as
RO A RS

These polynomials can be obtained from the generalized Hahn polynomi-
als by means of the transformation

(M) = Qo [0, ]

Using (62), we obtain the ODE satisfied by the first moment

[19(19+bl)(19+b2)—z(19+a1 19—|—a2 [<2 >]_O (136)

From (136), we obtain a recurrence for the standard moments

(i) 00) (Gor) +b2) Gu)"™™" = 2 (Gu) + 1) (Gir) +a2) (G +1)"
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From (28), we have

2
262 k <2,LL k1 2262 —J )<§:u>]7
k=0

and therefore

20), = arasz (), + (2 — by — bo) (3, + [(an + az) = — biba] (3, .

Representation of the standard moments in terms of the vector polyno-

mials C—Qz (2)
(i), = (30) - @A), n=o,
(3d) =@+6m) (3d) . (3d) =7

with
a1a92
zZ — bl — bg
0 1 (a1 + GQ)Z — blbg

2
(3M) =
Hypergeometric representation of the modified moments

< V> 2" (a1),, (a2), E ap +n,az +n .
b1+ 1), (ba+1), Z 2 [ bi+1+nby+1+n"

Modified moments recurrence operator
<%\I]>n = Tn—i—l (bl, bg) — ZT,—L (Cll, CLQ)

=&+ l+e(b+n+1)—2 &
+lea(b+n+1)—z—zer(a+n)]6, —zea(a+n).

Uvarov Charlier polynomials Suppose that w # 0. The Uvarov Charlier
polynomials can be obtained from the Charlier polynomials by means of the
transformation

(020 ) = (QA), + 0z = € + 2.

Linear functional

Zu ——|—nu( )z
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Using (91), we obtain
P —w(@—w—-1)—20—-—w+1) (W —w)] [<8)\g>0] =0
which is a special case of (136) with
a=-w, a=-w+1l, b=-w-—1, by=—w.
Standard moments recurrence operator
000) = (6, —w) (6, —w—1) [(7®), ]
Standard moments recurrence
(p=—w) [(p—w=Dp" —2(p—w+1)(p+1)"] =0

Modified moments recurrence operator

<8\I/g>n =T (—w—1-w) =27, (—w,—w+1)
=T (—w,—w+1) o Q¥) .

Double Uvarov Charlier polynomials Since for the Reduced Uvarov
Charlier polynomials we have

<80-([)]>(Q9):79<79_1)7

we will have a reduced case for their Uvarov transformation if we add an
extra mass point at w = 1. The Double Uvarov Charlier polynomials can be
obtained from the Charlier polynomials by means of the double transforma-
tion

<8>\31>0 = <8)\>0 4z =€+ + oz

Linear functional
(0Lg1) [u Zu = + mu (0) + nau (1) z.
Using (96), we obtain

99— 1) (0= 2) = 20 (9 = D] [ ()| =0,
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which is a special case of (136) with
a; = 0, a9 = —]_, bl = —1, bg = —2.
Standard moments recurrence operator

(0261, = (6, = 1) (6, —2) [(52),].

Standard moments recurrence

plp=1[p=2)p" —z(p+1)" =0
Modified moments recurrence operator

QUY,) =Tper (—1,-2) — 27, (0, 1) = T, (0, —1) o (S¥)

n"

Reduced Uvarov Truncated Charlier polynomials Since for the Trun-
cated Charlier polynomials we have

0TV =9 (9= N—1), (7Y () =0 .

we will have reduced cases for their Uvarov transformation if w = 0, N, N +1.
Hw=0
In this case, the polynomials can be obtained from the Truncated Charlier
polynomials by means of the transformation

(IN7) = (A7), +m.

Linear functional

<8Lg’U> [u] = iu () ;—T +nu(0).

r=

Using (96) and (127), we obtain
W0 —1)(0—N—1)— 290 — N)] [<8)\OT’U>O] — 0, (137)

which is a special case of (136) with

&1:0, CLQZ—N, b1:—1, bQZ—N—l.
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Standard moments recurrence operator
(8257) [l =nl(n=1) (=N =D " = z(n= N) (u+1)"]
= (6, — 1) (6, — N —1) [(§®),] [1].
Modified moments recurrence operator
<ngoT7U>n — Y1 (=1, =N — 1) = 27, (0,—=N) = T,, (0, = N) [(3®) ].

