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Abstract

We study the ratio Izl,f?xi) asymptotically as n — oo, where the

polynomials P, (x;z) are orthogonal with respect to a discrete linear
functional and ¢,, (z) denote the falling factorial polynomials.

We give recurrences that allow the computation of high order
asymptotic expansions of P, (z;z) and give examples for most dis-
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1 Introduction

Let K be a commutative ring (for our purposes, we mostly think of K as the
set of complex numbers C) and Ny be the set of nonnegative integers

No=NuU{0}={0,1,2,...}.

We will denote by 6y, the Kronecker delta, defined by

1, k=n
5k,n_{ O, k‘;én ) kan€N07

and let ' be the ring of formal power series in the variable z

F=K][}z]] = {chz” Locy € K} :

We consider the differential operator 9 : F — F defined by [37, 16.8.2]
V= 20,, (1)

where 0, is the derivative operator

0

The action of ¥ on the monomials is given by
OF (7] = a* 2", (2)

where we always assume that x and z are independent variables.

Suppose that L : Flx] — F is a linear functional (acting on the vari-
able z), and {A, (2)},-, C K[z] is a sequence of monic polynomials with
deg (A,,) = n. If the system of linear equations

n—1
L{AAG) + D L[AA] & =0, 0<k<n—1, (3)

1=0

has a unique solution {,; (2)},...,, ; C F, we can define monic polyno-
mials P, (z;2) by Py (z;2z) =1 and



P, (z;2) = A, () + z_:fm ()N (), n>1. (4)

We say that {P, (7;2)},, is a sequence of (monic) orthogonal polynomials
with respect to the functional L, [2], [4], [21], [22], [27], [28], [46].
In this paper, we focus on linear functionals of the form

[e.9]

-2 b2 weFp. 5)

= b—l—l

and we use the notation

=[[(a),, ), = H (b;),, ne N,

=1
c+r=(c1+rco+r,....cn+r)eK” rek ceKm,
where
a:<a17---7ap)€Kpa b:(bla"'qu)EKq> p>q€NO7 (6>

and the Pochhammer polynomial (x),, is defined by (x), =1 and [37, 18:12]

(z), = | (r+3j), nmneN. (7)

n

<
I
o

If p, (z) € F denote the standard moments of L on the monomial basis
pn (2) = L"), n €N, (8)
it follows from (2) and (5) that
finr1 =V [pn] = 0" (o], 1 € No. (9)
Moreover, using (5) we can see that [15]
Lio(z)u(z)] =Lzt (z)u(x+1)], ueK[z], (10)

where
o(x)=xz(r+b), 7(z)=(z+a).



Because of (9), we say that the functional L is of Toda-type [3], [14], [38],
[47], and because of (10) we also call L discrete semiclassical [1], [16], [18],
133], [36], [49]. The class of the functional L is defined by

s = max {deg (o) — 1,deg (1) — 1} = max {p — 1,4},

and semiclassical functional of class s = 0 are called classical.

Our objective is to obtain comparative asymptotics (also called relative
asymptotics) [5], (23], [24], [25], [29], [30], [31], [32], [34], [39], [40], [41], [42],
[43], [44], for the polynomials P, (z;z) with respect to the basis of falling
factorial polynomials defined by ¢q (z) = 1 and

¢n(x)=][(z—k), neN (11)

In other words, we want to study the limit

. Pu(x52)
nh_}rgo (bn—(:c), .Z'—O(l), $¢N0,
where z is a fixed number, and x belongs to a compact subset of the com-
plex plane containing the origin. We already considered this type of limits
in [10], [12] (Charlier and Meixner polynomials), and in [13] (Krawtchouk
polynomials).

The organization of the paper is as follows: in Section 2 we review some
of our results from [14]. The polynomials P, (z;z) have different asymptotic
approximations depending on the relation between the parameters p and ¢
defined in (6). Thus, we will consider the cases p = ¢ (Section 4.1), p=q—1
(Section 4.2), p < ¢ — 1 (Section 4.3), and p = ¢+ 1 (Section 4.4). Finally,
in the conclusions’ section we will summarize the results and discuss future
directions.

2 Previous results

In [14], we studied families of polynomials (that we said to be of Toda type),
orthogonal with respect to a linear functional L : F[z] — I satisfying

D.L[u] = Lzu], wueF][x],



where D, : F — F is a fixed derivation (on the variable z) associated to L.
In this section, we review some of the results that we obtained, and apply
them to the particular cases:
(i) D, = 9, where the operator ¥ was defined in (1).
(ii) The variable transformation

Dw: 1— 811)’ = .
w (1l —w) w=——

2.1 Toda-type orthogonal polynomials
The linear system (3) can be written as

L[AWP] = hpbn, 0< k<,

and we see that the sequence { P, (7; 2)}, 5, satisfies the orthogonality condi-

tions

where h, (z) € F\ {0} is the norm of P, (z;2).
From (12), we see that

L[xP.P,) =0, k#nmn+l,

and therefore the polynomials P, (x; z) satisfy the three term recurrence re-
lation

TPy (25 2) = Poyr (252) 4 Bn (2) Po (25 2) + 70 (2) Paca (52) - (13)

with P_y =0, Py = 1. The coefficients (3, (2) ,v, (2) € F are given by [§]

_ Liz] _
ﬂO - L_[]_]’ Yo = 07 (14>
and )
5n:L[xPn]’ %:M7 R (15)

h,
If we define o, (z) € F by

hnfl

P, (x;2) = 2" — 0, (2) 2" ' 4w, (2;2),  deg(u,) <n—2, (16)



we have oy = 0, and using (13) we get
2" — o au, = 2" — 0 g+ Ba (27 — 002" wn) Y0 P
Comparing coefficients of ", we obtain —o,, = —0,41 + 5,, or

Bn = Opt1 — On. (17)
Our next result relates o, h,, 5, and ~,.

