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Abstract

This thesis is devoted to the construction, analysis and implementation of efficient and robust nu-
merical methods for linear parabolic time-periodic simulation and optimal control problems. The
discretization of these problems is based on the multiharmonic finite element method whereas new
algebraic multilevel preconditioned minimal residual methods are developed for solving the discrete
problems, which have saddle point structure.

The mathematical and numerical analysis include existence and uniqueness results in a new variational
framework and full a priori and a posteriori error estimates in space and time. Since we consider time-
periodic problems, the multiharmonic finite element method is a very natural approach to discretize
this type of parabolic problems. More precisely, we expand all — given and unknown — functions
into Fourier series in time, truncate them, and then approximate the Fourier coefficients by the finite
element method. This method reduces a large linear time-dependent problem to a sequence of smaller
time-independent ones.

The multiharmonic finite element discretization of linear parabolic time-periodic simulation and op-
timal control problems leads to large systems of symmetric but indefinite linear algebraic equations,
which fortunately decouple into smaller linear systems each of them defining the cosine and sine
Fourier coefficients with respect to a single frequency. The resulting smaller systems have saddle
point structure and can be solved by the preconditioned minimal residual method totally in paral-
lel. Hence, we construct block-diagonal preconditioners resulting in fast converging minimal residual
solvers with parameter-independent convergence rates. The diagonal blocks of these precondition-
ers are sums of stiffness and mass matrices, which can be seen as finite element discretization of
reaction-diffusion type problems with heterogeneous reaction and diffusion coefficients.

Moreover, we present efficient preconditioners for reaction-diffusion type problems that are optimal
in terms of the computational complexity and robust with respect to the reaction and diffusion coef-
ficients. The considered preconditioners belong to the class of so-called algebraic multilevel iteration
methods, which are based on multilevel block factorization and polynomial stabilization. One of the
main achievements of this thesis is not only the construction of preconditioners via the algebraic mul-
tilevel iteration method but also the presentation of a rigorous proof of the robustness and optimal
complexity of these preconditioners. This analysis benefits from the use of symbolic techniques.

Although the main focus of this thesis is the numerical analysis of linear parabolic time-periodic
simulation and optimal control problems, we finally implement the algorithms in C++, perform many
numerical experiments and discuss numerical results which impressively confirm our theoretical find-
ings.
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Zusammenfassung

Diese Dissertation beschéaftigt sich mit der Entwicklung, Analyse sowie Implementierung von effizi-
enten und robusten numerischen Verfahren zur Lésung von linearen parabolischen zeitperiodischen
Problemen. Dies beinhaltet sowohl die Simulation als auch die Steuerung dieser Probleme. Wir ver-
wenden die multiharmonische Finite Elemente Methode zur Diskretisierung der Probleme und ent-
wickeln neue algebraische Multilevel-Vorkonditionierer, um wiederum die diskreten Probleme, die
Sattelpunktstruktur haben, mittels des vorkonditionierten MINRES-Verfahrens (vom engl. minimal
residual) zu 16sen.

Die detaillierte mathematische und numerische Analyse umfasst sowohl Existenz- und Eindeutigkeits-
resultate sowie a priori und a posteriori Fehlerabschitzungen in Raum und Zeit. Wir definieren hier
neue Funktionenrdume im Fourierraum und schaffen somit eine neue Umgebung fiir entsprechende
Variationsformulierungen. Man kann die multiharmonische Finite Elemente Methode durchaus als
einen natiirlichen Zugang zur Diskretisierung von zeitperiodischen Probleme bezeichnen, weil hier al-
le — sowohl gegebene als auch unbekannte — Funktionen in Fourierreihen entwickelt werden und somit
die Periodizitdt auf natiirliche Weise erfiillt wird. Weiters werden die Fourierreihen abgebrochen und
die Fourierkoeffizienten mittels der Finiten Elemente Methode approximiert. Somit reduziert die mul-
tiharmonische Finite Elemente Methode ein grofies lineares zeitabhéngiges Problem auf eine Reihe
von kleineren zeitunabhangigen Problemen.

Die multiharmonische Finite Elemente Diskretisierung von linearen parabolischen zeitperiodischen
Problemen fiihrt zu grofen Systemen linearer algebraischer Gleichungen mit symmetrischen, aber
indefiniten Systemmatrizen, die gliicklicherweise in kleinere lineare Systeme in den Fourierkoeffi-
zienten zerfallen und alle parallel gelost werden kdnnen. Diese kleineren Systeme haben ebenfalls
eine Sattelpunktstruktur und kénnen somit mittels des vorkonditionierten MINRES-Verfahrens ge-
16st werden. Wir behandeln die Konstruktion von block-diagonalen Vorkonditionierern, welche uns
ein schnell konvergierendes MINRES-Verfahren mit einer von den Problemparametern unabhéngi-
gen Konvergenzrate liefern. Die Diagonalblocke dieser Vorkonditionierer bestehen aus Summen von
Steifigkeits- und Massenmatrizen, welche man als Finite Elemente Diskretisierung von Reaktions-
Diffusions-Gleichungen mit inhomogenen Reaktions- und Diffusionskoeffizienten betrachten kann.

Weiters werden effiziente Vorkonditionierer fiir Reaktions-Diffusions-Probleme présentiert, die opti-
mal in der Berechnungskomplexitdt und robust in Bezug auf die Reaktions- und Diffusionskoeffizi-
enten sind. Die betrachteten Vorkonditionierer gehoren der Familie der sogenannten algebraischen
Multilevel-Iterationsverfahren an, welche auf einer Multilevel-Blockfaktorisierung und Stabilisierung
mittels Polynome basieren. Ein wichtiger theoretischer Beitrag dieser Dissertation ist, dass neben
der Konstruktion dieser algebraischen Multilevel-Vorkonditionierer ein detaillierter Beweis fiir deren
Optimalitdt in der Berechnungskomplexitit und Robustheit in Bezug auf die Reaktions- und Diffu-
sionskoeffizienten prasentiert wird, der unter anderem auch durch das Verwenden von symbolischen
Methoden erreicht wird.

Obwohl das Hauptaugenmerk dieser Dissertation auf der numerischen Analyse von linearen para-
bolischen zeitperiodischen Problemen liegt, werden schlussendlich die theoretisch behandelten Algo-
rithmen in C++ implementiert, verschiedene numerische Experimente durchgefiihrt und numerische
Resultate diskutiert, welche eindrucksvoll die theoretischen Ergebnisse dieser Dissertation untermau-
ern.
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Chapter 1

Introduction

The numerical solution of evolution problems is the main building block in many simulation and op-
timization codes for time-dependent processes in different applications like heat conduction in ther-
modynamics, diffusion-convection-reaction in chemistry and biology, and eddy current diffusion in
electromagnetics. The simulation is usually based on models typically described via time-dependent
partial differential equations (PDEs) or systems of PDEs. Together with appropriate initial and
boundary conditions, we usually arrive at initial-boundary value problems (I-BVPs), the numerical
solution of which is the basis for their simulation. Their is a huge amount of publications on the
mathematical analysis and numerical solution as well as on the numerical analysis of these numerical
methods. The parabolic I-BVPs are discussed and analyzed, for instance, in the books by Ladyzhen-
skaya et al. [109], Wloka [I77] or Zeidler [I8T] [182], whereas the numerics can be found, e.g., in the
monographs by Lang [I10], Thomée [167], or, in many other books on the numerical treatment of
PDEs such as by Grossmann et al. [68] and Zulehner [I88]. Optimal control problems with parabolic
I-BVPs as equality constraints have extensively been investigated, e.g., in the books by Lions [117],
Hinze et al. [81], Troltzsch [I69] or Borzl and Schulz [38]. Nevertheless, the analysis and numer-
ics of evolution equations are hot research topics. In particular, the construction and analysis of
highly parallel, fast and robust solution algorithms becomes more and more important not only in
the simulation of evolution processes but also in their optimization where one usually needs multiple
simulations including simulations of the adjoint problem that is backward in time.

