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Zusammenfassung \Y

Zusammenfassung

In dieser Arbeit konstruieren und analysieren wir Mehrgittermethoden zur Losung
gewisser Klassen von Optimalsteuerungsproblemen. Urspriinglich wurden Mehrgitter-
methoden zur Losung elliptischer Probleme konstruiert. Die Optimalsteuerungspro-
bleme jedoch werden durch ein lineares System notwendiger Bedingungen beschrieben
(Optimalitétssystem), das nicht elliptisch ist. Wir machen uns jedoch zunutze, dass
das Optimalititssystem eine Block-Matrix ist, das eine Sattelpunktstruktur aufweist:
Einerseits haben wir die beiden Blocke von Variablen, die bereits Teil des Optimals-
teuerungsproblems sind: die Variablen, die den Zustand beschreiben, und die Variablen,
die die Kontrolle beschreiben. Ferner bilden die Lagrange-Multiplikatoren einen dritten

Block von Variablen, der beim Ubergang zum Optimalitéitssystem eingefithrt wird.

Es gibt nun mehrere Moglichkeiten, in diesem Kontext Mehrgitterverfahren zu verwen-
den. Eine Moglichkeit besteht darin, das Mehrgitterverfahren als Teil eines Vorkondi-
tionierers jeweils auf einzelne Blocke des Gesamtsystems anzuwenden. Dazu miisste die
Mehrgittermethode in jedem Schritt des jeweils gewéhlten dufleren Iterationsverfahrens
angewandt werden. Eine andere Moglichkeit, der wir in dieser Arbeit folgen, ist es, die
Methode direkt auf das Gesamtsystem anzuwenden. Ein solcher Zugang wird auch als

all-at-once approach bezeichnet.

Fiir einen solchen Ansatz ist der wesentlichse Punkt die Wahl eines passenden Glétters.
Wir werden Glétter konstruieren, deren Konvergenzraten vom Grad der Verfeinerung
der Diskretisierung unabhingig sind. Da in diesem Fall der Gesamtaufwand der Me-
thode linear von der Anzahl der Unbekannten abhéngt, sprechen wir auch von einer

optimalen Konvergenzrate.

Fiir eine Teilklasse der betrachteten Probleme gehen wir einen Schritt weiter und kon-
struieren auch Lésungsmethoden, deren Konveregnzraten robust in einem Kosten- oder
Regularisierungsparameter sind, der Teil der Problemstellung ist. Methoden, die auf
eine solche Robustheit nicht Riicksicht nehmen, zeigen fiir kleine Werte dieses Parame-

ters typischerweise sehr langsame Konveregenz.



VI

Die Konvergenztheorie wird auf einen allgemeinen Konvergenzsatz aufgebaut, der auf
eine grofle Klasse von Methoden anwendbar ist. Der Konvergenzbeweis selbst folgt
klassischen Ideen und ist auf der von Hackbusch eingefiihrten Aufspaltung in Glattungs-
und Approximationseigenschaft aufgebaut. Danach wenden wir noch eine zweite Art
der Konvergenzanalyse an: lokale Fourieranalyse. Dieser Ansatz erlaubt uns, scharfe

Abschétzungen der Konveregenzrate zu bestimmen.
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Abstract

In this thesis we construct and analyze multigrid methods for solving the optimality
system characterizing the solution of an optimal control problem. Originally multigrid
methods were constructed for elliptic problems. However, the (discretized) optimal-
ity system is not elliptic. We make use of the fact that the matrix is a block-matrix
with saddle point structure: on the one hand we have two blocks of variables repre-
senting state and control. These two blocks are already part of the optimal control
problem itself. On the other hand, the conversion to the optimality system requires the

introduction of Lagrange multipliers, which form the third block of variables.

There are several possibilities to use multigrid methods for constructing solvers for
such saddle point problems. One approach to solve such problems is to apply multigrid
methods in every step of an overall block-structured iterative method to equations in
just one of these blocks of variables. Another approach, which we will follow here, is
to apply the multigrid idea directly to the (reduced or not reduced) optimality system,

which is called an all-at-once approach.

The choice of an appropriate smoother is the key issue in constructing such a multigrid
method. The other part of the method — the coarse-grid correction — can be set up
in a canonical way because we will use a framework of conforming geometric multigrid
method. In this framework the smoother will be constructed such that the convergence
rates are independent of the grid level. This leads to an overall computational complex-

ity that is linear in the number of unknowns which is called an optimal convergence.

For a sub-class of the class of problems we will introduce in a first point, we will go
one step further and construct methods where the convergence rates are also robust in
a certain regularization or cost parameter which is part of the problem. Moreover, we
will show this fact. Methods that do not take this into account typically show quite

poor convergence rates if this parameter attains small values.

For the analysis, we will introduce a general framework that is based on Hackbusch’s
splitting of the analysis into smoothing and approximation property. This allows to
give general convergence theorems for the methods under investigation. A second point
we consider is local Fourier analysis which allows to compute sharp bounds of the

convergence rates.
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Chapter 1

Introduction

The goal of this thesis is the construction and the analysis of fast numerical methods
for computing approximate solutions for optimization problems with partial differential
equations as constraints (PDE-constrained optimization problems). Problems which
belong to this class are optimal control problems, (cf. L1ONS [42] and TROLTZSCH [65])
optimal design problems, shape and topology optimization problems (cf. BENDS@E AND
SIGMUND [7], PIRONNEAU [50]) and many others. In this thesis we focus on optimal
control problems. Often, optimal control problems have a quadratic goal functional and
linear constraints. Such problems are called quadratic optimization problems. If other
problems are considered, typically linearization techniques, like (semi-smooth) Newton
methods, lead to such subproblems. Also problems with additional algebraic inequality
constraints can be approximated by a sequence of quadratic optimization problems,
see, e.g., ITO AND KUNISCH [40], GFRERER [32], HERZOG AND SACHS [37] and others.
Therefore the construction of fast solvers for quadratic PDE-constrained optimization

problems is of particular interest.

In principle, black-box methods for solving such optimization problems are possible, i.e.,
one can use appropriate solvers for the PDEs forming the constraints and construct an
appropriate outer iteration for solving the optimization problems. Typically, already the
solution of the PDE itself is relatively costly, especially if a fine resolution of the problem
is required. Therefore, alternative approaches which directly lead to the solution of the

optimization problem are of particular interest.

We use the fact that the solution of the problems of our interest can be characterized
by their optimality systems, which are also called Karush-Kuhn-Tucker systems (KKT-
systems). In this thesis we only consider quadratic problems. For this case, the first

order optimality system is a necessary and sufficient condition for a solution.



2 Introduction

After discretization, the optimality system is a large-scale linear system which has
saddle point structure. We will study multigrid methods for solving these linear sys-
tems. Originally, multigrid methods have been designed and analyzed for elliptic prob-
lems. They also work well for saddle point problems (like the KKT-systems for PDE-
constrained optimization and particularly optimal control problems) and have gained
growing interest in this area, see, e.g., BORZI AND SCHULZ [13] and the references
cited there. Neither the construction of such multigrid solvers, nor their analysis is

standard.

The unknowns of the discretized KKT-system of a PDE-constrained optimization prob-
lem can be partitioned into primal and dual variables. For optimal control problems
the primal unknowns are the state variable and the control variable. The dual vari-
ables are Lagrange multipliers that are introduced to incorporate the constraints into
the optimality system. One approach to solve such problems is to apply multigrid
methods in every step of an overall block-structured iterative method to equations
in just one of these blocks of variables. Such methods have been proposed, e.g.,
in HACKBUSCH [34], BATTERMANN AND HEINKENSCHLOSS [5], BATTERMANN AND
SACHS [6], BIROS AND GHATTAS [11, 10], HAZRA AND SCHULZ [36], SCHOBERL AND
ZULEHNER [54], ZULEHNER [71] and REES, DOLLAR AND WATHEN [51].

Another approach, which we will follow here, is to apply the multigrid idea directly to
the (reduced or not reduced) KKT-system. This approach is called an all-at-once
approach. Such methods have been proposed, e.g., in TAASAN [60], ARIAN AND
TAASAN [2], TROTTENBERG [66], BORrz1, KUNISCH AND KWwWAK [12], SCHULZ AND
WitTtuM [55], BORZI AND SCHULZ [13], LAss [41], SIMON AND ZULEHNER [58] and
SCHOBERL, SIMON AND ZULEHNER [53].

The choice of an appropriate smoother is a key issue in constructing such a multigrid
method. Since we use a conforming geometric multigrid method, the coarse-grid cor-
rection can be chosen canonically. Therefore, the smoother is actually the only degree
of freedom in constructing the method. In this framework the smoother will be con-
structed such that the multigrid convergence rates are independent of the grid level.
Obtaining multigrid convergence rates independent of the grid level is a main reason for
choosing a multigrid method, as many other iterative methods do not allow this. The
optimal control problems of our interest depend on a parameter and we are interested
in the construction of multigrid solvers that allow also robustness of the convergence
rates in this parameter, which is one challenge of this work. We will introduce two
classes of smoothers: normal equation smoothers and collective point smoothers. Both
classes of smoothers are used in practice and are known from literature. The first kind
of smoothers, normal equation smoothers, are known to be relatively easy to analyze

and have been proposed in literature, see, e.g., BRENNER [22]. We will see in numerical



tests that the efficiency of those smoothers is comparable to other smoothers used in
practice. The other choice, collective point smoothers, belongs to the class of Vanka
smoothers, see, e.g., VANKA [67], and can be used without further knowledge for various
problems. Such kind of smoothers have been proposed for optimal control problems,
e.g., in BOrzl, KUNISCH AND KWwAK [12].

In this thesis, we will discuss mainly two kinds of convergence analysis. On the one
hand, we stick to rigorous convergence proofs, based on a multiplicative splitting into
smoothing property and approximation property, as introduced by Hackbusch, see,
e.g., his book on multigrid, HACKBUSCH [35]. Already BRENNER [22] introduced a
framework for showing the convergence of a multigrid method for parameter-dependent
saddle point problems satisfying certain properties. Unfortunately, her results cannot
be directly applied to all model problems we consider in this thesis. We will give another
convergence framework which follows another strategy. We will introduce five sufficient
conditions for convergence of a multigrid method. The proof itself follows standard
proofs for two-grid and W-cycle multigrid methods, which can be found in literature,
e.g., in HACkBUSCH [35]. The framework covers on the one hand the approximation
property and on the other hand the smoothing property for the smoothers based on

the normal equation. The combination of both results implies convergence.

We apply this framework to three model problems to obtain convergence results for
all of them. This extends the work of SIMON [57] and SIMON AND ZULEHNER [58] to
more general control problems. The extension of their work to the boundary control
model problem was published in TAKACS AND ZULEHNER [61]. Afterwards, we will
see how to extend the convergence analysis to obtain parameter-robust results. Such a
result was already stated — within a different framework — in SCHOBERL, SIMON AND
ZULEHNER [53]. In TAKACS AND ZULEHNER [62], we have extended their result to
collective point smoothers, where rigorous analysis has not been available. Afterwards,
we will relax the regularity assumptions which were necessary in SCHOBERL, SIMON
AND ZULEHNER [53] and in the other papers cited above to the case of partial regularity

(which allows to cover domains with reentrant corners).

The other approach for a multigrid convergence analysis, which we also study here,
is local Fourier analysis (or local mode analysis), cf. BRANDT [19]. The main idea
is to use Fourier series in the analysis of multigrid methods. Local Fourier analysis
provides a framework to analyze various numerical methods with a unified approach
that gives quantitative statements on the methods under investigation and leads to
the determination of sharp convergence rates. Local Fourier analysis can be justified
rigorously only in special cases, e.g., on rectangular domains with uniform grids and
periodic boundary conditions. However, results obtained with local Fourier analysis

can be carried over to more general problems at least in a heuristic way.
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The use of the Fourier series reduces the need of analyzing (discretized) differential
operators and multigrid methods to the need of analyzing algebraic relations. For
example, for computing the convergence rate of a multigrid method we will see that we
have to determine the supremum of a rational function. So far, these algebraic problems
have been solved by numerical approximation, see, e.g., the work BorzI, KUNISCH AND
KwAK [12] on a local mode analysis for a model problem discussed also in this thesis.
In a joint work with Veronika Pillwein, we have used quantifier elimination algorithms
based on cylindrical algebraic decomposition, see, e.g., COLLINS [27], for computing
such relations in an exact way. The results presented in this theses were published in

PILLWEIN AND TAKACS [48].

This thesis is organized as follows. In Chapter 2 we will introduce the main framework.
First, we will give some standard statements on Sobolev spaces in Section 2.1. In
Section 2.2, we will present the optimal control model problems which will be discussed
throughout the whole thesis. In Section 2.3 we will shortly discuss the concept of weak
formulations and standard finite element methods that can be used to discretize the

problem of our interest, which will lead to a linear system to be solved.

In Chapter 3 we will present the all-at-once multigrid methods which we propose
for solving such systems. In Section 3.1 we will introduce the overall framework
and comment on the coarse-grid correction. Subsequently, in Section 3.2 two classes
of smoothers will be proposed: normal equation smoothers and collective point

smoothers.

The analysis is done in two chapters. In Chapter 4 we will discuss the analysis based
on Hackbusch’s splitting into smoothing property and approximation property. At first
we will introduce this splitting and we will derive general sufficient conditions for con-
vergence of the proposed multigrid methods in Section 4.1. Here, we will follow proofs
found in literature. In Section 4.2 we will apply this framework to the model problems
to show the approximation property. Moreover, this section also cover the smoothing
property for the normal equation smoothers, which together with the approximation
property implies convergence. In Section 4.3, we will extend the convergence analysis to
obtain parameter-robust results. Such a result was already stated — within a different
framework — in SCHOBERL, SIMON AND ZULEHNER [53]. We will extend their result
in Section 4.4 to collective point smoothers. In Section 4.5, we will relax the regularity

assumptions introduced in Section 4.3 to the case of partial regularity.

In Chapter 5 we will discuss local Fourier analysis. Therefore, we will first introduce
the local Fourier analysis framework in Section 5.1. Then we will discuss quantifier
elimination, mention a method to perform quantifier elimination for a given formula

and discuss its link to local Fourier analysis in Section 5.2. In Sections 5.3 and 5.4, we



will apply the framework to the model problem to derive sharp convergence results for

the model problems.

In Chapter 6 we will present numerical results and in Chapter 7 we will give some

concluding remarks.
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Chapter 2

Preliminaries

In this chapter, we will give some definitions and preliminary results. We will start
with Sobolev spaces, which are the natural spaces for considering the weak formulation

of partial differential equations (PDEs).

In a next step, we will introduce the optimal control problems, which will be discussed
throughout this thesis. Then we will discuss existence and uniqueness of the solution
of the problem and the discretization of the problem. We will start with the partial
differential equation forming the constraint, which is an elliptic equation. Afterwards,
we will discuss existence and uniqueness of the solution of the optimization problem,

the introduction of the optimality system and its discretization.

After the third section of this chapter, we will have a linear system to be solved. Then,
in the last section of this chapter, we will discuss various iterative solvers for solving

such a linear system.

Banach, Hilbert, Lebesgue and Sobolev spaces

In this section, we introduce the definitions and ideas related to Banach and Hilbert
spaces, Lebesgue and Sobolev spaces. This is done to keep this thesis self-contained.
Results are only presented if they are needed in later chapters of this thesis. Therefore,
we restrict ourselves to the case of real vector spaces. For more details we refer to
standard literature, e.g., ADAMS AND FOURNIER [1] or BRENNER AND SCOTT [21].
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A Banach space is a vector space A together with a norm ||| 4, also written as (A, ||-||4)
such that A is complete with respect to the norm || - || 4, i.e., all Cauchy sequences are

convergent. If the norm is induced by a scalar product, i.e., if

lulla = (u,u)}?

holds for all u € A and some scalar product (-,-)a : A x A — R, we call (4, (-,-)4) a
Hilbert space.

The norm of the Banach space (A, || - ||4) is induced by a scalar product if and only if
the parallelogram identity

lu )%+ llu—olh =2 ([l + vl%)
is satisfied for all uw and v € A. If this identity holds on A, the scalar product is given
by
1
(w,0)a =7 (lu+ vllh = llu—vll%)-
So, (A, (+,-)a) is Hilbert space. Due to the fact that the scalar product is characterized

by the norm, we call also (A, || - ||a) a Hilbert space if the parallelogram identity is
satisfied.

The set of bounded linear functionals mapping from a (reflexive) Banach space (Hilbert

space) A to the reals R is again a Banach space (Hilbert space) equipped with norm

u\v
lullar = sup )
veafoy [[v]la

for all such functionals u. We call this set the dual of A, in short A*. Often we use for

the evaluation of such a functional the duality product (u,v) := u(v).

Having Banach (Hilbert) spaces, we can easily construct more such spaces by taking
the algebraic sum or by taking the intersection. Let A; and Ay be Banach (Hilbert)

spaces with norms || - |4, and || - || ., respectively. The algebraic sum,
A+ Ay ={u1 +ug : u; € A; and ug € Az},

and the intersection,
AN A,

are also Banach (Hilbert) spaces equipped with norms

lull 4144, = inf AZ(Hmllil + JJuz|l,)"/? and

u=u1+ug,u; EA1, us€

el asnas =l + al%,)'?,
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respectively, see, e.g., Proposition 3.2.1 in BUTZER AND BERENS [26]. We have more-

over

(A1 + A)" = AT N AS and (A1 N Ay)" = AT + A5.

Now we can introduce the Lebesgue space L? and the Sobolev spaces H™ for m €
N:={1,2,3,...}. Here and in what follows, let Q be a bounded open subset of R? (for
d € {1,2,3}) with Lipschitz boundary 9 (we call Q a domain).

First we introduce the standard Lebesgue space: L*(9) is the set of all (real-valued)
square-integrable functions on 2 (integrability is understood in the sense of Lebesgue

integrals). On this vector space we can introduce the scalar product

(u,v)r2(q) ::/Qu(m)v(:v) dz

and the corresponding norm || - [|z2q) == (;, )1L/22(Q) Using the convention that two

L?-functions v and v are equal if their values are equal almost everywhere, one can

show that (-,)r2(q) is a scalar product and (L2(2), (-, ‘)r2(0)) is a Hilbert space.

Using the concept of weak derivatives, we can introduce Sobolev spaces. Let a =
(a1,...,0q) € (Ng)? := {0,1,2,3,...}¢ be a multi-index. The function w € L?() is
called the a-th weak derivative of u € L*(Q2), for short w = D%u, if

(w,v)2(0) = (—1)‘“|(u,Do‘v)L2(Q) for all v € C§°(Q),

where C§°(€2) denotes all C*°-functions that have compact support in Q. Here, |a| =

la1| + ... + |ag| and D%, applied to a C*°-function, is the differential operator

g o

D= = ... 2
ozt Oxf?

For m € Ny, the Sobolev space H™ () is the set of all functions u € L?*() such that

for all multi-indices a with |a| < m the weak derivative D% € L?(f) exists, i.e.,
H™(Q) = {u € L2(Q) : D% € L*(Q) for all & € N¢ with |a| < m} . (2.1)
Together with the scalar product

(u, v)Hm(Q) = Z (Da’u,, Da’U)L2(Q),

laj<m

the Sobolev space H™ () is a Hilbert space.
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This definition covers the case m = 0 (due to (2.1), we have H°(Q) = L?(9)). Dual
spaces of Sobolev spaces are interpreted as follows. The dual space of L?(2), denoted by
(L?(Q2))*, can be identified with L?(£2) itself. For m > 0, we interpret the dual spaces of
H™(R), denoted by (H™(Q))*, as supersets of L2(£2). To do so, we need an embedding
of L?(9) into spaces (H™(£2))*: we associate to any u € L?(Q) the functional

(u,-)r2() € (H™(2))".

Note that not every v € (H™(£))* can be expressed in this form, therefore L?(€2) and
(H™(£2))* are non-equal. The dual spaces could be introduced as Sobolev spaces with
negative index m. We do not use this notion here, as sets like H () include special
assumptions on boundary conditions. In Section 4.5, we will generalize the notation of

Sobolev spaces for non-integer indices.

Optimal control problems

The next step is the introduction of the model problems. As mentioned, we are inter-
ested in a particular class of PDE-constrained optimization problems: optimal control
problems. Such problems have the following abstract setting. We consider some sys-
tem, where its state can be described using the variable (state variable) y € Y. This
can be, for example, a heat distribution, a flow field or the pressure distribution. We

assume that the state variable y satisfies a PDE of the form

where L is a differential operator, B is a boundary operator and w is a variable that
describes parameters that can be adjusted from outside of the system, like forces or
heating sources applied from outside. We assume that we can adjust u, therefore we

call u the control variable. f and g are given functionals.

If the PDE and appropriate boundary conditions (which may also depend on the con-
trol) are fixed, we assume that we are able to solve the system, i.e., we may compute

for a given choice of the control variable u the state y.

The main point of optimal control problems is that we are interested in finding the
best choice of the control uw such that some cost functional J is minimized. Of course,
this could be done using an outer iteration that uses a solver for the corresponding
simulation problem in a black-box manner. Such methods, which guarantee that the

constraints are satisfied for every iterate, are also called feasible path methods. We
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are interested in a direct approach to solve such problems, so we are interested in
conditions characterizing the solution of the optimization problem, which could be
solved in a second step. For this purpose, we have to use information on the structure

of the problem. Therefore, we prescribe a particular class of cost functional first.

Popular choices for the cost functional are tracking functionals. They consist on the

one hand of the difference between state y and some desired state yp, i.e., on

ly = ypll;

where ||-|| measures something like the distance, i.e., it is typically a norm or a seminorm.
Often, here the L?-norm is considered, see, e.g., LIONS [42]. We stick to this choice.
Since that such a problem needs regularization, we assume also to have a regularization

term. Therefore the cost functional may look as follows:

o
J(y,w) = ly = yolliz + 5 lulza,

where a > 0 is a parameter. Depending on the considered model, & may be a cost
parameter (for the costs that are related to applying the control) or a regularization
parameter. Especially in the case that « is a regularization parameter, the choice
of small values for « is of particular interest. So, we are interested in efficient finite
element solvers for such optimal control problems, in particular in solvers where the
convergence rates can be bounded from above by constants independent of the choice

of a.

Model problems

In this thesis, we present the theory and the numerical results for some model prob-
lems. In the later chapters, the convergence theory will not be restricted to the model
problems only. Numerical results will be computed for the model problems, introduced

in this section only.

All our model problems are elliptic optimal control problems, i.e., the PDE of our

interest is elliptic. For sake of simplicity, we restrict to the Laplace-like PDE

-Ay+y=f.

In general, we can handle other elliptic PDEs in a similar way.
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The first model problem is a distributed control problem, i.e., we assume to control
the system using a source term living on the whole domain §2 or, more generally, on a
subdomain 29 C Q. So, the PDE looks like

u in QQ
0 in Q\Q

9

where u € L?(€g) or, shorter, as
—Ay+y = Equin Q,

where

u in o
Equ := ,
0 in Q\QQ

i.e., Eq is an extension operator L?(€2s) — L?(f2) which extends u with 0 outside of
Q. Of course, we additionally need boundary conditions. For the model problems
we assume for sake of simplicity to have homogeneous Neumann boundary conditions,
i.e.,

9y

%zoonﬁﬂ,

where a% is the outer-normal derivative.

We choose the tracking functional consisting of L?-norms but the tracking functional

may just live on subset a 1 C ). So, the first model problem looks as follows.

Model Problem 1 Find the control u € L*(Q2) and the state y € H'() such that

they minimize the cost functional J, given by

1 o
J(y,u) = =lly —uplz,) + 5 lullZ2 (),
2 @) "9 (Q2)

subject to the elliptic boundary value problem

—Ay+y = Equ in Q and % =0 on 0. (2.2)
n

Especially, if we consider the theory, the fact that the norms above only live in parts of €2
causes troubles. Therefore, we introduce an easier model problem, where Q; = Q9 = Q)

is satisfied.
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Model Problem 2 Find the control u € L*(Q) and the state y € H*(Q) such that

they minimize the cost functional J, given by

1 a
Jy,u) = Slly - ypll7z) + 5”“\\%2(9)7

subject to the elliptic boundary value problem

—Ay+y=uin and gz =0 on 09. (2.3)

The third model problem we consider, is similar to the first two model problems. It is
a boundary control problem. Here, the control variable does not live in the interior of
the object but on its boundary and affects the boundary conditions of the state y, not
the right-hand side of the partial differential equation.

Model Problem 3 Find the control u € L*(0) and the state y € H'(Q) such that

they minimize the cost functional J, given by

1 o
Iy, u) = Slly - ypll7z) + 5\\“”%2(09)7

subject to the elliptic boundary value problem

—Ay+y=0inQ and —= =u on Of.

Weak formulations and discretization

In this section, we will introduce standard finite element techniques for discretizing the
problem of our interest. The first part here is the introduction of the weak formulation
and the discussion of existence and uniqueness. The second part consists of a finite
element discretization. We will start both parts with the state equation only, as this
equation itself is a standard elliptic model problem, which allows to introduce the
standard elliptic convergence theory. Afterwards, we will extend the ideas in each
case to saddle point problems, in particular, to the optimality systems associated with

optimal control problems.



14 Preliminaries

2.3.1 Weak formulation of the state equation

First we consider the state equation (2.2) in weak formulation, which reads as follows.
Find y € Y := H(Q) such that

(Vy, V)2 + (¥ D)2 = (4, §)12(0,) for all j € Y.
Using the bilinear form b, given by

b(z,9) = (v, D) = (V¥ V)2 + (¥, §) 12 ()

and the linear functional f,
(@) = (u,9) 2 ()

we can rewrite the weak formulation as follows: Find y € Y := H'(Q) such that

b(y,5) = f(§)  foralljev. (2.4)

The first question to be answered is the question of existence and uniqueness of a
solution y for a given control u. For elliptic problems, the Lax-Milgram theorem can

be used to show existence and uniqueness.

Theorem 4 (Lax and Milgram) Let (Y, (-, )y) be a Hilbert space. Letb:Y xY —

R be a bilinear form, which is

e bounded, i.e., there is a constant C such that

~ —2 ~ -
by, 7) < Cllyllyllglly  forally, geY (2.5)

and

e coercive, i.e., there is a constant C such that

b(y.y) > C?llylly  forally €Y. (2.6)

Assume that f € Y*. Then, for a given f, there is exactly one solution y; of the
problem (2.4). The solution y; satisfies

1 1
=l v < lyslly < GIFlly

For a proof see, e.g., BRENNER AND SCOTT [21], Theorem (2.7.7).
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For the model problem the conditions of the Lax-Milgram theorem are satisfied with
C = C = 1 because b(-,-) = (-, )H1()s i-e., the bilinear form is equal to the scalar

product. Therefore existence of a solution and its uniqueness are guaranteed.

The conditions of the Lax-Milgram theorem imply the weaker condition

b(y,
Clyly < sup WD)
gevrvioy 19lly

<
<

<C|ylly forally e Y.

We will see in the next subsection that also this weaker condition is sufficient for
showing existence and uniqueness. Here, we mention this condition because we will
use this condition for showing existence and uniqueness of the solution of the optimal

control model problems.

As proposed, we have shown that the state equation is solvable for every choice of the
control variable u € L?(€23) for Model Problem 1. The analysis can be extended to
Model Problem 3 in a straight-forward way. So we can start discussing the introduction

of the optimality systems.

Weak formulation of the control problem (Karush Kuhn Tucker
system, KKT-system)

As mentioned above, we are interested in a characterization of the solution of the
optimal control problem by a system of PDEs. Here, we use the method of Lagrange

multipliers. For Model Problem 1, we obtain the Lagrange functional

1 o
L(y,u,p) = §Hy - ?JDH%2(91) + 5”“”%2(92) + (W) () — (W) r2(0y)-

Solving the model problem is equivalent to finding a saddle point of the Lagrange
functional which leads to the first order optimality system, which are called Karush
Kuhn Tucker system (KKT-system). This system reads as follows. Find (y,u,p) €
HY(Q) x L?(Q2) x H*(Q) such that

(Y D) r2e) + 0Pa@ = Wb, 8o
a(u,ﬁ)Lz(QQ) — (p, )LQ(QQ) = 0

WPy — (D)2 =

§

holds for all (¢, @, p) € H () x L?(2) x H(Q). This system characterizes the solution
of the Model Problem 1, c¢f. TROLTZSCH [65] and others.
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Because

o (u, @) 2(0,) = (P, @) £2(0y)

holds for all & € L%(Q2), we obtain
u = Oéilp|Q2,

where p|q, is the restriction of the Lagrange multiplier p to the domain Q. This allows
us to reduce the KKT-system as follows. Find (y,p) € X :=Y x P:= H'(Q) x H(Q)
such that

(Y, D2y + (D@ = Wb, )2

WD — o '(PP)r2g, = 0

holds for all (g,p) € X. This system is called the reduced KK T-system.

Obviously, this problem can also be interpreted as one single variational equation: Find
x € X such that
B(z,z) = F(Z) for all 7 € X,

where

B((yvp)a (g7ﬁ)) = (yag)LQ(Ql) + (p7 g)Hl(Q) + (yapN)Hl(Q) - ail(papﬂd>L2(Q2)7
F(4,p) = (Yp, ¥)2(021)-

Now the question arises if this problem has a solution and if the solution is unique. As

already mentioned, this question can be answered using the Babuska-Aziz Theorem.