Remark 29 We could have also go the other way: start with the Reduced
Uvarov Charlier polynomials and apply a truncation transformation

<8A0T’U>O =N [(3N),]. NeN.
In either case, we obtain the same ODE (137).
i) w=N

In this case, the polynomials can be obtained from the Truncated Charlier
polynomials by means of the transformation

(V) = (AT), +n=".

Linear functional

(Yl = S0 ) ).

r=

Using (97) and (127), we obtain
W0~ N —N—1)— 20 —N+1) (0 — N)| [<3A§U>O] —0,
which is a special case of (136) with
ag=—-N, a=—-N+1, by=—-N—-1, by=—N.

Standard moments recurrence operator

(BORV) i = (= N) [ = N = D)™ =2 (= N+ 1) (u+1)"]
= (6, = N) (6, — N —1) [(0®),] [1]-
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Modified moments recurrence operator
<g\1/ﬁU> =it (N —1,—=N) — 2T (=N, =N +1)
=7T,(-N,—-N+1)o <8\IJ>n.
H)w=N+1

In this case, the polynomials can be obtained from the Truncated Charlier
polynomials by means of the transformation

.U N
<8)‘N+1>0 = <8)‘T>o + n2Nt

Linear functional

(BLR) (] = iu (2) S +mu(N+1).

Using (96) and (127), we obtain
W@W—-N-1)—-N—-2)— 2 —N)®—N—1)] [<3Aﬁﬂl>o] —0,
which is a special case of (136) with
alz—N, CLQ:_N_17 blz—N—l, bQZ—N—2

Standard moments recurrence operator

<8@ﬁU>n ] = —=N-=1)[(n=N-=2)p"" —2(u—N)(u+1)"]
=(6,-N-1)(6,-N-2) [<8(D>n} (] -

Modified moments recurrence operator

<gqfﬁU>n =Yyt (N —1,—-N —2) — 27, (=N, =N — 1)
— Y (=N, =N — 1) 0 (0) .
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Reduced Uvarov Generalized Meixner Polynomials Since for the
Generalized Meixner Polynomials we have

(o)) =9 (@ +b), (ir) () =V+a,

we will have reduced cases for their Uvarov transformation if w = 0, —a, —b.
Hw=0
In this case, the polynomials can be obtained from the Generalized Meixner
Polynomials by means of the transformation

(100 Do = (A 1

Linear functional

o T

(L) ) = > ou) 5+ m(0)

=0

Using (96) and (125), we obtain
[0 (0 —1) (0 +b) — 20 (9 +a)] [(1A),] =
which is a special case of (136) with
ai=a, ay;=0, by =0b b =-—1.
Standard moments recurrence operator

(120), W =pllp =1 (+d)p" —z(p+a)(p+1)"]
= (6, — 1) [1®),] 1.
Modified moments recurrence operator
<%\IJ([)]>” = TnJrl (b7 _1) - ZT” (av O) = Tn (0) © <i\Il>n ’
i) w=—a

In this case, the polynomials can be obtained from the Generalized Meixner
Polynomials by means of the transformation

(D), = (1), + 7
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Linear functional

ul = ;u (x) %% +nu(—a)z"%
Using (97) and (125), we obtain
[0 (0 +a) (0 +b) — 2 (9 +a) (9 +a+ 1)] [(AY,),] =0,
which is a special case of (136) with
ai=a, a=a+1, by =0b by =a.
Standard moments recurrence operator
(197,), = (&, +a) [(19),].
Standard moments recurrence
(n+a) [(p+b)p" —z(u+a+1)(n+1)"] =0.
Modified moments recurrence operator
(1vY, =T (bya) — 2T, (a,a+1) =T, (a+1) 0 (1T) .
iii) w = —b

In this case, the polynomials can be obtained from the Generalized Meixner
Polynomials by means of the transformation

<i)‘gb>o - <i)‘>0 +z!

Linear functional

o0 x

_ (), =
=2 ulo) (b+1), 2!

=0

u (—b) 270

Using (96) and (125), we obtain
W0 +b)(I+b—1) =z +a)(W+b)] [(1AY,),] =0,
which is a special case of (136) with

a; = a, GQZb, blzb, bgzb—l.
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Standard moments recurrence operator

(%), 1 = (G +b-1) [(12),] [

Standard moments recurrence

(+0) [(p+b—=1) " =z (u+a) (p+1)"] =0.