Let Q C R? be the computational domain with the spatial dimension d € {1,2,3} and the boundary
I = 99, and let (0,T) be a prescribed time interval. A general form of a parabolic I-BVP is, for
instance, given by

oo+ Lu=f in Qx (0,7),
u=gp onI'x (0,7),
u = ug on  x {0},

with the unknown function u, which describes the temperature evolution in heat conduction or the
concentration of some substance in chemistry, and the following given data: the source term f, the
(Dirichlet) boundary data gp (other boundary conditions are possible), the coefficient o and the
initial data wg. In heat conduction, the coefficient ¢ = cp is the product of the heat capacity ¢ and
the density o, whereas in electromagnetics, the coefficient o refers to the (electric) conductivity which
is positive in conducting regions like iron, but zero in non-conducting regions like air. We mention
that in two space dimensions the eddy current problems turn to scalar parabolic problems as given
above. In the scalar parabolic PDE given above, the elliptic operator L can have the quite general
form

Lu(z,t) = —div (a(x) Vu(z,t)) + b(x)" Vu(z,t) + c(z) u(zx, t) (z,t) € QA x(0,T),
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with some coefficients a, b and ¢, which may depend on the function u (or on the gradient Vu of the
function u), leading to nonlinear problems with nonlinear operators, often denoted by L(u).
A very general but often used linear parabolic model problem is the one with the operator

Lu(x,t) = —div (v(x) Vu(x,t)) (x,t) € 2 x(0,T),

and homogeneous Dirichlet boundary conditions, i.e., gp = 0onI'x(0,7T"). Other boundary conditions
are Neumann or Robin boundary conditions, but, for simplicity, we focus on (homogeneous) Dirichlet
boundary conditions in this work. Here, the diffusion coefficient is denoted by v, since v often refers
to the reluctivity, e.g., in electromagnetics, where v = 1/u with p being the (magnetic) permeability.
There exist many publications on parabolic I-BVPs including their numerical treatment such as the
already mentioned books [109} 177, [18T], [182, [TT0} 167, [68) [18]], the book by Gustafsson et al. [72],
the papers [53] 56, [65] and the references therein.

During the last couple of decades, PDE-constrained optimization has become more and more impor-
tant in research and application, for which Lions has definitely paved the way with his work [I17] in
1971. A typical distributed parabolic optimal control problem (OCP) is given by the minimization
of a cost functional J(y,u) with respect to a control u and the corresponding state y, e.g.,

1 [T 5 AT )
j(y,u):i/o /Q(yfyd) dmdt+§/0 /Qu dx dt

subject to some PDE constraints such as

o(x) Oy(x,t) — div (v(z) Vy(x,t)) = u(x,t) (z,t) € Q x(0,T),
y(x,t) =0 (x,t) €T x(0,T),
y(x,0) = yo(x) z e

Here, y4 denotes the desired state. Besides the PDE constraints, there are often inequality or box
constraints imposed on the control and the state, i.e.,

ug < u < uy and Yo <y < 1y a.e. in Q x (0,7),

respectively, where u,, up, Yo, yp are some given data leading to PDE-constrained optimization with
control or state contraints. Some recent published books considering PDE-constrained optimization
are, e.g., the books by Hinze et al. [81], Troltzsch [169] and Borzi and Schulz [38], which have already
been mentioned in the context of I-BVPs, and, there are also many other publications on OCPs for
time-dependent I-BVPs such as [36], [125] 129] [71], [5] 651, 140, [170].

State of the art

Parabolic time-periodic boundary value and optimal control problems

Time-periodic conditions occur in many practical applications, as, e.g., in chemistry or electromag-
netics. In electromagnetics, source terms or target functions are often time-periodic or even time-
harmonic and, hence, also the solution of the problems has the corresponding property, see, e.g.,
[69] [70], where the authors consider the optimal control of so-called magnetohydrodynamic (MHD)
equations for viscous, incompressible, electrically conducting fluids. In the time-periodic case, the
initial condition is typically replaced by the periodicity condition

u(x,0) = u(z,T) T e,

and we call T' the time period. Moreover, the solution of T-anti-periodic problems is closely related
to 2T -periodic ones, which is, for instance, studied in [I35] by Okochi.



Time-periodic PDEs have been discussed, e.g., in the works of Steuerwalt [163], Hackbusch [74],
Vejvoda [I75], Vandewalle and Piessens [I71] [I72], Lieberman [I16] and Pao [I37]. As Steuerwalt
comments in [I63], the existence of a time-periodic solution implies the solvability of the corresponding
initial-value problem and vice versa. The unique solvability of parabolic I-BVPs as well as of the
parabolic problems in the time-periodic case are also discussed by Zeidler [181], [I82]. Nevertheless,
the variety of publications discussing [-BVPs is much wider than of those discussing time-periodic
BVPs. This disparity becomes even bigger in the context of PDE-constrained optimization, although
the interest in analyzing and solving time-periodic OCPs is increasing, see, e.g., |11 [88] 146} [89, [112]
and [94, @11, 90, 95, 180, [96]. The latter group of papers is devoted to the optimal control of time-
harmonic and time-periodic eddy current problems. In this context, we want to mention the theses
[24, 92, 03] [87] as well.

Fourier series and multiharmonic finite element approximation

By now, the approximation via Fourier series is commonly used for both, the space and the time
discretization of PDEs. Since we consider time-periodic problems, it is a very natural approach to
expand the given data as well as the unknown functions into Fourier series in time, i.e., to decompose
them into sums of a (infinite) set of cosine and sine functions. Fourier series approximation is also
used for space discretization. For instance, Heinrich [77] and Bernardi et al. [32] apply Fourier
series approximation on problems with axisymmetric domains reducing three-dimensional problems
to problems of several two-dimensional equations. This approach has been used and analyzed even
earlier, e.g., in Canuto et al. [44], where the authors have also presented discretization error estimates.
Fourier series are trigonometric series and are named after Jean-Baptiste Joseph Fourier (1768-1830),
a French mathematician and physicist. Although other prominent mathematicians as Leonhard Euler,
Jean le Rond d’Alembert and Daniel Bernoulli studied trigonometric series as well, Fourier introduced
them in order to solve the heat equation in a metal plate in [58], and, hence, pioneered the solution
to the heat equation in the general case and also to many other mathematical and physical problems.
The Fourier series expansion of a time-periodic function f(x,t) with time period T" and with frequency
w = 27/T is given by

fla,t) = f§(@) + > [fi(@) cos(kwt) + fi(x) sin(kwt)],

k=1

where k € N are referred as the modes, and f§ as well as f; and f; denote the corresponding
amplitudes and are called Fourier coefficients. They depend on the spatial variable x. For the
numerical treatment, we apply the so-called multiharmonic approximation of the Fourier series, which
means that we truncate the Fourier series at a finite index N € N. The multiharmonic approximation
of a Fourier series is a trigonometric polynomial. If the boundary value and optimal control problems
are linear, then, due to the orthogonality of the cosine and sine functions, the equations decouple into
those depending only on the Fourier coefficients with respect to each single mode. The approximation
of the Fourier coefficients, which depend on the spatial variable &, can be performed by means of
the finite element method (FEM). Altogether, the method combing the multiharmonic and the finite
element discretization is called multiharmonic finite element method (MhFEM) or harmonic-balanced
finite element method. It was successfully used for simulating electromagnetic devices which can be
described by the eddy current approximation to Maxwell’s equations, see [179, (138, 52, [73] 25] 26} 27|
49]. Later it has been applied to time-periodic parabolic optimal control problems [88], [105], 89 [112]
and to time-periodic eddy current optimal control problems [91], [90] ©5].

Space-time methods for parabolic problems

The MhFEM belongs to the family of space-time discretization techniques. The main idea of space-
time discretization methods is to treat the time variable simply as an additional spatial variable, i.e.,
the so-called space-time cylinder € x (0,7) with  C R? has dimension d + 1. Space and time can
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contemporaneously be discretized in advance yielding very efficient solvers which can be parallelized
much easier than time-integration methods. During the last couple of years, the analysis and practical
application of space-time discretization techniques are of much interest and are now more than ever
a hot research topic due to the appearance of powerful parallel computers with several thousands or
even hundreds of thousands processors.