Proposition 1 Let 9 be defined by (1), h, be defined by (12), Bn,7n be
defined by (15), and o, be defined by (16). Then, we have

O lon] = n (18)

and
9 [Inh,] = B, (19)

Proof. See [14]. =
As a direct consequence, we see that (3,,7,) are solutions of the Toda
equations [47).

Corollary 2 The coefficients of the 3-term recurrence relation (13) are so-
lutions of the differential-difference equations

V[Bn] = Avn, O [Inyn] = Vi, (20)
with initial conditions (14), where
Aftn)=fn+1)=f(n), Vfn)=fn)-fn-1). (21
Essential for our work in this paper is the following theorem.
Theorem 3 The polynomials P, (x;z) defined by (12) satisfy the recurrence
V[P, = —vnPo1, (22)

and the ODE
(0% + (& = B2) U+ ) [Pn) = 0. (23)



Proof. See [14]. m
Since ¥ = z0,, we have

and

z (z@?Pn + @Pn) + (x — Bn) 20, P, + v, P, = 0.

If we define g, (2) € F by

Tn (z) = Z0n (Z) )

then
Pr/L = _gnpnfla

and (24) becomes
zP"+ (x+1—6,) P, + g,P, =0,
where we will always use the notation

P, =0.P,.

2.2  The function o, (z)

A fundamental quantity in our studies is o, (z) defined in (16).

Theorem 4 The coefficients in the power series expansion

o0
= Zsk (n) 2*
k=0

are given by

~n(n—1) s (n _n(n—1+a)l
son) = 2Oy (o) =

and -
si. (n) J) sk—j (n) AV [s; (n)],

=1

.

A,V are the finite difference operators (acting on n) defined in (21).

7

k> 2,

(24)

(25)

(26)

(28)

(29)

(30)



Proof. See [14]. m
Using (17) and (18), we obtain the following result.

Corollary 5 The coefficients of the 3-term recurrence relation (13) admit
the formal power series

= ZAsk (n) Zk, T (2) = stk (n) Zk? (31)
k=0 k=1

where the coefficients sy (n) are defined by (28). In particular,
Bn(0) =n, 7 (0)=0. (32)

Remark 6 From (25) and (31), we have
=3 (k+ 1) sp41 (n) 2%, (33)
k=0

From (29), we see that

o(L—n"'+n"ta),

s1(n)=n (1+n1b),
where
0=p+1-—gq. (34)
If we write .
n) = nGZrkn’k, (35)
k=0
we get

D erj(b)ry=er(a—1),

=0

where the elementary symmetric polynomials e, (c) are defined by the gen-
erating function [37, 19.19.4]

ien (c)t" = H (1+te;), ceK™ (36)

n=0 =1



Since ey = 1, we obtain the recurrence

B

—1
re=er(@a—1)— ) epj(b)r;, ro=1 (37)

J

Il
=)

The first two coefficients 7, are

rlzel(a—l)—el(b),
ro=-¢ey(a—1)—ey(b) —e;(a—1)e;(b)+ei(b).

Theorem 7 Let

0, =1
n(0) = 1, #=0
2

. 04£0,1

with

We have:
(i) If 6 < 0, then

si(n) ~ A (0)n®*, n — oo, (38)

where A1 =1 and for k > 2

N

" (b )6, (6 — 1) AyAr. (30)

J=1

1

MR-

(i1) If 6 = 0, then as n — oo,
si(n)~1, sp(n)~rC(k—1) n 2 §>2

where C (k) is the k'™ Catalan number [37, 26.5(i)]

C (k) = k%l <2:>

(iii) If 6 = 1, then as n — oo,

si(n)~n, sp(n)~ryn k>2



Proof. See [14]. m

Remark 8 Using induction, we can see that the solution of (39) is given by

(1-0)"

A (8) = =01 —;

(1+k—0k),_,.

As a direct application of (30), we can illustrate the results of Theorem
7 for some particular cases.

Example 9 Let § = 1. As n — oo, we have

So=1on >+ (rira + 3r3)n° + O (n7Y),
S5 =1on >+ 3(rire + 2r3)n 4+ 0 (n7°),

and we see that s (n) ~ 1y n=%, n > 2, as expected. Also,

2 1
on(2) = % + <z - 5) n+riz+reen Tt + (r3 +re2) zn?
+ [T4 + (rire + 3r3)z + TQZQ] w240 (n_4) ,
Bo(z)=n+z—rozn >+ [(1 = 22)r3 — 2r3]2n > + O (n %), (40)
and
gn () =n+r 410+ (22 +1r3)n 2+ 0 (n7°). (41)

Example 10 Let 6 = 0. As n — oo, we have

so=rn">+ (r} +3r)n~t + 0 (n7°)
s3=2rin"" 4+ 2(3rf + 5ry)n % + O (n_7) :

and we see that s, (n) ~ C(k—1) rin=2*"1 n > 2 as expected. Also,

2
1
o, (2) = % gt rizn”t +rozn Tt 4 (riz +13)zn 4+ 0 (nY),
Bn(z) =n—rizn=2+ (ry — 2ry) zn3 (42)
—[r1(Bz+1)=3(ry —r3)]z2n™1+ O (n79),
and
g (2) =14+rn 4 rgn ™2 4+ 22r +1r3)n 2 + 0O (n_4) . (43)