Theorem 5 (Babuska and Aziz) Let (X1, | ||x,) and (Xo, || ||x,) be Hilbert spaces
and let B : X1 x Xo — R be a bilinear form and let F € X;.

Assume that there are constants C > 0 and C such that

Bz, T —
Clallx, < swp 2@ < Clafix,
zexo\{o} 1Z1xs
holds for all x € X1 and
B(Z,x —
Clalx, < sup 22D < Glafx,

zexi\{oy 1Zlx,

holds for all z € X5.

Then the problem, find x € X1 such that

B(z,z) = F(Z) for all T € Xo,
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has a unique solution xx, which satisfies

1 1
FFlxer < llerlx < Gl Flx,-

For a proof see, e.g., BABUSKA [4], Theorem 2.1.
For the KKT-systems, the bilinear form B is symmetric. In the present section, we need
the case X1 = X9 := X and ||-||x, = ||'||x, := ||-||x only. Therefore, the two conditions

of the Babuska-Aziz theorem (Theorem 5) reduce to the following condition:

(A1) There are constants C > 0 and C such that the estimate

holds for all z € X.

It is not easy to analyze (A1) directly for block-systems, like the (reduced) KKT-
systems. As mentioned, these systems have saddle point structure. Therefore, we
introduce a framework of saddle point problems and rephrase condition (A1) in terms

of the individual blocks of the saddle point system.

Definition 6 (Saddle point problem) We call the variational problem, find x € X
such that
B(z,z) = F(2) forall T € X, (2.7)

a saddle point problem, if there are Hilbert spaces Y and P such that X =Y x P and

there are bilinear forms a, b and c such that
 B((y,p), (4,0)) = aly, ) + by, p) + b(4,p) — c(p, D)
e a and ¢ are symmetric, i.e., a(y,y) = a(y,y) and c(p,p) = c(p, p)

e a and ¢ are non-negative, i.e., a(y,y) > 0 and c(p,p) > 0.

Note that every F € X* =Y™* x P* can be represented as
F(5,9) = F@ +3@). (2:8)

where f eY*and g € P*.
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Using this notation, the saddle point problem (2.7) can be rewritten in block-notation

as follows. Find y € Y and p € P such that

a(y, ) + b@,p) = f(@) for all § € Y,
b(y,p) — cp,p) = §(p) for all p € P.

In such a setting, i.e., if X =Y x P, a norm on X can be constructed using the norms

on Y and P by

1/2
1w, p)lx = (Il + llpl%) "

for all y € Y and p € P. Throughout this thesis, we restrict to this case.
Assuming that the bilinear form ¢ vanishes, Brezzi’s theorem gives sufficient conditions

for existence and uniqueness of the solution of the problem. We give a variant of Brezzi’s

theorem stating that condition (A1) is satisfied.

Theorem 7 (Brezzi) Assume that a saddle-point problem in the sense of Definition 6

with ¢ = 0 satisfies the following conditions:

o There are constants C; and C1 such that

<)

b(y, _
Clblr< s PP @, foraipe P
gevvior lglly

e There are constants C'y and Cy such that

a(y,y) < Collyliyllglly — forally, geY

and
a(y,7) > Collylly

for ally € ker(B) :={y €Y : b(y,p) =0 for all p € P}.

Then condition (A1) is satisfied. The constants C and C in (A1) only depend on the

constants C';, Cq, Cy and Cy, introduced above.

For a proof, see Proposition 1.1 in BREzzI [23].

Since the bilinear form ¢ does not vanish for the reduced KKT-system, we cannot
apply Brezzi’s theorem. Therefore we use another approach, which was introduced in

ZULEHNER [71].



2.3 Weak formulations and discretization 19

Theorem 8 For saddle point problems in the sense of Definition 6, (A1) is equivalent

to

(A1’) There are constants C; >0, Cy > 0, C1 and Cy such that

a(y,y b(y,p _
Cillylly £ sup (‘? D + sup (% p) < Cillylly for ally €,
gevvior 1Tlly  sepvioy lIBlP
b N’ C 7~ al
Collplp < sup 2B PP s forallpe P

gevvioy 9lly  pepvioy [IBIlP

The constants C and C in (A1) only depend on the constants C;, C,, C1 and Cy in

(A1’) and vice versa.

For a proof, see ZULEHNER [71], Theorems 2.2 and 2.3.

We return to the analysis of the reduced KKT-system of Model Problem 1. The KKT-
system has saddle point structure (Definition 6), where obviously a(-,-) = (-,*)r2(q,),

b(-,+) = (Ve () = a1, ) 2ay)s F() = WD, )12y and § = 0.

If applied to Model Problem 1, for standard norms condition (Al’) reads as follows:
There are constants C'; > 0, C'y > 0, C'; and Cs5 such that
(Y, D) ()

(y)g)LQ Q —
Cilylmey < sup oo sy SO <y )
germrnoy lm@)  sem@ngoyr 121 (@)

and

(P, )@ a ' (p, D)2
Collplmey < sup @ 4 gy L PP

— . < Collpll
gerrr oy 0l pemrngoy 1Pl (@)

for all y,p € H'(Q).

First we analyze boundedness. Using the Cauchy-Schwarz inequality and the fact that
the L2-norms || - lz2(0,) and || - || z2(q,) are bounded by the H'(£2)-norm, boundedness

is guaranteed with constants C; = 2 and Cy = 2a~ L.

Now we analyze the lower bounds. First we recognize that we have

(YD) ()
sup =i = llla @)
serr@n\foy 1Pl (@)

Since ~
(Y D) r2(0)
sup _

= >0
gerr oy 9l @)

Y
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we have the first inequality with constant C'; = 1. The same argument can be applied
for the second inequality to obtain Cs = 1. This shows condition (Al’). Using
Theorems 5 and 8, and the fact that Model Problem 2 is a special case of Model

Problem 1, we conclude as follows.

Theorem 9 Let o > 0 be fized. For Model Problems 1 and 2 condition (A1) is satisfied

for the following choices of the norm:

lzllx == (lyll¥ + llplB)"/2, (2.9)

where

lylly = llyllary — and  ple = lpla o)

Remark 10 For Model Problem 3, the bilinear form and the right-hand side read as

follows:

B((y.p), (7,9) = W, 2@ + 0 D @) + WP ) — o (0. 9) r200)
F(y

,0) = (YD, ¥)12(0)-

Also in this case, one can show that in the same way as above that condition (A1) is

satisfied for all fixed choices of a > 0 and the norms chosen in Theorem 9.

The same can be done, as long as the bilinear forms a(-,-) and c(-,-) are non-negative
and bounded in H'(Q).

Remark 11 For the non-reduced KKT-system, a similar analysis can be carried out.
We give the results for Model Problem 1, the other model problems can be treated anal-

ogously.

Here, we have to comment on the notation first. The non-reduced KKT-system consists
of the primal variables y and w and of the dual variable p. Due to the fact that the
framework above is formulated for one primal variable in' Y and one dual variable P,
we take (y,u) € Y to be the primal variable and p € P to be dual variable. Still, x
consists of all variables, i.e., x = (y,u,p) € X =Y x P.
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For the non-reduced KKT-systems, the bilinear forms a, b and ¢ and the functionals f

and g, introduced in Definition 6, read as follows:

a((y,w), (9,@)) = (¥, §)r2(0) + (u, @) 12(0y),
b((y,u), D) = (¥, D) () — (YD) L2()
c(p;p) =0,
F@,4) = (yp, ) 12(01)»
9(p) =0

Theorems 5 and 8 can be applied and lead to the following result. For every fixed o > 0,
condition (A1) is satisfied for the choice of the norm:

lzllx == (I I3 + lIpl3)"72

9

where

1/2

I Wl = (Il + lul2e@e)>  and — Iplle = Iplao.

We have seen that the constants in (Al’) (and therefore also the constants in (Al))
depend on the choice of .. Therefore this approach does not allow to prove convergence
results with constants independent of «, i.e., we will have to do some refinement of the

analysis to obtain such a result.

For doing such a refined analysis, we have to restrict ourselves to the reduced KKT-

system for Model Problem 2. Here, we have to find appropriate norms || - ||y and || - ||p
such that
Cillylly < sup m + Wﬂ < Ci|ylly forally e Y
gevvioy  llly  pervioy 1Bl
and
~ -1 ~
; ! , _
Collpllp < sup m sup M < Calpllp for all p e P
gevvior  lglly FeP\{0} 17l P

is satisfied with constants independent of «.

The choice Y = P with ||p||p = a~/?||p||y allows to reduce these two conditions to the

condition

(v, 9) 20 o2y, §) g o
Cillylly £ sup 25 OLAE) Sl it/ G

= - <Cillylly  forallyeY.
gevvior  19lly Gev\{0} 7ly
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It is easy to see, that

~ 1/2 ~ ~ 1/2 ~
sup (?J,?J)Lz(sz)Jr ap & (yay)Hl(Q)_ sup (¥, 9)r2) + @y, 9) H1(0)

gevvioy  7lly FEY\{0} 9ly GEV\{0} 91y

holds for all y € Y. On the right-hand side, we have a coercive bilinear form (y, §) 12 (q)+
a2 (y, ) H1(q)- For this bilinear, we have

sup (v, 9)12(0) + (v, ) i (2
FEL2(Q)Nal/AH (Q)\{0} 191l L2 ()nar/a (@)

e Hy||L2(Q)ﬂa1/4H1(Q)7

which shows the lower bound for C; = Cy = 1. Cauchy-Schwarz inequality shows the

upper bound with constants C; = Cy = 2. Therefore, we conclude as follows.
Theorem 12 For Model Problem 2, condition (A1) is satisfied with constants inde-
pendent of the parameter a for the following choices of the norm:
1/2
Izl = (lyll¥ + lIpl3) " (2.10)
where

1/
Iylly = 192yt arrcey = (I8llz2@) + @2yl

and

_ _ /2
Ipllp == llplla-1/202(0)na-1/1m1 () = (a Hipll2() + o 1/2HPHH1(Q)> :

This norm was introduced in SCHOBERL AND ZULEHNER [54]. In ZULEHNER [71] this

norm was derived in a straight-forward way using interpolation.

Remark 13 A similar analysis can be carried out as long as c(-,-) = a ta(-,-) is

satisfied for some a > 0. This covers the case of Model Problem 1 for {1 = Qs C ).

Remark 14 For the non-reduced KKT-system, a similar analysis can be carried out.
Again, we have to restrict ourselves to Model Problem 2. Condition (A1) is satisfied

with constants robust in the parameter a for the following choices of the norm:

9

1/2
lellx == (I )2 + [Ipl2) Y

where

/
1w, )y = (19122 @y ey + 102 20))
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and

IpllP = [IPlla—1/22()na1/2071 ()

Discretization

As in the last section, we first introduce the idea of finite element discretization for the
state equation only. For sake of simplicity, we restrict ourselves to the two-dimensional
case. Let Q C R? be some polygonal domain (an open, connected set with polygonal

boundary).

The discretization is done using standard techniques. We use a family of triangular
meshes, which are identified by grid levels £ € Ny. We assume that some coarsest
triangular mesh (grid level k = 0) is prescribed. The grids on the grid levels k£ € N are
obtained by uniform refinement, i.e., we subdivide every element into four congruent

elements, see Figure 2.1.

We assume that the meshes are admissible, i.e., we assume that the set of elements
(0r.4)20, satisfies:

K3
e all elements dy ; are open triangles,
e they cover the whole domain, i.e., UlT:klE =, where A is the closure of A4,

e they do not intersect, i.e., d; Ny ; = 0 for i # j and

e the intersection of the closures of two elements, i.e., @ﬁ@, is either the empty

set, a common vertex, a common edge or the element itself.

One can show in a straight-forward way that, if an admissible set is uniformly refined,

also the refined meshes are admissible.

Figure 2.1: Uniform refinement
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For k € Ny, we denote the size of the largest edge of the mesh by hj. Since we have

uniform refinement, hj = 2=%hg holds.

Based on the subdivision of the domain into triangles, we can introduce on every grid
level a set of discretized functions Y, C Y. Also here we use the easiest choice: the
Courant element. The functions are linear on each element ¢ ; and continuous on the

whole domain, i.e.,
Y = {yx € CL(Q) : Ykls,; is linear for all i = 1,.. . Ty }.

As we have to work with that set, we need a good characterization of the degrees of
freedom or, in other words, we need a good basis for the set Y. Obviously, a linear
function mapping R? to R can be characterized by the values of the function at three
points (assuming the points are not located on a straight line). Therefore the linear
functions on the elements can be characterized by the values on the three vertices.
Due to the fact that we require continuity, a value fixed for one vertex affects directly
all elements sharing the same vertex. It is easy to see, that every piecewise linear
function constructed by prescribing its values at the vertices of the triangular elements
is continuous on the whole domain. So the overall number of degrees of freedom is the

number of vertices (nodes), which is denoted by Nj.

Therefore prescribing the values on the nodes is equivalent to specifying a function in
Y).. We introduce a nodal basis (gpkz)fvzkl for Y}, as follows. The basis functions ¢y, ; are

elements of Y3 and they satisfy

(%) 1 for i=j
i\Xj) =
PREITV 0 for i,

for all nodes xj. As mentioned above, this completely describes the function ¢y, ;. Every

function y; € Y3 can be represented with respect to this basis, i.e.,
Ny,
Yk = Zyk,iﬁpk,i,
i=1

where the coefficients yy; form the coefficient vector y, = (ykz)f\i“l

For the discretization of the problem we use Galerkin’s principle and replace the original

variational problem, find y € Y such that

b(y,9) = f(9) for all § €Y,
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by the problem, find y; € Y% such that

b(yk, k) = f(gx)  for all g € Y;. (2.11)

Using the nodal basis, we can introduce the stiffness matrix

By, = (b(k.i, <Pk,j))£\,/f=1

and the right-hand-side vector

£ = (Flori))iky,

which allows to rewrite (2.11) in matrix-vector notation as follows. Find Y, € RNk such
that

Bry, = £,

holds.

Also for the discretized problem, we have to show existence and uniqueness of the
solution, i.e., if the matrix B} is non-singular. This can be shown again using the Lax-
Milgram theorem (Theorem 4), due to the fact that all conditions of the Lax-Milgram
theorem are satisfied also if applied to the vector space Y, C Y. Moreover, we are

interested in a discretization error estimate, which the following lemma provides.

Theorem 15 (Céa) Let (Y,(-,-)y) be a Hilbert space and let Y, C Y be a closed
subspace of Y. Let b be a bilinear form mapping Y XY — R and let f € Y*.

Consider the original problem, find y € Y such that

b(y,9) = () forally e,

and the discretized problem, find y, € Yy such that

by, Ur) = f(Jk) for all g, € Yy,

Assume that conditions of the Laz-Milgram theorem (Theorem 4) are satisfied. Then
both problems have a unique solution and moreover the following discretization error

estimate holds:

C
_ <= inf |ly—dclly.
ly — yelly < o ly — Gklly
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For a proof see, e.g., BRENNER AND SCOTT [21], Theorem (2.8.1).

The next step is to estimate the approximation error. Using an interpolation operator
Il : Y — Y;, we can estimate the approximation error error by the interpolation error,

i.e., we have

inf lly — ailly < lly = Meylly.
gingHy Uelly < lly — xylly

Certainly, this result is valid for all interpolation operators. We are interested in an
interpolation operator such that ||y —II;y||y is small. The existence of such an operator

states the following theorem.

Theorem 16 (Interpolation error estimate) For a family of meshes obtained by
uniform refinement, and a discretization using the Courant element, there is a constant
C1 (independent of grid level) and on every grid level k € Ny an interpolation operator
I : HY(Q) — Yr € HY(Q) such that for all 0 <i < m < 2 and for all y € H™(Q)

ly = Tyl gy < Cr byl zrm ey
1s satisfied.

For a proof see, e.g., BRENNER AND ScOTT [21], Theorem (4.8.7) and Re-
mark (4.8.11).

Remark 17 If we are only interested in introducing the interpolation operator defined
on H*(Q), we can define the interpolation operator Iy : H*(Q) — Y by defining
yr = gy to be that function in Yy satisfying

yr(z;) = y(z;)) for all nodes x;.

This interpolation operator is not well-defined H (). See equation (4.8.2) in BRENNER
AND SCOTT [21] for an interpolation operator which is well-defined in H'(f2).

Combining all these results, we obtain an overall approximation error result

C
inf |y — g < Zoh 2.12
;b My = Gellm ) < GOl ), (212)

and the complete error analysis

C
Iy — ykllrro) < 601hk||y”H2(Q)7
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which allows to bound the error by the H2-norm of the solution y.

Next we discuss an inequality that ||yl z2(q) bounds from above by a constant times
[ fllz2(q)- Such a result cannot be guaranteed in general, but on domains with smooth
boundary (see, e.g., NECAS [44]) or on polygonal or polyhedral domains which are
convex (see, e.g., DAUGE [29, 30]), the following regularity result can be guaranteed:

(R) Full elliptic regularity: There is a constant Cr > 0 such that the following result
holds. For f € L*(Q) let y; € H'(Q) be the solution of

e Dm@ = (f:0)2@  forall j € H'(Q).

Then y; € H*(Q2) and
sl z2) < Crllfllz2)-

Remark 18 Since yy is assumed to be the solution of a homogeneous Neumann prob-

Oy :0}.
o0

lem, we have moreover yy € Y := {y € H*(Q) : 3%

Remark 19 Based on the fact that f = —Ayy + yy also the estimate

1fllz2@) < I = Ayr +yrllrz) < ylla2@)

holds for all yy € Y.

Remark 20 Due to the fact, that the sets H*(Q) C H*(Q2) C L*(2) are dense in each
other, the reqularity assumption (R) implies that

(ya Q)Hl Q i
Calyllmay < sup D < Thllyllgegqy for ally € Y+
gerr\oy llz2@)
and .9)
Y, Y)ar(Q —
Crllyllzz@ < sup ) Crllyll2) for ally € H'(Q)

gev\foy 19l

for Cr = C’gl and Cg = 1.

And vice versa, the Babuska-Aziz theorem (Theorem 5) shows that these two conditions

imply regularity assumption (R) with Cr = Qél.

The regularity assumption (R) allows to state the following a-priori error estimate.
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Corollary 21 Under the assumptions of Cea’s Lemma and provided reqularity assump-

tion (R) is satisfied, the discretization error can be bounded as follows

1y = ykllar) < ZC1CRRE| fllL2(0)-

QA

Proof: Combine (2.12) and (R). O

In Section 4.5 we will discuss how the regularity assumptions can be relaxed; in such a
case we typically do not obtain an a-priori bound that behaves like hy, but like b} for
some v € (0,1).

Discretization of saddle point problems (Mixed finite elements)

In this section, we discuss the discretization of KKT-systems. As mentioned in the last
section, if the assumptions of the Lax-Milgram theorem are satisfied for a space Y, they
are also satisfied for every subspace Yi. Therefore, no matter which discretization is

chosen, the discretized problem is solvable and the standard discretization error results
(Céa’s lemma) hold.

This is not the case for saddle point problems, condition (A1) does not imply the

corresponding condition for the discretized problem, which reads as follows.

(Ala) There are constants C'j, > 0 and Cp such that on all grid levels k the estimate

B(z,x —
Colellx < sup 2@ <@l

zexfor 1Zlx

holds for all x € X},.

The construction of a discretization that also satisfies condition (Ala) is not easy
in general, see, e.g., the Stokes problem and many other problems with saddle-point
structure. For the Stokes problem it is well-known that several discretization tech-
niques, which work well for elliptic problems, do not satisfy condition (Ala) and lead
to instability, see, e.g., BRAESS [14], Chapter III, § 6. Therefore, the discretization
schemes have to be chosen carefully to satisfy the condition, like the Taylor-Hood ele-
ment (cf. BREZZI AND FORTIN [24]) or the Crouzeix-Raviart element (cf. CROUZEIX
AND RAVIART [28]).
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For the optimal control problems we consider, the choice of an appropriate discretiza-
tion, is not a big deal. Again Theorem 8 can be used to show that (Ala) is equivalent

to

(Ala’) There are constants Cp; >0, Cpoy >0, Cp1 and Cp such that

a(y,y b(y,p _
Conllylly < swp D gy PP 2T o ay e 13,
gevinfor 9lly  sepigoy 11DIlP
b(y, c(p,p _
Cpallpllp < sup (9.p) + sup (P, ) < Cpyal|lpllp for all p € P.

gevirfor 9lly  sepaqoy 12l

Provided that Yy = Py, we can show (Ala’) in the same way as we could show (A1’)
in Subsection 2.3.2.

The discretization of the model problems reads as follows. Instead of finding z € X =
Y x P such that
B(z,z) = F(T) for all 7 € X,

we consider the following problem. Find xj € X := Yi X Pi such that
B(l’k,@k) :.F(i'k) for all 75 € X}.

Here, the sets Y, = P, are constructed as in the last subsection.

The second question that may arise concerns the discretization error estimate. For
elliptic problem, bounds for the discretization error are stated by Céa’s lemma (The-
orem 15). Due to the fact, that we are interested in saddle point problems, we give a

more general theorem which covers them.

Theorem 22 (Discretization error) Let (X, (-,-)x) be a Hilbert space and let X}, C

X be a closed subspace of X. Let B be a symmetric bilinear form mapping X x X — R
and let F € X*.

Consider the original problem, find x € X such that
B(z,z) = F(2) forallz € X,
and the discretized problem, find xp € Xy such that

B(:ck,:i’k) = f(.%k) f07’ all T € Xk.
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Assume that conditions (Al) and (Ala) are satisfied. Then both problems have a

unique solution and moreover the following discretization error estimate holds:

lz —zellx <

QI A

inf — 7 .
kaH:c Trllx

Tp€E

For a proof see, e.g., BABUSKA [4], Theorem 2.2.

Here, we can again estimate the approximation error as it was done in the last subsec-
tion. Since we need a regularity result for the optimality systems of our interest, we

postpone this discussion to Chapter 4.

As in the last subsection, we can use the nodal basis to rewrite the optimality system

in matrix-vector notation as follows:

(Ak By, )(yk>:<9k> (2.13)
By —Cg Py 0
—_— Y

A = = =

with mass matrices Ay and Cj and stiffness matrix By, given by

Ak = (alpripe)iiey Be= (b(@ki 0rs))i by
Cr = (c(pni» )iy [ = (Flora))ih.

Here and in what follows, an underlined quantity, like z;,, denotes the coeflicient vectors
of the corresponding function, here x;, with respect to the nodal basis chosen for the

corresponding space, here X.

Iterative solvers

The problem of our interest (2.13) is a large-scale sparse linear system. Therefore it is
of particular interest to use iterative solvers for constructing approximate solutions for
such a system. In this section, we give a short overview on iterative solvers which are

relevant for the problems of our interest.

As in the last section, we start our discussion in Subsection 2.4.1 with the symmetric
and positive definite matrix Bj, representing the state equation. In a second step

(Subsection 2.4.2) we will discuss iterative solvers for the saddle point system Ay z;, =

f & representing the whole optimal control problem.
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Iterative solvers for symmetric positive definite problems

In this subsection we consider the following problem. Find Yy such that

Bry, = f, (2.14)

holds, where By, is a symmetric and positive definite matrix and f ., s a given vector.

The easiest solution method for such a problem is the gradient method or Richardson’s

(0)

iteration, which is given by the following iteration formula. Given an initial guess y,.”,

for m = Ny, the iterates Q,(Cm) are given by

y =y 7 (£, Beyf™).

Here, we choose a relaxation parameter 7 > 0. The convergence analysis of Richardson’s

iteration is rather simple. As By is symmetric, also the iteration matrix
My :=1— 7By,
is symmetric. Therefore o(My), the spectrum of My, s given by
oc(My)=1—=70(Bg) C[1 — TAmax(Bk), 1 — TAmin(Bk)]

because 0(Bk) C [Amin(Bk), Amax(Bk)]- Here, Amin(A) and Apax(A) denote the minimal
and the maximal eigenvalue of a matrix A, respectively. The method is convergent if

and only if the spectral radius of My, is smaller than 1. This is the case if and only if

2
0 < Amin(Bk) < Amax(Bk) < —. (2.15)
T
We obtain the optimal convergence rate using

2
)\max(Bk) + )\min(Bk)’

T =

which leads to the convergence rate

_ K(Bg) =1

= &(Bk) +1’
where A (A)
WA= 5 )

is the condition number of a matrix A.

This analysis shows two facts. On the one hand, Richardson’s iteration only converges

for positive definite problems, cf. (2.15). Therefore, the method is not directly applica-
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ble to the KKT-systems, which have saddle point structure. Methods for saddle point

problems will be discussed in the next subsection.

On the other hand we have seen that the convergence rate of Richardson’s method
depends on the condition number Bj. Because Bj is the discretization of a second
order elliptic PDE, we have

k(By) = O(h;.?),

i.e., the asymptotic behavior of the condition number is like h;Q for k approaching
infinity. Therefore, the convergence rate g approaches 1 for k approaching infinitely, in
detail we obtain

g=1-0(h7).

Since a good approximation of the solution of the PDE requires sufficiently fine grids,
methods, where the convergence rates do not depend on the grid size, are of particular
interest. We observe that the original problem (2.14) is equivalent to the preconditioned
problem

H—1 H—1

By "Bry, = By, w.

If By, is a symmetric and non-singular matrix and if By is symmetric and positive
definite, the above equation is self-adjoined with respect to the scalar product induced
by the matrix By. If By is positive definite, the system above is also positive definite.

The convergence rate in this case is bounded by

K(Bk_lBk) -1
K(B'By) +1

Therefore, the linear operator B,; ! shall be chosen such that on the one hand the
condition number is small. On the other hand, it should be chosen such that 3; lgk
can be computed efficiently for any vector p,- Note that an explicit representation of

By or B, ! as matrix is not necessary.

One possibility to construct such preconditioners, is the idea of Schwarz type methods.
The easiest choices for such preconditioners lead to the Jacobi method (which can
be seen as an additive Schwarz method) and the Gauss-Seidel method (which can be

(m) _ ( <m>)Nk

seen as an multiplicative Schwarz method). Using the notation y, Y; - and
J i

By = (bij)fvjf"zl, we can write Jacobi iteration as follows:

Ng
g =y oyt | g - > b y](-m) ;
=1
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i.e., we compute the (local) residuals r; := ( fi— Z;V:’“I bij yj(m)> on every point (node),
solve the problem

bii wi = 7
and update the iterate, i.e., set yz-(mﬂ) = yi(m) + wj. In case of Gauss-Seidel iteration,

the newly computed updates are already used for computing the next residuals, i.e., we

obtain

i—1 Ni,
u" Y =™ gt =3 b ™Y =Y b )
j=1 =i

Both methods, Jacobi iteration and Gauss-Seidel iteration, can be rewritten as precon-
ditioned Richardson method. In case of Jacobi iteration, the preconditioner By, is the
diagonal of By and in case of the Gauss-Seidel method it is the lower-triangular part

of By, (including the diagonal).

Jacobi method and Gauss-Seidel method do not improve the convergence behavior
qualitatively as also the condition number of the preconditioned system increases like
O(h,;z), if k approaches infinity. One kind of methods that guarantees condition num-
bers independent of the grid size, are multigrid and multilevel methods, which are based

on sequences of grids. We will discuss multigrid methods in detail in Chapter 3.

More efficient methods than simple linear iteration schemes are typically Krylov sub-
space methods. For problems with a symmetric and positive matrix, we can apply
the conjugate gradient methods, see HESTENES AND SIEFEL [38]. For this method we

VE(By) — 1
\/ H(Bk) +1 .

The conjugate gradient method converges, if the system matrix By is self-adjoined and

obtain the convergence rate

positive definite. Note that also for the conjugate gradient method, the convergence

rates increase if k approaches infinity.

The convergence rates can be improved using a preconditioner. For the preconditioned

version of the conjugate gradient method the convergence rate is given by

(B By) — 1

k(B By) + 1

Like in the case of Richardson’s iteration, also in this case, we require that Bk_ IBy is
self-adjoined with respect to some scalar product. Since standard Jacobi iteration as
well as multigrid and multilevel methods (if set up accordingly) can be represented as
preconditioned Richardson iteration with a symmetric preconditioner By, these meth-

ods can also be applied as preconditioner for conjugate gradient method. In case of
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(accordingly chosen) multigrid and multilevel methods, convergence rates independent

in the grid size hy can be expected for the overall iteration.

Iterative solvers for saddle point problems

Here, we give a rough overview of possible iteration schemes for saddle point prob-
lems. For more details, the author refers to the survey paper BENzI, GOLUB AND
LIESEN [8].

First we want to present two kinds of preconditioning techniques. For the first kind
of preconditioning techniques, the preconditioned system is again self-adjoined and

positive definite. In the second case, the preconditioned system is indefinite.

First we start with preconditioned normal equation solvers, which are applicable to
general systems

Akik =f

Lk
The first observation is that
Al Apzy, = AL S, (2.16)

is equivalent to the original problem. The matrix AT Ay is symmetric and positive
definite. Therefore methods, developed for symmetric and positive definite problems,

can be applied.