The rather traditional methods for solving parabolic problems are the so-called time-stepping or
time-marching methods, where the solution is computed iteratively on successive time subintervals,
see, e.g., [167]. In generel, time-stepping methods are difficult to perform in parallel. Hence, methods
were developed to overcome this difficulty. In [75], Hackbusch introduced a scheme for a simultaneous
execution of the elliptic multigrid method on successive time steps, where the time-direction is treated
as an axis in the space-time grid. Moreover, Womble [I78] considered the so-called parallel time-
stepping method and another space-time method came up, which was only used for space parallelism
before, i.e., the multigrid waveform relaxation method, see, e.g., Vandewalle and Piessens [I71]. In
[83], Horton and Vandewalle presented a space-time multigrid method for solving the whole space-
time parabolic problem in parallel. Other works on space-time methods are, e.g., Babuska and Janik
[21, 22], who consider the h-p version of the finite element method for parabolic equations, and
Costabel [50] studying boundary integral operators for the heat equation. Moreover, there have been
presented a lot of new techniques and results in space-time discretization in the last couple of years
as, for instance, the so-called parareal method proposed by Lions et al. [I18] and further analyzed
in, e.g., [63]. For more details and further investigations regarding space-time methods, we refer the
reader to, e.g., [36, 160, 158] T3] or the recent publications [6] [7, 121 130].

Robust and optimal solvers for parabolic problems

There are a couple of parameters involved in parabolic time-periodic simulation and optimal control
problems, e.g., the discretization parameters in space and time as well as parameters which correspond
to the conductivity and the reluctivity in electromagnetics. Moreover, the regularization or cost
parameter comes into play in the optimal control problems. Besides the discretization error analysis,
the construction of fast solvers, which are robust with respect to these "bad” parameters, is an
important issue and a hot research topic during the last couple of years, see, e.g., [82, 157 187, 124
105}, [T41], the paper [37], which reviews research on multigrid methods for optimization problems, or
the paper [I], where the authors present a nested multigrid method for solving time-periodic parabolic
optimal control problems based on the works by Hackbusch [74], [76].

In the context of parabolic time-periodic problems, the preconditioned minimal residual (MINRES)
method proves to provide efficient solvers, since the MhFEM leads to saddle point systems of the
form

= A€Rnxn

where A is a regular, symmetric, but indefinite system matrix. Hence, the goal is to construct precon-
ditioners for the preconditioned MINRES method yielding robust convergence rates and optimal com-
plexity, see, e.g., [I87, [88, [89] [112]. The practical implementation of the preconditioners can be done
by (algebraic) multigrid, multilevel or domain decomposition methods, see, e.g., [168], 173] 10T, 142].
The (linear) algebraic multilevel iteration (AMLI) method stands out among these methods, since it
provides a basic concept for proving robustness and optimality of the method, see the fundamental
papers [14, [15] and, e.g., [13] 17, O8] 33}, 126}, 10T]. In this context, we want to mention that in the last
couple of years the use of tools from symbolic computation for proving statements arising in numerics
have become much more popular, such as the standard tool Cylindrical Algebraic Decomposition
(CAD), see, e.g., [47, 48, 86], of which several implementations are available, see, e.g., [164] 43|, 159].
For instance, applications of this tool in the context of multigrid and multilevel solvers for optimal
control problems can be found in [165] (145 T03].



Functional a posteriori error estimation

Nowadays, a posteriori error estimation together with mesh-adaptive methods is well-established in
the numerical analysis of PDEs, see, e.g., [153], [123] and the references therein. Among many other
techniques, the class of functional a posteriori error estimates provides a useful variational approach
to a posteriori error estimation, which is based on the works by Repin, see, e.g., [150, 151 [153].
Other a posteriori error estimation techniques can be found in, e.g., the early works by Babuska and
Rheinboldt [23], Bank and Weiser [28], Zienkiewicz and Zhu [I83] as well as in the books by Verfiirth
[176] and Ainsworth and Oden [4]. In the context of functional a posteriori error estimates for optimal
control problems, we refer the reader to, e.g., the papers [59, [60].

In view of the a posteriori error estimates presented later in this work, we want to emphasize the
paper [152], where a method of deriving a posteriori error estimates for parabolic I-BVPs is suggested,
and provides a basic concept for deriving functional a posteriori error estimates for parabolic time-
periodic problems as well. More precisely, this a posteriori error estimation technique is a very useful
approach to the MhFE approximation of parabolic time-periodic problems.

On this work

This thesis is devoted to parabolic time-periodic simulation and optimal control problems. More
precisely, we present a complete MhFE analysis of parabolic time-periodic boundary value and the
corresponding optimal control problems and use the MhFEM as discretization technique for the
parabolic time-periodic problems. The resulting finite element systems are solved by the precondi-
tioned MINRES method, where we construct robust preconditioners of optimal complexity by the
AMLI method.

Main achievements

Existence and uniqueness results and a new variational framework. We prove the unique
solvability of a parabolic time-periodic boundary value problem in a special variational setting after
introducing function spaces and formulating variational problems in the spirit of Ladyzhenskaya et al.
[109]. Here, we introduce the space H L3 defined for L2-functions on the d+ 1-dimensional space-time
cylinder, whose spatial gradients are in [L?]¢ and the L?-norms of their half-time derivatives in the
Fourier space are finite. In this setting, we are able to establish inf-sup and sup-sup conditions from
which we deduce existence and uniqueness for the parabolic time-periodic problems by applying the
theorem of Babuska and Aziz.

Robust preconditioners for the MINRES method. The multiharmonic finite element dis-
cretization of both problems, the parabolic time-periodic boundary value and optimal control prob-
lem, leads to systems of linear algebraic equations which decouple into smaller systems. We construct

block-diagonal preconditioners for these systems which yield robust and fast convergence rates for
the MINRES method following the work by Zulehner in [I87].

Robust algebraic multilevel preconditioners of optimal complexity. The diagonal blocks
of the MINRES preconditioners are “weighted” sums of stiffness and mass matrices, which can be
seen as finite element discretization of reaction-diffusion type problems with heterogeneous reaction
and diffusion coefficients. One of the main contributions of this work is not only to construct efficient
practical preconditioners via the AMLI method but to present a rigorous proof of the robustness and
optimal complexity of multilevel preconditioners for reaction-diffusion type problems in two space
dimensions. Of course, we present some numerical results which confirm our theoretical findings.

A priori and a posteriori error analysis. We present full a priori and a posteriori error estimates
for both, the parabolic time-periodic boundary value and optimal control problems, including the a
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priori and a posteriori error analysis for the space H L3, The a posteriori error analysis is based on
. . . . 1

the method presented in Repin [152] but contains proper changes regarding the space H''2 and the

special features of the MhFEM.

Outline
The thesis is organized as follows:

e Chapter 2 provides fundamental results needed in the subsequent chapters including definitions
and theorems in the field of function spaces, Fourier series, variational problems, the finite
element method as well as parabolic partial differential equations and optimal control problems.
Moreover, we present a strategy for constructing robust preconditioners for the MINRES method
in order to solve linear saddle point systems which arise in the context of parabolic time-periodic
boundary value and optimal control problems. Finally, some basic results on the AMLI method
are provided.

e In Chapter [3] we discuss parabolic time-periodic boundary value problems and present the
multiharmonic finite element analysis including existence and uniqueness as well as a priori
error estimates for these problems. Moreover, we present the construction of a block-diagonal
preconditioner for the MINRES method which yields robust and fast convergence.

e Chapter [4 is designed and organized like Chapter [3] but considers parabolic time-periodic
optimal control problems, which creates further challenges. Here, we present again the multi-
harmonic finite element analysis, a preconditioned MINRES solver and a priori error estimates
for this type of optimal control problems.

e Chapter 5] provides a very detailed discussion and proofs on the robustness and optimality of
multilevel preconditioners for reaction-diffusion type problems. This topic is strongly motivated
by the previous two chapters.

e In Chapter [6] we present a functional a posteriori error analysis for parabolic time-periodic
boundary value problems and the corresponding optimal control problems.

e Chapter [7] presents numerical experiments using the linear AMLI method which we have con-
structed and analyzed in Chapter [5]| as well as numerical results on solving the boundary value
and optimal control problems of Chapters [3 and [4] by various AMLI preconditioned MINRES
solvers.

e In Chapter [8] we draw some conlusions and give an outlook on some future work in connection
with the multiharmonic finite element approach.