10



Example 11 Let § = —1. As n — oo, we have

So=n"t+4rn" + (1 + 37“% + 77“2) n %40 (n_7) ,
s3=4n"" 4+ 28rn~® + (20 + 51rf + 61r2) n Y + O ('),

—3k+2

and we see that s (n) ~ A (k) mn , n > 2, as expected. Also,

2

on(2) = % —gnt ant A ran T ran T + (24 13)2n 4+ 0 (7)),

Ba(z)=n—zn+1=2r)zn>—[1+3(ra—r)]2n " +0 (n7°), (44)

and
gn(z)=n""+rn T +rn + (22 +1r3)nt+ 0 (n70). (45)

2.3 The function 9, (z; )

Sometimes, the falling factorial polynomials ¢,, (x) defined in (11), are called
binomial polynomials, since we have

On () _ (D’ n e N. (46)

n!

From the definition (11), we see that

¢n+1 (%) = (.CL' o n) ¢n ((IJ) = x¢n (:L‘ - 1) N 07 (47>

and from (7) it follows that the falling factorial polynomials and the Pochham-
mer polynomials are related by

¢n (1) = (=1)" (=), = (z+1—n),.
Using (32) in (13), we obtain
Pot1(2;0) = (= n) Py (z;0),  F(2;0) =1,

and comparing with the recurrence satisfied by the falling factorial polyno-
mials (47), we conclude that

P (2;0) = ¢n (1) . (48)

11



Note that from (26) and (48), we see that
By (250) = —gn (0) ¢n1 (2) .
If we define ®,, (z;x) by
By (#;2) = ¢n () @y (2;7)
then (47) and (49) give the recurrence

Gn (Z)

D=

q)nfl (Za 'T) :

(51)

It also follows from (27) and (48) that ®,, (z; ) is the solution of the ODE

20" + (x+1—0,) P, + g. P, =0,

with initial condition

D, (0;z) = 1.
Note that setting z = 0 in (52) and using (32) gives
gn (0)
O (0;z) = ——In

n (052) r+1—n
in agreement with (51).
Proposition 12 Suppose that

= ap(n)  2F

Sy (z52) = ) ——— 7, =L
(=5 ;@H—n)k o o

Then, the coefficients oy (n) satisfy the recurrence

k

a1 (n) = _ZSjH (n)aw—j(n—=1)(x+2=n+k—j),.

In particular,
aj (n) = —s1(n).

12

(52)

(53)

(54)



Proof. Taking a derivative in (54), we have

d ag (n) ¢! = g (n) 2R

“~(x+1-n), K v+1-—ni(z+2-n) kI’
since from (7) we see that
(@)1 = 2 (2 + 1),
From (51), we conclude that
o Lk e k
Qg1 ar(n—1) z
kzz()a:+2—n k! kzzo(m+2—n)kk!

and using (33), we get

k

_ownln) _Zstrl (n) (ak_j n-l ' (57)

(x+2—n), = T+2-n)

The result follows after using the identity

(),
(@),

= (z+m) m < n.

n—m’?

Remark 13 Suppose that 6 < 2. It follows from (57) that to find the leading
term in the asymptotic expansion of ay (n) as n — 0o, one needs to consider
only the term with j = 0. Thus,

a1 (n) ~—=s1(n)ag (n—1), n— oo

and we conclude that
—l)kHsl (n—3), n— oo.
Using (35), we get
k. ko k-1 -1 -2
ag(n) = (=1)"n™ |14+ k rl—TQ n'+0 (%], n-— oo

13



Example 14 Let 0 = 1. As n — oo, we have

1
o) g zHlen oY),
(x+1-n), n

and therefore

r+1+nr
—_—z

d,(z;z)=¢€"|1
(z;x)=¢€* |1+ p

2.4 The variable w
If we use (30) with 6 = 2, we get

si=nl4+rn+rot+rsnt+0 (n_2

b
n_2) ,
n=2 ,

32:n2—|—7“1n—|—7“2+27‘3n_1—|—0(
"+ O(

s3=n%+rn+ry+ 3rsn”

+O(n_2) , N — Q.

(58)

and this is clearly not an asymptotic sequence. As we showed in [14], what

we need is to change variables from z to

z
z2—1

w =

Theorem 15 Let 0, (z) defined by (16). If we write

o (w) = 3 6 (n)

we have ( ) ( L+a)
n(n— n— a
() = " & () =
and
1 k—1
gk - fk—l + m; (/{3 — j) fk_jVAéj, k> 2.

Proof. Seec [14]. =

14

(59)

(60)

(61)



Remark 16 If we use (35) in (60), we get
& (n) = —nQZrkn_k, (62)
k=0

where the coefficients vy, can be computed using (37).

The asymptotic behavior of the coefficients & (n) is given in the following
result.

Theorem 17 For all k > 2, we have
& (n)=0(n*"), n— oo (63)
Proof. See [14]. =

Remark 18 For the first few & (n), we can use (61) and (62), and obtain

rs T3+ 314

gg(n)zg‘f‘T"’O(n_S))
& (n) = —m?’n—tm +0 (n7?), (64)
54 (n> _ (1 +T% +T2) 7“;3+ 5(7"17“4 +r5) X O (n74)’

as n — 0o, in agreement with (63).
Note that we have
Yo =20, (2) = w (1 —w) 6y (w),
where we will always use the notation
d, = 0, ®,,.