The equation (2.16) can be interpreted as an optimality condition for the following

optimization problem. Find zj such that it minimizes the norm of the residual, i.e.,

2
in J(zy), wh I(ay) = | Az -
min (zk) where (k) kT — [ »
and || - |42 is the Euclidean norm. The functional can be represented by

(B (zx, @) — F (@)

J(zk) =  sup

X \{0} ”ik”?Q
Here, instead of || - ||;2, another norm can be chosen. Consider
- NS
min Jx (zx), where Jx(xg):= sup (B(xk’xli) Qf(xk)) (2.17)
TrEX} ikEXk\{O} ”kaX

This can be rewritten in matrix-vector notation. Let the symmetric and positive definite
matrix 9 be such that

(Qk gk,ik)@ = (xk,:i'k)x for all a:k,sik c Xk.
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Then the minimization problem (2.17) reads as follows.

in J h J = = f 5
Juin Jx(wx),  where x(zx) = Mz = fillg

Here, the optimality condition reads as follows. Find z; such that
QAL Q. Ay = QN AL 9 f (2.18)

The system matrix Q,;l A{ Q;l Ay is self-adjoined in the scalar product (-,-)g, and
positive definite. The eigenvalues are bounded away from 0 and from above by constants
that only depend on the constants in condition (Ala) . So, if the norm ||-||x is chosen
such that the constants are independent of the grid level, we obtain optimal complexity,
i.e., the convergence rates are bounded away from 1 by a constant independent of
the grid level k. In case the constants are independent of the choice of «, also the

convergence rates are robust in a.

Because the system matrix is self-adjoined, we can apply Richardson’s method to the
problem (2.18), which leads to the iteration

g(m_i_l) — g(m) + TQ;I AT Q;1<§k — Ay &Lm)%

where 0 < 7 < 2,0(Ql;1/2 AT Q,;l/Q) and p(-) denotes the spectral radius. One can
show that, if 7 is chosen in an optimal way, the convergence rates can be bounded by
a constant that only depends on the constants in (Ala). Variants of that method can

be constructed by applying Jacobi or Gauss-Seidel iteration.

As the normal equation (2.18) is self-adjoined and positive definite, we can also apply

conjugate gradient method as solver.

Certainly, for realizing the proposed methods based on the normal equation, we have

to solve problems of the form: find w;, such that
Ok Wp =T

for some residual r;,. The matrix Q is block-diagonal, therefore linear systems involving
the blocks have to be solved. These blocks are symmetric and positive definite and

involve the stiffness matrix (as the norm || - || x is a (scaled) H'-norm).

We have for the choice of || - || x as in (2.9)

Kpw, =1, (2.19)
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and for the choice (2.10)
(My, 4+ o'’ Kp) wy, = 14, (2.20)

Here, methods presented in the last subsection can be used as the matrices K} and
M, + a2 K}, are symmetric and positive definite. Since we have to solve four problems
of the form (2.19) or (2.20) (at least approximately) for each iterate, also this may be
costly.

More involved iteration schemes can be constructed by using structural information on

the problem. For saddle point problems of the form

A ( A, B ) |
By —Cj
iteration procedures based on a block LU-factorization have been proposed by ARROW,
Hurwicz AND UzawA [3]. BRAMBLE AND PASCIAK [18] proposed a possibility for
preconditioning such a saddle point problem to obtain a self-adjoined and positive
definite system also based on such a block LU-factorization. Assume that A is a

symmetric and positive definite matrix with Ay, > Ay, ie., such that Ay, — Ay, is positive
definite. Then the preconditioned system fl,;l.Ak with

R A, 0
Ak = ¥ 5
B, -1

is self-adjoined and positive definite with respect to the scalar product

((wore) (B08) )= (A= Ae) w8) , + (2080) -

Therefore the conjugated gradient method can be applied (Bramble-Pasciak-CG,
BPCG). Similar approaches were proposed, e.g., by SCHOBERL AND ZULEHNER [54]
or BENzI AND WATHEN [9].

Another possibility is to use Krylov subspace methods that can be directly applied to
indefinite problems, e.g., the MINRES method, see PAIGE AND SAUNDERS [45]. This
method can be applied directly to the discretized optimality system. For practical
applications, good preconditioning is necessary. One possibility for computing such
preconditioners are block-diagonal preconditioners. One possibility is again to use con-
dition (Ala) as above, i.e., we use Ay == Oy, as block-diagonal preconditioner, see, e.g.,
ZULEHNER [71] for an application of that approach to the model problems discussed in
this thesis. Another possibility is to choose

. Ay,
A = . ,
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where Ay, approximates Aj and S approximates the Schur-complement S = Cj —
BkAllek. Such a method can be used to derive methods being robust in the parameter
a for Model Problem 2, see, e.g., PEARSON AND WATHEN [47]. In both cases, two
problems of the form (2.19) and (2.20) have to be solved for each iterate.

Another approach are all-at-once multigrid methods, which are directly applied to solve
the whole saddle-point system. If such a method is introduced, the multigrid method
can be used directly as a solver, i.e., an outer iteration scheme (like a MINRES method)
is not necessary. Nonetheless, it would be also possible to use all-at-once multigrid
methods for preconditioning a MINRES method.

We propose those all-at-once multigrid methods due to their flexibility and due to the
fact that an outer iteration is not necessary. We will see that the construction of a
multigrid iteration for the problem of our interest is non-standard, especially if the

method should be constructed such that the convergence rates are robust in «.
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Chapter 3

Multigrid methods

As mentioned in the last chapter, iterative solvers are essential tools for solving the
linear system resulting from the discretization of partial differential equations. As we
have seen in the last chapter, the convergence rates of (standard linear) iterative solvers
typically depend on the condition number of the matrix. On the other hand, we have
seen that the condition number of the stiffness matrix increases if the grid size hg

approaches 0.

Of course, if we want a higher accuracy of the approximate solution, it is important to
refine the mesh accordingly. Therefore, methods, where the convergence rates do not
depend on the grid size, are of particular interest. One class of methods having this
property are multigrid methods. For an overview about multigrid methods, we refer to
the books by HACKBUSCH [35], BRAMBLE [17] and TROTTENBERG, OOSTERLEE AND
SCHULLER [66].

As the model problems of our interest are linear, we restrict ourselves to linear multigrid
methods. A multigrid iteration scheme consists of two parts which have — in some sense
— complementary properties: the smoothing step and and coarse-grid correction step.
Intuitively speaking, the names smoothing and coarse-grid correction describe exactly

what those two steps are doing.

A key observation for standard linear iteration schemes, like Jacobi iteration for sym-
metric and positive definite linear systems, reduce the hight-frequency parts of the
residual rapidly. The fact that these methods have poor overall convergence rates is

due to the fact, that low-frequency parts are reduced slowly.

The coarse-grid correction is based on restricting the residual to a coarser grid. The
residual is typically approximated well on a coarse grid, if it consists of low-frequency

parts only, as one can see for an easy one dimensional example in Figure 3.1. Of course,
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much higher approximation errors have to be expected for oscillating functions, as one

can see in Figure 3.2.

101
o8f
06f
04f

02

Figure 3.1: Approximation of a smooth function (blue) by a function on a coarser grid
(red)

141

Figure 3.2: Approximation of an oscillating function (blue) by a function on a coarser
grid (red)

Having these two iteration schemes with complementary properties, one could hope

that the combination of these methods leads to a good iteration scheme.

This chapter is organized as follows. In Section 3.1 we will introduce the overall multi-
grid framework. Moreover we comment on the realization of the coarse-grid correction.
We restrict ourselves to a canonical choice of the coarse-grid correction, which is pos-
sible in the framework we consider. For the construction of the smoother, there are
several possibilities, which we will discuss in Section 3.2. In Section 3.3, we will discuss
two possible strategies for convergence analysis. In Chapters 4 and 5, we will develop

the convergence analysis for the model problems based on these strategies.



3.1

3.1 Multigrid framework 41

Multigrid framework

In this section, we introduce a general multigrid framework for solving linear systems
arising from the discretization of a variational formulation which reads as follows. Find
x € X such that

B(z,z) = F(2) for all 2 € X.

Assume that we have a sequence of grids with grid levels k € Ny. On every grid level,
we construct finite dimensional subsets X C X. Here, we assume that these subsets
are nested, i.e., X C X1 holds for all k. If the problem is discretized as as proposed

in Subsection 2.3.3 using uniform refinement, we obtain nested subsets.

We have already mentioned the discretization in Chapter 2. Note that the problem
can be discretized on each grid level and the discretized problems read as follows. Find
x € Xj such that

B(zy, ) = F(Zg) for all z;, € Xp.

This can be rewritten in matrix-vector notation as follows. Find z; € R such that

(3.1)
The next step is the introduction of intergrid-transfer operators for the transfer between
two consecutive grids. Since we consider nested subspaces, every function xx_1 € Xp_1
is also an element of X. Therefore, the prolongation can be chosen in a canonical way:
we choose the identity operator as prolongation operator. The matrix representation

of the prolongation operator between X;_ 1 and X} is denoted by I ,’j_l € RNVe—1 %Nk

The matrix representation I ,]:H of the restriction operator is the transpose of the matrix

. . . T
representation of the prolongation operator, i.e., we choose I ,f“ = (I ,’:_1) .

This allows to introduce the multigrid iteration for solving the discretized equation (3.1)
(0)

on grid level k. Starting from an initial approximation z,”’, one step of the iteration is

given in the following way:

e Apply v smoothing steps:

"= a0 A (- A (3:2)
for m € {1,...,v} with @l(fo,o) = g,(fo). The choice of 7 and A, will be discussed

below.

e Apply the coarse-grid correction, i.e.:
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— Compute the defect f, — Ay QI(CO’V) and restrict it to the coarser grid (level
k—1):
A0 17 (1, A,
— Solve (approximatively) the linear system
A w) =), (3.3)
living on the coarser grid level k£ — 1.

— Prolongate the result w,(flll to grid level k£ and add it to the last iterate:

1 0w 1
o) =™+ I wl,

If the problem (3.3) is solved exactly, we obtain
1 0,v — — 0,v
o) =™+ i A (1, - A

for the next iterate (two-grid method). In practice the solution of (3.3) is approxi-
mated by applying one step (V-cycle) or two steps (W-cycle) of the multigrid method,

recursively. On grid level k = 0 the problem is solved exactly.

The idea of these multigrid iteration schemes is visualized in Figures 3.3 and 3.4, where
the blue dots represent the smoothing steps, the red rectangles represent exact solves

(on the coarsest grid) and the arrows represent the intergrid-transfer.

Figure 3.3: V-cycle multigrid method

Figure 3.4: W-cycle multigrid method
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Certainly, the multigrid method presented here can be modified in certain ways. We
want to mention just one modification: the introduction of post-smoothing. The frame-
work presented above consists of pre-smoothing steps and coarse-grid correction. After
finishing coarse-grid correction, more smoothing steps (post-smoothing) can be ap-

plied.

For sake of simplicity, in Chapter 3, we restrict ourselves to pre-smoothing only and
give remarks on the case that also post-smoothing is applied. In Chapters 4 and 5, we

restrict ourselves to a method with pre- and post-smoothing.

Smoothers for saddle point problems

The next step in constructing a multigrid solver is the choice of the smoother.

For symmetric and positive definite systems arising from the discretization of par-
tial differential equations, typically simple linear iteration schemes can be applied as
smoothers. If we consider a finite element discretization of the Laplace equation,
Richardson, Jacobi or Gauss-Seidel iteration are known to be good smoothers, see,
e.g., HACKBUSCH [35], Chapter 3.3. Richardson and Jacobi iteration typically have
to be damped if they are used as a smoother, whereas Gauss-Seidel iteration can by

applied directly.

For saddle point problems, the choice of an appropriate smoother is a key issue. In this
thesis we propose two classes of smoothers for saddle point problems, namely normal

equation smoothers and collective smoothers.

Normal equation smoothers

In Subsection 2.4.1, we have already seen the approach of using the normal equation
for constructing a solver. Here, we are not interested constructing an iteration scheme

which is a good solver but in the construction of a good smoother.

In Subsection 2.4.1, the preconditioner was constructed based on the norm | - ||x,

represented by the matrix Q.

Instead of || - ||x, we use here another Hilbert space norm, || - [[x_,, represented by a
matrix L. In Chapter 4, we will see how to choose this scalar product such that the

overall multigrid method converges.
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Here, we just assume that L is a symmetric and positive definite matrix.

Then the preconditioned normal equation smoother reads as follows:
&,(Co’m) = L(fo’m_l) +7 E,;lAg/J,;l <L€ — A @;(go’m_l)) ;

where 7 is chosen such that
2
2
0 (5;1/2.»4/%5,;1/2)

0<1<

holds. In principle, 7 can be chosen on each grid level differently but we will see that,

provided Ly is chosen accordingly, 7 can be chosen to be equal on all grid levels.

We can also introduce variants of this smoother, especially in a Jacobi-type or in a
Gauss-Seidel-type manner. The Jacobi-type normal equation smoother reads as fol-

lows:
ié&m) = ngo’m_l) + 7 diag (Akﬁ,;lAk)il ALyt <L€ — A &;(go’m_l)) ;

where 7 is chosen such that

2

0<r< =
P (diag (ARLi Ay Ak,c,;lAk)

holds. An advantage of the Jacobi-type normal equation smoother is the fact that is

invariant with respect to a scaling of L by a scalar constant.

We will see in Chapter 4 how to choose L; and 7 in detail. Additionally, we should
mention that all of these methods can be implemented in a reasonably efficient way if

the matrix Ly is easily invertible.

Collective point smoothers

In this subsection we introduce the class of collective iteration schemes which relies on
the block-structure of our problem. The iteration schemes are constructed by solving
local problems, involving the complete system of PDEs, in an additive or multiplicative
Schwarz-type manner. As in the case of elliptic problems, the local problems may live
on patches or, as in our case, just on single points. Such methods have been proposed,
e.g., in TROTTENBERG [66], BOrRzI, KUNISCH AND KWAK [12], BORZI AND SCHULZ [13]
and LAss [41].
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For sake of simplicity, we focus on a method using local problems living on points only:
collective Jacobi iteration for 2-by-2 block systems. Standard Jacobi relaxation, which
can be used as a smoother for a linear system By Y, = L{, where By, € RVeXNk g

symmetric and positive definite, reads as follows:

N
yz((),m) — ygo,mfl) . b;l fz . Z bij y§0,m71) 7
j=1

(07

i

(0,m)

where y m), fi and b;; are the components of the vectors y, and f . and the matrix

By, respectively. This iteration scheme can be carried over to saddle point problems of

A, B Y | _ fk
Br —Ch Py, 9
—_— Y

Ay = Lp = i =

the form

in the following way. We define collective Jacobi relazation to be the following iterative

procedure:

2 ) =3

Ny,
z(o’m) — Q(O,mfl) + 7_./4;2'1 il _ Z Az] x(o,mfl) , (34)
7j=1

where L('o,m) = (ygo’m),pgo’m)>T, fo= (ﬁ-,@i)T and

A= [ b
K bij  —cij
(0,m) (0 0,m) (0,m) 7

Here, y, , Dy 7m), fi, i, a;j, bij and c;; are the components of y,”, p.”, fk, 9y
Ay, By, and CYy, respectively.

Collective Richardson relaxation and collective Gauss-Seidel relaxation are constructed
analogously. Of course, such iteration schemes can be represented in a compact no-

tation. The relaxation is given by the general formula (3.2) using the preconditioner

. A, B
A= 8 TF ),
B, —Cy

where Ay, By, and Cj, are preconditioners for Ay, By, and Cj, respectively. In particu-

lar:

e In the case of collective Jacobi relazation Ak, Bk and ék are the diagonals of Ay,

By, and Cy, respectively, and the damping parameter 7 is chosen to be in (0, 1).
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e In the case of collective Richardson relaxation we have Ak =ai 1, Bk = by I and

C’k = ¢, I, where for some constant C>0

1 ~
iAmax(Ak:) < ag < %)\maX(Ak)v

1 C

iAmax(Bk) < bk < 5)\maX(Bk:) and
1 C

5)\max(ck) <¢ < EAmax(Ck)

holds. The damping parameter 7 is chosen to be in (0, 1).

e In the case of collective Gauss-Seidel iteration /lk, Bk and C’k are the left-lower
trigonal part (including the diagonal) of Ay, By and Cy, respectively, and the

damping parameter 7 is chosen to be 1.

Collective iteration schemes can be realized efficiently if they are implemented as de-
scribed in (3.4), see e.g. Lass [41].

As we can easily see, collective iteration schemes can be introduced for the reduced
KKT-systems for all three model problems. Contrary to the smoothers based on the
normal equation, insight into the problem is not necessary for defining collective point

smoothers.

3.2.3 Other classes of smoothers

Besides the classes of smoothers, we have introduced in the last two subsections, also
other smoothers have been constructed for saddle point problems. Here, we want to

mention only a few.

Uzawa type smoothers, that are based on a block LU-factorization of the iteration
matrix based on an LU-factorization, have been applied in SIMON AND ZULEHNER [58]
and SCHOBERL, SIMON AND ZULEHNER [53] to distributed control problems and in
TAKACS AND ZULEHNER [61] to the boundary control Model Problem 3.

For problems with vanishing (2,2)-block, smoothers can be constructed such that the
iterates stay in the subspace introduced by the (2,1)-block (constraint preconditioner).
BRAESS AND SARAZIN [16] have proposed such a smoother with an simple (1,1)-block
for the Stokes problem. One could consider such a smoother also for the non-reduced
KKT-system.
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Another class of smoothers are transforming smoothers, introduced in WiTTUM [69, 70].
The idea of these smoothers is to transform the matrix A to a block-triangular form
and to find smoothers for the diagonal blocks. This class of smoothers were applied to

PDE-constrained problems in SCHULZ AND WITTUM [55].

Convergence analysis

We have seen that the proposed methods can be implemented in an efficient way and
numerical experiments have shown that these methods work in practice. A main goal
of this thesis is to confirm this observation by convergence theory. We have seen for
the normal equation smoothers that the convergence analysis yields hints for the right

choice of the matrix Ly.

There are several ways of establishing convergence theory for multigrid methods. In
this thesis, we consider two approaches: Hackbusch’s multiplicative splitting into ap-
proximation property and smoothing property, which leads to rigorous convergence
proofs. The other approach, we follow, is local Fourier analysis, which is based the fact
that for simple grids (uniform, no boundaries) the error can be expressed in terms of
Fourier series. This does not lead to a rigorous convergence proof for the general case
but can be taken as an indicator for convergence of more general problems. Moreover,
great advantages of local Fourier analysis are the facts that it is not only a qualitative
analysis but also a quantitative analysis, i.e., it allows to compute sharp or at least
realistic bounds for the convergence rate, and local Fourier analysis forms machinery

which can be applied to various problems in a straight-forward way.

Smoothing and approximation property

To achieve a convergence result for the problems of our interest, we have to choose two
norms, say ||| - [lox and ||| - 2,5 For convergence it is sufficient to show the following

two conditions:

e Smoothing property:
There is some function n with lim, . 7(~) = 0 such that for all grid levels k € N
and all v € N the estimate

e -], <0 [, a5

holds.
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o Approximation property: There is a constant C'4 > 0 such that for all grid levels
k € N the estimate

1 0,v
fle” =zl = 0l - i, 30

holds.

Here, z;, := .A,:l [, is the exact solution of the linear system.

k
The combination of both estimates, (3.5) and (3.6), implies that the two-grid method
converges if v, the number of smoothing steps, is large enough. Due to standard argu-
ments the convergence of the two-grid method implies the convergence of the W-cycle
multigrid method under weak assumptions, as we will see in the next chapter. Hence
analyzing smoothing and approximation property stated above, is of our particular

interest.

This analysis is carried out in Chapter 4.

Local Fourier analysis

Another approach, which allows quantitative analysis, is local Fourier analysis. If we
assume to have a regular grid and if we neglect the boundary conditions, i.e., we assume
to have an infinite domain, we can compute the Fourier transformation of the system

matrix Ax and of the components of the multigrid method.

The goal of such a transformation is the decoupling of the analysis for the individual
Fourier modes which allows to determine exactly how the amplitude of each Fourier
mode is modified by the multigrid iteration scheme. In case of the smoother, the anal-
ysis for the individual Fourier modes completely decouples. In case of the coarse-grid

correction, linear spans of Fourier modes with small dimension have to be analyzed.

This analysis is carried out in Chapter 5. We will see that tools of symbolic computation

can help to derive sharp bounds for the convergence rate.
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Chapter 4

Multigrid analysis based on
smoothing and approximation
property

In this chapter we give convergence proofs for the all-at-once multigrid methods intro-
duced in Chapter 3. The presentation of this chapter follows the framework and the
notation introduced in the recent paper TAKACS AND ZULEHNER [63]. In Section 4.1,
we will introduce a general convergence framework for multigrid methods, which fol-
lows classical ways. Then we will apply these conditions to the model problems in
Sections 4.2 and 4.3.

As a part of the general convergence framework, we will also show that the normal equa-
tion smoother satisfies the smoothing property. Due to the fact that the convergence
framework is constructed in a modular way, the proof of the approximation property
can be combined with the proof of the smoothing property of any other smoother, pro-
vided that the norms used in the approximation property and the norms used in the
smoothing property are equal. We will give examples of smoothing results that fit into
the general framework. One of those examples, the class of collective point smoothers,

will be worked out in detail in Section 4.4.

The results given in Sections 4.2 and 4.3 are based on the regularity assumption (R),
introduced on page 27. This regularity assumption cannot be guaranteed, e.g., for
domains with reentrant corners. In Section 4.5, we will discuss the case that assump-
tion (R) cannot be guaranteed, but a weaker condition (R’), which is satisfied also on

non-convex polygonal domains.
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A general convergence framework

The main goal of this section is the introduction of a systematic approach for the
construction and the analysis of all-at-once multigrid methods for parameter-dependent
saddle point problems. In this chapter we discuss the multigrid framework introduced

in Section 3.1.

Already BRENNER [22] introduced a framework for showing the convergence of a multi-
grid method for parameter-dependent saddle point problems satisfying certain proper-
ties. Unfortunately, her results cannot be applied directly to all model problems we

consider in this thesis.

We will give another convergence framework which follows another strategy. We will
introduce five sufficient conditions for convergence of a multigrid method. The proof
itself follows standard proofs for two-grid and W-cycle multigrid methods, which can
be found in literature, e.g., in HACKBUSCH [35]. The framework covers on the one
hand the approximation property and on the other hand the smoothing property for

the normal equation smoother. The combination of both results implies convergence.

For showing a multigrid convergence result based on Hackbusch’s splitting of the anal-
ysis in smoothing property and approximation property, we have to introduce an ap-

propriate framework. As mentioned, we choose for every grid level k € Ny appropriate

norms || - lox and || - |2k, defined on R™:. Then it is sufficient to guarantee the
smoothing property (3.5) and the approximation property (3.6), as introduced in Sub-

section 3.3.1.

For the framework, we consider, we need to be able to extend the norm || - [[ox to

an appropriate superset of X, i.e., we assume that there is a linear space X_ D X

equipped with (mesh-dependent) norms | - || x_, and set

llzklllo.r = llzxllx_
for all z; € Xj and all grid levels k € No. We assume that the norms || - ||x_, are
induced by scalar products, therefore for all k, the tuples X := (X_,| - [[x_,) are

Hilbert spaces.

Similar to other convergence frameworks, we choose || - [|2,x to be the residual norm
with respect to || - [[x_,, i.e., we have
B Tk jfk
leillo = sup Dotk

srex\fo} 1Tellx_
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for all zj, € X} and all grid levels k& € Np.
For these choices, smoothing and approximation property read as follows.

e Smoothing property: There is some function 1 with lim, o, n(v) = 0 such that
for all grid levels k € N and all v € N the estimate

B (JSI(CO’V) — a:k,a?k>
sup po
FLeX,\{0} kaHX,’k

<) ||~ (4.1)

holds.

o Approximation property: There is a constant C'4 > 0 such that for all grid levels
k € N the estimate

1) B (i — w3
ka — ka <C4y sup —
X_ FrEXE\{0} 1Tkl x_

holds.

It is easy to see that, if we combine both conditions, we obtain

E

|k 2], <o) .
—k —k

where q(v) = Can(v), i.e., the two-grid method converges if v is sufficiently large. The

convergence of the W-cycle multigrid method will be discussed in Subsection 4.1.4.

In the next two subsections, we will give five sufficient conditions that guarantee that
the conditions (4.1) and (4.2) are satisfied. We will see that the analysis of those

conditions is relatively easy and well known cases are covered by them.

4.1.1 Smoothing property for the normal equation smoother

In this subsection we give conditions on the choice of the norm || - [|x_, such that
the normal equation smoother satisfies the smoothing property. As we have already
mentioned, the knowledge on the norm || - || x_, or more precisely its matrix represen-

tation L, i.e.,
(Lkzp, Tp) 2 = (Th, Ta) x_, for all zy, T € Xj.

is required for constructing the method. In this framework the smoothing property for

the normal equation smoother can be shown:
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Theorem 23 Assume that condition (Ala), introduced on page 28, and the following

condition hold.

(A2) There is a constant Cpr > 0 such that for all grid levels k the estimate

lzkllx < Cmllzrllx_, holds for all xj, € Xj.

Then for the preconditioned normal equation smoother

£§€O7m) = QI(CO,m—l) + Tﬁ;lAgﬁgl <ik’ - Ak @]({,077”_1)) 3 (43)

-2
with damping parameter 7 = 7(k) = p <£;1/2Ak£;1/2> satisfies the smoothing

property with smoothing rate
Cs

N

where C'g only depends on the constants used in (Ala) and (A2).

n(v)

Proof: We have to show that there is a constant C's > 0 such that for all choices of v

the following estimate holds:

< Cs

ez e, < .

where the iteration matrix My, is given by
My =1 7L AL LA

We obtain immediately

(P QAkMgﬁ,;l/?H; = [len A — ot A A

€2
2
- Ha,;l/ 2AL AL — P AT L A P

£2
o2
= ||Pe(I =P P |
and using the definition of the Euclidean norm further
_ o2
|ec 2w = o (4 = PEPY PEPUT = PLPLY)
= p (Pi PulI — 7P Pr)™) (4.4)

where P;, = E,;l/ zAk[,,:l/ 2, Certainly, PkTPk is symmetric and positive definite.

Therefore all eigenvalues are positive and we can use an eigenvalue decomposition
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to estimate (4.4). Using o := [)\mm (73;{7%) , Amaz (P,?Pk)] and the fact that 7 <
Amaz (PL Pk)_l, we obtain

p (P,Zm (I- TPEPk)Q”) <sup A1 —7AN)* < sup 7 'u(l — )
A€o pelfo,1]
1 1
=7 < = 4,
" A+v=HyrQ+v) — v (4.5)

Using conditions (Ala) and (A2), we obtain

_ _ 2
= p(Pr)? < || A

2
_ H‘CEI/QQ?QH; HQEI/QAkQEI/QHZQ <Tlot 0o

where C'p is the constant from condition (Ala) and C); is the constant from condi-
tion (A2). By combining (4.5) and (4.6), we obtain

2
.CS
. ’

14

_ a2 — 1
i <
which finishes the proof. O

A second important property, which we will need in Subsection 4.1.3 and in Sections 4.4

and 4.5, is the concept of power-boundedness.

Lemma 24 Under the assumptions of Theorem 23 there is a constant Cp > 0 such
that for all grid levels k
IME zglllos < Collzyllo (4.7)

holds and all x;, € RNx and all v € N. Here, My, is the iteration matriz representing

the normal equation smoother (4.3).

Proof: The power-boundedness (4.7) can be rewritten in matrix-vector notation as
follows
1/2 ~1/2
|ePmie | < o (4.8)

Similar to the proof of Theorem 4.4, we can show that
1/2 —-1/2
|2 me 2| = 111 =PI < 1.

which directly implies (4.8). O

In the next sections we will choose the norm || - [[x_, such that the condition (A2),
introduced in Theorem 23, is satisfied. In the next subsection we will see that this norm

has to satisfy also another condition to guarantee the approximation property.
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For the realization of the smoother, we have to invert the matrix L. Therefore we
have to choose the norm || - | x_, such that the matrix Ly, representing this norm, (or

a spectral equivalent matrix ﬁk) is easy to invert.

Note that condition (AZ2) is also of importance if other smoothers are considered be-
cause typically the smoothing property can only be shown if that condition is satisfied.
The condition is also satisfied for multigrid methods proposed previously for the model
problems in SCHOBERL, SIMON AND ZULEHNER [53], TAKACS AND ZULEHNER [62] and

others.

Typically the exact implementation of the normal equation smoother is not efficient

but the conditions can be relaxed further as follows.

Corollary 25 The result stated in Theorem 23 also holds for an inexact version of the
preconditioned normal equation smoother, where Ly, is replaced by a spectrally equivalent

matrix ﬁk, i.e., such that
Cp Ly < Ly < Cr Ly,

holds for some constants 0 < C, < Cr and T is replaced by 7 such that

C, < ——<Cy,

holds for some constants 0 < C. < C, < 2, where Pr = EI;I/ZAkﬁJZl/Q-

In this case the smoothing rate may also depend on the constants C., Cr, C, and C_.

We skip the proof of this corollary because the proof is a straight-forward but rather

technical generalization of the proof of Theorem 23.

Approximation property

For showing the approximation property, first we reconsider known results for the

Laplace equation. Consider the variational problem, find y; € Yj such that

b(yk, Ux) = f(Ur) for all g, € Y%,

which is the discretization of the original variational problem, find y € Y = H'() such
that

b(y,7) = f(9) for all y € Y.
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If one can show boundedness (2.5) and coercivity (2.6) of the bilinear form b, the Lax-
Milgram theorem (Theorem 4) guarantees existence and uniqueness of the solution.