Parts of this thesis have already been published by the author (and co-authors) in peer-reviewed
international journals or proceedings of international conferences:

e Parts of Chapter [3]and Chapter [4 have been addressed in

[89] M. Kollmann, M. Kolmbauer, U. Langer, M. Wolfmayr, and W. Zulehner. A finite element
solver for a multiharmonic parabolic optimal control problem. Comput. Math. Appl., 65(3):469-
486, 2013.

[I11] U. Langer and M. Wolfmayr. Multiharmonic finite element solvers for time-periodic
parabolic optimal control problems. Proc. Appl. Math. Mech. (PAMM), 12(1):687-688, 2012.

[I12] U. Langer and M. Wolfmayr. Multiharmonic finite element analysis of a time-periodic
parabolic optimal control problem. J. Numer. Math., 21(4):265-300, 2013.



e Parts of Chapter [5| have been addressed in

[103] J. Kraus and M. Wolfmayr. On the robustness and optimality of algebraic multilevel
methods for reaction-diffusion type problems. Comput. Vis. Sci., 2014. (to appear).

e Parts of Chapter [7] have been presented in [89, 103} 112].
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Chapter 2

Preliminaries

The purpose of this chapter is to provide definitions as well as fundamental results which are essential
for the further investigations presented in this thesis. More precisely, our preliminary results adress the
following fields of research: function spaces, Fourier series, variational problems, the finite element
method, parabolic partial differential equations and optimal control problems. Furthermore, we
present a strategy for constructing robust preconditioners for the minimal residual method in order
to solve linear saddle point systems. Finally, we also provide some basic results on the algebraic
multilevel iteration method for solving symmetric and positive definite systems of algebraic equations.
In this work, it will be step by step obvious that all these very different parts in mathematics are
important for the multiharmonic finite element analysis of time-periodic parabolic simulation and
optimal control problems.

2.1 Function spaces

In this section, we present definitions and basic results on Sobolev spaces and Bochner spaces which
are used for the treatment of parabolic partial differential equations and optimal control problems.
For more details, we mainly refer the reader to the books by Adams and Fournier [3], Evans [57],
Troltzsch [169], Steinbach [162] and Zeidler [I81) [182].

Banach and Hilbert spaces

Let Q ¢ R? be a bounded Lipschitz domain, where d € {1,2,3}, and let Q be the closure of Q.
We denote by a Banach space {X,]| - ||x} a vector space X equipped with a norm | - ||x such that
the space X is complete with respect to this norm, i.e., every Cauchy sequence in X converges. An
example for a classical Banach space is C(Q2), the space of all bounded and uniformly continuous
functions u € C(2) on 2, equipped with the norm

lulloq, = sup [u(@)].
xe

If the norm || - || x is induced by an inner product (-,-)x : X x X — R, i.e.,
lullx = (ww)¥*  VueX,

then {X, (-,-)x} is called a Hilbert space. The dual X* of a vector space X over the set of real
numbers R is defined as the set of all bounded, linear functionals f mapping from X to R, equipped
with the norm

Iflx- = sup 4

wex\{oy llullx
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Here, we also introduce the duality product (-,-)x~ x : X* x X — R and

flu) = (f,u)x- x

We denote by LP(£2) the Banach space of all Lebesgue-measurable functions u defined on €2 for which

/p
lull zr ) = (/ lu(z)|P dm) < 00,

where 1 < p < oco. In the following, we mean by the denotation measurable always Lebesgue-
measurable. It can be shown that || - [|1r(q) is a norm on LP(Q) by varifying the triangle inequality

|u+vllLe) < llullze) + lvllze@)  Vu,v € LP(Q),

which is known as the Minkowski inequality. The other two norm axioms are trivial. For p = oo, we
define the norm

llull Lo (@) = esssup |u(x)| = inf{C > 0: |u(x)] < C a.. on Q}.
xel

We are especially interested in the space L?(€2) which is the set of all real-valued square-integrable
functions on Q. It can be shown that the space {L*(Q), (-,-)12(q)} is a Hilbert space introducing the
inner product

(u, ) 20 z/ﬂu(w)v(a:) dx

and equipping with the corresponding norm || - ||z2q) = (- )1L/22(Q) In this context, we want to
mention another important inequality, namely the Cauchy-Schwarz inequality, also called Cauchy-
Bunyakowski-Schwarz (CBS) inequality, i.e.,

[(w,0) | < lull ol Yu,ve LX), (2.1)

where, here, (-,-) = (-,)r2() and || - || = || - [ L2 (-

Strong and weak convergence

Let X be a real Banach space equipped with the norm || - ||x. A sequence {u,}>2; C X converges
strongly to some u € X, if

lim |ju, —u||x =0.
n—oo

A sequence {u, }52; C X converges weakly to some u € X, if

lim f(u,) = f(u) VfeX™

n—oo

Weak convergence in a Hilbert space {X, (-,-)x } is equivalent to

nlingo(un,v)xz(u,v)x Vo e X.
We denote by the symbols — and — strong and weak convergence, respectively. Hence, we write,
e.g., for weak convergence, u,, — u as n — oo. Strong convergence implies weak convergence. More
precisely, if a sequence {u,,}22; C X converges strongly to u € X, then it converges weakly to u as
well.
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Differentiability classes and weak derivatives

A function u is of class C* with k € N, if all derivatives of u up to the order k exist and are continuous.
We denote by C*°(2) the space of all infinitely differentiable functions, also called smooth functions,
and by C§°(Q2) the space of all smooth functions that have compact support in 2. Moreover, we call
a function w analytic, if u is smooth and if it equals its Taylor series expansion around any point in
its domain.

Let @ = (a1,...,4) € N be a multi-index and 2 be the monomial z{*...z5¢ with the degree
la] = Z?:l o;. We define the differential operator

ool g poa

e} — u =
= —U= 27 - 7ag
Oz« 0z} Oz

u

u

for all functions u € C1°1(Q). If |a| = 1 with a; = 1 for 1 < i < d, then we write

0

= u.
al‘i

Oz, u

The spaces C*(€) are Banach spaces equipped with the norm

ey = sup | D%u(x)|.
l[ull o @) oéﬁiﬁ’ék;ﬁg' u(x)]

Moreover, we denote by w = D% € L?(2) the a-th weak derivative of u € L*(Q), if
(w,v)r2(0) = (1)1 (u, D) 20y Vv € CF°(Q).

Sobolev spaces

Let 1 <p < oo and k € N. We define the Banach space WIf(Q) by
k _ ) :
W5(Q) = {u € LP(Q) : D € LP(2) with |a| < k},
which is called Sobolev space and is equipped with the norm

1/p

||U||W;(sz) = Z ||Da“||1£p(g)
la| <K

Analogously, we introduce the space W (Q) for p = oo with the norm
U = max || D%|| L= (q)-
|| HW§O(Q) \a|§}l(c H ||L (Q)
Again, we are especially interested in the case p = 2. We set
H*(Q) = W5'(9),
which is a Hilbert space by introducing the inner product

(U, v) e () = Z (D%u, D*v) 12 ().
la| <k

In this work, we are mostly concerned with the Hilbert space H'(Q) equipped with the norm

1/2
sy = (Jlullfe) + IVulay) -
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Here, the symbol V = V,, denotes the weak (spatial) gradient. Moreover, we have that

IVulls = [ V@l do= [ (0su(@))* + -+ (0s,u(a))?) da.
where we introduce the seminorm in the space H'(Q) by
[ulmio) = [[Vull L2 q)-
Altogether, we can define the Hilbert space H'(Q) as follows
H'(@) = {u € (@) : Vu € [LA@)},

where the weak gradient meets the identity
/Vu-vdw:—/udivvdw Vo e [C5(Q)]%
Q Q

Let T' = 0Q be the boundary of the domain 2. Later on, we will include homogeneous Dirichlet
boundary conditions in our partial differential equations. For that, let yru € C(T') denote the
restriction of a continuous function u € C(2) to the boundary T, i.e.,

(yru)(z) =u(x) Vxel.