Therefore, in this case we define

T (W) = w (1 —w)g, (w), (65)
with N
gn (W) = Z (k+1) &

15



Example 19 Using (62) and (64), we can compute the first terms in the
asymptotic expansions of oy, (w), B, (w), and g, (w) :

o (W) = (——w) n? — (%+T1w>n—T2w+T3(w—1)wn_1—l—O(n_2);

B (w)=(1—-2w)n— 1 +r)w—r3(w—1)wn2+0 (n73) , (66)

and
g (W) =-—n’—rn—ra+r32w—1)n"'+0(n7?), (67)

as n — oQ.

3 Numerical results

Since we can write the falling factorial polynomials in terms of factorials (46),
we can use the reflection formula for the Gamma function [37, 5.5.3 ]

FEI=2) = sin (7z)’
and obtain
b () = F(xf'l — _ x!sin[wﬂ(n—x)]rm_m).
But
sin (m (n — z)) = — cos (mn) sin (12) = (—1)""" sin (7z),
and therefore _
b () = (—1)H ST, gy

™

Thus, in order to plot the different asymptotic approximations for P, (x; z) ,
we will consider two cases:
i) On the negative real axis, we shall graph

o T, (1) (68)

since both functions are analytic, nonzero, and bounded in this region.

16



ii) On the positive real axis (with < n), we shall graph

P, (;2) and (—1)""" sin (7x)

z!IT' (n — x) s

O, (2 2), (69)

since both functions are analytic and bounded in this region.

To compute the polynomials P, (x; z), we first compute the moments of
L on the monomial basis (8) to a very high order of accuracy (with error
less than & = 1071%)  solve the system of equations (3)

n—1

Hntk Zukﬂfn,z’ =0, 0<k<n-—1,
i=0

and construct the polynomials using (4),

n—1
P, (x;2) = 2" + Zé’” (z) 2"
i=0

After that, we double-check that
|L[z"P,]| <e, 0<k<n—1, |L[z"P)]|>ce.

We have tried other methods (using Hankel determinants, recurrences,
or the Toda equations and the 3-term recurrence relation), but found them
unsatisfactory from a numerical point of view.

4 Asymptotic analysis

In this section, we will obtain asymptotic approximations for P, (x;z) as
n — oo, with x = O (1) and all other parameters fixed. Because of the
moments’ recurrence (9), the analyticity of all the moments pu, (2) (and in
consequence the polynomials P, themselves) as functions of z will agree with
that of the first moment g (2) .

But since pg (2) is a hypergeometric function,

_ a \_y_ (@, = p g
/’LO(Z)_PFQ(bVZ)_Z(b_’_l)mx'ﬂ a€K7b€Ku

=0

17



its domain of analyticity depends on the parameters p, g. We have three cases
to consider:

(i) If p < ¢+ 1, then pg (2) is an entire function of z. From (34), we see
that this corresponds to the case 6 < 2.

(ii) If p =g+ 1 (60 =2), then o (z) is analytic inside the unit circle,
|z| < 1, and can be extended by analytic continuation to the cut plane
C\ [1,00).

(iii) f p > g+ 1 (0 > 2), then pg (2) diverges for all z # 0, except when
one of the numerator parameters is a negative integer, and g (z) becomes a
polynomial (in z) of degree N. We will not study this situation in this paper,
since in this case we need to scale n in terms of N and consider the limit as
N — oo (see [13] for the Krawtchouk polynomials).

We will divide the first case (i) in 3 subcases:

(a) When p = ¢ (0 = 1), uo (2) is entire (but barely!) and the asymptotic
expansion of P, (z;z) will contain an exponential multiple e?.

(b) When p = ¢ —1 (#=0), P, (z;2) will have a regular asymptotic
expansion.

(¢) When p < ¢ —1 (6 <0), some of the first terms in the asymptotic
expansion of P, (x; z) will be missing.

If p=g+1(0=2), then po(z) will have a logarithmic singularity at
z = 1. Thus, we expect that the asymptotic expansion of P, (z;z) will have
a factor of the form (1 — 2)°, where the power could depend on n (and z).
In this case, it is better to perform a change of variables and work with w
defined in (59).

Notation 20 We say that a family of polynomials is of type (p,q), if it’s
orthogonal with respect to the functional (5) with a € KP and b € K.

4.1 Casep=gq (#=1)

From (58), we see that in this case we should "peel off” an exponential term
from ®,, (z;x). Thus, if

D, (257) = "Ny (237) (70)

we have
O =e* (A, +A), D =ec(A,+2A,+A)),

18



and (52) becomes
2N+ 2242+ 1-6)AN, +(z+2x+1—6,+9gn) Ay =0. (71)
From (40) and (41), we see that
Bo=n+Bn gn=n+Gn, Bn=0(), Gu=0(1), n— oo,
and hence
2N+ <2z+x+1—n—ﬁn)A;+ (z+a;+1+’g“n—5n>/\n:0. (72)

Thus, we shall have A,, = O (1), n — oco. Replacing

Bn (2) = ka (2)n7* G, (2) = Zuk (2)n*,

and

[e.e]
An(z2) =) N (z2)n ",
k=0
in (72) and comparing coefficients of n=%, we obtain the recurrence