Cea’s lemma (Theorem 15) allows to show the convergence error result

ly — vkl ez ) < Cllflla )«

Using the approximation error result (2.12) and the regularity assumption (R), intro-

duced on page 27, we obtain

1y — vkl ) < Chell fll2 (@)

Using a standard approach (Aubin Nitsche duality trick), one can show an estimate of

the L2-error:

ly = kllz2(0) < ChEllf Il 2 (- (4.9)

Such a result is used to show the approximation property for multigrid methods in case

of an elliptic problem, see, e.g., HACKBUSCH [35], Section 6.3.1.

Concluding, for a proof of the approximation property in case of an elliptic problem,

we need that
1. the conditions of the Lax-Milgram theorem (estimates (2.5) and (2.6)),
2. the approximation error estimate (2.12) and
3. the regularity assumption (R)

are satisfied.

An analogous strategy can be applied for the indefinite problems of our interest, i.e.,
the ideas of Hackbusch’s proof are not restricted to elliptic problems. We have already
introduced the abstract Hilbert spaces X and X_ (playing the role of H() and
L?(2), respectively, from above). For showing the approximation property, we assume
to have another Hilbert space X ;. (playing the role of H?(2) from above) such that

the following conditions are satisfied:

1. The assumptions of the Babuska-Aziz theorem (Theorem 5): We need condi-
tion (A1), introduced on page 17. We have to guarantee that this condition is
also satisfied for the discretized problem. Therefore, we additionally need condi-

tion (Ala), introduced on page 28.

2. We need the approximation error estimate (A3), introduced below.
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3. We need the regularity assumption (A4), introduced below.

Here, for sake of self-containedness we give a complete proof of the approximation prop-
erty using these assumptions. As we are interested in parameter-dependent problems,
we need qualitative knowledge about the constants. Therefore, we show that only the

constants in the conditions of the theorem affect the constant C'4 in the approximation

property.

Theorem 26 Assume that there are Hilbert spaces X _j = (X_, | - [|x_,), X =
(X, |- [lx) and Xy x = (X4, | - |x, ) such that Xy € X C X_ and the following

conditions hold.

(A1) There are constants C >0 and C such that the well-posedness result

< Cllzllx

Cllafx < sup —=
FeX\{0} 12| x

holds for all x € X.

(Ala) There are constants Cpp > 0 and Cp such that for all grid levels k the well-

posedness result for the discretized problem,

B Tk jk
Collzkllx < sup B(ar, )

- < Cpllzkllx
arexnfor 1Tkl x

holds for all x), € X.

(A3) There is a constant Cr > 0 such that for all grid levels k and all x € X the

approximation error result
inf ||z — zxllx < Crllz|lx,,

L €Xp

1s satisfied.

(A4) There is a constant Cr > 0 such that for all grid levels k, all F € (X_)* the
solution of the problem, find xx € X such that

B(zr,z) = F(T) forall ¥ € X,
satisfies xx € X4+ and the bound

lzFllx, » < CrIIFIlx_ =
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Then the approximation property (4.2) is satisfied with a constant Cy, only depending
onC, C, Cp, Cp, Cr and Cg

Proof: The details of this proof follow Theorems 2.5 and 3.1 in SCHOBERL, SIMON
AND ZULEHNER [53].

In this proof, for sake of simplicity C' is a generic constant that only depends on C, C,
Cp, Cp, Cr and Ch.
Let z € X and x; € X} be such that

B(z,z)= F(z) for all 7 € X,
B(l’k, :i‘k) = ]:(fk) for all 2 € X}.

First we show that

F(x
|z —zkllx_, <C sup (2) (4.10)

zex_\{o} 1Zllx_
holds. The proof of this estimate follows the classical line of arguments: Because
of (Al) and (Ala), we can estimate the discretization error in the X-norm by the
approximation error:

|z —zkl[x <C _inf [z — 2y x.
xkEXk
Using (A3) and (A4) we obtain further
e = zillx < ClIFllx

For the estimate in the norm ||-|[x_,, we use the Aubin-Nitsche duality trick: For every
(arbitrarily but fixed) F* € (X_)*, we consider the following problem: Find &7« € X
such that

B(i,i5) = F*(i)  forall 7 € X.

Using Galerkin orthogonality, we obtain
F'(x —ap) = B(w — xp, 27+) = B(w — xp, T+ — Ip)
for all 2 € Xj. Using (Al) and (Ala), we obtain
./_"*(SC - a:k) < C”JZ - kaX R inf H(f)]:* — fi'kHX
TLEX}
As above we obtain

F(z —ap) < Cllo =zl x |1 F I x_ )
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which implies (as we may choose F* arbitrarily)

F*(x — z)
|z — zkll(x_ ) = sup Pl = Clle—aellx,
(X_1) Fre(X— ) \{0} ||‘7:”(Xak)*

which shows (4.10). Now we show the approximation property

- ka “Cy sw B (x,&o’m) — xk,;f:k)

2
X FeX\ {0} 1Tkl x_

One easily sees that
1
Ty — .’L‘,g) = tk — tk—lv

(0,m)

with tp, = zp—= and tp_1 € Xp_1 given by the formula for the coarse-grid correction

step
B(tg—1,2k-1) = F(Tg-1) — B (ﬂf(o’m),fk—1> for all Zp_1 € Xj_1.

We observe that
B(ty—1,T1—1) = F(Zp—1) — B ($;(€0’m),fk—1>
_B (mk _ x(ovm),gzk,l) (4.11)

= B(tk, Tr—1)

for all 1 € Xj_1. For a given F* € (X_ )", let & € X, & € X}, and 1 € Xp—;

satisfy
B(z,z)= F*(Z) for all z € X,
B(i’k,:ﬁk) = .F*(i'k) for all z;, € X},
B(:’Ek—17§jk—l) = f*(:fk_l) for all Z_1 € Xp_1.
Then
F*(tr — th—1) = Bty — tp—1, @) = Bltg, T — Tp-1)
since

B(tp—1,2r) = F (tp—1) = B(tp—1, Tp—1) = B(tr, Tr—1)

using (4.11). Hence

" B tkvjk *
Fltn—ti) < sup DR ype
srexo\(0y 1Tkllx_
Therefore,
F*(tr — tr._ B(ty, T
lte—teallx_, =  sup Fli—to) oo gy, Blndn)

Frex_ oy IFlx e srexor 1Zellx_,’

which completes the proof. O
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Remark 27 Assume that X is a dense subset of X_ and the solution of the problem,
find xx € X such that

B(zr,Z) = F(T) forall z € X,

satisfies xx € X 4.

Then condition (A4) is equivalent to

B(z, )

Cilllzllx,, < sup forallx € X (4.12)

sex\fo} 1Zllx_

A two-grid convergence result

We can directly combine the smoothing property and the approximation property and

obtain the following result.

Corollary 28 Provided that both, the smoothing property (4.1) and the approximation
property (4.2), are satisfied, then

i -, < a1 -]

X_ g X_

(0)

and lim, oo n(v) = 0 holds, where x;, 18 the initial guess, xy is the exact solution and
1)

x;.” is the output of the two-grid iteration. Therefore, for v large enough the two-grid

method is a contraction with a contraction number bounded away from 1.

It is easy to extend this result to the two-grid method also having post-smoothing steps.
Provided that the smoother satisfies the power-boundedness condition (4.7), one can
show that the method converges if sufficiently many pre-smoothing steps are applied (no
matter how many post-smoothing steps are applied). By considering the transpose of
the iteration matrix, one can show that the two-grid method converges also if sufficiently
many post-smoothing steps are applied (no matter how many pre-smoothing steps are

applied).

A W-cycle multigrid convergence result

A perturbation argument can be used to show that the two-grid-convergence result

implies the convergence of the W-cycle multigrid convergence.
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Theorem 29 Assume that we have a sequence of grids for k € N with nested subspaces
XoC X1 C Xy C--- C X. Assume that the multigrid method fits into the framework
introduced in Section 3.1 and that the smoothing property (4.1), the approximation
property (4.2), the power-boundedness condition (4.7) and the following condition hold.

(A5) There are constants C, > 0 and C¢ such that on all grid levels k the estimate

Colzr—1llx_py < llzr—illx_, < Collopllx_,

holds for all xp,_1 € Xg_1.

Then, for all v > vy, the estimate

Hx’(:) _ kaX% <2Can(v) H;E](Cm _ :ckHX%

(0)

holds, where x,” is the initial guess, xy is the exact solution and x;~ is the output of

(1)
k
the W-cycle multigrid iteration. The constant vy only depends on the constants in the

approximation property, equation (4.7) and condition (A5) and of the function n(v).

Therefore, for v sufficiently large, the W-cycle multigrid method is a contraction with

a contraction number bounded away from 1.

For a proof, see, e.g., HACKBUSCH [35], Theorem 7.12.

Condition (Ab) is a weak assumption which can be guaranteed for all model problems

we are discussing in this thesis.

As mentioned in Chapter 3, the W-cycle multigrid method is one possible realization
of the multigrid method. An alternative would be the V-cycle multigrid method. In
the numerical experiments for the model problems, the V-cycle multigrid method has
shown the same convergence behavior as the W-cycle multigrid method. Since the
complexity of one V-cycle is smaller than the complexity of one W-cycle by a certain

factor, the V-cycle is method is always faster.

Nonetheless, a (rigorous) convergence proof for the V-cycle multigrid method is not
known for saddle point problems, as the ideas of Theorem 29 cannot be carried over to
the V-cycle. For elliptic problems, a V-cycle convergence analysis is available, see, e.g.,
BRrRAESS AND HACKBUSCH [15]. Their proof relies to the energy norm which does not
exist for indefinite problems. Therefore, to the knowledge of the author, convergence

proofs for the V-cycle multigrid method for indefinite problems are not available.
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Application to the model problems: non-robust

convergence results

In this section we give a convergence proof for both, the reduced KKT-system and
the original (non-reduced) KKT-system. We will start in the first subsection with the
reduced KKT-system.

In the second subsection we will treat the non-reduced KKT-system. Although the
non-reduced KKT-system characterizes the solution of the same model problem as the
reduced KKT-system, this analysis is also of interest because sometimes a reduction to
a 2-by-2 system is not possible or not reasonable, e.g., if the linearization of a non-linear
problem or a problem with additional inequality constraints is considered. Moreover, we
will see that for the non-reduced KKT-system some difficulty arises because the control
variable u lives in L?(12), not in H'(Q). We will see that the framework presented in

this thesis can also be applied in this case.

Note that in the present section, the robustness in the parameter « is not an issue,
therefore all constants arising in the analysis may depend on the choice of the param-

eter a.

An analysis for the reduced KKT-system

In this section we apply the theory introduced in Section 4.1 to Model Problem 1. We
assume that a > 0 is fixed. As already mentioned, the solution of the model problem
is characterized by the reduced KKT-system, which reads as follows. Let yp € L?(£2).
Find (y,p) € X =Y x P = H'(Q) x H'(Q) such that

WDz +  @Pm@ = Wb, forall y €Y,
WD) — o ‘PP, = O for all p € P.

For showing convergence, we analyze the conditions (A1) — (Ab).
Conditions (A1) and (Ala)

We have shown in Chapter 2 (Theorem 9) that the conditions (A1) and (Ala) are
satisfied for the norm

1/2
lzllx = (llylls +llplI3) "

where

lylly == lyllary  and  pllp = [Pl @)
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Condition (A2)

The next step is to choose the norm ||| x_ , such that both, condition (A2), introduced
on page 52, is satisfied and that the matrix Ly, representing that norm, can be easily
inverted, at least in an approximative way. The latter is satisfied for (scaled) L2-
norms because the mass matrix, representing the L?-norm, is spectrally equivalent
to its diagonal under weak assumptions on the grid which are satisfied within our

framework.

Therefore we choose X_ :=Y_ x P_ := L?(Q) x L?(Q) and use the following ansatz

for the norm on X_:
9 9 1/2
lellx o= (Il + o3, )

where

lylly_ . = mlyllzz@  and plle = prllplrz@)-
For this choice, condition (A2) reads as follows:
vkl ) + IklFr o) < mélyrlZai) + PRllPElIZ2(q) for all (yk, pr) € Yi x Py

These conditions can be shown using standard inverse inequalities if n; > C’h,;1 and

pr = C h,;l for some constant C. Therefore, we choose the norm as follows:

1/2
X_,k = %/_ k + HpH%’_ k ’
| il |

where

Iylly_ . = by il 2o and Ipllp_ . = hi Pl 2a)-

Condition (A4)

We discuss the condition (A4), introduced on page 56, before discussing condi-

tion (A3), because condition (A4) allows to motivate the choice of the norm ||| x, , -

For the discussion of the condition (A4) we need the following lemma.

Lemma 30 Assume that the regularity assumption (R), introduced on page 27, holds
and let f and g € L*(Q)). Then the solution of the problem, find (y,p) € X =Y x P
such that

WDz + @pme = (LI Jorally €Y,

. T W - PR CBE)
(Y, D) H2(0) a (PP = (9:P)r2@) forall p e
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holds, satisfies the following regularity result: (y,p) € H?(Q) x H*(Q) and

10y + 132y < © (171220 + 132y ) -

The constant C only depends on o and the constants in assumptions (R) and (A1).

Proof: The first line of the KKT-system (4.13) can be rewritten as follows
(0, D) = — (W Pz + (P 2@ for all j € Y = H'(Q).
Assumption (R) states that p € H?(f2) and
12l 20) < CrIF = yll200) < Cr (1l 22¢0) + lylly) -
Using the second line of the KKT-system, we obtain
1]l r20) < Crl|g — CflPHLz(QQ) < Crmax{1,a™'} (llgllr2@) + lIllP) -

Using condition (A1) and the fact that || - [[x > || - [[z2(q), We obtain

1
lzllx < FlIF 1l < HJ'"IIL2

- C
for F(-) :== (f,")r2) + (9, ) 12(n)- This allows to conclude
9By + 900y < Crmas{La™} (14 C7) (1B + 19l )

which finishes the proof. U

For the model problem, condition (A4) reads as follows. There is a constant Cp > 0
such that for all grid levels k, all f,g € L?(Q) the solution of the problem, find zr € X
such that

B(zxr,z) = (f,g])L2(Q) + (g,yj)L2<Q) for all € X,

satisfies zx € X and

1/2
lzFllx, . < Crh <||f|’%2(9) + HQH%Q(Q)) :

Lemma 30 implies

1/2 1/2
i (10 + 10320)) < C i (17 12200) + loll3ey)

This means that condition (A4) is satisfied for X := Y} x P} with norms

1/2
lollx, e = (I, .+ Ipl?,, )
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where

1Yllvys = Pellyllmze)  and  lplle, ;. = hellpllp2o)-

Condition (A3)

For the model problem, condition (A3), introduced on page 56, reads as follows. There
is a constant C7 > 0 such that for all grid levels k and all (y,p) € Yy x Py = H?(2) x

H?(Q) the approximation error result

inf o |2 o 112 < 2h2 2 2
it (= sl +lip = il ) < CF AR (Il + 1Pl

is satisfied.

This is a standard approximation error result, which immediately follows from the

interpolation error estimate in Theorem 16.
Condition (A5)

As we are also interested in showing convergence of the W-cycle multigrid method, we
have also to analyze condition (A5), introduced on page 60, which reads as follows.

There are constants C and C¢ such that
Collzr—1llx_,_, <llzp-illx_, < Ccllzp-llx_,_, for all z_; € Xp_1.
Here, the estimates for y;_1 and pg_ easily decouple. Therefore we need
Colyr-lly_ oo < lwr-ally_,. < Ccllyr-lly_,_, for all yp—1 € Y1

and the same result for the adjoined state pr_1. Using the definition of the norms we

can rewrite the condition from above

Cohi i llvr—1llz2) < hi Nye-1llrz@) < Cohililye-1lr2@) for all yp_1 € Yj_1,

which reduces to

he 1 —
-l E
k

Ce <

In case of uniform refinement, this is the case with constants C, = Co = 3.

Convergence result

As we have shown the conditions (A1), (Ala), (A3) and (A4), we can apply Theo-

rem 26 and obtain the following result.
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Corollary 31 Consider Model Problem 1 and assume that the reqularity assump-
tion (R) is satisfied. Then the approzimation property (4.2) holds with a constant
Cy independent of the grid level. The constant Cx may depend on the choice of the

parameter .

If the result is combined with a statement on the smoothing property, the convergence
of the two-grid method follows. For the preconditioned normal equation smoother,
we can combine the approximation property with Theorems 23 and 29 and obtain the

following statement.

Corollary 32 Consider Model Problem 1 and assume that the regularity assump-
tion (R) is satisfied. Assume that the normal equation smoother (Subsections 3.2.1

and 4.1.4) is applied and that Ly, and T are chosen as mentioned in Corollary 25.

Then there is a constant C' > 0 independent of the grid level k such that

AT

(1) H
T, —x <
H k Mix . = Vo X_

holds, where x} is the exact solution, x,(ﬁo) 1s the starting value and J:S) is the iterate

after one step of the two-grid method or the W-cycle multigrid method.

Therefore, for v large enough, the convergence rate is bounded away from 1 by a constant
independent of the grid level k. The convergence rate may depend on the choice of the

parameter .

If the Courant element is chosen for discretization, an efficient implementation of the
normal equation smoother for Model Problem 1 is possible using

Ly, =

( diag K, (4.14)

diagKk > .

For this choice of Ly, a refined analysis allows to compute how the damping parameter 7
has to be chosen such that the conditions of Corollary 25 and, as a consequence the

conditions of Corollary 32, are satisfied.

Corollary 33 For the choice (4.14) and

- 1
e (O7 2(1 +max{1,a1})2> ’ (4.15)

the conditions of Corollary 25 are satisfied.
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Proof: We show that the conditions of Corollary 25 are satisfied. The matrix Ly is

hy. 2 My,
£im ( s ) |
k k

Due to standard scaling arguments, this matrix is spectrally equivalent to L.

given by

Because of the fact that the Courant element is chosen for discretization, the matrix
K, is diagonal dominant and therefore 2diag K3 > Kj > Mj holds. Therefore, the

spectral radius of ﬁ,;lAk can be estimated from above as follows.

&1 H—1/2 o—1/2 £—1/2
(L AR) = p Ifk Mk{{’im o > —5§Kk -—1/2

K 'Ky K, —a 'K, MK,
<p (K;l/ZKkK;1/2> + max{l,ofl} p (IA(k_lkaf(,;lﬂ)

< 2+2max{1,ofl},

where K, := diag K. This shows that (4.15) is an appropriate choice. O

The analysis presented in this section can be carried over to the boundary control Model

Problem 8 using the same norms as introduced above for Model Problem 1.

For showing the approximation property, we need a regularity assumption that includes

boundary conditions. Therefore, we introduce the following assumption.

(Rr) There is a constant Cr > 0 such that the following result holds. For f € L?(Q)
and g € HY2(9Q) let y; € H'(Q) be the solution of

(i D) = (F D r2e) + (9, ) 12060 for all §j € H'(Q).
Then y; € H*(Q) and

ey < Cr (12 + 9l ) -

Based on this assumption we show the approximation property and — as a consequence

— the convergence of the two-grid method and the W-cycle multigrid method.

Theorem 34 Consider Model Problem 8 and assume that the domain has a sufficiently
smooth boundary and that reqularity assumption (Rr) is satisfied. Assume that the
normal equation smoother (Subsections 3.2.1 and 4.1.4) is applied and that Ly and T

are chosen as mentioned in Corollary 25.
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Then there is a constant C > 0 independent of the grid level k such that

|z =il = 5 " ==
X_ g AV Xk

(0) (1)

holds, where xy is the exact solution, x;~ is the starting value and ;" is the iterate

after one step of the two-grid method or the W-cycle multigrid method.

Therefore, for v large enough, the convergence rate is bounded away from 1 by a constant
independent of the grid level k. The convergence rate may depend on the choice of the

parameter o.

Proof: We have seen in Remark 10 that the conditions (A1) and (Ala) hold for
Model Problem 3. Because the conditions (A2), (A3) and (A5) do not depend on
the bilinear form, they are also satisfied for Model Problem 3.

Therefore, only condition (A4) has to be shown.

Due to ADAMS AND FOURNIER [1], Lemmas 7.40, 7.41 and Remark 7.45.1 on sufficiently

smooth domains in R?, for m > 1/2 there is a trace operator 7' mapping H™(Q) to
H™=1/2(9Q) such that

Tyl rm-1/200) < Cllyllam @) for all y € H™(£2).

Using these results, we can show condition (A4) analogously to the proof of Lemma 30

as follows. When considering the problem

(W D)) = o (0. D) r2(00) + (9, D) 120 for all p € P,

we first use the fact that the trace of p is in H'/2(Q) and use regularity assumption (Rr)

afterwards to obtain

Iyl 20y < € max {1,071} (1Pl 200 + 9l )
< Cmax{L,a” '} (IIplm@ + l9llzz@) -
The rest of the proof of condition (A4) is completely analogous to the proof of

Lemma 30. This concludes the proof because the statement of the theorem follows
from the conditions (A1) — (Ab) using the Theorems 23, 26 and 29. O

The statement of Corollary 33 on an efficient implementation of the multigrid iteration
for the Model Problem 1 is also satisfied for the boundary control Model Problem 3.
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Note that here the analysis for Model Problem 3 was done for domains with a smooth
boundary only. The generalization of such an analysis to convex polygonal domains is
non-trivial. Due to GRISVARD [33], also for convex polygonal domains a H2-regularity
result can be shown, cf. Theorems 1.4.1 and 1.4.2 there. Fur this purpose, the traces
on the line segments of the polygonal boundary have to be estimated individually. We

do not comment on it in detail because the analysis is quite technically.

An analysis for the non-reduced KKT-system

In this subsection we discuss how to apply the convergence framework introduced in
this thesis to the non-reduced KKT-system.

A convergence analysis in this case was already worked out in SIMON AND
ZULEHNER [58] for Model Problem 2. In TAKACS AND ZULEHNER [61] it was shown
that the analysis can be carried over to the boundary control Model Problem 3. In
both cases the approximation property was shown using the framework introduced by

BRENNER [22]. Here, we use the framework introduced in Section 4.1.

Here we work out the details for Model Problem 3. The details for Model Problem 1 can
be worked out analogously. As already mentioned, the solution of the model problem

is characterized by the (non-reduced) KKT-system, which reads as follows. Let yp €
L2(Q). Find (y,u,p) € X = HY(Q) x L?(92) x H'(Q) such that

(Y, 7)r2(0) + @D = Up, ¥
a(u, W20 — (0, %)12(00)
Y. P)m@ — (u,D)r200) =

for all (g,w,p) € X. Again, we show that the conditions (A1) — (A5) hold.
Conditions (A1) and (Ala)
In Remark 11 we have seen that the conditions (A1) and (Ala) are satisfied for

(y,u) €Y := HY(Q) x L*(09Q) and p € P := H'(Q) with norms

1/2
lzllx == (I, W% + IpI%) "

I

where

1/
1)l = (19120 + 162200, and  [pllp = ol o).
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Condition (A2)
Analogously to the last subsection, a standard inverse inequality implies that condi-
tion (A2), introduced on page 23, is satisfied for (y,u) € Y_ := L*(Q) x L%(95) and

p € P_ = L?(Q) with norms

1/2
lollx = (Il +lIpl3.,) "

where

B 1/ _
Iy = (B2 + lulZ200)) and  [lpllp_, == b Ipll 2o

Condition (A3)
Analogously to the last subsection, we can show that

2 2 2 1/2
inf ||z —zf|x < Cr (h 19l Fr2 () + BEllull ooy + hk||p||H2(Q)) (4.16)
rrEX}

-~

H(yvuﬂp)HX#,k =

holds. Certainly, also

JAnf o —axllx < llfx (4.17)

holds because 0 € Xj. The combination of (4.17) and (4.17) implies

ﬁllelf lz —zellx < Crllzllx+x,., (4.18)

So, for X i, := X 4+ X4 1, the estimate (4.18) is exactly condition (A3), as introduced
on page 26.

Note that we can represent the Hilbert space X ; explicitly: we have X =Y, x P,
where Yy = HY(Q) x L?(09Q) and P, = H'(Q) with norms

1/2
lolx s = (1w wI3,, + Ipl3,,)

where
) 1/2
1wy, = <||:UH e H2(Q)]+HY(Q) T ||uH[th1(8Q)]+L2(8Q)>
and

1plle, s, = 1Pl hy 20004 ()

Condition (A4)
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The proof of condition (A4), introduced on page 56, is a bit more involved than the
proof for the case of the reduced KKT-system. Here, similar to the framework in
BRENNER [22], we have to split the analysis into an analysis for the state variable y
and the adjoined state p on the one hand and an analysis for the control v on the other

hand and combine these results.

Lemma 35 Assume that the regqularity assumption (Rr), introduced on page 66, holds.
Then the condition (A4) is satisfied in the framework of this subsection.

Proof: In this proof C'is a generic constant which is independent of hj but may depend
on o, Cr, C and C.

As required, F € (X_)* = L?(Q) x L?(0Q) x L?(f2). Therefore, we can express F as
follows:
F(z) = Fi(2) + Fa(Z),

where

0) = (f1:9)12(0) + (9: D) 2(0) for all f1 € L*(Q), g € L*(9),
D) = (f2, W) 12(50) for all fo € L*(99).

N
=D

Fl(g7
FZ(@7

I~q

Let zr, and xx, be such that

B(zr,,z) = Fi1(Z) for all 7 € X,
B(zr,,T) = Fa(Z) for all 7 € X.

Due to linearity, we have xr = xr, + xr,. So, it is sufficient to show

H:L']'—l”X#,k < H]:lHXi’ka (4.19)

lzrllx < I F2llx- (4.20)

because

lezllxypx = d0f llorllxg, +llzelx < llezmllx, . + oz lx

1/2
<C(I1Flx, +1Rlx,) <C (IR, + 10k, )" = ClIFlx-,,

which is the statement we have to show.
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First we show (4.19). If the right-hand side is chosen to be Fi, the KKT-system can

be rewritten as follows:

(0.9 ) = (f1,0) 120 — W, §) 12 for all § € H'()
o (u, @) 2(90) = (0, W) 12(50) for all & € L?(Q) (4.21)

(. D) )= (9,D)r2() — (U, D) 290y for all p e H'(Q)

The first line of the system (4.21) implies

1Pl 20y < C (1f1ll2@) + 1ll2@) -

The second line of the system (4.21) implies u = o~ 1Tp, where T is the trace operator,
and therefore

1wl 100y < Ca_alHH?’/Q(Q) < Ca_lHZ?Hm(Q)

The third line of the system (4.21) implies
Il < € (lgllzacey + el 2o )

1/2
Using these results and the fact that [|F1[/(x_, )« = hs (Hflﬂ 12 T HgH%Q(Q)> , we
can show similar to the proof of Lemma 30 that (4.19) holds.

As [[Fllx+ = [If2llz2(00) = [[F2lx+ holds and condition (A1) is satisfied, also the
estimate (4.20) holds, which finishes the proof. O

Condition (A5)

Condition (AbB), introduced on page 60, can be shown in the same way as in the last

subsection.
Convergence result

As we have shown the conditions (A1) — (Ab), we can apply Theorems 23, 26 and 29

and obtain the following statement.

Corollary 36 Consider Model Problem 8 and assume that the reqularity assump-
tion (Rr) is satisfied. Assume that the normal equation smoother (Subsections 3.2.1

and 4.1.4) is applied and that Ly, and T are chosen as mentioned in Corollary 25.

Then there is a constant C' > 0 independent of the grid level k such that

ol -], < 75 =

o
X_k
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holds, where xy is the exact solution, 331(60) 1s the starting value and x,(:) is the iterate

after one step of the two-grid or the W-cycle multigrid method. The convergence rate

may depend on the choice of the parameter o.

Therefore, for v large enough, the convergence rate is bounded away from 1 by a constant

independent of the grid level k.

If the Courant element is chosen for discretization, an efficient implementation of the

normal equation smoother for Model Problem 3 is possible using

diag K,
Ly = diag M . (4.22)
diag K,

If we fix this choice of £y, a refined analysis allows to compute how the damping param-
eter 7 has to be chosen such that the conditions of Corollary 25 and, as a consequence

the conditions of Corollary 36, are satisfied.

Corollary 37 For the choice (4.22) and

7 e (07 2(1 +malx{1,a})2> ’

the conditions of Corollary 25 are satisfied.

This corollary can be proven analogously to Corollary 33.

As mentioned above, an analysis for Model Problem 1 can be carried out in a completely

analogous way. We skip that analysis because this does not give any deeper insight.

Remark 38 (Other smoothers) Other smoothers, like Uzawa type smoothers dis-
cussed in SIMON AND ZULEHNER [58], or TAKACS AND ZULEHNER [61], also satisfy
the smoothing property for both, the reduced KKT-system and the non-reduced KKT-
system, for the model problems and the norms introduced in this section. Therefore also

for these smoothers convergence can be guaranteed.
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4.3 Application to the model problem 2: a robust convergence result based on full

regularity

Application to the model problem 2: a robust

convergence result based on full regularity

In this section we are interested in convergence results which are robust in the param-
eter «, i.e., we want the convergence rate to be bounded away from 1 by a constant
independent of the grid level k and the choice of the parameter «e. Here, we have restrict
ourselves to Model Problem 2. The statement we show in this section has already been
carried out in SCHOBERL, SIMON AND ZULEHNER [53].