The operator 4r is called (Dirichlet) trace operator, for which it can be shown the extension to a
linear and bounded operator

Ars HS(Q) — HS YD)
for 1/2 < s < 3/2. So, the notation
u=0onT
stands for
yru = 0.
Hence, we are now in the position to introduce the space H}(Q) by
H(Q)={uc H'(Q):u=0o0onT}.

The space Hg () can also be defined as the closure of the space C§°(€2) in H'(), has the same norm
as H'(Q) and is a closed subspace of this Hilbert space.
Moreover, let us define the Hilbert space H(div, ) as follows

H(div, Q) = {u € [L3(Q)]? : divu € L*(Q)},
where the weak (spatial) divergence is defined by the identity

/divuvdx:—/u-Vvd:c Yo e C5o(Q).
Q Q

For ease of notation, we will use the symbols (-, -)2(q) and | - [[z2(q) as well as the symbols (-, -) g1 ()
and || - ||g1(q) for indicating both the scalar and the vector-valued case. We denote the L2-inner
product by

n

(u7'U)L2(Q) = Z(uiuvi)Lz(Q)7
i=1

where u = (uy,...,u,)” and v = (v1,...,v,)T are vector functions. The associated norm is given by
||u||2L2(Q) = (U,U)L2(Q)~

Since we are considering time-dependent problems in this work, we need to define Sobolev spaces
which include the time domain as well.
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Sobolev spaces defined in the space-time cylinder

Let Qr := Q x (0,T) denote the space-time cylinder, where (0,T) is a given time interval, and let
Y7 =T x(0,T) be its mantle boundary. To begin with, we introduce two Sobolev spaces of functions
living on the space-time cylinder Q7 in the spirit of Ladyzhenskaya et al., which are used, e.g., in
the monograph [109] for studying initial-boundary value problems, i.e., the Sobolev spaces H°(Qr)
and H'(Qr), see also [108]. The space H"°(Qr) is defined as

H"(Qr) = {u € L*(Qr) : Vu € [L*(Qr)]"} (2.2)

equipped with the norm

T 1/2
llull 1.0y = (/0 /Q(u(a;,t)2 + |Vu(:c,t)|2) dx dt> , (2.3)

and the space H'1(Qr) as
H" Q1) = {u € L*(Qr) : Vu € [L*(Q7)]", du € L*(Qr)} (2.4)

with the corresponding norm

- 1/2
||uH1,1(QT):</0 /Q(u(a:,t)2+|Vu(:c,t)|2+|8tu(sc,t)|2) da:dt) , (2.5)

where V = V, and 0; denote the weak spatial gradient and the weak time derivative, respectively.
Analogously, we define the Sobolev space

H*Y(Qr) = {u € L*(Qr) : dyu € L*(Qr)}.

Furthermore, we can include the condition © = 0 on % by defining the Sobolev spaces
Hy°(Qr) ={ue H°(Qr):u=0o0n Y7} and Hy'(Qr)={ue H"*(Qr):u=0on Xp}.

In the context of time-periodic problems, we will also consider the time-periodicity condition u(x,0) =
u(x,T). Hence, we define the Sobolev spaces

HS&%.(QT) = {uc H"Y(Qr) : u(x,0) = u(x,T) for almost all = € Q},
Hy(Qr) ={u € H " (Qr) : u(x,0) = u(x,T) for almost all = € Q},
HY (Qr) = {ue HY' (Qrp) : u(x,0) = u(z,T) for almost all z € Q}.

0,per

S

e

Bochner spaces

The concept of LP-spaces can be generalized to functions which have values in a Banach space. Let
{X,|| - ||x} be a Banach space. We denote by the Bochner space LP(a,b;X), 1 < p < oo, the
linear space of all equivalence classes of Lebesgue-measurable functions u : (a,b) — X such that the
corresponding norm is finite, i.e.,

b 1/p
lull o (a,p:x) = </ lu(t)]% dt) < oo0.

The space LP(a, b; X) is a Banach space with respect to this norm. Analogously, we define the Bochner
space for p = oo equipped with the norm

llull Lo (a,p;x) = ess sup [|u(t)||x < oo.
t€(a,b)
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Furthermore, we define the space C([a,b]; X) consisting of all functions u : [a,b] — X which are
continuous at every t € [a, b]. The space C([a,b]; X) is equipped with the norm

U a.bl:X) = max ||[u(t .
llulle(fa,1;3) Jnax, [Ju(t) ]l x
We can extend the concept of a Bochner space by defining a more general space, i.e.,
Y(a,b; X) ={u: (a,b) = X : Hu||y(a7b;x) < oo},

where {Y,| - ||y} and {X, | - | x} are Banach spaces.

For the treatment of parabolic problems, we are interested in the Bochner spaces LP(a,b; X) with
(a,b) = (0,T) being the time interval, p = 2 and either X = H*(Q) or X = H{ () depending on the
boundary conditions. For example, the space L?(0,T; H(f2)) is defined as

L*0,T; H'(Q)) = {u: (0,T) = H'(Q) : lull 20, 1: 11 (02)) < 00},

T
llull 20, 1:11 () = </0 Hu(t)||§p(m dt)
T 1/2
= (/ / (u(z,t)* + |Vu(z, 1)) dx dt) ,
0 Jo

O € L*(0,T; H'(Q)*)

where

1/2

Moreover, we denote by

the generalized weak derivative of u € L?(0,T; H'(Q)), if there holds

T T
/ w(t) Drp(t) dt = — / ou(t) p(t)dt Y € C2(0,T).
0 0

Analogously, we denote by d;u € L?(0,T; H='(9)) the generalized weak derivative of the function
u € L?(0,T; H} (). Here, we can define the duality product (-,-)x+« x : X* x X — R by using the
definition of the generalized weak derivative, i.e.,

T T
/ (Bru(t), () x- x dt = / Byu(t) o(t) dt,
0 0

where dyu € L?(0,T; X*), o € L*(0,T; X) and 9y € L?(0,T; X*), for which the integration by parts
formula

/O (Ou(t), (1)) x+ x dt = (Y(T), o(T)) L2(0) = (4(0), 9(0)) L2 (0 —/0 (Orp(t), ult)) x+ x dt

holds. The space W (0,T) denotes the linear space of all u € L?(0,T; X) having a generalized weak
derivative d;u € L?(0,T; X*) and equipped with the norm

1/2

lullw o) = (/0 (lu@®)l% + oeu®)]%-) dt)

In a nutshell, it can be defined as

W(0,T) = {uc L*(0,T; X) : Oyu € L*(0,T; X*)},
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which is a Hilbert space equipped with the inner product

T T
(u, v)w(0,1) :/0 (u(t),v(t))x dt+/0 (Oru, Oyv) x = dt.