N1 = 2N+ 224+ 2+ DN+ +2+1) Ak+zk: [(tr—j — ve—j) Aj — vk—j NS -
jzo (73)
From (53) and (70) we have A, (0;z) = &, (0;2) = 1, and therefore
M (052) = 6o, Kk >0. (74)
Note that from (40) and (41) we see that

Ug =71, UL =T9, Uy = 22T+ T3,

=2 v =0 wvy=—-"yz.
When k = —1, (73) and (74) give

)\6 = 0, )\0 (O,.Z‘) = 1,

19



and thus
Ao (z;2) = 1. (75)

Using (75) in (73), we get
M=z+az+1+u—vog=a+1+m,
and since \; (0;x) = 0, we obtain
M(zx)=(x+1+m)z (76)
Similarly, using (75) and (76) in (73), we get after some simplification
Ay =N (2414 2)+ M + 7o,

and since Ay (0;2) = 0, we conclude that

1
Ay = A} <$+§+1>Z+§(/\1>2+7’227

or

22

)\Q(z;x):[(x—i—1)($+1—|—r1)+r2]z+(:U+1+7“1)(x+2+7’1)5. (77)

4.1.1 Polynomials of type (0,0) (Charlier polynomials).

The Charlier polynomials were introduced by Carl Vilhelm Ludwig Charlier
(1862-1934) in his paper [7] and have the hypergeometric representation

—n,—T 1
— z

P, (x;2) = (—2)" oFy [ ——1.
For this family, we have r, = 0, k > 1, and therefore
Bn=n4+2 g,=n.
Replacing in (71), we get
2N+ (z+x+1—n)A, + (x+1)A, =0. (78)
Therefore, the recurrence (73) becomes
w1 =2+ e+ D) A + (2 +1) N,

20



or
z

0
Starting with Ag (z) = 1, we obtain

M(z) = (z+1)7, A2<z>:<x+1>222+<x+1>2§
A () = (x+ 172+ (@ + 1), 20 +3) 5 + (@ + 1), 5

However, in this case the ODE satisfied by A, (z;2) (78) has the exact

solution [12]
An (z2) = 1B} ( T '—2’) ,

(79)

r+1—n’

where we have used the initial value A, (0;z) = 1. Therefore,

b =Sl e w

and using the first few terms we obtain

i (z+1), (—2) (x+1)z
> AL
Ox—l—l—n k! n

+ {(:H 1?24 (z+ 1)2%2} n~>

+ [(x—i—l)gz—i—(x+1)2(2x+3)%2+(x+1)3%3] n?+0(n™?

as n — 00, in agreement with (79).

4.1.2 Polynomials of type (1,1) (generalized Meixner)

For this family, we have

—1 —b—1 - -
31(n):n+ab :1_'_%_
n n—+ n + 1
and therefore
= (a—b—1)(=b)"", k>1. (81)

Using (81) in (75)—(77), we get Ao (2;2) = 1,
M (z52)=(x+a—Db)z,

21



Figure 1: A plot of the scaled generalized Meixner polynomial Py (x;2) and
its approximation.

and

Ao (z;) = [(m+a)(m+1—b)+b2]z+(x+a—b+1)(x+a—b)%2.

In Figures 1 and 2, we plot the functions (68)-(69) with

A (z52) | A2 (59)

O, (2;0) =€ |1
(z;x)=¢€” |1+ - 3

Y

n =10, a = 0.2479357, b = 0.7146983, and z = 0.3974126.
For additional information on these polynomials, see [6], [9], [15], [16],
[17], [19].
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0.5

-1.0-

Figure 2: A plot of the scaled generalized Meixner polynomial Py (x; z) and
its approximation.
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4.1.3 Polynomials of type (2,2)

For this family, we have

si(n)  (n+a—1)(n+ay—1)

n (n+01) (n+b2)
1+<a1—b2—1)((12—b2—1) B (al—bl—l)(ag—bl—l)
(bl _b2) (n+b2) <b1 —b2> (n+b1)

and therefore ) )
i (b) = 7" (1)
by — by ’

rE = k> 1, (82)

with
TV (b) = (b—ar+ 1) (b—ay+ 1) (—b)* "

In particular,

L =a; +ay — by —by—2,
7"2:1—a1—ag—(a1+a2—2)(b1+b2)+bf+b§+b1b2+a1a2.

Using (82) in (75)—(77), we get Ao (2;2) = 1,
)\1(2;.17) = (:E+a1—|—a2—b1—b2—1)z,
and

X(zix)=[x+1)(z+a1+as—b —by—1)+715)2

N | %,

+(@+a+ay—b—by—1)(x+ a1 +as— by — by)

In Figures 3 and 4, we plot the functions (68)—(69) with

A (52) | A2 (59)

O, (232) = e |1
(z;2)=¢€" |1+ - 3

Y

n = 10, a; = 0.2479357, ay = 0.1963478, by = 0.7146983, by = 0.5712349,
and z = 0.3974126.
For additional information on these polynomials, see [15] and [17].

24



Figure 3: A plot of the scaled polynomial of type (2,2) Py (x;z) and its
approximation.
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Figure 4: A plot of the scaled polynomial of type (2,2) Py (x;z) and its
approximation.
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4.2 Casep=q—1(0=0)
From (42) and (43), we see that

Bp=n+n"2B, Lo=0(1), g.=0(), n— o,
and replacing in (52), we get

20+ (241 =0 —n25,) @, + ga®y = 0.