Modified moments recurrence operator
(1Y) =Tni1 (b,b—1) — 2T, (a,b) =T, (b) o (7T) .

Truncated Generalized Meixner Polynomials These polynomials can
be obtained from the Generalized Meixner polynomials by means of the trans-
formation

(AT =N [(GA)], NeN.

Linear functional

17T = (a), =°
GLT) [u) = u(x) EEINER

First moment

(Ao () =2 (b(i)f) o

From (108), we get

=i en (IR
From (106), we have
W@+b)(—N—-1)—zW+a)@—N)][(GA),] =
which is a special case of (136) with
a1 =a, ay=—N, by =b by=—-N—1.
Standard moments recurrence operator

(@), =&, =N -1 [(1®),].

77



Standard moments recurrence
(b =N =1) (u+b) "™ — 2 (= N) (u+a) (u+1)" =0.
Modified moments recurrence operator
(1UT) =Tna (b,—N —1) = 2T, (a,—N) =T, (—=N) o (}U) .

From (115), we see that

(T (2 b(+)iv) (Nzivn) 3F1( ~N,—b—N,1 ;—z_l).

4.3.4 Polynomials of type (3,0;N)

Linear functional

<3;NL> [u] = Y Ju(@) (=N), (a1), (az), ;—T N eN.
First moment

<3;N)\>0 (2) = 3kp { _N’_al’a2 ;Z} :

These polynomials can be obtained from the generalized Krawtchouk
polynomials by means of the transformation

3N %N
), =2 (G,
("), =2 [),
Using (60), we obtain the ODE satisfied by the first moment

[ — 2 (0 +az )] [<8;N)\>0] =0,

with
az N = (—N, as, ag) . (138)

Standard moments recurrence operator

<3;N(I’>n ) =g =z (p+agn) (p+1)".
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From (28), we have

<3;NM>3 = —e3(asn) <3;Nﬂ>0+[271 — e (ag )] <3;NM>1—€1 (asn) <3;Nu> :

2

Representation of the standard moments in terms of the polynomials

(#a), - (5°3) (7). nzo

From (33), we have

()., = (s ()=o) ()

)
n+1 n

33N —
(2), 2

with
4N 00 —E€3 (837]\/)
<0’ M> =1 0 21— () (ang)
0 1 —e1 (ang)

Hypergeometric representation of the modified moments

n—N,a, +n,as+n

(50), ()= (-N), (0, (e, oF | .

Modified moments recurrence operator
<3;N\I’>n =T (0) — 27, (=N, ay,as),
and therefore,
— 2 <§;N\If>n =&} t+e(agn+n+1)&2
+ [1 +e(agy +n)+ex(agy +n)— Z_l] S, +es(agn+n).

4.3.5 Polynomials of type (3,1;N)

Linear functional

(LY fu] = 3 (o) S (GQ)xi—T, NeN.

First moment



These polynomials can be obtained from the generalized Hahn polynomi-
als by means of the transformation

3N _ O—-NT/2
(393) =0 (]
Using (60), we obtain the ODE satisfied by the first moment

[0 (9 +0) — 2 (0 + ag.v)] [<§%NA>O} —0, (139)

where a3 y was defined in (138).
Standard moments recurrence operator

<3;N<I>>n Wl = (n+0)p"™ =z (n+asn) (n+1)"

From (28), we have

<:15;NM>3 = —e3 (az ) <§);NM>O + [bz7" — ey (az )] <?;NM>
+ [z — €1 (as )] <§’;N,u> .

2

1

Rep_}resentation of the standard moments in terms of the vector polyno-
mials @, (2)

()= (7)), w0
From (33), we have

(113),., == ) ) (8) (),

n+1 n ’
with
- 0 0 —e3 (3_37]\7)
<1’ M> =11 0 bz!'—ey(azy)
01 Z_l — €1 (8371\7)

Hypergeometric representation of the modified moments

3;N o n(_N)n (a1>n (a’2>n n_Na ai +n7a2 +n .
<1 ”>n(z>_ b+1), b+1+n '
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Modified moments recurrence operator
(PN0) = Tor () = 200 (~Noa1,02).
and therefore,

—z! <i’;N\P> =63+ [61 (agy+n+1)— z_l} &2
+[1+e(asn+n)+e(agy+n)— (b+n+1)2"] &, +es(asy +n).