Note that the space W (0,T) is continuously embedded in C([0,T7]; L*(Q)), see, e.g., [177, [181]. The
chain of dense and continuous embeddings

HY(Q) C L*(Q) c H'(Q)*
as well as

Hi(Q) c L*(Q) c HY(Q)
is called a Gelfand triple or evolution triple, in general, denoted by

VCcCH=H"CV¥*

where V' is a real, separable and reflexive Banach space and H a real and separable Hilbert space,
see, e.g., [TT1].
Relationship between the function spaces

Comparing the norms corresponding to the Sobolev spaces defined in the space-time cylinder and to
the Bochner spaces suggests the following relationships between these spaces:

L*(Qr)

1%

L*(0,T; L* (),
HY(Qr) = L*0,T; H'())
Hy*(Qr) = L*(0,T; Hy (2))
where the symbol 2 denotes the equivalence of the corresponding norms. In fact, one can show

that the two spaces are isometric and isomorphic, see [T9]. Let us define the space H'(0,T; L%(Q))
consisting of all functions w : (0,T) — L?(Q) for which |[u]|g1(0,7;12(0)) < 00, where

Il

(
(

b
)

1

. 1/2
llull 10,722 (02)) = </o [ull72 0 + 10cull72 0 dt) :

The treatment of the norms corresponding to the spaces H>'(Qr), Hy'' (Q7) and W (0,T) provides
that

H“N(Qr) 22 L*(0,T; H'(Q)) N H' (0, T; L*()),
Hy'' (Qr) = L*(0,T; Hy () N HY(0,T; L*(Q)),

and the space W (0,T) with X = H'(Q) or X = H}(Q) is a larger space than H'(Qr) or Hy'' (Q7),
respectively.

Finally, we introduce the function spaces H*(Qr) and H,°(Qr) in order to study parabolic initial-
boundary value problems following again Ladyzhenskaya [I08] and Ladyzhenskaya et al. [I09]. The
spaces H'0(Qrp) and H)(Qr) are defined as

H"(Qr) = HY(Qr) n C([0,T]; L*(%)) (2.6)
and

Hy"(Qr) = Hy"(Qr) N C([0,T]; L*(9)), (2.7)
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respectively, equipped with the norm

- 1/2
||U||g1,0(QT) = max ||u(t)||L2(Q) + </0 /Q|Vu(ac,t)|2 dx dt) . (2.8)

te[0,T]

Here, the elements of H*(Qr) and Hy"(Qr) have to be identified with abstract functions belonging
to L?(0,T; H (Qr)) and L?(0,T; H} (Qr)), respectively.

2.2 Fourier series

The aim of this section is to give an overview on Fourier series and on some convergence results for
Fourier series. For more details, we refer the reader to [85] and the references therein.

2.2.1 Fourier series expansion

Let f: R — R be a periodic function, i.e., f(0) = f(T) with period T and with frequency w = 27 /T.
The Fourier series expansion of f is denoted by

f) = fo+ Z [f cos(kwt) + fi. sin(kwt)],

k=1

where the Fourier coefficients of f are defined by
1 /T
$ == t)dt
fi=z | ro
9 (T
fe= —/ f(t) cos(kwt) dt,
T Jo

T
i = % /0 f(t) sin(kwt) dt,

for k£ € N, which are referred as the modes. The Fourier series of a function f is a trigonometric
series. The multiharmonic approzimation of this Fourier series is a trigonometric polynomial, written
as

N

f(t) = 5+ [fi cos(kwt) + f; sin(kwt)] .

k=1

The following orthogonalities are valid:

1 T
= / cos(0) cos(0) dt = 1,
0

T
9 (T
f/ cos(kwt) sin(lwt) dt = 0,
0
o T (2.9)
= cos(kwt) cos(lwt) dt =
T Jo

9 T
= / sin(kwt) sin(lwt) dt = oy,
T Jo

where k,l € N and Jy; is the Kronecker delta. Due to the representation

ezkwt + e—zkwt ezkwt _ e—zkwt

cos(kwt) = 5 , sin(kwt) = 5 ,
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we derive a complex form for the Fourier series of f, i.e.,

o ElR () e (S5
ffwz Gt e
Z fre™,

k=—o0

where fy = f§ and, for k € N, f;, = f?’: + % and f_j = %’5 — ];—’; Now, the orthogonalities read as

1 4 ikwt _ilwt 1 k+1l= 07
TA A= k4140,

since e = cos(t) +1 sin(t). Moreover, we can rewrite the complex representation of the Fourier series
of f as

Z fre™t = Z feler = 3" 2k = f(2)

k=—o00 k=—o0 k=—o00

with z = e®?.

2.2.2 Convergence of Fourier series

In the treatment of Fourier series, the question of convergence arises very early. We start with three
rather standard types of convergence results for Fourier series. More precisely, we consider pointwise
and uniform convergence as well as norm convergence. This subsection only overviews the standard
results. Proofs and more details as well as other references can be found in [85].

Pointwise and uniform convergence
Let f € L'(0,T) and to € [0,7]. Assume that the limit

Tim [f(to + h) + f(to = h)]

exists, then fn converges pointwise to the one-sided limits at tg, i.e.,

(i) > 5 Jim [t + h) + f(to — )]

If f is continuous in ¢y, then fn(tg) converges to f(tp). Moreover, if f is continuous in every point
of the closed interval [0,77], then fy converges uniformly to f on [0,T], i.e

lim sup |f(t)— fn(t)] =

N—=001e(0,1)

Otherwise, if fiy converges pointwise to f in [0,7] and is uniformly bounded, i.e., there exists a
constant K such that |fy(¢)| < K for all ¢ and for all N, then fy converges to f in the L!'-norm.
Moreover, uniform convergence is a sufficient condition for interchanging integrals and limits.
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Norm convergence

The Riesz-Fischer theorem states that a Lebesgue-measurable function f on (0, T) is square integrable
if and only if its corresponding Fourier series converges in L2. Hence, if f € L?(0,T), then

Aim If = fnllzzo1) = 0.

The norm convergence (strong convergence) still holds in LP-spaces with 1 < p < oo, ie., if f €
L?(0,T), then fy converges to f in the LP-norm.

2.2.3 Fourier series expansions in the space-time cylinder

Let f € L?(Qr) be a time-periodic function. Then f can be expanded into a Fourier series in time,
which is denoted by

flzx,t) )+ D [fi (@) cos(kwt) + £ (x) sin(kuwt)], (2.10)
k=1

where the Fourier coefficients f{(x), fi(z), with k € N, and f§(x) are all from the space L*(2) and

are defined as
/ f(z,t)d

fi(x) = T ; f(tc t) cos(kwt) dt, (2.11)

filz / f(x,t) sin(kwt) dt.

The multiharmonic approximation fy(x,t) of f(ax,t) is defined in the same way as for a function
f R — R. Moreover, all orthogonalities as well as the known convergence results are also valid
for space-time dependent functions, which can be expanded into Fourier series in time. According to
the Riesz-Fischer theorem functions f € L?(Qr) converge strongly in the corresponding L2-norm.

Remark 2.1. The L?-norm of functions f € L*(Qr) is defined in the Fourier space by

o0

T
C T C S
fsan = [ [ Hatydwde =T S5l + 5 Mo + 1)
k=1

due to the orthogonalities (@ of the cosine and sine functions and because integrals and sums can
be interchanged.

Theorem 2. 2 Let f € H (QT) Then the Fourier series representation of f converges
strongly in Ho %Qr).

Proof. Let us take an arbitrary test function ¢(z) € [C§°(Q2)]¢. Strong convergence in L?(Q7) yields
weak convergence in L?(Qr). Hence, the limit

_/OT/QfN(a:,t) div () dx dt — —/()T/Qf(m,t)divgo(;c)dmdt (2.12)

exists, where

T T N
_ /0 [ (et divep(e) dudt = - / /Q (Z[f,g(as)cos(kth f,j(w)sin(kwt)]) div (@) da dt

k=0

/ / ( x) div () cos(kwt) + fi(x) divgo(a;)sin(kwt)}) dx dt.
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Integration by parts with respect to the spatial variable x leads to
/ / < x) div () cos(kwt) + f; (x) div () sin(kwt)]) dx dt

/ / (Z Vfi(x x) cos(kwt) + V [ (x) - p(x) sin(kwt)]) dx dt

N
/(/( V£ (@ wﬂm®+Vﬁ()ammw0-ﬂwaﬁ
Since the limit exists, we define the weak limit
Vinv = Vf in[L*(Q)]¢ for N — oco. (2.13)

Moreover, since Vf = Vo f € [L2(Qr)]? (as f € Hy(Qr)), V.f can be expanded into a Fourier series
in time and its Fourier coefficients are given by

T
Vfs(x) = %/0 Vi(x,t)dt
Vfi(x / Vf(x,t) cos(kwt) dt,
Vii(x / V f(x,t)sin(kwt) dt,

which are all from the space [L?(2)]%. Hence, the limit (2.13) is also strong and can be defined as

N

Vi(x,t) = A}gnoo Z[Vf,ﬁ(w) cos(kwt) + V fi (x) sin(kwt)],
k=0

i.e., the gradient of the Fourier series expansion of a function is equal to the Fourier series expansion
of the gradient of the function. O

Theorem 2. 3 Let f € H (QT) Then the Fourier series representation of f converges
strongly in Hy' (Qr).