Thus, we shall have ®,, = O (1), n — oo with &, (0;z) = 1. Replacing

B2 =Y u(@n ™, gu(x) = Y ue(2)nt,

k=0
and

o, (7)) = Y or (@), @ (0;2) =dos, k>0,
k=0

in (83) and comparing coefficients of n=*, we obtain the recurrence

k k—2

Prr = 295+ (T + 1) ¢ + Z%‘Uk—j - Z@;Uk—2—j-
j=0 j=0

Replacing ¢g = 1 in (84) with k£ = 0, we have
@) =u =1,
and therefore
p1(z2) = 2.
Using ¢ = 1,01 = 2z in (84) with k = 1, we get
oy =x+1+u +zug=x+1+r + z,

and hence 9

o (z;) = (x—i—l—i—rﬂz—k%.
Similarly, we have
3 = 2+ (7 + 1) b + pouz + @rur + Pauo — Yo
=z+ (x4 1) ¢y + 12+ 1r12 + @9,
and we conclude that

22 28

gpg(z;x):[(:L‘+1)(x+1+r1)+r2]z+[2(x+1+7“1)+1]E+E-

27
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(85)

(86)

(87)



4.2.1 Polynomials of type (0,1) (generalized Charlier)

For this family, we have

n = (—b)"
Sl(n):ThLl):Z nk '
k=0
and therefore
re=(=b)", k>0 (88)

Using (88) in (85)—(87), we get

T4+1-bz+2
q)n(2§$)N1+§+( 2) =

n
+[<x+1)(x+1—b)+b2]z+[2(x+1—b)+1]§+%
n3

as n — 00.
In Figures 5 and 6, we plot the functions (68)—(69) with

o1 (2 ) L P (Z; ﬂf)’
n n
n =10, b = 0.7146983, and = = 0.3974126.

For additional information on these polynomials, see [9], [15], [16], [17],
[26], [45], [48].

D, (z;2) =1+

4.2.2 Polynomials of type (1,2)
For this family, we have

n(n+a—1) 14 (&—1—b1)bl _ (a—l—bg)bg

(TL + bl) (n + bg) (bl — bg) (n + bl) (bl — bg) (n + b2)7

s1(n) =

and therefore

k k
e = (bl—i—l—a) (—bl) +(a—1—bg) (—bz) 7 L 2 0.
b1 — by

In particular,
7’0:1, lea—bl—bg—l, (89)
To = (1—0,) (bl—f—bg)—f-b%—f—bg—f-blbg

28
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Figure 5: A plot of the scaled generalized Charlier polynomial Py (; z) and

its approximation.
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Figure 6: A plot of the scaled generalized Charlier polynomial Py (x; z) and
its approximation.
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Using (89) in (85)—(87), we get
2
O, (z;0)=1+z2n""+ {(:c—l—a—bl —b2)2+5:| n?
+l(x+1)(z+a—by —by) + 19 2n?
1 3
+ [(x+a—bl —b2—|—§) zz—l—%} n?+0(n?

as n — 0o.
In Figures 7 and 8, we plot the functions (68)—(69) with

o1 (z;2) | o2 (2;0)
+
n n

n =10, a = 0.2479357, by = 0.7146983, by = 0.5712349, and z = 0.3974126.
For additional information on these polynomials, see [15] and [17].

D, (z;2) =1+

4.3 Casep<q—1(0<0)
Looking at (44) and (45), suggests that as n — oo,
Bo=nt+n"By Gu=0(), gu=n"Gs, Gu=0(1),
and replacing in (52), we get
20!+ (x Y1-n— n"*lén) o 4 0GP, = 0. (90)
Thus, we expect that
O, (z:2)=14+n""1d, (2;2), ®,=0(1), n— o0
with ®,, (0; z) = 0, and therefore the ODE (90) becomes
n? 1" <:c +1—n— n9’15n> n?='® + nlg, +n*"1g,®, =0,

or
2P + (:1: +1—n-— ne’lﬁn) ' +ng, +n'g,®, = 0. (91)

Replacing
En (Z) = ka (Z) nika gn (Z> = Zuk (Z) nikv
k=0 k=0

31
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Figure 7: A plot of the scaled polynomial of type (1,2) Py (x;z) and its

approximation.
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Figure 8: A plot of the scaled polynomial of type (1,2) Py (x;z) and its
approximation.
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and

D, (z;2) = Zcpk (z;2)n™" @ (0;2) =0, k>0
k=0

in (91) and comparing coefficients of n=*, we obtain the recurrence

k—146 k+0-2

Ph =+ 200+ @ DG+ D> punieg — Y, Pikioa g
=0

Jj=0

Setting k& = 0 in (92), we get

Py = uo = 1,
and therefore
wo (z;2) = 2.
For k = 1, we have
0 01
P =+ 200+ (@ + 1) @h+ D> it — > _Pive-1-j,
§=0 §=0

but since 6 < 0 and ¢y = z,
Yi=u+z+1
and hence
o1(zz)=(x+14+m)z2.
Continuing this way, we see that
Y=t zop g+ @+ 1) ¢, 1<k<1-0,
and for k=1—-46
Oi_g =g + 29" g + (x + 1) ¢’y + wouo.
Thus,

¥4

o (z;7) = /uk (t)dt + 2051 (z32) + xop_1 (z32), 1<k<1l-—86,
0

and

2 2
z
P10 (2;7) = /ule (t)dt + 29" (2:0) +wp-g (22) + -
0

34
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4.3.1 Polynomials of type (0,2)

For this family, we have

s1(n) n? 14 b2 B b?
nt (b)) (ntby) 0 (b —by)(n+by)  (by—bo)(n+by)

and therefore
(—bg)k+1 . (_bl)k-‘rl

by — by ’

k> 0.