Reduced Uvarov Generalized Krawtchouk Polynomials Since for
the Generalized Krawtchouk Polynomials we have

Yoy @) =0, (V7)) = W+a) (0 = N),
we will have reduced cases for their Uvarov transformation if w = 0, —a, N.
)w=0
In this case, the polynomials can be obtained from the Generalized Krawtchouk
Polynomials by means of the transformation

2AN\U N
A, = (),
<0 0/, 0 0+77
Linear functional

Z{L‘

(VLYY [ = fju (¥) (~N), (@), = +nu(0).

x!
Using (96) and (128), we obtain
1) - _ 2Ny U\ | _
90— 1) — 20 (9 + a) (9 — N)| [<0 AL >0} 0,
which is a special case of (139) with
a=a, a =0, a3=-N, b=-1

Standard moments recurrence operator

(ial), = © -0 [@Me), |
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Standard moments recurrence

pllp =D p" —z(p+a)(p—N)(u+1)"]=0.

Modified moments recurrence operator

<§’prg>n = T (=1) — 27T, (a,—N,0) = Yo, (0) 0 <§va> .

n

i) w=—a
In this case, the polynomials can be obtained from the Generalized Krawtchouk
Polynomials by means of the transformation

2,N\U 2,N —a

vA,>:<vA>+z .

<o a/, 0 0 n
Linear functional

ZJ?

<‘2)7NLH“> [u] = i“ () (=N), (a), o T (—a)z""

Using (97) and (128), we obtain
[0(9+a) —z(0+a)(W+at1)(0—N) [<3’N&>O} — 0,
which is a special case of (139) with
ag=a, ay=a+1, az3=-—N, b=a.
Standard moments recurrence operator
(e, = e[ ]
Standard moments recurrence

pllp—1)p" —z(p—N)(p+a)(p+1)"]=0.

Modified moments recurrence operator

<§’Nx1ﬂja>n = Yo (@) = 2T (@, —N,a+1) = Tp(a+1) o <3’N‘I’>n‘

i) w=N
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In this case, the polynomials can be obtained from the Generalized Krawtchouk
Polynomials by means of the transformation

(), 5, o

Linear functional

T

N
(VLS [l = Y u @) (=N), (@), =+ (N) 2.
=0
Using (97) and (128), we obtain
W —N)— 2 +a)®—N+1) (@ — N)| [<§’N/\§{,>J —0,
which is a special case of (139) with
ag=a, a=-N+1, a3=—-N, b=-—N.
Standard moments recurrence operator
(i"o), = @.-m (") |
Standard moments recurrence

(n=N) @ =z (p+a) (p—N+1)(p+1)"] =0.

Modified moments recurrence operator

<37Nx11%> =Yt (=N) = 2T (@, —N, =N +1) = T (-N + 1) 0 <§’N\1/>n .

4.3.6 Polynomials of type (3,2)

Linear functional

T

(L)) = Yo (o) el =

X
First moment
ai, as, as

3 _ .
(A (2) = 5P { by+1,by+1°7°
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These polynomials can be obtained from the polynomials of type (2,2)
by means of the transformation

<g)‘>o = [<§)‘>0} :

Using (60), we obtain the ODE satisfied by the first moment

[0 (0 +b1) (9 + by) — 2 (0 + ar) (9 + az) (9 + as)] [(GN),] = (140)
From (140), we see that the standard moments (34), satisfy the recurrence

(14 b1) (e +b2) " = 2 (4 ar) (e + az) (p+ as) (p+1)" = 0.

From (28), we have

2
> eai (b) (3i1),.,, ZZeg (@) Gu),
k=0

and therefore

(1 2) (311}, = ze3 () () Hzea (a) — 2 ()] (312), +lzex (a) — ex (B)] (30),
Representation of the standard moments in terms of the vector polyno-

mials@)(z)
Gy, = (1= (3d) (7)., %-7

From (34), we have

(30) =la-2+@m)+na] (3d) . (30) =0

0 0 zeg (a)
(1-2)3M)=|1-2 0 zes(a)—ex(b)
0 1—2z ze(a)—-e(b)
Hypergeometric representation of the modified moments
<3y> Z) — (al)n (aQ)n (a3)n a; + n, az + n,as +n o
2 (b+1), b+ 1+nby+1+n""|