In this section we give the result in terms of the convergence framework introduced in
Section 4.1. Here, we choose the norms slightly different to SCHOBERL, SIMON AND
ZULEHNER [53] which will allow the extension of the convergence result to the partial
elliptic regularity case, which will be carried out in Section 4.5. In this section, we
follow the ideas introduced in TAKACS AND ZULEHNER [63]. For this purpose, we have

to introduce the concept of interpolation spaces first.

Interpolation spaces

In this subsection we introduce interpolation spaces. We restrict ourselves to the defi-
nition and those results which are necessary for the convergence analysis for the model
problem. For further information, we refer to standard text books, like LIONS AND
MAGENES [43], BUTZER AND BERENS [26] and ADAMS AND FOURNIER [1].

Let A1 and As be Hilbert spaces contained in a linear Hausdorff space. Between the
Hilbert spaces A1 + Ay and A; N Az, we introduce for every 6 € (0,1) interpolation

spaces [A1, As]gp with norms

o
lalBg, aagy = /0 21 ( in el +t2||u2||?42) dt.  (4.23)

u=ui+tuz, u1 €A1, us€Az

The interpolation space [A1, As]g is the subset of A;+ As of elements u with finite norm,
i.e., where |lul|(a, 4,], < 0o. This definition refers to the K-method of constructing
interpolation spaces, cf. the text books mentioned above. The space [A, A2y lies
between A1 N Ay and A1 + Ao, i.e., we have

A1 N Ay CJA;, Aglg € A+ Ay

and
HUHA1+A2 < C(H)HUH[ALAQ]G for all u € [A17A2]9
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and
HuH[Al,AQ]Q S 0(9)_1\\u|],4m,42 for all u < A1 N AQ, (424)

where C'(0) = /20(1 — ), see (3.2.15) and (3.2.16) in BUTZER AND BERENS [26].
Sobolev spaces with broken index, H? (Q) can be defined as the corresponding interpo-

lation spaces, i.e., we have
H™(Q) = [H™(Q), H™ 1 (Q)]

for all @ € (0,1) and all m € Z§. This definition is equivalent to other definitions of
such Sobolev spaces, see, e.g., Theorem 4.3.6 in BUTZER AND BERENS [26].

Such a statement is not only true for two consecutive standard Sobolev spaces H™ (€2)

and H™1(Q), but also in general. This is a consequence of the following theorem.

Theorem 39 (Reiteration theorem) Let A and Ay be Hilbert spaces. Then

[[A1, Azgy, [A1, A2lg, |n = [A1, A2](1-2)80+261

and
(A1, [A1, A2]o, |x = [A1, A2]o, A

holds for all 6y, 01, X € (0,1).

For a proof, see Theorem 3.2.20 and Corollary 3.2.17 in BUTZER AND BERENS [26].

Note that the second statement in Theorem 39 is not a consequence of the first state-

ment in Theorem 39 because [A1, A2]g, is not defined for 6y = 0 in general.

Taking the dual space and interpolation between two Hilbert spaces commute, i.e., for
Hilbert spaces A; and Ag, where A; N Ag is dense in A; and in Ay, and all § € (0,1)
the identity

(45, A3]o = (A}, A3)o)"

holds (duality theorem), see BUTZER AND BERENS [26], p. 214.

As we also work with weighted Sobolev spaces, which can be interpreted as intersections
of the involved scaled spaces, we need some results on interpolation of intersections of
Hilbert spaces and of scaled Hilbert spaces. Concerning scaling, interpolation spaces
behave like the weighted geometric mean, i.e., for all Hilbert spaces A; and A, and all

scalars ag and ag and all € (0, 1) the identity

[OélAl, 042142]9 = a}_eag[Al, AQ]@ (4.25)
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holds. Due to monotonicity of the interpolation formula (4.23), we have for all Hilbert
spaces A1, Ag and As, all u € [A; N Ag, Aslg and all 6§ € (0,1).

HUH [AlmA27A3}@ Z HU’H [Al,Ag]g

and therefore

\/§HUH[A1QA2,A3}9 2 HUH[AI,AS]QO[A2,A3]9' (426)
A very powerful result for interpolation spaces, is the following statement.

Theorem 40 (Interpolation Theorem) Let Ay, Ay, By and By be Hilbert spaces
and let T : Ay + As — By + By with T(A1) C By and T(As) C Bg be an operator such

that there are constants C1 and Co such that

|Tul| g, < Cillx||a, for allu € Ay,

| Tul| By, < Cal|lx||ay for all u € As.

Then the estimate
1Tl (5,52, < C(0) CL° Clullay, Az,

holds for all u € [A1, As)g, where C(0) only depends on 6.

For a proof, see Theorem 3.2.23 in BUTZER AND BERENS [26].

An analysis for the reduced KKT-system

As already mentioned, the solution of the model problem is characterized by the reduced
KKT-system, which reads as follows. Let yp € L*(Q). Find (y,p) € X =Y x P =
H'Y(Q) x H'(Q) such that

YDz +  @pme = Wb, 9o for all y €Y,

Z/ap)H2(Q) - oz_l(p,ﬁ)Lz(Q) = 0 for all p € P.

—~

Again, we discuss the conditions (A1) — (A5).
Conditions (A1) and (Ala)
We have seen in Theorem 12 that the conditions (A1) and (Ala), introduced on

pages 17 and 28, are satisfied for X = H'(Q2) x H'(Q) with norm

1/2
Izl x = (Ilyll3 + Ipl?)

)
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where 1/2
Iylly = (9120 + o Iy1%10)
and

. . 1/2
Iplle = (a7 Iplz@) + o™ bl ) -

This result was already given in SCHOBERL AND ZULEHNER [54]. In ZULEHNER [71]

the same result was shown using condition (A1’), introduced on page 19.
Condition (A2)

Now we choose the norm || - [[x_, such that both, condition (A2), introduced on
page 52, is satisfied and that the matrix L, representing that norm, can be easily
inverted, at least in an approximative way. As mentioned in the last section, the latter

is the case for (scaled) L?-norms.

Therefore we use again the ansatz X_ :=Y_ x P_ := L?*(Q) x L*(Q) and

1/2
lollx = (Il +lel3, ) "

where

lylly_ i = mellyllz  and lplle, = pkllpllL2(0)-

For this choice, condition (A2) reads as follows:

Hyk”%Q(Q)+O‘1/2Hykz|’%{1(ﬂ)+a_1Hpk;”%?(ﬂ)+O‘_1/2Hpk‘”§—11(ﬂ) < 0illiel 2 +PRIIPEIT 20

for all yp € Yk, pr € P;. Due to inverse inequality it is sufficient to have 77,2 >
C(1+ a1/2h;2) and p; > Ca™ (1 —|—o¢1/2h,;2). Therefore, we choose 7 and pi as
follows

ne =1+ a1/2h;2 and pi=a! (1 + al/Qhﬁ) . (4.27)

Condition (A4)

We discuss condition (A4) before discussing condition (A3), because condition (A4)

allows to motivate the choice of the norm || - ||x, ,.

First note that we have seen in Subsection 4.2.1 (Lemma 30), that for F € (X_)* =
L3(Q) x L*(2), the corresponding solution zx € Xy = H?(Q) x H?(Q).
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regularity

The estimate, we have shown in Subsection 4.2.1 was not robust in the parameter «.

Therefore, we have to construct a robust estimate. We use Remark 27 and show that

the inf-sup-condition (4.12) is satisfied.

For this purpose, we use the following theorem.

Theorem 41 Assume that the following two conditions hold.

(A4’) Assume that Yy is a dense subset of Y, Y is a dense subset of Y_, Py is a
dense subset of P and P is a dense subset of P_. Assume that there is a value

Y (depending on k and o) such that

0 <a(-,)? < Crav |- ly_ ) < Cratrll - lly, .

and
0< ()" < Crav |l P < Craorll - Py -

(A4") Assume that there are constants Cry > 0, Cr1, Cra > 0 and Cro such that

aly, b , ~
Crilylly,, < sup 99 o g OW:D)
gevvioy 17lv_ . pepvioy 1Bl P,

holds for all y € Yy and

b(y ~
Crollpl,, < sup Be2) | g, CAPD)
T pervioy 19l gervoy PP

holds for all p € Py.

Then condition (4.12) holds and the constant in (4.12) only depends on the constants
Cr1 Cra Cr3 and Cry in (A4’) and (A4”), not on the choice of Vy.

Proof: The proof is similar to the proofs of Theorem 2.3 in ZULEHNER [71].
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‘We observe

sup BN(%:U) 51 sup fl(y,szrb(:t/,p)jL sup b(y,pZ—C(p,p)
sex\oy 1Zllx_, — 2 \gevsgoy  N9llv_ s sepvioy  IBllP s
. N N
1 sup b~(y,p) + sup b~(y,p)
2 \ \gervioy l9llv_ .~ peprioy IDIlP_

| swp a(y,9) sup c(p. )
gev\foy 19lly_ . sepvioy 1B
1
=€ =mllzllx,

where

a(y,§) c(p,p)
SUPgey\{0} ||y||y . + SUPsep\ {0} IIppr &

n =
x4

b(%,p) b(y,p)
SUPgey\{0} ||y||y A + SUPsep\ {0} IIppr &

£:=

2llx, .
A second bound follows from:

sip B2 Bly.p), v, =p)) _ alyy) +cp.p)  aly.y) +clp.p)
zex\(oy 1Zlx_ Iy, —2)llx_ 1w =p)Ix_ — 2w, =P)lixs s
2
_ SUPgev\{0} o y)) + SUDgep o) S
2 llxy
2

aly)? cp.p)?
SUPgev\{o} Tyly  SUPreP\0} o 1

n° |zl x
||£L“||X+,k =31 o
We know & + 7 > min{Cg1, Cre} > 0. In the same way as in ZULEHNER [71], we can
show that there is a lower bound only depending on Cr1, C'rs, Cr3 and Cgy. Il

Remark 42 One can show in the same way as it was done in ZULEHNER [71] that
condition (4.12) implies condition (A4").

Still, our goal is to choose the norm || - [|x, , such that (4.12) (and therefore condi-
tion (A4)) is satisfied. Due to Theorem 41, it is sufficient to choose || - [|x, , such that
the conditions (A4’) and (A4”) are satisfied. First we consider condition (A4").

Using the definition of || - [|x_,, the first line of condition (A4”) reads as follows:

Crillylly, , < sup (y,y)i() + sup Mﬂ for all y € Y, (4.28)
T gevvioy Melldll 2 ) pervioy PlIBI L2 (o)
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where n; and p are given by (4.27). Now, we use equation (4.28) to derive the

norm || - [ly, ,. It is easy to see, that

W, Pr2@)

-1
~ = 7yl 2
gev\{oy MllFll L2 () ko IyllLz@)

is satisfied. Due to Remark 20, there are constants C'p > 0 and Cg such that

(VD) _ —
Cro Iyl < swp LDH@ _m oy
ey lllme < s e o Il

holds for all y € Y,. So, condition (4.28) simplifies to: Guarantee that there is a
constant Cry > 0 such that

Crillylly,. < Mllzz@) + Croy ylazgy — forally € Yy,

where py, and 7, are given by (4.27). We can do the same for the second line of condition
(A4”): Guarantee that there is a constant Crg > 0 such that

Crallpllp, . < o g tlIplir2) + Crmg ol @) for all p € Py.

This motivates to choose X := Y, x P, := H%*(Q) x H?(Q) with associated norms

1/2
X+,k = %f+k + ||p”2P+k )
| Iyll3, |

where 1/2 1/2
lyllv.s = (1+0212) " (Il + el

and 1/2 1/2

Pl = ot (14 a2h%) / (Ip1220 + Pl ) /
By construction, condition (A4”) is satisfied with constants Cr; and Cre only depend-
ing on Cp. It is easy to see, that the condition (A4’) is satisfied with Crz = Crs =1
for vy, := (1 + 041/%,:2)1/2 because || - || g2(q) > || - |2(q) holds. Therefore, Theorem 41
implies that condition (A4) holds.

We observe that, for all grid levels k, the Hilbert space (X, || - ||x) is the interpolant
between (X_, || - [|x_,) and (X4, | - ||lx, ) at 3, ie.,

X = [(X—k), (Xqp)]1/2: (4.29)

Note that this is also satisfied in classical proof for the Laplace equation, ¢f HACK-
BUSCH [35]. There the norms are — in the notation of the present thesis — || - ||x_, =

Bl 2oy I 15 = 1 - ey and |- lxy o = fll - e (o)-
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We want to mention that in SCHOBERL, SIMON AND ZULEHNER [53] the norm || - [|x, ,
was defined in a different way, as it is done in this thesis. There, the relation (4.29)
was not satisfied. In Section 4.5 we will see that this relation can be used to construct

the spaces needed for the partial regularity case in a straight-forward way.
Condition (A3)

The following lemma shows condition (A3), as introduced on page 56.

Lemma 43 There is a constant Ct > 0 such that

inf —ull+lp—ml3) P <C + V2
ot (-l -l 3) <O (i + e

holds for ally € Y4 and p € P4.

Proof: Throughout this proof, C is a generic constant that only depends on the

constant in Theorem 16.

Due to Theorem 16 there is an interpolation operator such that for all y € H?(Q)

by~ Tl2aey < CllylZaey Iy — T2 < ORI
by = Wl oy < Cllyl2g Iy — Tl < Ch2lulEe)
holds.
Moreover we find out that for all Hilbert spaces A; and Az the relation || - |4, 4,], o S

V2| - || 4,14, holds. Therefore, the following inequality holds:

o213y < 2 (I132(0) + allvlrge) ) -

So we have

(1 n al/Zh,;?) ly — My
= (14" 2522) (Ily ~ Tyl + 02lly ~ Wyl o)
= lly ~ ey 3agqy + A%l — Tiyl2aq)
+ oy - HkyHHl(Q)+O‘hk ly — Hk;yHHl
cowmm)+&ﬂmmmm+a
< C (Iyl32(0) + vl )

=0 (1+ah?) Il

1@mmmn+mm@mﬁ
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regularity
As we can show the analogous result for || - [[p and || - ||p, ,, the desired result follows
immediately. g

Condition (A5)

Similar to last section, condition (A5), introduced on page 60, reduces for quasi-
uniform grids to show

1+ a1/2h72 .

02, < — k1l 7

~C = 1+Oél/2h];2 = ¥C

This holds in a standard setting for Cr, = % and C¢ = 1.

Convergence result

As we have shown the conditions (A1), (Ala), (A3) and (A4), we can apply Theo-

rem 26 and obtain the following result.

Corollary 44 Consider Model Problem 2 and assume that the regularity assump-
tion (R) is satisfied. Then the approzimation property holds with a constant Cy4 inde-
pendent of the grid level k and the choice of the parameter a.

If the result is combined with a statement on the smoothing property, the convergence
of the two-grid method follows. For the preconditioned normal equation smoother,
we can combine the approximation property with Theorems 23 and 29 and obtain the

following statement.

Corollary 45 Consider Model Problem 2, assume that the regularity assumption (R)
is satisfied. Assume that the normal equation smoother (Subsections 3.2.1 and 4.1.4)

1s applied and that Ly and T are chosen as mentioned in Corollary 25.

Then there is a constant C' > 0 independent of the grid level k and the choice of the

parameter o such that

o -l < e -], (430

holds, where xy. is the exact solution, acg)) 1s the starting value and :BS) is the iterate

after one step of the two-grid or the W-cycle multigrid method.

Therefore, for v large enough, the convergence rate is bounded away from 1 by a constant

independent of the grid level k and the parameter .
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The convergence result is a statement in non-standard mesh-dependent norm || - [[x_ .
The following corollary shows that this result also implies convergence (with the same

rate) in the standard norm | - || 72(q)-

Corollary 46 Under the notations and assumptions of Corollary 45 there is a constant

C >0 and a factor q = %, both independent of k and o, such that the L?-convergence
result
(n)
LR

holds for allm € N and all o € (0, 1], provided y,(go) = pg)) =0.

Proof: This proof was published in TAKACS AND ZULEHNER [62].

Corollary 45 states (4.30), which is equivalent to

1/2
<Hy’(€n) B yk’ 22(9) o Hp’(ﬂn) _pk‘ ;(Q)>
<q" <Hy;(€0) - yk‘ ;(Q) +a! Hp;(go) —pk‘ ;(Q)>1/2-

Assuming y,(co) = p,(co) = 0 implies

(=

The right-hand-side is bounded from above by ¢"||zx||x. Using (Ala), we obtain

2 2

1/2 1/2
<q" 2 “Hlpxl7
(Q)> <gq (Hyk||L2(Q) +a HpkHL2(Q)> ’

+at Hp,(f) —pk‘

12(Q) L2

loklx < €1 sup D@ _ oo o FE)

arexioy 1 Tellx arexofoy 1Zxllx

Using

F Gk, Pr) = (Y, Jr) r2(0) < lypll 2|kl z2) < lypll 2oyl (Gx, Pr)ll x5

we obtain [|zg|x < Q_IHyDHL2(Q) and further

(=

For a < 1, we have

(=

< (s~ ;m))”,

which completes the proof. O

2

9 1/2
-1 _n
) <€ ol

9 1/2
o)

st

£2(Q) o Hp’(‘«‘n) B pk‘

2

) + Hp’(‘fn) _pk‘

2

L*(Q)
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If the Courant element is chosen for discretization, an efficient implementation of the

normal equation smoother for Model Problem 1 is possible using

R : 1/2
Frim ( diag (M, + o'/ K},) (4.31)

o~ tdiag (M}, + o2 K},) ) ‘

If we fix this choice of Ly, a refined analysis allows to compute how the damping param-
eter 7 has to be chosen such that the conditions of Corollary 25 and, as a consequence

the conditions of Corollary 45, are satisfied.

Corollary 47 For the choice (4.31) and

7 e <0, ;) : (4.32)

the conditions of Corollary 25 are satisfied.

Proof: The matrix Ly is given by

Ly = ( (1 a2 h ") My

a1+ a'/2h; )My, ) '

Due to standard scaling arguments, this matrix is spectrally equivalent to Ek, specified
in (4.31).

Let flk = diag (Mk +al?K k) Since the Courant element is chosen for discretization,
the matrix K}, is diagonal dominant and therefore 2diag K;, > K and 2diag My >
My, holds. Therefore, the spectral radius of EA,;I.Ak can be estimated from above as

follows.
A ADMGATY? ol R2AT PR AT
p(ﬁklAk‘) =p ( 1/2kA_1K kal—l/Q A—]lc/2M A—]fli/2
QA Bedy g kg
< al/gp (A,;lﬂkal,;l/Q) i (Alzl/szA;/z)
<4,
which shows that for (4.32) the conditions of Corollary 25 are satisfied. O

Remark 48 (Other smoothers) We want to mention, that other smoothers, like
Uzawa type smoothers discussed in SCHOBERL, SIMON AND ZULEHNER [53] and collec-
tive point smoothers which will be discussed in the next section, also satisfy the smooth-
ing property for the model problem and the norms introduced in this section. Therefore

also for these smoothers convergence can be guaranteed.
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Smoothing property for collective point smoothers and its

application to the model problem 2

In the last section, we gave a rigorous convergence result for the case that the normal
equation smoother is chosen. In this section, we show that the convergence results also
holds if a collective point smoother is used. Here, we have to restrict to the case of
collective Richardson smoothers. In Theorem 49 we give a smoothing result that relies
on algebraic relations between the involved matrices. In Corollary 50, we see that this

theorem can be applied in the framework of this thesis for Model Problem 2.

As already mentioned, the collective point smoothers are very popular and have been
proposed, e.g., in TROTTENBERG [66], BorzI, KUNISCH AND KwAK [12], BORZI AND
ScHULZ [13] and LAss [41]. Convergence analysis based on Fourier analysis was avail-
able, but a rigorous convergence analysis was, up to the author’s knowledge, not avail-
able. The convergence theorem presented in this section was worked out an and pub-

lished in TAKACS AND ZULEHNER [62].

Theorem 49 Consider the block-matriz Ay, which is given by

A B
Ak = g _Ii )
B —a AL

where Ay, By, € RNeXNe gre symmetric and positive definite matrices. Let the precon-

) A B
A= F j ) ,
Bk — Ak

Here, Ak, By, € RN Nk gre preconditioners such that

ditioner Ay, be given by

p(1-4g'a) <1 and p(1-B7'By) <1 (4.33)

holds. Moreover we assume that there is a symmetric positive definite matriz Dy, such

that Ak = ap Dk and Bk = by ﬁk, where ap, > 0 and by, > 0 are scalars.

Then, for all T € (0,1), there is a constant C's > 0 such that

< s

HEIZI/Q‘A"? (I—Tfl,;lAk)Uﬁlzl/z e
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holds for all grid levels k € {0,..., K}, for all choices of & > 0 and for allv € N. Here,

the matriz Ly is given by

oo (o

ofl(/lz + @32)1/2 ) '
Moreover, the iteration scheme is power-bounded, i.e.,
1/2 i1 vo-1/2
| (1-rdgtan) £, <2

holds for all v € N.

Before we prove this theorem, we discuss its application to the Model Problem 2.

Corollary 50 Consider the reduced KKT-system for Model Problem 2. Then the col-
lective Richardson iteration, introduced in Subsection 3.2.2 satisfies for T € (0,1) the

smoothing property with smoothing rate

_Gs
-7

where the constant Cg is independent of the grid level k and the choice of the parame-

n(v)

ter o.

If moreover the regularity assumption (R), introduced on page 27, is satisfied, there is

a constant C' > 0 independent of the grid level k such that
C

| =], =5 i =]

<
X_ . T AV

holds, where x} is the exact solution, x,(CO) 1s the starting value and :cg) is the iterate

X_ g

after one step of the two-grid or the W-cycle multigrid method. The convergence rate

may depend on the choice of the parameter .

Therefore, for v large enough, the convergence rate is bounded away from 1 by a constant

independent of the grid level k.

Proof: Here, we use Theorem 49 with Dy, = I and use the fact that Ly, introduced
in Theorem 49, and Ly, representing the norm || - [ %, introduced in Section 4.3, are

spectrally equivalent.

This shows the smoothing property. The approximation property was shown in Sec-
tion 4.3. Therefore, the convergence of the two-grid method and the W-cycle multigrid

method immediately follow. O
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For the proof of Theorem 49 we use a variant of Reusken’s lemma. See REUSKEN [52]

for the original work.

Lemma 51 Let L be a symmetric positive definite matriz and let My, be a matriz

that is power bounded with respect to || - ||z, , i.e., there is a constant Cp such that
[Mizille, < Cgllzlcy (4.34)

for allv € N.

Then for every choice of the damping parameter T € (0, 1) there is a constant C' (inde-
pendent of hi and «) such that

I = M) (1 = 7)I + 7 M)l <

Slo

holds for all v € N.

Proof: The proof was given in ECKER AND ZULEHNER [31] for the case | My, <1
and can easily be extended to the case that Mj is power bounded. O

Remark 52 Note that the fact that a linear iteration with iteration matriz My, is power
boundedness implies that also the damped iteration with damping parameter 7 € (0,1)

and iteration matriz (1 — 7)1 + 7. My, is power bounded.

Due to Lemma 51, we have to show that the iteration matrix of the (non-damped)

iteration scheme is power bounded. This will be done in the next two lemmas.

Lemma 53 Using the notations of Theorem 49, the identity
I = A AR e = 12K Nlen
holds for all v € N, where Z, is given by
Zy, = (A} + aBY)V* Z), (AR + aBY) M/

with
Zy, = (A + VaBri) Y AA, + VaAB;i).
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Proof: One easily verifies that

I — A;lAk = A;l (.,Zlk — Ak>

[l
N
|
s
=
Eaias
N———

with
N 2 .
Xp = (adi B+ B Ay)  (adp'aB+ BrlAAy)
R )
Vii= (aAp B+ B Ay) (B ABL - A7'A4y),
where A4y, := Ay, — Ay, and ABy, := By, — By.

A similarity transformation with the matrix

il —il
w2,

leads to a block-diagonal matrix My:

M, :Nk_l <I—A;1Ak) Ny
(Xk—i\/&Yk

Xk+i\/aYk>

with

N ~ -1

Xy +ivaY = (Ak - \/aBki) - (AA — VaAByi) .

NkN,fZQ(I )
al

where N, ,fl denotes the Hermitian transpose of Nj. We introduce

It is easy to see that

Nk::§

~ 1 ( (fli+al§z)*1/4 N,

(A? + aB})~1/4 )
IR |
and obtain <./\/'kj\/,§{ ) = L. The matrix
Mk :./\N/-k_l (I — AglAk) -/\~/‘k

is block diagonal with (1,1)-block Zj. The (2,2)-block is the conjugate complex of the
(1,1)-block. Therefore obviously

vV

HMZ Zy,

o= [1%].
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holds. Since

2

] = O (7 - ) )

= (- At

(2

= (/\7,5 (I - A,;lAkYTA?,;H/\?,;l (I - AklAk)V/\Vk>

_, (ﬁ,;l (r- A,;lAk)”T Ly (1- /t,;lAk)”>

|l 172 i1, \Y A—1/2])?
= e (- At £ .,
V2
_ !
- H(I A Ak) L’
the proof is completed. O

Lemma 54 Under the assumptions and notations of Theorem 49 the matriz I—fl,;lAk

is power bounded with constant 2, i.e., it satisfies (4.34) with Cp = 2.

Proof: It is sufficient to show that Zj, given in Lemma 53, is power bounded (with
constant 2). We will show that

r(Zy) <1 (4.35)
holds, where
> Z
") = sup | GHEmTne (4.36)
z,€CVE\{0} (Tg Tp) 2

is the numerical radius of the matrix Z.

Observe that
Zk = (ar, + Vabyi) ' D (AAg + VaABy)

and, therefore,
7 = (A} + aB)Y* 7, (A} + aBY) V4 = D* 7, D, 1

e

— (ax + vVabpi) 1D (A A + VaAB) D V2.
Hence we obtain

(Tg, Tp) g2
((AAg + VaADByi)zy, x) e
(ax + Vabii) (D *zy, D) e

r(Zy) = sup
2, €CNe\{0}

= sup
z,€CVE\{0}
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and further

(AAgzy, 21) 2 + Va(ABgxy, xy) 2
(Arzy, ) + Va(Brzy, zp) e
zpecNinoy | (Arzp, 2)5 + a(Bray, 24)7

r(Zy) = sup
2, €Cr\{0}

The last equation holds because all involved scalar products have real values. We know
that numerical radius is bounded by 1, if we can show that (AAgzy, z;)% < (Apzy, )%
and (AByzy, 2p)% < (3kgk,gk)§2 holds for all z;, € CNk,

This property can be shown: The estimate (4.33) implies that
F-1/2 . 2—1/2
((Ay / AR Ay, P~ Dapz)e < (2 z4)e

holds for all vectors z;, € CN*, since Ay is symmetric and positive definite. Using
AA, = A — /Alk, this implies

(AAgzy, zp) e < (Agzy, 2)p2 (4.37)
Since Ay is symmetric and positive definite, we have moreover
—(Apzyp ) < (AAgzy, z1) 2. (4.38)
Combining (4.37) and (4.38) shows that
(AApzy, zp) < (Apy, 2,)F

holds for all z;, € CVk. The argument for By, is completely analogous.
Hence we have shown (4.35).

For the next step we use that the numerical radius satisfies the power inequality
r(M”) < r(M)”
for all (quadratic) matrices M and all v € N, see, e.g., PEARCY [46],.

Using the power inequality, the estimate (4.35) implies that
r (Z,? ) <1

holds for all v € N. Using the fact, that || M|,z < 27(M) holds for all matrices, we
know that

<2

U
HZ’“ 2=
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holds for all v € N, which finishes the proof. O

Additionally, we need that the preconditioner Ay can be bounded from above using the

matrix Lg:

Lemma 55 Under the assumptions and notations of Theorem 49, we have

H.c;l/%kﬁ,;l” ~ 1

62

. . L\ 1/4 .
Proof: Using the definition Zp := (A%—FQB,%) , we observe that Z;, =

(az + ab%) 1/4 lA),i/ % Therefore the desired result immediately follows:

H£;1/2Ak£;1/2

_ Z7 Az 27N 2Bzt
e Z o\ 2Bzt 2 Az

apl a2, 1
20T —agl

£2

)—1/2

= (a} + abj, =1

82

We combine Lemmas 51 — 55 to prove Theorem 49 as follows.

Proof of Theorem 49: Let M, =1 — fl;l.Ak. Lemma 54 states that
[Millz, <2,

i.e., condition (4.34), holds. Using Lemma 51 we conclude

1 = Mi)((1 = D) + 7MY, < f}

By plugging in for My, we obtain

C

|yt an (1= raa) £, =

IN

Using the sub-multiplicativity of norms, we obtain

e (1-rdctan) g2 2 g1

2’

<ol

=1.0

which finishes the proof, as we know from Lemma 55 that Hﬁ,zl/ Qflk[,,;l/ 2 »
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4.5 Application to the model problem 2: a robust convergence result based on parth{

regularity

Application to the model problem 2: a robust

convergence result based on partial regularity

The convergence proofs we have presented so far are based on the regularity assump-
tion (R), introduced on page 27, which cannot be guaranteed on domains with reentrant
corners. One can show that on such domains there exist functions f € L?(f2) such that
the solution y; of the problem, find y; € H'() such that

r, N = (f.5)  forallje H(Q),

has singularities close to the corners. This implies that ys is not in H%(f2), but in a

weaker space H2~5(Q) for some s € (0, 1).