Ty =
In particular,
7"0:1, le—(b1+b2), T2:b1b2+b%+bg (97)

Using (97) in (94) and (96), we get

o1 (z;2) = (x+1—=b —by) 2,

z
2

22 2
@2:/u2(t)dt+zgo'1—l—mg01+§ :/r2dt+(x+1) (:E+1—b1—bg)z—|—5,
0 0

and hence

2
<p2(z;x):(b1b2+b§+b§)z+(x+1)(x+1—b1—b2)z+%.

Combining the results above and recalling that ¢y = 2z, we obtain

q)n(z;g:):1+%+(m+1—bl—b2)zn_3
n

2
+ (b1b2+b§+b§)z+(x+1)(x+1—b1—b2)z+%} nt+0(n?).

In Figures 9 and 10, we plot the functions (68)—(69) with

B, (z2) = 1402 [ (z2) + 22T (:x)} ,

n = 10, by = 0.7146983, by = 0.5712349, and z = 0.3974126.
For additional information on these polynomials, see [15] and [17].
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Figure 9: A plot of the scaled polynomial of type (0,2) Py (x;z) and its
approximation.
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Figure 10: A plot of the scaled polynomial of type (0,2) Py (z;2) and its
approximation.
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4.4 Casep=q+1 (0=2)
Let w be defined by (59). Using
0, =—(w—1)%9,, =w-1"%+2w-1)>0a,,

z

in (24), we get

and from (65) we have

w(l—w)én—i—(:r—}—l—Bn—Qw)@n+gn(I>n:0.

(98)

Based on the case # = 1 (Section 4.1), we expect that &, (w;z) will

contain an exponential term. Replacing
P, (w;z) = exp [Ty (wiz)], T, (0;2) =0,

in (98), we obtain

w (1 —w) [Tn—l-(Tn)j + (41— —2w) T, +g, =0.

From (66)-(67), we have

ﬁn:(l—Qw)n—(1+r1)w+§n, Bn:O(n_Q), n — 0o,
On=—Nn>—7rn+g, g.=0(1), n— oo,

and replacing in (99) gives, to leading order,
o\ 2 :
w(l—w)(Tn> ~ (1 —=2w)nY, +n* n— oo

and therefore n

. . n
T,~—, or T,~—, n— o0
w w—1

(99)

(100)

Since we want Y, (w; ) to be analytic in a neighborhood of w = 0, we choose

T, (w;x) ~In(l —w)n, n— oo,

and set

Yo (wiz) =In(1—w)n+> e (w;z)n™, e (02)=0, k>0, (101)
k=0

38



B (w) =Y v (wiz)n™, G (w) =Y uy (wim)n™*,  (102)
k=2 k=0
where from (66)—(67) we see that

ve=r3(l—w)w, wuy=-ry u =1302w—-1). (103)
Using (101)—(102) in (99) and comparing powers of n, we get
r+1+m
b= ——.
w—1

Thus, since €y (0;2) = 0,
ewz)=@+1+r)n(l—w).

We could proceed in this manner, but instead we consider ¥, (w;x) de-
fined by
®, (w;z) = (1 —w)" "W, (w;z), (104)
so that

U, (w;x) = exp [Zek (w; z)n "

k=1

Using (100) and (104) in (98), we get
w(l—w)V, + (1 —w) [x—l—l—w r 42 +3) = B, —n| ¥,
(1

Flntz+14r)B+1—w)@n—(+1D(@+14+r)| ¥, =0.

(105)
Replacing (102) and
U, (wiw) = v (wi)n ™, oy (0;2) = Sop, k>0
k=0

n (105), we obtain the recurrence

(1= w) s =w (1 —w)? ey + (1 - )[a:+1—(m+2w+3) K

@+ @+l+m)(w-—DY+(1—-w Z@b]ukj (106)
+Z¢jvk+1]+2[x+1+n)¢ gy vy =0.
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Setting £ = 0 and ¥y = 1 in (106), we obtain
Yy =—(z+1) (x+1+7m)+ up,
and since ug = —ry and ¥ (0;x) = 0, we conclude that
Uy (wyz) =—[(z+1)(x+1+7r) + ) w.
Replacing k = 1 and ¢y = 1 in (106), we have
(1—w)thy = (1 —w) [z + 1= (r + 22 + 3)w] ¢
+@+1)(@+1+rm)(w—1)¢ + (1 —w)(ur +hrug) + vs,
and using (103) and 1y = wi)y, we get
(1 —w)thy = (1 —w) (z+1— (r + 2z + 3)w)
+(x+1) (x+1+7r) (w—1)wi
(1= w) (ra (2w =1) = rawdy ) 473 (1= w)w,

or

Yo=[r+1—((x+2)(x+2+7)+7r)wl+rsBw—1).

Since 1, (0; ) = 0, we conclude that

2

(107)

Wy (w;z) = [<x+1)w—((x+2><x+2+r1>+r2)%2] I+ B (3w —2),

and noting from (107) that
—[(z+2)(z+2+7r) +rs]Jw=1 (w;z+1),

we can write

o (w;x) = {x+1+%¢1(w;x+1)} ¢1(w;x)+%w(3w—2).