Modified moments recurrence operator
<2\I’> Tog1 (b1, b2) — 2Ty (a1, az, a3)
=(1-2)& +[l+er(b+n+1)—zes(a+n+1)]6&2
+{ea(b+n+1)—z[l4+e(a+n)+e(at+n)}S,—zes(a+n).
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Uvarov Meixner polynomials Suppose that w # 0,—a. The Uvarov
Meixner polynomials can be obtained from the Meixner polynomials by
means of the transformation

<(1))\g>0 = <(1))\>0 +n2Y = (1—2)""+n*.
Linear functional

Z.’L‘

(oLo) [u] = ZU (z) (a), — +nu(w)z”.

z!

Using (91) and (121), we obtain
O —-—w) (W —w—-1)—z@+a) (W —w+1) (W —w) [<é)\g>0} =0,
which is a special case of (140) with

ag=a, a=-w, a3=-w+1l, b=—-w-—-1, b =—w.

Standard moments recurrence operator
(18U, = (6, ) (&, —w— 1) [(12),].

Standard moments recurrence

(p=w) [(p—w=)p" =2 (p—w+1)(p+a)(u+1)"] =0
Modified moments recurrence operator

<(1)\I/g>n =T, (—w—1,-w)—2T,(a,—w,—w+1) =7, (—w,—w+ 1)o<(1)\11>n .

Double Uvarov Meixner polynomials Since for the Reduced Uvarov
Meixner polynomials we have

<(1)06]> =9 (W -1), <(1]Té]> =9 (0 +a)

<éaga> =9 (W +a), <(1)T£]a> =W+a)(W+a+1)
we will have a reduced case for their Uvarov transformations if we add an

extra mass point at w =1, —a, or w =0, —a — 1.
Case 1: w; =0,wy =1
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First moment

<(1))\g,1>0 = <(1))\>0 ez = (1—2)"" +m + ez

Linear functional
(6L | Zu = + i (0) + 2 (1) 2.
Using (96) and (132), we obtain
90 =1) (9 =2) = 2(0+a) 9 (9= 1] [(3A1),| =0,
which is a special case of (140) with

a1 =a, ay=0, a3=-1, by =—-1, by=—-2.

Standard moments recurrence operator

190,), = 6. (8, — 1) [(19),].

Standard moments recurrence

p(p—1[p=2)p" —2z(p+a)(p+1)"]=0.

Modified moments recurrence operator
(0¥01), = Toy1 (=1,-2) — 27, (a,0,—1) = T,, (0, =1) o (4 ¥) .

Case 2: w1 =0,wy = —a
First moment

(02 —a)g = (oMo +m +mz ™" = (1 —2)" "+ + 12"
Linear functional
(oL§ _q Zu — —I— mu (0) + neu (—a) 2.
Using (97) and (132), we obtain
99— 1) (9 +a) — 2 (9 +a) (9 +a+1)9] [(A_),] =0,
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which is a special case of (140) with

ag=a, ay=a+1, a3=0, by=a, by=—1.

Standard moments recurrence operator
(395), = (8, +a) (&, ~ 1)), ]

Standard moments recurrence

plpta)[(p=)p" —z(p+a+1)(p+1)" =0
Modified moments recurrence operator
<(1)\I}g,fa>n - T”H-l (a7 _1> — 2T, (a7 a+1, 0) =T, (a + 1, O) © <(1]\Ij>n

Remark 30 We omit the case wy = —a,ws = 0, since it’s identical to case
2.

Case 3: w1 = —a,wp = —a—1
First moment

<0 —a,—a— 1>0 = <0 > e ey = (1= 2) T

Linear functional

x

(LY s ) ] = D u (@) (@), =7 +mu(=a) 2™ +mou(—a—1) 27"

Using (97) and (133), we obtain
W@ +a)@W+a+1)—z(W+a)(@+a+1)(+a+2)] [<0 Vamac1) ]
which is a special case of (140) with

ai=a, a=a+1, az=a+2, by =a, by=a+1.
Standard moments recurrence operator
(0P 1), = (Bn+a)(Sp+a+1)[(;®) ]
Standard moments recurrence
(h+a)(p+a+l) [ —z(p+a+2)(p+1)"] =0.
Modified moments recurrence operator

<\I/Ua e 1> =T (a,a+1)— zTn(a,a—{—l,a—{—Q):Tn(a—l—l,a+2)o<(1)\ll>n.
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Reduced Uvarov Truncated Meixner polynomials Since for the Trun-
cated Meixner polynomials we have

<30T> =9(W—-N-1), <(1)7'T> = +a)(W—N),
we will have reduced cases for their Uvarov transformation if
w=0,N+1,—a,N.
Hw=0
First moment
U
(6, = () + .