Proof. Due to Theorem it remains to show that d;f converges strongly in L?(0,7). Let us take
an arbitrary test function ¢(t) from C§°(0,7T). The convergence in L*(Qr) leads to

_AAZM%MW@ﬁM%—AAZWﬁ&WMM@ (2.14)

where

/ﬂ/ fn(z,t) Opp(t) dt de = — // ( x) cos(kwt) + fi(x )sin(kwt)o dyp(t) dt da

/ / < x) cos(kwt) Orp(t) + fr(x) sin(kwt) atgo(t)]> dtdzx.
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Then integration by parts with respect to the time variable ¢ yields
/ / ( x) cos(kwt) Orp(t) + fi(x) sin(kwt) atgo(t)]> dt dx
Q
= / / (Z[—kw fi (@) sin(kwt)p(t) + kw fi (x) cos(kwt)go(t)]) dtdx
eJo \I

T N
= / / (Z kw [— fi(x) sin(kwt) + f;(x) cos(k‘wt)]) p(t)dtde
Q70 \k=1
and since the limit exists, we define the weak limit
Oifn(z,t) — Oy f(z,t) in L*(0,T) for N — oo. (2.15)

Moreover, since 9, f € L2(Qr) (as f € Hy' (Qr)), d:f can be expanded into a Fourier series in time.
Due to integration by parts with respect to ¢, the Fourier coefficients of 9, f are given by

(OLf)ji(x / O f (x,t) cos(kwt) dt = ——/ f(x,t)(—kwsin(kwt)) dt
= kw — / f(x, t)sin(kwt) dt = kw fi (x),
(0:f)i(x / O f (x, t) sin(kwt) dt = ——/ f(x, t) (kw cos(kwt)) dt

= —kw f/o f(x,t) cos(kwt) dt = —kw fi(x).

Hence, the limit (2.15) is also strong and can be defined as

Ouf(x,t) := lim ka [ f5 (z) sin(kwt) + fi (x) cos(kwt)].

N—o00

2.3 Variational problems

In this section, we provide some of the basic results on variational problems in Hilbert spaces. We
start with the Friedrichs and the Poincaré inequalities and then present some fundamental results as
the well-known Lax-Milgram theorem and the Babuska-Aziz theorem.

Theorem 2.4 (Poincaré inequality). Let Q@ C R? be a bounded Lipschitz domain with d € {1,2,3}.
Then, there exists a constant Cp > 0 depending only on 2 such that for all u € H*(Q) we have that

lu —uallr2) < Cp lulgi(q), (2.16)

i)
ug = — u(x) dxe
°= oy J, ")

is the mean value of u over Q and with || being the Lebesgue measure of the domain €.

where

Proof. See, e.g., [42] 142 [168]. O
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If the mean value of u is zero, i.e., [, u(x)dx =0, then (2.16) reads as
[ullz2) < Cplulm(9)-
A closely related result to the Poincaré inequality is the Friedrichs inequality.

Theorem 2.5 (Friedrichs inequality). Let Q C R? be a bounded Lipschitz domain with d € {1,2,3}.
Then, there exists a constant Cr > 0 depending only on Q0 such that for all u € H}(Q) we have that

||'LLHL2(Q) <Cp |U|H1(Q) =Cp ||V’LL||L2(Q). (2.17)
Proof. See, e.g., [42, [168]. O

The Friedrichs inequality is often used in order to prove that the H!-seminorm can be estimated from
below by the H'-norm. Due to

Hu”%{l(sz) = HU”%%Q) + ||vu||2L2(Q) <(CE+1) ||VU||%2(Q)a

it follows that
1
ulFrq) = IVullZz@) = w5 lullng)-
(V) () C%—i—l (D)

Remark 2.6. The proofs of Theorems[2.]] and [2.5 do not tell anything about the dependence of the
constants Cg and Cp on the shape of Q). Only for certain classes of simple domains, explicit constants
can be computed. For example, explicit Poincaré constants for star-shaped domains are presented in
[42, [T7]]. Moreover, we can explicitly compute a very simple estimate of the Poincaré constant for
convexr domains, i.e.,

diam )

CP S T )

where diamQ denotes the diameter of Q, see [29,[139]. For further information regarding the Poincaré
and Friedrichs inequalities, we refer the reader to the books, e.g., [42, [142, [168] and to the papers,
e.g., [2,[128, [173].

Now, we want to present the fundamental existence and uniqueness results of Lax and Milgram as
well as of Babuska and Aziz for variational problems. Let {V,(-,-)y} be a Hilbert space with the
associated norm

- lv = (02,

and let a(-,-) : V x V — R be a bilinear form and F' : V' — R be a linear form. Let us consider the
following abstract variational problem: Find u € V such that

a(u,v) = (F,v) YveV. (2.18)

We can rewrite the variational problem (2.18) as an operator equation by introducing the operator
A:V > V* uw al(u,-), ie.,

(Au, v)y= v = alu,v) Vu,veV.
Then the operator equation reads as follows: Find u € V such that
Au=F in V*. (2.19)

The following theorem by Lax and Milgram [IT4] states which conditions on the bilinear form af(,-)
have to be satisfied in order to guarantee the existence and uniqueness of the solution to the variational

problem ([2.18]).



22 CHAPTER 2. PRELIMINARIES

Theorem 2.7 (Lax-Milgram). Let V be a Hilbert space and let the bilinear form a(-,-) : V. xV = R
be elliptic (coercive) and bounded (continuous), i.e.,

cllull? < a(u,u) YueV,
la(u, v)] < dlullvllvlly  YVu,vel,

with constants c,¢ > 0. Then, for all bounded linear functionals F' € V*, the variational problem
has a unique solution u € V', which fulfills the a priori estimate

1 1

“IFllve < llullv < = [1F[lv-.

¢ c

Proof. The statement of the theorem follows directly from the linearity, ellipticity and boundedness
of the bilinear form as well as by the definition of the dual norm. For more details, we refer the reader
to the original paper by Lax and Milgram [I14], see also [42] [I86] and the references therein. O

We present now an extension of the Lax-Milgram theorem, i.e., the theorem of Babuska and Aziz
or also known as the Babugka-Lax-Milgram (or generalized Lax-Milgram) theorem, which is due to
Babuska, see [I8], 19 20]. This generalized version of the Lax-Milgram theorem can also be applied
to the variational problem , if the solution u is not from the same space as the test functions
v,1e.,u €U and v € V with U # V| and if the bilinear form is not elliptic (coercive), but fulfills the
weaker conditions

inf  sup M >c¢>0,
0Auel gzpev |[v]|v||ullo
inf alw,v) oy,

su TTEETIATEE
0£veV ozueu [ullullvllv

which are called inf-sup conditions or weakly coercive. Bounded bilinear forms fulfilling the inf-sup
conditions are already mentioned in Necas [I32], but their use for variational boundary value problems
was presented by Babuska [I8] 9] and Babuska-Aziz [20], see [I34]. Note that it is obvious that the
Babusgka-Aziz theorem is valid for U = V as well and that the Babuska-Aziz theorem with U =V is
not equivalent to the Lax-Milgram theorem, cf. Remark[2.9] We now state the Babuska-Aziz theorem
for U £V, see, e.g., |20, 134, [T49).