4.4.1 Polynomials of type (1,0) (Meixner polynomials)

(108)

The Meixner polynomials were introduced by Josef Meixner (1908 — 1994)

in his paper [35] and have the representation

z a

Py (2:2) = (a), (1_1)_n P [ -, =2 ;1—%}, 2 eC\[1,00).
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For this family, we have

&) _nta-1

n2 n '
and therefore
ro=1 rn=a-—1 1r,=0, k>2, (109)
and
Bo (w) = (1 —2w)n —aw, g, (w)=—-n*—(a—1)n. (110)

Thus, in this case 3, = §, = 0, and using (109) in (105), we obtain

w(l—w)V, +[z+1— 2z +2+a)w—n] ¥,

—(z+1)(x+a)¥, =0, (111)

while the recurrence (106) becomes
Y1 =w (1l —w) P+ [z +1— 22+ 24 a)w] Yy — (x+ 1) (z + a) Py
It follows that, as n — oo,

U, (wyz) ~ 1= (z+1) (x+a)wn™

et l- (@4 2) @+ 1+a)w] @+ 1)@+ a)wn. (112)

However, the ODE (111) can be solved exactly, and we have [12]

U, (w;x) = QFl(“l’““ ;w),

z+1—n

and using the first couple of terms, we get

U, (w; ) ~ Z(I(—;f’i(ﬁ ;Z)k% ~—(x4+1)(z+a)wn!
—(z+1)(z+a)w {x+1—%(w+2)(w+1+a)w} n? n— oo,

in agreement with (112).
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4.4.2 Polynomials of type (2,1) (generalized Hahn polynomials of
type I)

For this family, we have

) (rta—1l)(nt+ta—1)

n? n(n+b)
o (al—l)(a2—1) (b+1—a1)(b—|—1—a2)
=1 bn - b(n+0) !

and therefore

7“0:]_, r1:a1+a2—2—b,

o= (b+1—a) (b+1—as) (b2, k>2. (113)
Using (113) in (107)—(108), we get
Uy (wyz)=—[(z+1)(z+ar+a—1—-b)+0b—a+1)(b—ay+1)]w

and

(i) = [ 14 o (wi + 1] s (ws2)

1

2(b—a1+1)(b—a2+1)bw(3w—2).

In Figures 11 and 12, we plot the functions (68)-(69) with

@Mw@:U—wW”mﬂP+¢Mw@+wﬂmﬂy

n n?

n = 10, a3 = 0.2479357, as = 0.1963478, b = 0.7146983, z = —0.01574126,
and w = 0.0154973.

For additional information on these polynomials, see [11], [15], [16], [17],
20].
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Figure 11: A plot of the scaled generalized Hahn polynomial P (z;2) and
its approximation.
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Figure 12: A plot of the scaled generalized Hahn polynomial Pjg (z;2) and
its approximation.
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4.4.3 Polynomials of type (3,2)

For this family, we have

Cam)_ (nta—-1)(n+ta—-1)(n+ta—1)

n? n(n+b1) (n+b2)
. <a1—1><(12—1)(a3—1) (al—bl—l)(ag—bl—1)(a3—bl—1)
=t bibn * (br — b2) by (1 + by)

(al—bg—1)((12—62—1)(@1;—()2—1)
(b1 — b2) by (n 4+ b2) ’

and therefore

ro=1, 71 =a+ay+az—3—0b — by, (114)
@) ()
r = (béffb;“ k>,
where

TP (0) = (b—ar+1) (b—as+1) (b—az +1) (=b)* 2,

At this point, we truly reach the limit of being able to type expressions
in a compact way. For the first terms in the asymptotic expansion of these
polynomials, we refer to the general formulas (107)-(108) with ry,ry given
by (114).

In Figures 13 and 14, we plot the functions (68)—(69) with

o, (wiz) = (1 — w)n+a:+1+m 14 (0 (:;J,BU) n L (:;,x)

)

n = 10, a; = 0.2479357, ay = 0.1963478, a3 = 0.3614782, b; = 0.7146983,
by = 0.5712349, z = —0.01574126, and w = 0.0154973.
For additional information on these polynomials, see [15] and [17].

5 Conclusions

We have given asymptotic expansions for the ratio

P, (z;2) o .
¢n (J,‘) ’ 0(1)’ ¢N0a
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Figure 13: A plot of the scaled polynomial of type (3,2) Py (z;2) and its
approximation.
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Figure 14: A plot of the scaled polynomial of type (3,2) Py (z;2) and its

approximation.
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as n — 0o, where z (and any other parameters) is fixed. The polynomials
P, (z; z) are orthogonal with respect to the linear functional

o (a), =
Lu] = L KP b € K?
and depending on the value of the parameter § = p + 1 — ¢, we have the
following cases:

(i) If 0 < 1, then

B a1

M%—O(n”)}, n — 0o,

where

(1—=n"t4+an™t), i Lk
1 = rLn .
(1+bn-t), —

(ii) If # = 1, then as n — oo
P, (z; 2) {
S e 1y
n (7)

This result extends our previous work on the Charlier polynomials, [10], [12].
(iii) If = 2, then as n — oo

r+1+nr
n

240 (nQ)} :

Bul@iw) _ () _ et {1 CRBIC +n1 Sk ek WD (n‘z)] :

n ()

where w = %5 This result extends our previous work on the Meixner poly-
nomials, [10], [12].

(iv) If & > 2, then the polynomials P, (z;w) depend on a parameter N,
with —N € N. We have not analyzed this case, since it will require scaling
N in terms of n. For some related work on the Krawtchouk polynomials, see
[13]. We plan to study this case in a forthcoming paper.
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