In this section, we carry out a convergence result that is based on the following regularity

assumption.

(R’) Partial elliptic reqularity: There is a parameter s € (0,1) and a constant Cr > 0
such that the following result holds. For f € [H*(Q)]* let yy € Y = H'(Q) be
such that

(yﬁg)Hl(Q) = <fa g> for all y € Hl(Q)

Then y; € H*>*() and

ysll 25 ) < CrIlf |l (725 (00))-

The following theorem guarantees that the regularity assumption (R’) is satisfied on

general polygonal domains.

Theorem 56 Let 2 be an open subset of R? with polygonal boundary. The angels of
the domain Q, measured from inside, are denoted by w; for j=1,...,M. (So, wj >
refers to a reentrant corner.) Let w be the largest angle, i.e., w = maxj—i . p{w;}.

Then the regularity assumption (R’) holds for all s with

maX{O,l—ﬁ} <s<1.
w

For a proof see, e.g., GRISVARD [33], Remark 2.4.6.

We can rewrite the lower bound for s in the following way: s = max {0, 1-— g} + € with
e > 0. A simple example for a non-convex polygonal domain is the L-shaped domain

(Figure 4.1). For the L-shaped domain, we obtain s = % + €.
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ws=n1/2 we=1/2
N
w1=31/2 wy=m/2
wy=n/2 w3=n/2

Figure 4.1: L-shaped domain

In the next subsections, we introduce a regularity result that is based on partial regu-
larity. In Subsection 4.5.1 we discuss how to choose the norms for the case of partial
regularity. In Subsections 4.5.2 and 4.5.3 we show the smoothing property and the
approximation property for this choice of the norms. Finally, we summarize the results
and give an overall convergence result. The results presented in this section have been
published in the recent paper TAKACS AND ZULEHNER [63].

The choice of the norms

In this subsection we introduce the norms which we will use to carry out a convergence

result assuming that regularity assumption (R’) is guaranteed for some s € (0,1).

Here, the Hilbert spaces (their norms) X°, := X_;, X and Xg_k = X j are the
Hilbert which we have introduced in Section 4.3 for showing the convergence for the

full elliptic regularity case.

In this section, the convergence is shown in the Hilbert space X* ,, given by interpola-
tion:
X2 o= (X, X, (4.39)

i.e., X%, is the interpolation space of X_ j and X.

The next step is to construct a closed form of the norm on this Hilbert space. For this

purpose, we need the following lemma.

Lemma 57 For all Banach spaces Ay and Ag, the Banach spaces Ay N [Ag, Ailg and
[A1 N Ay, Ai]p are equal and have equivalent norms. The constants, describing the

equivalence, only depend on the choice of 6.
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Proof: In this proof, C' > 0 is a generic constant which is independent of £ and « but

which may depend on 6. First note that

lulliainaz,a1s = Cllulliar,aeniaz,aie = Cllvllainaz,ai,

follows directly from the monotonicity of the interpolation.

So it remains to show |lul(a,n4,,4,) < Cllulla,nas,4,],- Let u € [A1 N Az]g N Ay. The
definition of the norms on the interpolation spaces (real K-method, cf. LIONS AND
MAGENES [43]) and elementary relations yield

oo
2 _ —20—1 : 2 2 2 2
lpsasag, = [, it (B, + al + #leal?,) d
1
_ —20—1 : 2 2 2 2
= [t Gl B, + 2l d

o0
—920—1 . 2 2 2 2
[T it (lal o+ B + Plal,)

By replacing the infimum by a particular choice, using the triangular inequality and by

computing the integrals, we obtain

2
Hu”[AlﬂAz,Aﬂg

1
g/ 2072 w3, dt (4.40)
0 o0
[T e (s sl B, el ) e
1 u1tuz=u
< gl + Il +2 [ °°t2“( inf +<1+t>2||uzr?4) dt.
- 2-20 g ! 1 urfuz=u 2 !

By a variable transformation and again using the definition of the norms on the inter-

polation spaces, we obtain that further

”UH[QAmAQ,Al}G
1 2
< m”“”m

1 —20—1 00 o .
w2(3)  [Tae0 @ (O el @

u1tus=u

1 0 > —20— .
= gl 2 [T it (B, eal,) d

u1+us=u
1 0
holds, which finishes the proof for C(#) = max {(1 — §)~1/2971/2 20+1}. O
For further reference, the following lemma gives a closed representation of the

norm || - || xs , or, more precisely, we introduce a norm with closed form which is equiv-

alent to the norm || - [|xs .
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Lemma 58 The Hilbert space X* ,, introduced in (4.39) by interpolation, is the linear
space
X® =H*(Q) x H¥(Q)

equipped with the mesh-dependent norm

1/2
lolxe, = (o3, + ol ) "

where

o\ (1—s)/2 s 1/2
Iylly=, ~ (1+a202) " (Jyl3ag) + a2 lyl3eq)) - and

3 o\ (1-8)/2 5 1/2
Iplles, ~ o= (1+ah2) " (Iple) + 0 2lple) -

Here, ~ denotes the equivalence of norms, where the constants are independent of hy,

and o.

Proof: First note that X* ko defined by (4.39), has product structure. Therefore,
it suffices to discuss the Hilbert spaces Y°, and the P?, separately. First, we con-
sider Y* .

Using (4.39), the definitions of the norms || [|y-0 . and |-y and Lemma 57, we obtain

[ylly= . = lYlliro v,
= ||y||[(1+a1/2h;2)1/2L2(Q),L?(Q)ma1/4H1(Q)]s

o\ (1=s)/2
~ (14 212) T (e + 0 )
The same can be done for the Hilbert space P? . O
In the present section we show the convergence in the Hilbert space X* ;. This is done

using the smoothing property and the approximation property. In the context of the

present section these properties read as follows.

e Smoothing property: There is some function 1 with lim,_,~ n(v) = 0 such that
for all grid levels k € N and all v € N the estimate

B x](c(],u) — xk,:ﬁk)

sup

T o (1.1

s
X?,k

holds.
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o Approximation property: There is a constant C'4 > 0 such that for all grid levels
k € N the estimate

B (mlgo’y) — l‘k,:i'k)

(1) H
T, — T =
H k X FreXi\{0} ”kaX:k

<Cs sup (4.42)

holds.

Again, the combination of the smoothing property and the approximation property

implies the convergence of the two-grid method.

4.5.2 Smoothing property

In this subsection we show that the smoothing property for the full elliptic regularity
case can be carried over to the partial elliptic regularity case. Here, we are not interested
in constructing a particular smoother for the partial regularity case. Therefore we do
not show condition (A2).

Note that it is not a good idea to set up a normal equation smoother in the Hilbert
space X® ; because the a matrix representing the norm | - || xs , cannot be inverted
efficiently. We are interested in using the same smoothers that we have proposed
for the full elliptic regularity case. The following theorem states that the smoothing
property (4.41) is satisfied.

Theorem 59 Assume that Ay is symmetric and that the smoother is given by

g,(fo’m) = glgo’m_l) + At (fk — Ay i;(co’m_l)) form=1,...,v, (4.43)

where Ay, is a symmetric matriz. Assume that this smoother satisfies the smoothing

property in the norm || - || xo o b€

sup 5 <x’(“0’y) — fk)

TEX) ”5k”X9’k

0
-
holds. Moreover, assume that condition (Ala) holds and the smoother is power-

bounded, i.e., condition (4.7) holds.

Then for all s € (0,1) the smoother satisfies the smoothing property also in the norm
Il - HXi,k’ i.e., there is a constant Cg, depending only on s, Cp and Cp and Cp, such
that
B (CL'ECO’V) — Tk, 5]@)
sup

— < Csn(v)'*
TRreEX) kaHXi,k

20— IkHX:k (4.44)
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1s satisfied.

Proof: The proof is done using interpolation. By assumption, we know that the

smoothing property

p PR )
TreXy ||CI"I<J||AX9JC k

is satisfied. We will also show that there is a constant C > 0 such that

sup 5 <$’(“07V) — Tk §k>

< Ol — el x (4.45)
holds. Then the interpolation theorem (Theorem 40) immediately implies (4.44).

In order to show (4.45), we reformulate the condition in matrix-vector notation:
i1
AR = 7 A AR) Tl g1 < Cllrellg,

(0)

has to be shown for all ry := z;” — z;. Here, the matrix Qj represents the scalar

product (-,-)x on Xg. In other words, we have to show that the spectral norm of
—1/2 o —1/2
Pr= QP A — T A ALY QY
is bounded by a constant. This matrix is symmetric, so we have

IPille: = p(Pi) = p (£12 Q7 Al = A A %)

I

< H£]1€/2Q];1Ak£;:1/2H€2 H'Czlgm(l _ TA;lAk)yﬁlzlﬂ

ZQ

where || - ||z is the spectral norm and the matrix £j represents the scalar product
() x0 . on Xj. Here, the second factor can be bounded from above by Cp using
condition (4.7). The first factor can be bounded from above by two times the numerical

radius, where r(M) is the numerical radius of a matrix M. We obtain

Ha,ﬁ/QQ,;lAk.c,j”Hﬁ <2r (c}jQQ,;lAk,c,;l/Q)

2 ~— —1/2
sy o [ESAL Pzl
. eRM\{0} |(zg Zp) 2|
Ly g QLA me

2, ERNE\ {0} I(lel/QﬁkQ;;UQ&ka Zp) e
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and further

- Q—1/2A Q—1/2£ 7
| optay |, <2 sp NG A mon)e
e gk,gkeRNk\{O} ’(gkvyk)ﬁ‘

<2 g, P a0

62
—1/2 —1/2
_9 (9 Ak 9 Py, my) e
= sup
z,ERNEN\{0} (Tg, Zp )2
—o sy (AeZzpel
o RN\ (0} (QhTp, Tp)e2
—y sy [Blmz
2, ERVEN\{0} kaHX

< 26D7
where C'p is the constant in (Ala). This shows (4.45) which finishes the proof. [

The conditions of this theorem are satisfied for both smoothers introduced in this work,

the collective Richardson smoother and the preconditioned normal equation smoother.

Corollary 60 Both, the collective Richardson smoother and preconditioned normal

equation smoother, satisfy the smoothing property (4.41) with smoothing rate
n(v) = Cs(s) v 17972,

where the constant Cs(s) is independent of k and .. The constant Cs(s) may depend

on s.

Proof: For both smoothers, the smoothing property in the norm || - || xo , was shown in
Theorem 23 or Corollary 50, respectively. In both cases, the smoothing rate was given
by n(v) = Csv~1/2.

Both methods can be represented in the closed from (4.43) with symmetric matrix Ay,

and both methods are power-bounded (Lemma 24 or Lemma 54, respectively).

Therefore Theorem 59 implies the desired result. [

Remark 61 We can show in a similar way that, provided power boundedness is satis-

fied for s =0, that power boundedness is also satisfied for s € (0,1).
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Approximation property

In this subsection, we show the approximation property by showing the conditions
(A1), (Ala), (A3) and (A4). Before we show the conditions, we have to introduce
the Hilbert space X7 . The Hilbert spaces X* ; and X have already been introduced.

The Hilbert space X7 ; is defined analogously to X?® by interpolation:

o= Xk X (4.46)

)

For further reference, the following lemma gives a closed representation of the
norm || - || X2 , or, more precisely, we introduce a norm with closed form which is equiv-

alent to the norm | - |[xs , -

Lemma 62 The Hilbert space X3 e introduced in (4.46), is the linear space

X5 = H*5(Q) x H**(Q)

equipped with a mesh-dependent norm

1/2
lollxe, = (ol + o3, )

where

N —(1-s)/2 i 1/2
Iyl ~ (1+a"2hi?) (Il + @@yl 3amey)  and

_ o\ —(1—s)/2 s 1/2
Iplle:, ~a ™ (1+a2n;2) (lpl3 20y + @2 )iy -

Here, ~ denotes the equivalence of norms, where the constants are independent of hy

and o.

Proof: First note that X7 ,, defined by (4.46), has product structure. Therefore,
it suffices to discuss the Hilbert spaces Y7 ; and the P, separately. First, we con-

1 S
sider Y+7k.

Using (a) equation (4.46), (b) equation (4.29) and the reiteration theorem (Theo-
rem 39), (c) the definitions of the norms || - HYfk and || - Hygk and (d) Lemma 57,

we obtain

lyllys , =@ Wl oyl ~m) 19y, oy ..
N —(1-s)/2
=(0) (1 +a?hy 2) 1YlliL2@)nat/2m2(9).L20), 2

o\ (s—1)/2 s 1/2
~(d) (1+O‘1/2hk2) (HyH%?(Q) +al? )/QHszzfs(Q))
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The same can be done for the Hilbert space P? O
The next step is to show the conditions (A1), (Ala), (A3) and (A4).
Conditions (A1) and (Ala)

The conditions (A1) and (Ala) have already be shown in Theorem 12.
Condition (A3)

In Lemma 43, we have shown that the condition (A3), introduced on page 56, is

satisfied for s = 0, i.e., we have shown that

inf — <C
inf |z — 2kl x < IHa?HXik

holds for all z € XS)F.

Based on this result, the following lemma states that condition (A3) is also satisfied
for s € (0,1).

Lemma 63 In the framework of this section, condition (A3) is satisfied for all s €
0,1), i.e.,

inf — <C
inf 2 — zllx < Crllzlx: ,

holds for all x € X7.

Proof: Here, the analysis for the state y and for the adjoined state p completely
decouples. We consider the state y first. We know that condition (A3) holds for s = 0,
which implies that

ly = Teylly < Cllyllyo, (4.47)

holds for all y € Yf.

Due to Theorem 16, we know that there is a projection operator Il on Y = H(Q)
such that the estimate (4.47) and the following boundedness result hold.

ly =Wyl < Cllyllar  and  [ly = kyll 2y < Cllyllz2)-

This implies that
ly — eylly < Cllylly
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holds for all y € Y. The interpolation theorem (Theorem 40), relation (4.24) and the
fact that Y + Y =Y states that

1

m”y —Ieylly = ly = eyl vy, < CHQH[(YEJC),Y}S =Cllyllys ,

holds for all y € Y. The analysis for p is completely analogous. O
Condition (A4)

As it was done in Section 4.5, condition (A4), introduced on page 56, is shown in two

steps.

First note that one can show completely analogous to Lemma 30, that for F € (X_)* =
(H*(Q))* x (H*(2))*, the corresponding solution z7 € X} = H275(Q) x H*~5(Q).

This does not allow to construct an estimate which is robust in o and k. For con-
structing an estimate, we use Remark 27 and show that the inf-sup-condition (4.12) is
satisfied. Theorem 41 states that condition (4.12) is a consequence of conditions (A4’)
and (A4”).

First, we show the condition (A4’). Using the closed forms of the norms, introduced
in Lemma 58 and Lemma 62, this condition reads as follows:

1/2 _ o\ (1—s)/2 1/2

0< (y7y)L/2(Q) < CR3'¢]€ ! <1 + a1/2hk2> (HyH%Q(Q) + a8/2HyH§{§(Q)>

—(1-5)/2 1/2

< Crytg (1 + a1/2h;2) <”Z/H%2(Q) + 04(275)/2":9‘@{2—5(9))

and

. o N (1-8)/2 . 1/2
0 < a™V2(p,p) fhtg) < Crae™ 2yt (1+aV/20;?) (1Pl + /bl (o))

_ o\ —(1=9)/2 s 1/2
< Craa™ P4y, (1 + 041/2th> (HPH%Q(Q) +al® WHPH?{%s(Q))
This is satisfied for Cr3 = Crq = 1 and ¢, := (1+a1/2h,;2)(1_5)/2 because || - || g2-s(q) >
H . HHS(Q) holds.

So, it remains to show the condition (A4”), i.e., that

7~ 7ﬁ

T gervioy 9l pervioy IPllPe,
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holds for all y € Y. By plugging in || - [[ps = V2| lys . and combining the two

suprema to one supremum, we obtain that

D)) +a' Py, p
Crillyllys, < sup . 9)r2@) w.P)m @) for all y € Y7 (4.49)

gev\{o} 9llys

implies (4.48). Using the definition of the norms, (4.49) reads as follows:

,Y) 2 + al/? S Y) i1
CRlHy”LQ(Q)ﬂal/?—S/‘lH?*S(Q < sup & y)L~(Q) .90 (4.50)
GEH (Q\{0} 191l £2(0)nas/a s ()

holds for all y € H?>~5(1Q).

For showing (4.50), we analyze the elliptic problem (4.51) first.

Lemma 64 Assume that the assumption (R’) is satisfied for some s € (0,1).

Then there is a constant Cg > 0 such that for all o > 0 and all f € [H*(Q)]* the
solution of the problem, find yy € H'(Q) such that

(s Dz + 2 Wr D) = (f. ) for all § € H(Q), (4.51)

satisfies yr € H**(Q) and

19rll 2@ynar/z-s/1m2-s) < CElfliL2@)) +as/41ms )+

holds. The constant Cg only depends on the constant in the assumption (R’).

Proof: Let f € [H*(Q)]*. The first step is to show that yy € H27%(1Q).

From y; € H*(Q) we conclude (yy, Jr2) € [H°(Q)]*. Consider the following problem.
Find y € Y such that

(s D)oy = <a_1/2(f - yf),g> holds for all § € H'(9).
The regularity assumption (R’) states yy € H2~(Q2) and

—-1/2

lysllzz-=) < Cr (Il + 0™y lprscay- ) - (4.52)

Condition (A1) implies [|yfllzi) < C ' fll{ars()+- By combining this estimate
with (4.52), we obtain
1951l 2-2(2) < C@f iz )1+

where C(«) is some constant that may depend on a.
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Now, in a second step we construct a result that is robust in a. Let f € L?(2) be
arbitrarily but fixed.

We consider the following problem with solution y;: Find y € H L(Q) such that

() i) = (a‘l/z(f — ), g) poy  holds for all § € HY(Q).

The Lax-Milgram theorem (Theorem 4) applied directly to the energy norm || - || z1(q)
shows that the solution y; € H'((2) satisfies

lysller oy = o 2 f — sl @y (4.53)
and the regularity assumption (R’) implies that y; € H 2-5(Q)) and
Iy £l () < Cra™ 2 f — ysllimsay- (4.54)
We consider the following problem with solution ys: Find y € H!(£2) such that
(v, D)2y + (W D)) = (f.9)r2()  holds for all j € H(Q). (4.55)

The Lax-Milgram theorem applied directly to the energy norm |- || 12(q)nq1/4 1 () Shows

that the solution y; satisfies

vl 2@ynar/em @) = 1 liz2@pnatram @) (4.56)

The combination of (4.53) and (4.56) shows:

1 = yrlliarram @ < Clfliz2@pnar/am @+ (4.57)

If we choose §j = y = y in (4.55), we obtain using a/2(ys, ) g1 (o) > 0 that Hyf”%z(g) <
1122 ly#ll 2() and therefore

lyrllzz) < I1fllz2c)

and therefore
1f = vrlizz) < Clfllrz@)- (4.58)

The combination of (4.57) and (4.58) and the interpolation theorem (Theorem 40)
together with (4.26) shows:

1f = Ytllasrams @y < Cllflz2@pnasams @)

which reads, if combined with (4.54), as follows:

197l qrr2—sra -5y < Cf Il L2 @)nas/me @)+ (4.59)
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The equation (4.56) implies

lyrllzz) < 1fliz2@)nat/am )

which shows using (4.24)

lyrllzz) < 1 fliz2@)pnatrams )

which can be combined with (4.59) to the desired result:
lYrllL2(@)narrz-sramz—s (@) < CllfllL2@)+as/apms @)
for all f € L*(Q).

Since L2(Q) s dense in [H*(Q)]* we have for fy € [H*(Q)]* and f. € L3(Q) with
| fo — fellizrs )+ < € that

1Yol L2()mat/2-s/am2-s(0) < 1s N r2@)narrz—s/am2-s) + 191 = YsollL2()rat/2-s/ar2-s(0)
< Cllfellz@ytasaims @y + Cl@)|lfe = foll sy
< Cllfoll L2(@)as/ams oy + L+ Cla))|lfe = foll sy
< Cllfoll p2(@)yas/apms - + (1 +Cla))e

holds, which shows the desired result for e — 0. Here, yz, and yy. are the solutions of
the variational problem (4.51) for right-hand-sides fy and f, respectively. O

Using the fact that H'(Q) is dense in H*((2), the statement of Lemma 64 implies

(v, B2 + (v, §) o) (f,7)
sup - = sup .
GEH (Q\{0} 191 2 () a4 1 () gerr@\(o} 19l z2@ynas/am= (@)
_ (f,9)
= sup

geHs (Q)\{0} ||ﬂ||L2(Q)mas/4Hs(Q)
= 1 llz2(@)nas/a s )+

-1
> CE ||y‘|L2(Q)ﬂa1/2—5/4H2*S(Q)'

This shows (4.50) and therefore (A4”).

As we have shown (A4’) and (A4”), Theorem 41 implies (4.12) and, as a conse-
quence, (A4).

Approximation property

As we have shown (Al), (Ala), (A3) and (A4), we can apply Theorem 26 and

conclude as follows.
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Corollary 65 Consider Model Problem 2, assume that the regqularity assumption (R’)
is satisfied for some s € (0,1). Then the approzimation property holds with a constant

Cy independent of the grid level and the choice of a.

Convergence result

Again, the combination of approximation property and smoothing property shows the

convergence of the two-grid method.

We could show that the preconditioned normal equation smoother and the collective
Richardson smoother satisfy the conditions of the last subsections, i.e., we could show
that the smoothing property for these methods holds. This shows — if also the conditions
of Corollary 65 are satisfied — that the two-grid method converges.

For showing that also the W-cycle multigrid method converges, we have to show con-

dition (Ab). This condition was satisfied for the case s = 0, i.e., we had

Collwpllxo, < llerllxo, | < Collzrlxo,

k—1
for all z,_1 € Xj_1. Of course, also
[zr-1llx < llzk-1llx < llze-1llx

is satisfied. Using the interpolation theorem (Theorem 40) we obtain

QACHSCIC—IH[(XEJC),X]S < ka—lﬂ[(xg,kfl),xh < CA'CHmk—ln[(XE}k),X]Sv

and further

Collwrllxs , < leeallxs, | < Collerllxs .

Using the smoothing property (Corollary 60), the approximation property (Corol-

lary 65) and condition (A5) we conclude as follows.

Corollary 66 Consider Model Problem 2, assume that reqularity assumption (R') is
satisfied for some s € (0,1). Assume that the normal equation smoother (Subsec-

tions 3.2.1 and 4.1.4) or that the collective Richardson smoother is applied.
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Then there is a constant C' > 0 independent of the grid level k and the choice of the
parameter o such that

R

holds, where xy is the exact solution, xg)) 1s the starting value and :BS) is the iterate

after one step of the two-grid or the W-cycle multigrid method.

Therefore, for v large enough, the convergence rate is bounded away from 1 by a constant
independent of the grid level k and the choice of a. The convergence rate may depend

on s.

Summary

We could show for all model problems and for both, the reduced KKT-system and
the non-reduced KKT-system, that the W-cycle multigrid iteration scheme with the
preconditioned normal equation smoother converges if v is large enough, i.e., we obtain

a that there is a convergence rate ¢ € (0, 1) (independent of the grid level k) such that

(n) n
o =] < T pllzce)
holds on all grid levels, provided ZL',(CO) = 0. Here, zy is the exact solution and m,(f) is the

n-th iterate.

For the reduced KKT-system for Model Problem 2, we have shown convergence for two
smoothers: the preconditioned normal equation smoother and the collective Richard-
son smoother. We have shown in Sections 4.3 and 4.4 that we have in both cases the
same result as above but with convergence rate ¢ independent of the grid level and of
the choice of the parameter a. In Section 4.5, we have relaxed the regularity assump-

tion (R) to regularity assumption (R’) which does not exclude reentrant corners.
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Chapter 5

Local Fourier analysis

Local Fourier analysis (or local mode analysis) is a commonly used approach for de-
signing and analyzing convergence properties of multigrid methods. In the late 1970s
A. Brandt proposed to use Fourier series to analyze multigrid methods, see, e.g.,
BRANDT [19]. Local Fourier analysis provides a framework to analyze various nu-
merical methods with a unified approach that gives quantitative statements on the
methods under investigation. The computed bounds for the convergence rates are typi-
cally sharp. Other work on multigrid theory — such as the analysis presented in the last
chapter — typically just shows convergence and does not give sharp or realistic bounds

for the convergence rates.

Local Fourier analysis can be justified rigorously only in special cases, e.g., on rect-
angular domains with uniform grids and periodic boundary conditions, see, e.g.,
BRrRANDT [20]. However, local Fourier analysis can also be interpreted as an heuris-

tic approach for a wide class of applications.

For the analysis of multigrid methods for saddle point problems, local Fourier anal-
ysis has been applied recently, e.g., in TROTTENBERG [66], BORzI, KUNISCH AND
Kwak [12] and Lass [41]. In WIENANDS [68] the method is explained as machinery
and a local Fourier analysis software LFA is presented. This software can be configured
using a graphical user interface and allows to approximate (numerically) smoothing and
convergence rates based on local Fourier analysis approaches for various problems and

multigrid approaches.

Upper bounds for smoothing rates or convergence rates can be formulated in terms of
logical formulas consisting of quantifiers and polynomial inequalities. These formulas
can be simplified by means of quantifier elimination using cylindrical algebraic decom-
position. This tool has been applied earlier for finite difference methods for (systems of)
ordinary and partial differential equations. There HONG, LISKA AND STEINBERG [39]
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have transformed the necessary conditions for stability, asymptotic stability and well-
posedness of the given systems into statements on polynomial inequalities using Fourier

or Laplace transforms.

For applying local Fourier analysis, we have to restrict ourselves to Model Problem 2.
We consider the 2-by-2 formulation (reduced KKT-system) of the problem and the anal-
ysis is done for collective point smoothers (collective Jacobi and collective Gauss-Seidel
smoother). Note that the presented strategy for the computation of the convergence
rates is not restricted to this choice of the formulation of the problem or to the particular

smoother.

The results presented in this chapter were worked out in a joint work with V. Pill-
wein. The analysis for the one dimensional case was partly published in PILLWEIN AND
TAKACS [48]. For the two dimensional case, see PILLWEIN AND TAKACS [49], which
is not a part of the thesis. The authors of that paper have prepared Mathematica

notebooks! which contain the computations presented in these papers.

This chapter is organized as follows. The local Fourier analysis framework is introduced
in Section 5.1. In Section 5.2, we will give a brief overview on quantifier elimination
and cylindrical algebraic decomposition, i.e., on the symbolic methods applied in order
to compute suprema symbolically. In Sections 5.3 and 5.4 we will apply the machinery

introduced in the first two sections to the model problem.

Local Fourier analysis framework

Iteration matrix

Here, we restrict ourselves to the two-grid analysis: We consider a two-grid iteration

scheme with v, = /2 pre-smoothing and vpes = /2 post-smoothing steps.

The main goal of a convergence analysis is to find a (sharp) bound for the convergence
rate. This bound is the smallest factor ¢ such that the norm of the error after the
n + 1-st iterate can be bounded by ¢ times the error after the n-th iterate, i.e., such
that

z -z < T, —Z
H*’“ Lol =B~ Lkl
is satisfied, where z;, := A ' f , is the exact solution and [ - [|x is a given norm, as we

will discuss later.

! The document is available online at http://www.risc.jku.at/people/vpillwei/sLFA/
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Using the notations of Chapter 3, we obtain
2"~y =16 (2 — ).
where the iteration matrix TGQ*1 is given by

TGE = S5y (1= T A I A 57,

CGyt =

and the iteration matrix of the smoother, Sy, is given by
Sy =1 — 1A Ay

Certainly, the convergence rate can be bounded from above by the matrix norm of the
iteration matrix, i.e.,
0 <ara = |T6E7|

holds. This estimate is sharp if we consider the supremum over all possible starting
values or, equivalently, all possible right-hand sides. If gy < 1 is satisfied, the method

converges for all starting values with a contraction rate bounded by grg.

Symbols of the mass matrix and the stiffness matrix

The idea of (local) Fourier analysis is to simplify the problem such that the eigenvectors
and the eigenvalues of the mass matrix and the stiffness matrix can be written down
explicitly. Therefore, typically uniform grids are assumed. Whereas more rigorous
approaches assume the domain to be an interval or a rectangle, in local Fourier analysis
the boundary is neglected by assuming periodic boundary conditions. This allows to
extend a bounded domain €2 to the entire space R, see BRANDT [20]. So we consider
the case 2 := R. Let us repeat that the fact that local Fourier analysis predicts good
convergence rates for simple cases, typically also indicates good convergence behavior

of the analyzed methods on more general domains, cf. Figure 6.6 in Section 6.1.

As mentioned in Chapter 2, the discretization is done using the Courant element. Here,
we use this fact directly. So, on each grid level £k = 0,1,2,..., we assume to have a
uniform grid with nodes

Tk =1 hy for n € Z,

where the uniform grid size is given by h; = 27%. The functions in Y; = P} are con-
tinuous on the whole domain and linear between two nodes. Therefore, the discretized

function can be specified by prescribing the values on the nodes only.
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For every § € © := [—,7) and every grid level k, we define a Fourier vector ¢ (6) € C*

as follows:
0r(0) = (Prn(0))nez = (e07rn/Me), cp.