Linear functional
N o
(LEY) 1l = > u (@) (@), = +u(0).
=0 ’
Using (96) and (134), we obtain
W0 -1 —-N-1)—20+a)dd— N)| [<(1))\OT’U>J —0,
which is a special case of (140) with

a; = a, (12:0, (13:—N, blz—l, bQZ—N—l
Standard moments recurrence operator
(§e5") = (@, ~N-1)(®. -1 [(}0),].
Standard moments recurrence

pllp=1)(p=N-1)p"—z(p—=N)(p+a)(p+1)"]=0.

Modified moments recurrence operator
<6W§U>n::Yg+1(—1,—Af—]J——ZTHQLO,—AU::Xy(offN)o<éW>n.

i) w=N+1
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First moment
< >‘71;51> = <(1))‘T>o + UZNH

Linear functional

< N+1> Zu —+77u(N+1) 2N
Using (96) and (134), we obtain
W —-N—-1)(0—N-2)—z®+a) W —N)@—N —1)] [< A]TVLM — 0,
which is a special case of (140) with
ay=a, a=-N, az=—-N-1, bp=—-N—-1, by=—-N—-2.
Standard moments recurrence operator
<(1)‘I’§’g1>n = (6n - N - 1) (Gn - N - 2) |:<(1)¢>n:| :

Standard moments recurrence

(b=N-1)[(p=N=-2)p"" —2(u=N)(p+a)(p+1)"] =0
Modified moments recurrence operator
(BUR1) = Tus (N =1, =N =2) = 27, (a, =N, =N =
=T,(-N,—-N—-1)o <(1)\Il>n
i) w=—a
First moment
.U .
<(1))\—a >0 = <(1))\T>0 +nz"

Linear functional

< > Zu — + nu(—a)z"%.

Using (97) and (134), we obtain
(9 +a) (W —N—1)— 2 +a) (9 +at1)®— N) [<}JAT£>O] —0,
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which is a special case of (140) with
ai=a, a=a+1, a3=-N, by =a, by =—-N-—1.
Standard moments recurrence operator
(101) = (Bu+a) (@ = N-1)[(30),].
Standard moments recurrence

(n+a)[(p=N-1)p"" —2(p=N)(p+a+1)(p+1)"] =0.

Modified moments recurrence operator
<5\1/T,§J> = Tn+1 (a,—N — 1) —2Y, (a,a+1,—N)

iv) w=N
First moment

(IR) = (AT)g +n".

Linear functional

< > Zu ——|—77u(N)zN.

Using (97) and (134), we obtain
(W —N) (0 —N—1)— 2@ +a) (@ — N +1) (0 — N)] [<3AJT¢U>O} —0,
which is a special case of (140) with

ai=a, a=—-N+1, a3=—-N, b=—-N, by=-N-1.

Standard moments recurrence operator
(128) = (&, = N) (&~ N -1 [j®),].

Standard moments recurrence

(n=N)[(p=N-=1)p"" —2(p=N+1)(p+a)(u+1)"] =0

Modified moments recurrence operator
<5\1/§’U>n =Yyt (=N, —N —1) — 2T, (a,—~N + 1, —N)
=T (—N+1,—-N)o (3¥) .
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5 Conclusion

We have studied the families of orthogonal polynomials characterized by the
hypergeometric differential equation satisfied by the first moment Aq (2)

[Wq (9) —zp ()] [Mo] =0, p,qeK][z].

We obtained recurrence relations for the moments on the monomial and
falling factorial polynomial bases, and gave examples for all polynomials of
class s < 2, where s = max {deg (¢) ,deg (p) — 1} .

We note that one could use the generating function (35) and the ODE it
satisfies (36), as a different way of analyzing the standard moments p, (z) .
Similarly, one could study the modified moments v, (z) using (52) and (53).

We are currently working on further applications of our results to study
some properties of the orthogonal polynomials themselves (representations,
recurrence-relation coefficients, generating functions, etc).
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