The next step is to analyze how the multiplication of the mass matrix and the stiffness

matrix with the Fourier vectors looks like.

First, note that for uniform grids, the mass matrix and the stiffness matrix look as

follows:
1 4 1
-
6 1 4 1
and
1 -1 2 -1
K. = —
T g 1 2 -1

If we consider an infinite domain, M}, and K, become operators CZ — CZ, given by

_ 4
My op(0) = (hk QOk,g 1(0) . D ijk,n(@) . hy, (Pk,g+1(9)>
nez
and
Pk.n—1 (9) 2 Pk n(e) Pk n+1(9) >
K, 0) = - + : - .
We obtain
e +4+ef)h —e 42— ¢
Mk gOk(e) = ( 6 ) k ng(H) and Kk gOk(e) = hk (pk(e)
My(0) = Kr(6) =

Thus indeed the Fourier vectors ¢ (6) are eigenvectors of My, and K} with eigenvalues

M;,(9) and Kj(6), respectively. The quantities My, (0) and K (6) are called symbols.

If we assume that y, can be represented as a linear combination of Fourier vectors, i.e.,

Y = Z%(Qz’) i (6:) (5.1)
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we know that also the products M Yy and K, Yy, can be represented as linear combi-

nation of Fourier vectors:
Myy, = > Mp(0:)Te(0:) px(6:)  and  Kpy, = > K(0:) Gr(0:) ok (0:)-

For bounded domains, it is possible to show that the decomposition (5.1) exists,
cf. BRANDT [20], Section 8. Often the existence of such a decomposition is just as-
sumed, cf. BRANDT [20], Section 3.1. In this case, local Fourier analysis is a formal

tool. In the present work, we follow this idea.

Symbol of the system matrix Ay

In the last subsection we have shown that for all § € © the linear span formed by the

vector

vr(0)

is invariant under the action of M}, and K. This can be extended to the block-matrix

Ay as follows: for all § € © the linear span formed by the vectors

()
0 )7\ exd) '

is invariant under the action of A;. Again, we can introduce the symbol:

(L) )
Ak(e)‘(mw) —a—lwe))‘ >3

Here, the symbol is a 2-by-2 matrix and therefore it cannot be explained as an eigenvalue
anymore. Note that the two vectors in (5.2) form a basis of a two-dimensional space.
The symbol Ag(6) is the representation of the block-matrix Ay with respect to that

basis, i.e., we have the following relation.

Assume that Zx(0) = (&1,&2) is the representation of some x; with respect to the

basis (5.2), i.e., we have

_ [ #x(0) 0
co(2)( )

Then the product Ay z;, is also in the linear span spanned by the vectors given in (5.2).
The representation of that product with respect to the bases is given by A () 7% (0),
i.e., for (m1,m2) = Ag(0) T(0) we have

Akl'k:Ul((pkO(e))"F?D((pkO@).
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Symbol of the smoother

In the present subsection we determine the symbol of Sy, the iteration matrix of the
smoother. As mentioned in the introduction, the analysis is presented for collective
point smoothers (cf. Subsection 3.2.2) or, more precisely, for two smoothers of this

class: the collective Jacobi smoother and the collective Gauss-Seidel smoother.

First, we discuss the collective Jacobi smoother. The preconditioner representing this

smoother is given by ]\Zf,gj ac) . diag M} and K ,gjac) := diag K. The preconditioners
are diagonal matrices, therefore
~ (iac 2h ~-(jac 2
M u(0) = 5 ou(60) and K™ pn(0) = -~ ¢i(0)
M]g]llc)(e) = K}E:jac)(e) =

holds.

The preconditioner fl,(j ac), representing the collective Jacobi smoother, is given by

g (0
k K,gjac) 7a—1MI£JaC)

Analogous to Subsection 5.1.3, we can represent the symbol of ./l,(j %) as 2-by-2 matrix

with respect to the basis introduced in (5.2) and obtain

) KY0)
K}gjac)(e) _a—lMéJGC)(Q)

A (9) =
As a consequence, we can also derive the symbol of the iteration matrix of the smoother:

S0 = 1 =7 AL (0) 1A (0).

A similar analysis can be worked out for the collective Gauss-Seidel smoother. Here,
we assume that the nodes are updated in a consecutive way (from left to right). This
smoother is represented by the preconditioners M. ’ggs) and K ]gg %) These two matrices
are the left-lower triangular part of the matrices My and K}, respectively. The symbols

are given by

~ (gs e 10 4 4)h ~(gs —e 10 9
N gi(0) = : M5 0y(8) and K,gg)gok(e):(h) P (0).
N (6) = K (6) =
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Analogously to the case of the collective Jacobi smoother, we have

Mk(:gs)(e) K}ggs)(g)
Klggs) ) —a! M}ggs) ()

and therefore, the symbol of the iteration matrix of the smoother reads as follows:

S9(0) = 1 — 7 A9 (0) " AR (6).

Symbol of the whole two-grid operator

As we are interested in the analysis of a whole two-grid step, we have also to take
the coarse-grid correction into account. The coarse-grid correction operator consists of
the restriction operator, the operator A;_; on the coarser grid and the prolongation
operator. First, we discuss the restriction operator I ,]j ~1, which was defined in Chapter 3
as operator (matrix) acting on x; = (gk,gk), i.e., on both variables. Certainly, we can
restrict the state Yy and the adjoined state P, separately, i.e., there is a restriction
operator Py~! such that Illj_l(yk,gk) = (P,f_lgk,Plf_lgk) holds. The next step is the
analysis of the operator P,ffl. One can verify that the restriction operator P,ffl maps

the basis functions
ep(d)  and  @i(0) (5.4)

to the same function

pr—1(26) (5:5)

on the coarser grid for all § € ©(°%) .= [x/2,7/2). Here and in what follows, 6 is given
by
9.:{ 0+m for 6 < O

0—7m for 8 > 0.

The same can be done for the prolongation operator P,f_lz this operator maps the
function given in (5.5) to a linear combination of the functions in (5.4). Therefore, we
cannot represent the two-grid correction operator with respect to the basis stated in
(5.2) but with respect to the basis

() P)L)
0 r(9) 0 1 (0)

see, e.g., TROTTENBERG [66] or BOrRz1, KUNISCH AND KWAK [12]. The symbols with
respect to (5.6) of both, Aj and Sk, are block-diagonal:

.A:k((g) _ < Aik(‘% Ik(g) ) c (C4><4, S:k(e) _ ( ka(e) = ) c o4, (57)
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The symbol of the intergrid transfer operator has a rectangular form, as the intergrid
transfer operator maps from the basis given in (5.6) (for some ) to the basis given in
(5.2) (for 20), i.e., we have

PEL@O) 0
k
I, (0) = Pko @ P’“Ol(e) ,
k—1
0 P06

where PF | (6) is given by

1 . )
PEL0) =5 (7" +2+¢").

Using these matrices, we can represent the symbol of the two-grid operator by

TG1(0) = S(0) ( 1-TE,0) (B (20) " (TE,0)) Ak(m) Sk(0)7r<. (5.8)

~~

CGy (o) =

Here, the symbol Aj_1(26) is a 2-by-2 matrix, as introduced in (5.3). A similar analysis
was done in Borzl, KuNIsCH AND KwAK [12], cf. Theorem 5.1 in their work.

As mentioned earlier, we are interested in analyzing the norm of T GZ‘I. The idea of

local Fourier analysis is to compute the supremum of the norms of the symbols, i.e., we

compute
sup HTG]I:_l(Q)H—v (5.9)
0€0 X
where
1 1
a—1/2 aQl/2
Al := A
4% 1 1
a—1/2 Ql/2 P

This definition of the norm is motivated by the corresponding norm introduced in
Theorem 12.

So, as mentioned above we have to take the supremum of (5.9) over all frequencies to
obtain the convergence rate. Moreover, we are interested in an analysis that is robust

in the grid size hy and the choice of the parameter o. Therefore, we are interested in

qra(T) := sup sup sup HTGI,z_l(Q)Hi
hy>0 a>0 €O X
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Here, the 4-by-4 matrix TGZ_l(Q) and also its norm ) TCT",:_l(Q)HY can be computed

in a straight-forward way. The computation of the supremum is non-trivial but it can

be done using tools from symbolic computation as outlined in the next section.

Quantifier elimination using cylindrical algebraic

decomposition

In the present section we discuss how to compute the supremum of a given function
using tools from symbolic computation. First we notice that the problem of computing
the supremum can be equivalently rewritten as a general quantifier elimination problem.
Let D C R™ and f : R™*™ — R be a function. Then, for fixed y1,...,%m, the problem

to compute

sup flze, . Ty Yty ooy Ym)
(z1,...,2n)ED

can be equivalently rewritten as follows: Find the smallest A € R such that

V(zi,...,xn) €D f(x1, oy TnyYtye oy Ym) <A

is satisfied. This lower bound for A can be derived easily if we are able to eliminate the
quantifiers in this term. This can be done using quantifier elimination algorithms which

allow to solve the following kind of problems (quantifier elimination problems).

Assume that a statement of the form

Qrar...Qnan: ATy, . Ty Yly- oy Ym)

is given, where the ); denote quantifiers (either V or 3) and A(z1,...,Zn, Y1, .., Ym) IS
a boolean combination of polynomial inequalities. The problem of finding an equivalent,
quantifier free formula B(y1,...,Yym) consisting of a boolean combination of polyno-
mial inequalities depending only on the free variables is called a (polynomial) quantifier
elimination problem. The first algorithm to solve this problem over the reals was given
by TARSKI [64] in the early 1950s. His method was practically not efficient. G. Collins’
cylindrical algebraic decomposition, cf. COLLINS [27], makes it possible to carry out non-
trivial computations in a reasonable amount of time. Modern implementations of this
approach were developed by BROWN [25], SEIDEL AND STURM [56], STRZEBONSKI [59]

and others.

For illustrating the technique of cylindrical algebraic decomposition, we consider the

following simple example: Determine for z > 0

g(z) := sup sup z L (5.10)

+ .
O<z<lO<y<1Yy +2 T+2
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This can be rewritten as a quantified formula by introducing an additional variable A:

2>0AV0<z<1V0<y<l1: Y,
y+z xT+=z
or equivalently,
VaVy:2>0A|0<z<IA0<y<l= <
y+z2z zx+z

This is equivalent to
VaVy:2>0AN[0<z<1IAN0<y<l=z(z+2)+yly+z2) <ANx+2)(y+2)].

Here we use that z > 0, y > 0 and z > 0. (Such a rewriting in polynomial form is also
possible if the denominator cannot be guaranteed to be positive. However, in this case

the formula may be more complicated).

Here we have A(z,y,2,\) =2>0AN[0<z<1A0<y<l=z(z+z)+yly+z) <
Az + z)(y + z)]. We use Mathematica’s command Resolve to perform a cylindrical

algebraic decomposition:

inf1]= Resolve[ForAll[z,0 < = < 1,ForAll[ly,0 < y < 1,z > 0&&z(x + z) + y(y + 2) <
Xz + 2)(y + 2)]], {z, A}, Reals]

Out[1]= <0 <z <1&&N > 1) I (z > 1&&N > L)
z 1+2z

This means, we obtain B(z, \) = (0 <z<1AXN> %)\/(z >1AN> ﬁ) We see that
in the result only the free variables A and z (which were not fixed by the quantifiers)
appear. The bound variables x and y (variables that are fixed by the quantifiers) do not
appear anymore. Consequently, in cases where no free variables appear in the input,

the result is one of the logical constants True or False.

When executing the algorithm first the quantifier free part of the formula is considered,
i.e., in the example above the inequalities z > 0,0 <z <1, 0 <y < 1 and z(x + z) +
y(y+2) < AMx+2)(y+2). The given polynomials define a natural decomposition of the
real space (in the example R*) into maximal connected cells on which the polynomials
are sign invariant. This decomposition is then further refined by the algorithm to
obtain cells on which the polynomials are not only sign invariant, but the cells are also

cylindric, i.e., every cell C C R"™ has the following form:
e C={(z,y) eER"' xR : z€ D and ¢(z) <y < ¢(x)} or

e C={(z,y) eER" I xR : €D andy=1(z)},
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where 1), W and ¢ : R"! — RU{—00,00} and D is a cylindric cell in R"~!. On R,

cylindric cells are open intervals or single points.

The requirement that all cells are cylindrical assumes the variables to be ordered. This
ordering is fixed for the bound variables by the order of the quantifiers and by the user
(or the implementation) for the free variables. In this sense one may consider variables
as being on the bottom (or innermost) level or on higher levels of the resulting CAD.
Once such a cylindrical decomposition is obtained the quantifiers can be eliminated by
considering each of the cells in an order determined by the quantifiers. The result is a
formula where all the bound variables have been eliminated, and the description of the
cells where the formula holds is given solely in terms of the free variables as shown in

the example above.

This procedure may be very costly depending heavily on the input parameters such
as the number of polynomial inequalities, the polynomial degrees and the number of
variables. In the worst case it is doubly exponential in the number of variables and
this worst case bound is not only met in theory, but often experienced in practice. As
we will see below, already for the one dimensional analysis suitable substitutions of
the variables are applied in order to speed up the computations. These substitutions
aim at reducing the number of variables on the one hand and lowering the polynomial
degrees on the other hand. Although it might seem a high price to pay, the gain is an
optimal bound for the given formula that is determined by a proving procedure that is

not approximate in any way.

For the forthcoming analysis of the two (or even three) dimensional case, further sim-
plifications will be necessary because of the increase in both, the number of unknowns

as well as the polynomial degrees of the given formulas.

Return to the problem of computing g(z). As mentioned, the supremum is the smallest

upper bound, i.e., the smallest )\ that satisfies

1 2
B(z,)\)z(0<z§1/\)\zz>\/<z>1/\/\21+z>. (5.11)

Therefore, g(z) is a piecewise linear function, given by

{i for0<z<1

S for z >0

Note that for the interpretation of as piecewise defined function, the prescribed ordering

of the variables is of importance.
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In this section, we have seen that we are able to resolve the supremum of a rational
function. In the further sections of the chapter, we will apply this strategy like a

black-box to resolve suprema of our interest.

An analysis based on smoothing rates

The goal of this section is the computation of sharp upper bounds for the convergence
rate of the two-grid method. The first step is the computation of the smoothing rate
because the computation of the smoothing rates is rather simple and is a good starting
point for doing the CAD computations presented in the last section. The smoothing
rate has been introduced as smoothing factor in equation (3.8) in BRANDT [19]. Also
in Borz1i, KUNiscH AND KwAK [12] the smoothing rates were derived. Contrary to

the present work, they approximated these rates numerically.

Certainly, the smoothing rates we will compute do not give any information about the
convergence of the overall multigrid method (or two-grid method) directly. We will
present a possibility to construct — based on the information on the smoothing rate —

an upper bound for the convergence of the two-grid method.

Often (cf. Borzi, KuNiscH AND KWAK [12] or TROTTENBERG [66]) such an analysis
is not done and the two-grid convergence rates are computed directly (without using
the computed smoothing rates). Since the whole two-grid operator is considered, we
call this an all-at-once analysis. We will give such an analysis in Section 5.4. The
big advantage of the all-at-once analysis is the fact that sharp upper bounds of the
convergence rate of the two-grid method is computed whereas the analysis presented

in this section gives relatively rough upper bounds for the convergence rate.

Nonetheless, the separation of the analysis for the smoother and the coarse-grid cor-
rection done in this section simplifies the comparison of different kinds of smoothers
and the analysis for varying numbers of smoothing steps v. Moreover, the separation
decomposes the original problem to smaller subproblems which seems to be the key
for extending the results presented here to higher dimensions. (This is not an issue if
convergence rates are approximated numerically because there the complexity of the

analysis is not growing exponentially with the size of the problem.)

A rigorous justification for the use of smoothing rates

As already mentioned, the concept of smoothing rates, that is used in Subsection 5.3.2,

is well-known. The following theorem states that the combination of the smoothing rate
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qsm and a complementary result on the coarse grid correction directly yields an upper
bound for the convergence rate. The proof of this theorem shows that the concept of

the smoothing property follows naturally from a splitting of the two-grid operator.

Theorem 67 Consider the two-grid method, introduced in Section 5.1, with v/2 pre-

and v/2 post-smoothing steps. Assume that the smoother satisfies

sup  ||Sk(8) || < 1. (5.12)
fcolow)

Then, the convergence rate

qrG ‘= Ssup
966(l0w>

o,

can be bounded as follows

w2
qra < q:rG(qgéw),

where
ara(q) == sup ’I(q)CGﬁ_l(H)I(Q)Hf, (5.13)
0cO(low) X

I

I(q):= ( > , (5.14)
ql

qsm = sup HSik(H)Hy, (5.15)

HcO(high)

QUow) .= [—7/2,7/2) and O =[x 7)\[-7/2,7/2).

Proof: Using (5.8), the semi-multiplicativity of operator norms, (5.7) and (5.14), we

obtain

[Tt o)

=[S eci o) S0

-
= ||Sk(0)"2 (¢ T(¢"*) CGEL(0) T(q"/*) T(q~/?) Su(6)" QHY

< |z a0 20|z Seer

o2 ( Sk(0)2

2

= |z oaE Oz | mas { S0y | S}

= |Z(¢"?) CGEHO) (¢ || ||Z(q)

e

IN

(¢ OGN O) Z(¢")|  max {[S(0) |0 [k @)} (5.16)

If we choose

= = Sk(0)||~,
1 =asw= s 15k (0)]|+
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we obtain
¢ [[Sk(0)x <1

for all § € ©(°®) because § € O implies § € O©"9") Since we have also (5.12), we

obtain
mas {[5(0) .~ S @)l <1

and therefore due to (5.16) finally
k—1 — v/2 v/2\ ~k—1 v/2
are = ||TGE0)|| < aretadsd) = | T CeTO) T |

for all § € ©ow), O

We will see in Subsection 5.3.2 that (5.12) holds and the smoothing rate gsps < 1 can
be computed. In Subsection 5.3.3, we will see that, provided ggas small enough, an
optimal and robust convergence result can be shown, i.e., that the convergence rate is

bounded by q?f;(qgﬁ) < 1, which is independent in h; and «.

Smoothing rates

First, we analyze the collective Jacobi smoother. We compute

gsm(T):= sup  sup sup o(0,hg,a,T), (5.17)
pcO(high) hp>0 a>0

where

o0, hg,a,T) = H I—-7 <Al(€ﬂac)(9)>1 A4 (0) HY

57 (0) :=
The computation of o (0, hy, v, 7) is straight forward. We obtain

h}((cos 6 + 2)T — 2)? + 36a((cos § — 1) + 1)?

2 _
o (OvhkaaaT) - 4(h% +9CM)

2 is not

Here, due to the presence of a trigonometric function cosf, the function o
a rational function. The cosine is eliminated by replacing cosf by some variable c.

As 6 € ©(M9h) i equivalent to ¢ := cos @ € [—1,0], we obtain

g5 (7) = sup  sup sup 5*(c, hy, @, 7), (5.18)
c€[-1,0] hx>0 a>0

where
hi((c+2)7 —2)? + 36a((c — 1)7 + 1)?

4 (hi + 9a)

52(67 h, o, 7) =
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Resolving (5.18) is done as outlined in Section 5.2. So we have to find the smallest A
that satisfies

Ve € [<1,0] : Yhy >0 : Ya > 052(c, by, o, 7) < A

Here, the quantifies can be eliminated with Mathematica’s Resolve command in less

than a second. We obtain the following equivalent formula:
2 4 1,
(T<O0A4T* 47 +1<A)V 0<T§5/\Z(T —4r+4) <A
4 2
V 5<T/\4T —4r < \].

Therefore, we obtain

472 — 47+ 1 for T < 0
Gy(r)={ L(2—dr4+4) for 0 < 7 < 4 (5.19)
472 — 41 + 1 for % < T

If we take the square root of (5.19) and restrict ourselves to the relevant range 7 € [0, 1],

we obtain the following result.

Theorem 68 The smoothing rate for the collective Jacobi smoother is given by

Lo—7r or
as(7) :{ ;7'(—1 ) jjor

AN
[SA{FEN

(5.20)

T
T

[VARPVAN
—_

Gl O

for all T € [0,1].

The graph of the function ggps can be seen in Figure 5.1. ggps(7) takes its minimum

for 7 = % with value qgps (%) = % For the choice 7 = %, we obtain qgps (%) = %.

A smoothing analysis in a similar setting has been carried out in BOrzi, KUNISCH
AND KwAK [12], where the authors obtain estimates for smoothing and convergence
rates using numerical interpolation. To the knowledge of the author (5.20) provide
the first rigorously proven sharp bounds for the smoothing rate (cf. PILLWEIN AND
TAKACS [48]).

We have to show also (5.12) for all hy and «, i.e., we have to show

sup  sup sup o(0, hy,a,7) <1, (5.21)
gcOow) hp>0 a>0

which can be done as above. Here, we obtain

1—-37  for
sup sup o(0, hg, o, 7) = 2
hi>0 a>0 1 for

S
(AVARWAN
o O
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Figure 5.1: Smoothing factor depending on damping parameter 7

i.e., (5.21) holds for all 7 € [0, 1].

We can develop the smoothing analysis for the collective Gauss-Seidel smoother similar
to the analysis above. The damping parameter is fixed: 7 = 1. Therefore, the smoothing

rate does not depend on 7 anymore:

gsym = sup  sup sup o(0,hg, ),
9cO(high) hp>0 a>0

where

(0, h,a) = Hsj‘gs)(a)Hf
X
Here, 0 can be computed completely analogous to the previous case:
2 -
o (9, hk, 04) =

(hi + 36a) ((17 + 8c)hi + T2h2al/?|sin ] + 36(5 — 4 cos f)a)
(17 4 8 cos 0)2h§ + 72(40 cos? 0 — 28 cos 0 + 13)hiar + 1296(5 — 4 cos )22

In this formula, the occurrences of cos# and sin 6 are replaced by ¢ and s, respectively.
For an equivalent rewriting, we have to require Pythagoras’ identity s?>+c? = 1 explicitly
as constraint. The fact that § € @) is equivalent to ¢ € [—1,0] (as in the case of
collective Jacobi relaxation). The absolute value is eliminated as follows. Because o
does not depend on the sign of s = sinf, we can restrict ourselves to assuming s > 0,
which allows to replace |s| by s. Moreover, we replace o'/2 by @ > 0. Using these

rewritings, the final formula for gg;s reads as follows.

) (hd + 3662) (17 + 8c)hd + 72h2as + 36(5 — 4c)a2)
qEy = sup sup sup 378 B 4~9 2~4"
(s.0€D hp>0 a>0 (174 8¢)?hy + 72(40¢® — 28¢ + 13)hya® + 1296(5 — 4c)*ar

where D = {(s,c) €R? : 2+ =1, <0, s >0}

We solve the problem using Mathematica’s Resolve and obtain after about twenty

minutes a quantifier free formula. We obtain the following statement.



5.3.3

5.3 An analysis based on smoothing rates 123

Theorem 69 The smoothing rate for the collective Gauss-Seidel smoother is given by

gsnr = (3 n \/i) ~ 0.63.

Even though twenty minutes are not a very long time to wait for a result that needs to
be obtained only once, it still seems too long for such a simple formula. We can speed up
the calculation significantly by reducing both, the number of variables and the degrees
of the polynomials, by substituting &/h? = a!/2/h? by a new variable n := a'/2/h2.

This substitution reduces the formula for ggas to

> (14 3602) (17 + 8¢) + 72ns + 36(5 — 4¢)n?)
g5y = Sup_ sup 5 5 5 -
(sc)eD n>0 (174 8¢)? +72(40c? — 28c + 13)7 + 1296(5 — 4c)?n

Based on this representation Mathematica’s Resolve command is able to derive ggas

within about twenty seconds.

We have to show also (5.12) for all hy and «, i.e., we have to show

sup  sup sup o(@, hg,a,7) < 1.
gcOlow) hp>0 a>0
We can compute the supremum using the rewritings introduced above. Mathematica’s
Resolve command terminates within some seconds. We obtain that the supremum is

equal to 1.

An alternative approach for showing (5.12) is just to verify

Vo e 0 Why >0 : Va>0: o, hy,a,7) <1

Mathematica’s quantifier elimination algorithm can be applied directly to such a prob-
lem (after applying the rewritings introduced above) and yields the logical constant

True, which shows that the supremum in (5.12) is smaller or equal 1.

Two-grid convergence rate

In this subsection we follow the approach introduced in Theorem 67 and derive gr¢,
introduced in (5.13). Since we take also the supremum with respect to hj and «, the

formula for qpg reads as follows

@rc(a) = sup sup sup ||Z(q) CGE(0) Z(a)| .
geelow) hy>0 a>0 X
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We compute (6, hy, o, q) == HI(q) C’G’,z_l(G) I(q)HY first. We have

|z caf oz
= M £, Z(a) G (O)T(a) LiT(a) G (O)T(0) £,
Nj =

The matrix Ny can be computed in a straight-forward way and we obtain

c+1
1 0o  (efla ( 01)
c+1)q
N, = P(hkﬁa «, C, q) 0 L 0 2 el
g Q(hka «Q, C, Q) % 0 <(Cct11)q) 0 ’
2
c+1 c+1

where

P(hy, a,¢,q) = (hi((c = 2)*(c = 1) + (¢ = 1)* (e + 1)*(c + 2)*¢
+36(c — 1) (e + D*(1 + g)av),
Q(hg, a, ¢, q) = 16((2¢* + 1)%h} + 9(c* — 1)%a).

We can compute the spectral radius of NV and obtain

, B (1+C)q 2 P(hk,ayc7Q)
o*(hg, o, c,q) = <1+< c—1 > ) Q(hg, o, c,q)

We are interested in computing

qrc2(q) = sup sup sup o(hg,a,c,q).
hp>0 a>0 0<ce<1
In principle, this can be resolved using CAD. Unfortunately, the computation does not
terminate within a reasonable time. We can simplify the problem here in a similar way
as it was done for the smoothing property: Also in this subsection, the function o does
not depend on h; and « individually but only on 7 := «/ hi. Therefore, we could try

to compute

qrc’(q) =sup sup o2(1,1,¢,q).
n>0 0<c<1

using CAD. But also this is not possible within a reasonable time. Therefore, we have

to use further information. Observe that

Ai(c,q) +n4s(c, q)
Bi(c,q) +nBa(c,q)’

0-2(17"77 C7 q) =
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where

Ai(e,q) = ((e = 2)%(c = 1)* + (e + D* (e +2)%9)((c = 1)* + (¢ +1)g)
As(c,q) :==36(c— 1)*(c+1)* (¢ + 1)((c = 1)* + (c+ 1)%q)

Bi(c,q) :=16(2¢% 4+ 1)?

Bs(c, q) := 144(c* — 1)?

It is easy to see that

sup

Aile,q) +nds(eq) _ { Ai(c,q) As(c, Q)}
n>0 Bi(e,q) +nB2(c, q)

Bi(c,q)” Ba(c,q)

holds in general, i.e., we take the maximum over the cases n = 0 and n — oco. Now

A A i 1s .
we are able to compute supy<.<; Big?g; and supg<.<; Bzgi’gg within some minutes and

obtain the following result.

Theorem 70 The convergence rate for the two-grid method is given by

1+q for

) BB
arc(q) { WD for

1
< 3

wi= O
NN
=R

for all g > 0.

The function grg(q) is visualized in Figure 5.2. Since qrg(0) = %, using this method a

convergence rate better that % cannot be shown. To obtain convergence at all, we have

to guarantee that q := ¢¢,, < \/5271 ~ 0.62 holds.

Csm

0.0 0.2 0.4 0.6 0.8 1.0

Figure 5.2: Convergence rate depending on smoothing rate
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We can combine the results of this subsection and the last subsection to obtain upper

bounds for the convergence rate of the two-grid method, i.e., we obtain

qra < qra(dsar)-

In case of collective Jacobi iteration, we obtain the following result.

Corollary 71 If v = Upre + Vpost = 2 + 2 smoothing steps are applied and collective

Jacobi iteration is chosen as smoother, the convergence rate can be bounded as follows.

— [ le-nBrF D7 for 0 < 7 < B
QTG(T)SQTG(ng(T)){ (27—1)m for & < 1 < f

The bound of the two-grid convergence rate, qrc(q%,,(7)), is visualized in Figure 5.3.
Here, the optimal choice for 7 follows directly from the smoothing analysis (as ¢r¢
is just a monotone increasing function). The optimal choice is 7 = % which leads to
qara (q%M (%)) = % (3@) ~ 0.70. For the choice 7 = %, we obtain grg (q?qM (%)) =
% ~ 0.94.

In case of collective Gauss-Seidel iteration, we obtain the following result.

Corollary 72 If v = Vpre + Vpost = 2 + 2 smoothing steps are applied and collective

Gauss-Seidel iteration is chosen as smoother, the convergence rate can be bounded as

. 1
qre < qralqiy) = V7324 42672 ~ 0.75.

follows.

Note that for both, the collective Jacobi smoother and the collective Gauss-Seidel
smoother, we are not able to show convergence using the approach proposed in this
section if only v = vpre + Vpost = 141 smoothing steps are applied. This case is covered

by the analysis we will present in the next section.

An all-at-once analysis

As mentioned in the beginning of the last section, we can also analyze the complete

two-grid operator in one step, i.e., we can compute

—_ 2
¢r¢(T) = sup sup supHTG’,j‘l(H)Hf (5.22)
hp>0 a>0 0cO X
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Figure 5.3: Convergence rate depending on damping parameter 7 for 2 pre- and 2 post-
smoothing steps

directly for some fixed smoother and some fixed v. Note that here, contrary to the last
section, not only an upper bound for the overall convergence rate is computed but a

sharp upper bound is determined.

The term HTGZ_l(Q)HY depends on all of the variables, 7, hi, @ and §. The norm can

be computed in a straight-forward way. We obtain
- 2 h4
TGENO)|| = (7%, cos(6) ],
|60 = o (.2 cos?0)

where
Py(1,m,7)Pa(7,1,7)

64(9 +1)%(9(y — 1) +n(1 +27)?)’

o(r,n,7) =

with

Pi(r,m,y):=n (727'2 + v (4 — 37'2) +4(r — 1)2)
+36 (v’ 72+ v (67° — 67 + 1) + (7 — 1)?)

Po(1,m,7) =0 (7% + 92 (4 + 167 — 77%) + 7 (87% — 567 + 52) + 16(7 — 1)?)
+36n (29°7% + 4% (287% — 227 +5) + 7 (3477 — 347 + 5) + 8(7 — 1)?)
+1296(y — 1)? ((v + 1)7% — 27 + 1)

Consequently, the equation (5.22) can be rewritten using the function o and we obtain

grc(T) =sup sup o(r,n,7). (5.23)
>0 0<y<1

Again, we have to resolve the supremum of a rational function which can be done as
outlined in Section 5.2. Unfortunately, a direct application of Mathematica’s Resolve
command to the quantified formula representing the problem (5.23) does not terminate

within a reasonable time.
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Therefore, the problem has to be simplified further. Here, contrary to the case of the
last section, numerator and denominator are not linear in 7. Therefore, we cannot
apply the strategy used there, directly. We use a slightly different approach: we guess
the convergence rate using the samples n := 0 and n — oo as a first step and show that

the guess is correct as a second step.

As outlined, by sampling we obtain

oo(7,7) = 0(1,0,7) = (L+7(=2+ 7 +y7)((T = 1)* + 77> + y(1 + 6(7 — 1)7)),
Ooo(T,7) = nlgngo o(1,1m,7)
B 1
T 64(1 + 2)2
+ 724 + 167 — 77%) + (52 — 567 + 872)).

(4(1 = 1) +9°7° +9(4 — 37%))(16(1 — 1) + 7°7°

We compute the supremum using Mathematica’s Resolve command for both cases sep-

arately and obtain

qS(T) := sup oo(7,7) and qgo(T) ‘= Sup Ooo(T,7)- (5.24)
0<~<1 0<~<1

Since we obtain rather complicated expressions for (5.24), we do not give the details.

The next step is to compute the maximum of these two functions, i.e., we define

qauess(T) = max{qo(7), ¢oo(7)}

and guess that this equals ¢rg(7), defined in (5.23). By construction, ¢rg(r) >

gcuess(T) holds for all 7, i.e., if gaurss(7) is an upper bound, it is also sharp.

The computation of geygss is also done using CAD. Recall that the suprema in (5.24)
were computed by solving a quantifier elimination problem. Therefore, q%(T) is the
smallest \g satisfying a (non-quantified) formula By()\o,7) and ¢ (7) is the smallest
Ao satisfying a (non-quantified) formula Beo (Ao, 7). Then g2 pgg(7) is the smallest

A satisfying both formulas, i.e.,
Bo(A\, 7) A Boo (A, 7). (5.25)

We use Mathematica’s command CylindricalDecomposition to obtain a represen-
tation of the set characterized by (5.25) as a union of cylindrical cells. Using such a
representation, the (piecewise polynomial) function ¢Z;;z¢¢(T) can be determined by

inspection.
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We obtain
(1-27)22+4(r—1)71) for 0 < 7 < 7
Gupss(T) = 3(2-71) for m < 7 < M,
(1-27)22+4(r-17) for » < 7 < 1

where 71 < 19 are the two real solutions of
2 1
(I=27)*Q2+4(r—-1)1) = 5(2 — 7).
To show that ggupss(7) is an upper bound, we set up the quantified formula
VO<7<1:Vn>0:V0<~y<1: o 1,n,7) < ¢Aupss(T)- (5.26)

Since qéU Ess 1S a piecewise polynomial function, we may split (5.26) into the intervals
[0,71), [T1,72) and [72, 1] used in the definition of ¢%;; pgg- Again we use Mathematica’s
Resolve command, which reduces these formulas to the logical constant true, i.e, which

shows that ggupss(7) is an upper bound. Therefore, we obtain.

Theorem 73 The convergence rate for the two-grid method using v = Vpre + Vpost =

1+ 1 smoothing steps of collective Jacobi relaxation is given by

qra(7) = Inax{|1 —27[\/2+ A(r — 1)T, i(T _ 2)2}

for all 7 € [0,1], which can be seen in Figure 5.4.

I I I I I T

0.0 0.2 0.4 0.6 0.8 1.0

Figure 5.4: Two-grid convergence factor depending on damping parameter

Using this closed form, we can find out for which choices of 7 the method converges.
Moreover, we obtain that the best choice is 7 ~ 0.70 with ¢rg(7) =~ 0.42. Still, we
should keep in mind, that the computed rate is a sharp worst-case analysis of the

convergence rate.
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Summary

In this chapter we have seen that symbolic local Fourier analysis — the combination
of local Fourier analysis with cylindrical algebraic decomposition — is a strategy for
computing convergence rates or smoothing rates in an entirely automatic manner. The
convergence rates of the particular problems and two-grid solvers computed above are
not only interesting results on their own but they have the character of model problems
for the method of symbolic local Fourier analysis and illustrate the prospects of that
method.

Also the analysis for higher dimensions as well as the analysis of other smoothers or
the analysis of multigrid methods for other model problems leads to an expression that
is a rational function in the mesh size hy, certain parameters (like v in our case),
the damping parameter 7, and trigonometric expressions of the frequencies 6. This is
in particular the case for the model problem described in this chapter for the above

mentioned generalizations.

Theoretically, all these problems can be solved in finite but not necessarily in reasonable
time. Therefore, it is necessary to apply proper strategies to reduce the complexity of

the problems as we could see in the last two sections.
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Chapter 6

Numerical results

In this chapter we will illustrate the convergence results presented in the last two
chapters for model problems. The author will comment on the choice of the damping

parameter 7, which can be chosen larger as predicted in Chapter 4.

This chapter is organized as follows. In Section 6.1, we will consider the case o = 1. In
this case, we will see that for all model problems optimal complexity can be observed.
In Section 6.2, we will concentrate on robustness. We will note, as proposed by the
convergence theory, that for Model Problem 2, accordingly constructed methods show
robust convergence behavior. We will observe such a behavior also in cases where the

theory does not state this.

Optimal complexity

Distributed control model problem

Here, we fix a simple domain  := (0,1)2. The coarsest grid consists of two triangles
which are constructed by introducing an edge between the nodes (0,1) and (1,0), cf.
Figure 6.1. The refinement is done in an uniform way. First, we give numerical examples
for the distributed control Model Problem 2.

The model problem reads as follows. Find the control v € L?(Q2) and the state y €
H(Q) such that they minimize the cost functional J, given by

1 «
J(y,u) = §HZ~/ - yD||%2(Q) + 5”“”%2(9)7
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Figure 6.1: Initial mesh and uniform refinement

Figure 6.2: Desired state yp

subject to the elliptic boundary value problem

—Ay+y=uin Q and g‘y:Ooné?Q,
n

where yp : (0,1)2 — R is given by

it - G Dla<yE

0 otherwise

yp(z) ==

cf. Figure 6.2. As mentioned, here v := 1 is fixed. The optimal state and the optimal

control are shown in Figure 6.3.

In this thesis we have proposed to use a multigrid method with the preconditioned
normal equation smoother (which can be applied to the 3-by-3 formulation of the KKT-
system and to the reduced (2-by-2) KKT-system) and the collective point smoothers
(which we have only introduced for the reduced (2-by-2) KKT-system).

First we start with the original 3-by-3 formulation of the KKT-system. For this formula-

tion, we can apply the preconditioned normal equation smoother (cf. Subsections 3.2.1
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Figure 6.3: Distributed control Model Problem 2 for oo = 1

and 4.1.4) where the matrix £ is defined analogously to (4.22). Analogously to the
statement in Corollary 33, convergence can be shown for 7 € (0,1/8). In fact, this
bound is not sharp and the convergence rate can be improved significantly if larger

values of 7 are chosen, cf. Table 6.1 and Figure 6.4.

Here and in what follows, a W-cycle multigrid method with v pre- and v post-smoothing
steps was used for simulation. It has to be mentioned that for the model problems,
shown here, also the V-cycle converges with rates comparable with the convergence
rates of the W-cycle method. The number of iterations and convergence rates were
measured as follows: we start with a random initial error and measure the reduction
of the error in each step using the norm || - | x_,. The iteration was stopped when the
initial error was reduced by a factor of € = 107%. The convergence rates g is the mean
convergence rate in this iteration, i.e.,

1/n
2" — il

0
1z — zxllx_,

where n is the number of iterations needed to reach the stopping criterion. Here, x, is

the exact solution and xl(j) is the i-th iterate.

Table 6.1 shows that the best convergence rates are obtained for 7 = 7/16. Therefore,
we will use this choice for the further calculations. In Table 6.2, we see that the pre-
conditioned normal equation smoother is convergent on all tested grid levels k already
for v = 1 pre- and post-smoothing steps. The convergence theory states that the con-

1/2 " the numerical results show a faster decay. Moreover,

vergence rates behave like v~
we see that the convergence rates are independent of the grid level k. This means that
the overall computational complexity (the number of floating point operations that

have to be performed) is proportional to the computational complexity of one multi-
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n q
r=1/16  >100 0.95
r=2/16  >100 0.92
7=3/16  >100 0.88
r=4/16 86 0.85
r=5/16 69 0.82
T=6/16 57 0.78
r=7/16 48 0.75
7=8/16  >100 0.96

Table 6.1: 3-by-3 distributed control: Number of iterations n and convergence rate ¢
for normal equation smoother on grid level k = 5 and v = vppe +Vpost = 1 +1

smoothing steps

10t

0.6

04

0.2

0.0 0.1
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Figure 6.4: 3-by-3 distributed control: convergence rate for normal equation smoother
on grid level £ =5 and v = 4 smoothing steps

vr=1+1 v=2+4+2 v=4+4+4 v=8+4+38

n q n q n q n q
k=5 49 0.75 24 0.56 14  0.35 10 0.24
k=6 49 0.75 25 0.57 14  0.36 10 0.24
k=7 49 0.75 25  0.57 14  0.36 10  0.25
k=8 49 0.75 25 0.57 14 0.36 10  0.25
k=9 49 0.75 25  0.57 14 0.36 10  0.25

Table 6.2: 3-by-3 distributed control: Number of iterations n and convergence rate g

for normal equation smoother for 7 =7/16
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grid cycle. It can be verified that the computational complexity of one multigrid cycle

is proportional to the number of unknowns Vj.

An alternative approach is based on the reduction of the problem to a 2-by-2 formula-
tion (reduced KKT-system). For this case we have introduced two kinds of smoothers.
We can apply collective point smoothers (cf. Subsection 3.2.2) or we can again use a
preconditioned normal equation smoother, which we consider first. Here, the implemen-
tation follows (4.14) and again, 7 = 7/16 is a good choice for the damping parameter.
In Table 6.3, we see that the multigrid method with the preconditioned normal equation
smoother is convergent for all tested grid levels k and already for v = vpre +Vpost = 1+1
smoothing steps. Moreover, we observe optimal complexity and again the convergence

—~1/2

rate decays faster than v which was proposed by the theory. The convergence rates

are comparable with the case of the 3-by-3 formulation.

v=1+1 v=2+42 v=4-+4 v=8+38

n q n q n q n q
k=5 47 0.74 24 0.56 14  0.35 10 0.24
k=6 48 0.75 25  0.57 14 0.36 10 0.24
k=7 48 0.75 25  0.57 14  0.36 10 0.25
k=8 49 0.75 25 0.57 14 0.36 10 0.25
k=9 49 0.75 25  0.57 14  0.36 10 0.25

Table 6.3: 2-by-2 distributed control: Number of iterations n and convergence rate g
for normal equation smoother for 7 =7/16

An alternative approach are collective point smoothers. Here, we stick to the case of
the collective Jacobi smoother. Convergence theory shows convergence for 7 € (0,1).
As due to Table 6.4 (cf. Figure 6.5), 7 = 3/4 seems to be optimal, we use that choice. In
Figure 6.6, we compare the observed convergence rates with the convergence rates com-
puted in Section 5.4 using local Fourier analysis. There we have analyzed the two-grid
method in the one dimensional case. Here, we have used a W-cycle multigrid method
for a two-dimensional problem. Nonetheless, we see that the bounds for the conver-
gence rates computed with local Fourier analysis seem to be quite precise estimates for

the true behavior.

In Table 6.5 we see that the multigrid method with the collective Jacobi smoother
shows an optimal convergence behavior. Moreover, we see that the collective Jacobi
smoother leads to much better convergence rates than the preconditioned normal equa-
tion smoother. Moreover, one step of the preconditioned normal equation smoother

requires approximately twice as much floating point operations than one step of the
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n q
T=1/8 91 0.86
T =2/8 44 0.73
T=3/8 29 0.61
T=4/8 21 0.51
T=5/8 16 0.41
T=6/8 13 0.33
T=17/8 21 0.51
r=15/16 44 0.73
T =28/8 > 100 0.97

Table 6.4: 2-by-2 distributed control: Number of iterations n and convergence rate g
for collective Jacobi smoother on grid level k = 5 and v = Vpre +Vpost = 1 +1
smoothing steps

v=1+1 v=2+42 v=4-+4 v=8+438

n q n q n q n q
k=5 13 0.34 8 0.16 6 0.08 4 0.03
k=6 13 0.34 8 0.17 6 0.08 5 0.04
k=7 13 0.34 8 0.17 6 0.08 5 0.04
k=8 13 0.34 8 0.17 6 0.08 5 0.04
k=9 13 0.34 8 0.17 6 0.08 5 0.04

Table 6.5: 2-by-2 distributed control: Number of iterations n and convergence rate g
for collective Jacobi smoother for 7 = 3/4
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Figure 6.5: 2-by-2 distributed control: convergence rate for collective Jacobi smoother
on grid level k =5 and vp,e + Vpost = 1 + 1 smoothing steps
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Figure 6.6: 2-by-2 distributed control: convergence rate for collective Jacobi smoother
compared with result from local Fourier analysis

collective Jacobi smoother, which makes the multigrid method with the collective Jacobi
smoother much faster, cf. Table 6.6 for the CPU times on a standard PC. Moreover,
we obtain that the CPU time grows linearly with the number of unknowns. Here, for
the 3-by-3 formulation the number of unknowns is 3 times the number of nodes and for
the 2-by-2 formulation the number of unknowns is 2 times the number of nodes. The

methods were realized (including the choice of 7) as outlined above.

3-by-3 2-by-2
Ng Normal equation  Normal equation  Collective Jacobi
k=5 1089 0.10 sec 0.05 sec 0.01 sec
k=6 4225 0.35 sec 0.19 sec 0.04 sec
k=7 16641 1.50 sec 0.84 sec 0.18 sec
k=28 66 049 6.34 sec 4.01 sec 0.94 sec

Table 6.6: Distributed control: Number of nodes N, and CPU times for all three ap-
proaches for v = v, + Vpost = 1 + 1 smoothing steps

6.1.2 Boundary control model problem

In this subsection, we consider a more advanced problem: the boundary control Model
Problem 3. We discuss, how the solution of the model problem looks like, first. The
model problem reads as follows. Find control u € L?(9Q) and state y € H(Q) such

that they minimize the cost functional J, given by

1 o
J(y,u) = =y = ypli2e + 5 lulli200),
5 @ T35 (09)
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subject to the elliptic boundary value problem
: dy
—Ay+y=0in Q and a—:uonﬁﬁ,
n

where yp is the same function as in the distributed control case. For a = 1, the optimal

state and the optimal control are shown in Figure 6.7.

0
(a) Optimal state (b) Optimal control

Figure 6.7: Boundary control Model Problem 3 for o =1

3-by-3 2-by-2

Normal equation Normal equation Collective Jacobi

v=141 v=242 v=141 v=242 v=141 v=242

n q n q n q n q n q n q
k= 48 0.75 25 0.57 47 0.74 24 0.56 13 0.34 8 0.16
k=6 48 0.75 24 0.56 48 0.75 25 0.57 13 0.34 8 0.17
k= 48 0.75 25 0.57 49 0.75 25 0.57 13 0.34 8 0.17
k=8 49 0.75 25 0.57 49 0.75 25 0.57 13 0.34 8 0.17
k= 49 0.75 25 0.57 49 0.75 25 0.57 13 0.34 8 0.17

Table 6.7: Boundary control: Number of iterations n and convergence rate g for all
three proposed methods

Again, we apply the same numerical tests as in the case of the distributed control
model problem. Here, we want to mention that the boundary control problem is not
covered by the convergence theory for the multigrid method with the collective point
smoothers, but it is covered by the convergence theory for the multigrid method with
the preconditioned normal equation smoother. We again follow the definition of the
matrix, given in (4.14) and (4.22).
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Numerical experiments indicate that the optimal choices of the damping parameter
(t = 7/16 for the preconditioned normal equation smoother and 7 = 3/4 for the
collective Jacobi smoother) are also optimal choices for the boundary control model
problem. The numerical tests are collected in Table 6.7. Again all three approaches
shows optimal complexity. Again, the convergence rates decay faster than v~/2 and

the collective Jacobi smoother is the fastest smoother.

6.2 Robustness

6.2.1 Distributed control model problem

The next step is to analyze the convergence behavior for o approaching 0. Here, we
restrict ourselves to the 2-by-2 formulation of the model problem as we have restricted
ourselves to that case also for the analysis. Again, we consider the distributed control
Model Problem 2 first.

We have computed the solution for various choices of «. For a@ = 1, 1076 and 10712,
the optimal state is shown in Figure 6.8, the optimal control is shown in Figure 6.9. We
see that for a = 107 the optimal state can be seen as a reconstruction of the desired
state. This is non-trivial as we have chosen a general L2-function as desired state which
cannot be reconstructed as H'-function in a trivial way. For the case a = 107!2 we

observe oscillations at the position where the desired state jumps.
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Figure 6.8: Distributed control Model Problem 2: Optimal state

The methods we have proposed to obtain robust convergence rates, was the multigrid

method with the preconditioned normal equation smoother and the collective point
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Figure 6.9: Distributed control Model Problem 2: Optimal control

a=1 a=10""* a=10"8 a=10"12

n o q noq noq noq
k=5 48 0.75 50  0.76 40 0.71 50  0.76
k= 48  0.75 48  0.75 51 0.76 53 0.77
k=7 49 0.75 48  0.75 54 0.77 56 0.78
k=8 49 0.75 49  0.75 50  0.76 44 0.73
k=9 49 0.75 49  0.75 49 0.75 44 0.73

Table 6.8: 2-by-2 distributed control: Number of iterations n and convergence rate g for
preconditioned normal equation smoother for 7 = 7/16 and v = Vpre +Vpost =
1 + 1 smoothing steps

a=1 a=10"* a=10"8 a=10"12

n o q noq noq noq
k=5 13 0.34 13 0.33 9 021 13 0.33
k=6 13 0.34 13 0.34 12 0.29 13 0.33
k= 13 0.34 13 0.34 13 0.33 13 0.33
k=8 13 0.34 13 0.34 13 0.34 11 0.26
k=9 13 0.34 13 0.34 13 0.34 10 0.25

Table 6.9: 2-by-2 distributed control: Number of iterations n and convergence rate g
for collective Jacobi smoother for 7 = 3/4 and v = Vpre + Vpost = 1 + 1

smoothing steps
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a=1 a=10"* a=10"8 a=10"12

n q noq noq noq
k=5 7 0.10 6  0.10 9 0.18 6  0.07
k=6 7  0.10 6  0.10 8  0.17 6  0.07
k=7 7 0.10 7 0.10 7 0.12 6  0.07
k=8 7 0.10 7 0.10 7 011 7 013
k=9 7  0.10 7 0.10 7 0.10 8  0.17

Table 6.10: 2-by-2 distributed control: Number of iterations n and convergence rate ¢
for collective Gauss Seidel smoother for v = vpre + Vpost = 1 + 1 smoothing
steps

smoothers. First we give the convergence tables, where the preconditioned normal
equation smoother was used, in Table 6.8. We observe that convergence behavior is
both, independent of the grid level k£ and robust in the choice of . The same conver-
gence behavior can also be observed for the collective Jacobi smoother, see Table 6.9.
As already mentioned in Section 3.2.2, we can improve the convergence rates further by
using collective Gauss Seidel iteration, cf. Table 6.10. Here, damping is not necessary
and therefore we have used an undamped version. We have to mention that conver-
gence theory is not available for collective Gauss Seidel iteration but that method is a

canonical extension of collective Jacobi iteration.

Boundary control model problem

First we want to show how the solution of the model problem looks like. We have
computed the solution for various values of o. For a = 1, 1075 and 107'2, the optimal

state is shown in Figure 6.10, the optimal control is shown in Figure 6.11.

NS
T

Figure 6.10: Boundary control Model Problem 3: Optimal state
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10

(a) a=1 (c) a =102

Figure 6.11: Boundary control Model Problem 3: Optimal control

a=1 a=10""* a=10"8 a=10"12

n o q no o q noq noq
k=5 13 0.34 13 0.34 16 0.40 16 0.41
k= 13 0.34 13 0.34 17 0.43 16 0.42
k=7 13 0.34 13 0.34 19 0.48 17 0.44
k=8 13 0.34 13 0.34 18 0.45 17 0.43
k=9 13 0.34 13 0.34 14  0.35 17 0.44

Table 6.11: 2-by-2 boundary control: Number of iterations n and convergence rate ¢
for collective Jacobi smoother for 7 = 3/4 and v = Vpre + Vpost = 1 + 1
smoothing steps

a=1 a=10"* a=10"8 a=10"12

noq noq noq noq
k=5 6  0.10 7 0.10 10 0.22 11 0.24
k=6 7  0.10 7 0.10 12 0.27 11 0.27
k=7 7 0.10 7 011 12 0.30 11 0.26
k=8 7 0.10 7 0.10 12 0.29 12 0.28
E=9 7  0.10 7 0.10 8 0.14 12 0.29

Table 6.12: 2-by-2 boundary control: Number of iterations n and convergence rate ¢
for collective Gauss Seidel smoother for v = vpre + Vpost = 1 + 1 smoothing
steps
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As mentioned, we do not know a norm || - || x such that the problem is well posed (in
the sense of condition (A1), introduced on page 17) robust with respect to «, i.e.,
such that the constants in (A1) are independent of . Therefore, we cannot construct
a norm || - |[x_,, as outlined in Chapter 4, and therefore we cannot even apply the

preconditioned normal equation smoother.

For the collective Jacobi smoother and the collective Gauss Seidel smoother, we do not
need to know these norms for applying the method. The numerical experiments show
good convergence behavior also for the boundary control case, which is not covered by
the convergence theory, cf. Table 6.11 for the collective Jacobi iteration and Table 6.11

for the collective Gauss Seidel iteration.

Distributed control model problem on a non-convex domain

In Section 4.5 we have shown that the methods introduced in this thesis for the dis-
tributed control Model Problem 2 also converge on domains where the full H2-ellipticity
cannot be guaranteed. One example, for such a domain is the L-shaped domain
Q = (0,2)%\[1,2)?, cf. Figure 4.1. There, we have only partial elliptic regularity,
i.e., we can only show that — provided to have sufficiently smooth data — the solution is
a function in H2~%(Q), where s € [0, 1) is the regularity parameter of assumption (R’),
introduced on page 91. For the L-shaped domain, we have used the initial mesh shown

in Figure 6.12 and uniform refinement. For the L-shaped domain, we have s > %

Figure 6.12: Initial mesh and uniform refinement

In the Tables 6.13 and 6.14, we see that the convergence rates for the L-shaped domain
and for the domain Q = (0,1)? are comparable, i.e., the multigrid method does not
suffer from the lack of full regularity. Convergence theory shows that for varying v, we
cannot expect anymore that the convergence rates behaves like v~%/2 but like v~ (179)/2,
However, the numerical experiments show convergence rates that decays even faster

than v~1/2, ¢f. Table 6.15.
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a=1 a=10"* a=10"8 a=10"12

n q n q n q n q
E=5 49 0.75 50 0.76 41  0.71 50 0.76
k=6 48 0.75 49  0.75 51  0.76 53 0.77
E=7 49 0.75 49  0.75 55 0.77 56 0.78
k=8 49 0.75 49  0.75 51 0.76 44 0.73
E=9 49 0.75 49  0.75 49  0.75 44 0.73

Table 6.13: 2-by-2 distributed control on L-shaped domain: Number of iterations n
and convergence rate ¢ for preconditioned nmormal equation smoother for
T ="T7/16 and v = Vpye + Vpost = 1 + 1 smoothing steps

a=1 a=10"1 a=10"8 a=10"12

noq noq noq noq
k=5 14 0.35 13 0.34 9 0.21 13 0.33
k=6 13 0.34 13 0.34 12 0.29 13 0.33
k=7 13 034 13 0.34 13 0.33 13 0.33
E=8 13 0.34 13 0.34 13 0.34 11 0.26
k=9 13 0.34 13 0.34 13 0.34 11 0.26

Table 6.14: 2-by-2 distributed control on L-shaped domain: Number of iterations n
and convergence rate g for collective Jacobi smoother for 7 = 3/4 and
V = Upre + Vpost = 1 + 1 smoothing steps

r=1+1 v=2+42 v=4+4

n q n n q
Preconditioned normal equation 49 0.75 25 0.57 14 0.36
Collective Jacobi smoother 14 0.35 8 6 0.08

Table 6.15: 2-by-2 distributed control on L-shaped domain: Number of iterations n and
convergence rate g on grid level £ =5
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Chapter 7

Conclusions

In this thesis we have seen how fast iterative solvers for solving optimality systems
arising from optimal control problems can be constructed. Similar to former results,
cf. SIMON [57] and SCHOBERL, SIMON AND ZULEHNER [53], we could give convergence

results based on Hackbusch’s splitting into smoothing and approximation property.

In SIMON [57], the analysis was restricted to a distributed control model problem (cf.
Model Problem 2). The first result we saw in this work was that his convergence results
(for « fixed) can be carried over to other model problems. Moreover, in SIMON [57],
Uzawa type smoothers have been proposed and analyzed. Here, we propose two other
kinds of smoothers: on the one hand we propose smoothers based on the normal equa-
tion which can be constructed in a more flexible way. Moreover, the analysis of such
smoothers is easier than the analysis of Uzawa type smoothers. Smoothers based on
the normal equation were known before, but in TAKACS AND ZULEHNER [61] we gave
numerical results which indicated that they show convergence rates comparable to the

convergence rates obtained using Uzawa type smoothers, which was a surprise for us.

On the other hand, we have seen collective point smoothers. Also this kind of smoothers
was known, cf. Borz1, KUuNISCH AND KwaAK [12]. Here, we have presented a smoothing
analysis (cf. TAKACS AND ZULEHNER [62]) that guarantees robustness of the conver-
gence rates in «. At a first observation, this result fits into the framework of SCHOBERL,
SIMON AND ZULEHNER [53], so we can combine the smoothing analysis with their work

to show convergence.

Numerical experiments have shown that the collective point smoothers are much faster
than the preconditioned normal equation smoothers. Moreover, even if the conver-
gence analysis is restricted to the distributed control Model Problem 2, collective point
smoothers can be applied also to the other model problems, e.g., to the boundary con-

trol Model Problem 3. Also in this case, we have observed robust convergence behavior.
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Such a result could not be achieved using the normal equation smoothers as insight into
the problem is required even for the setup of the method. For applying collective point

smoothers in our context no insight is needed.

Under the assumption of full elliptic regularity we gave a convergence proof which is
slightly different to the proof given in SCHOBERL, SIMON AND ZULEHNER [53]. This
proof can be generalized to domains where full elliptic regularity cannot be guaranteed.
Typically, full elliptic regularity requires that the domain has a sufficiently smooth
boundary or that the domain is convex. The analysis, we have presented, relaxes this

condition and is applicable to any reasonable polygonal (or polyhedral) domain.

Beside qualitative convergence results, we also were interested in quantitative conver-
gence analysis: we wanted to compute sharp upper bounds for the convergence rates.
Here, we have used local Fourier analysis. Already in Borz1, KUNISCH AND KwAK [12],
local Fourier analysis has been applied to the problems discussed in this thesis. We
could show that a tool from symbolic computation — cylindrical algebraic decomposition
(CAD) — allows to compute an explicit representation of the convergence rate as a func-
tion of a certain parameter like the damping parameter 7 in this thesis (cf. PILLWEIN
AND TAKACS [48, 49]). In Figure 6.6 we have seen that the results computed with local

Fourier analysis are very similar to the cases obtained in numerical experiments.
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