Theorem 2.8 (Babuska-Aziz). Let {U, || ||y} and {V,]|-||v} be Hilbert spaces and let F : V — R be
a bounded linear form, i.e., F € V*. Assume that there exist constants c,¢ > 0 such that the bilinear
form a(-,-) : U xV = R fulfills the inf-sup and sup-sup conditions

cllully < sup alu, v)
ozvev vl

colly < sup 20
o2, Tall

< ellully Yuel, (2.20)

<ellly VveV (2.21)

Then, for any F € V*, the variational problem
a(u,v) = (F,v) YveV,

has a unique solution u € U, which fulfills the a priori estimate

1 1
—[[Fllv- < lullv < =[[F|v-.
¢ ¢

Proof. See, e.g., [20, 134]. O
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Remark 2.9. The inf-sup condition of yields the definition of the inf-sup constant as follows
- ja(u,v)

Cinf-sup = Sup o ol
Jroup 0#uel ozvev |ullulv]lv

In case of U =V and a(u,v) = a(v,u) for all u,v € V, the inf-sup and sup-sup conditions
and n Theorem simplify to one inf-sup and sup-sup condition, i.e.,

dully < sup 2
0£veV ||U||V

<qully  VueV, (2.22)

and the inf-sup constant is given by

. ja(u, v)

c sup ——————
0#ueV g2yeV ||UHV||'UHV

inf-sup —

Moreover, the relation between the ellipticity constant of the Laz-Milgram theorem, which we denote
by ¢, s and the inf-sup constant C. .., 15 given by ¢, , < Cingeup and can be proven by

|a(u,v)| |a(u,v)|
c, llully < ——"—= < —_ YO#£u€eV,
el S o™ = 22, el Fuen
which implies
¢,y < inf  sup oz, v) Cing-sup-

0#£ueV ozev ullvvlv

Hence, the bilinear form of a variational problem does not necessarily have to be elliptic (strongly
coercive), but has to satisfy the inf-sup condition (weakly coercive) in order to guarantee existence
and uniqueness.

2.4 The finite element method

In this section, we consider the finite element method (FEM), which is a numerical procedure for
finding approximate solutions of boundary value problems. The finite element method goes back to
the paper by Courant [51], where, again, the introduced method is based on the methods by Ritz [155]
and Galerkin [62], see also [64]. For more details, we refer the reader to, e.g., [40] [42] [46] 162} 68| or
the German books [41], 84} 161, [186].

Let 2 C R? be again a bounded Lipschitz domain with d € {1,2,3}. Moreover, we assume that Q is a
polygonal or polyhedral domain. Such a domain can be subdivided into finitely many non-overlapping
elements 7. Domains with a curved boundary are, e.g., discussed in [46] [97] [184] [I85].

Definition 2.10. We denote by T, = {7} a mesh or triangulation of the domain Q C R? into finitely
many d-dimensional elements 7. Such a triangulation is called admissible if

0= U? and TNt =0 V7 #7; withi# j and 73,75 € Tp.

Moreover, we denote by Tp(Q)) the family of finer and finer triangulations of Q, cf. [46].

For d =1, d = 2 and d = 3, the finite elements 7 are, e.g., line segments, triangles and tetrahedra,
respectively. Hence, for any two elements of an admissible triangulation, the intersection is either
empty, an element vertex, edge or, for d = 3, a face. Let us denote by

h, :=diam T
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the diameter of a finite element 7 € T;, and by

h := max h,
TETH

the mesh size of T;,. Moreover, p, denotes the diameter of the largest ball contained in 7.

Definition 2.11. We call a triangulation Ty shape-regular if there exists a constant C > 0, which is
independent of h, such that

h, <Cp; V1 eT.

Definition 2.12. We call a triangulation T, quasi-uniform if there exists a constant C' > 0, which
is independent of h, such that

hr >Ch V71 eT.

Remark 2.13. From the definition of shape-regular and quasi-uniform follows that a quasi-uniform
triangulation is also shape-reqular but not vice versa.

Let us consider the abstract variational problem (2.18)). We want to discretize this problem by the
so-called Ritz-Galerkin finite element method. Following this method, let V}, be a finite dimensional
subspace of V. We construct the space V}, by choosing appropriate basis functions ¢;, i.e.,

Vi, = span{p1,...,¢on},

where n = dim V3. The finite element approximation of v and its nodal parameter vector u are given
by

n
up = Zui w; €V and u = (“z)zzln € R"™,
i=1
respectively, and they are related via the so-called Ritz isomorphism, a one-to-one mapping between

them. We arrive at the following discrete variational problem: Find the approximate solution u, € Vj,
such that

a(up,vp) = (F,vp) Yoy € Vp. (2.23)

Testing with the basis functions ¢; yields a system of linear equations which is equivalent to the
discrete variational problem, i.e.,

Au=f, (2.24)
where

A= (a(¢i7¢j))z‘,j=1,...,n and  f=((F,0i))i=1 .-

In order to prove existence and uniqueness of the square system and, hence, of the discrete
problem (2.23)), only uniqueness has to be guaranteed since the problem is finite dimensional. For
that, it has to be shown that it does not exist a nonzero u such that Au = 0, or, in other words, the
kernel of A contains only the zero vector 0.

In the following, we are interested in the discrete spaces

Vi={veC(Q): v, €Py(r) V7 €eTh},

i.e., the spaces of continuous, piecewise polynomial functions, where P,(7) is the space of polynomials
up to the order p on the element 7. In particular, we will consider the space of continuous, piecewise
linear functions, where p =1,

Vi =V} ={veC@Q):v, ePi(r) V7eThm},
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which is a finite dimensional subspace of the Hilbert space H'(2). Moreover, we can include the
homogeneous Dirichlet boundary conditions by defining the discrete space

Vh,O = {U S Co(ﬁ) SRS Pl(T) V1 e 771}7
which can be also defined as
Vh,O =ViN H&(Q)

The following result states that the discretization error can be estimated by the best approximation
error. More precisely, the approximation u, € V;, C V to the exact solution v € V' is only worse up
to a constant, i.e., it is quasi-optimal, see [I8].

Lemma 2.14 (Céa-type estimate). Let u € V' be the solution of the variational problem and
let up, € Vi, C V' be the solution of , where the symmetric bilinear form a(-,-) : V. xV — R
fulfills the inf-sup and sup-sup condition . Moreover, we assume that there exists a constant
¢, > 0 such that the so-called discrete inf-sup condition

a\up, Up,
cyllunllv < sup alun, vn)

Yup € Vy (2~25)
0#vp EV), ||’Uh||v

is fulfilled. Then the following discretization error estimate holds:
c
— <1+ —) inf — . 2.26
=l < (142 it fu ol (2.26)

Proof. Since V;, C V, we have that
a(u,vp) = (F,vp) and a(up,vp) = (F,vp) Yop, € Vi
Subtracting yields the Galerkin orthogonality
a(u — up,vp) =0 Vo € V. (2.27)

By inserting an arbitrary v, € V, and using triangle inequality, the discrete inf-sup condition ([2.25)),
the sup-sup condition in (2.22) as well as the Galerkin orthogonality (2.27)), we obtain the following
estimate:

1 a(up — vn, Up
= wnlly < llu—vnlly + Jun —vnlly < Ju—vally + ~ sup 202 —Vn:n)

Caq 0£op €V, |On v
1 a(up, — u,® 1 alt—vr. ©
< |lu —vnllv + — sup (h~7’h)+7 sup M
a 0701 EVa [[on]lv Ca 0#£Dp €V, llon|lv

=0

z z
<lu—=wnllv + —[lu—=wvnlly = ( 14+ — | [[u = vallv,
c c,

=d

which finally provides the discretization error estimate ([2.26)). O

Remark 2.15. If the bilinear form a(-,-) : V. x V — R satisfies the ellipticity and boundedness
assumptions of the Lax-Milgram theorem with constants ¢ and ¢, see Theorem [2.7], one can prove
another discretization error estimate, i.e.,

inf |lu—wvnl,

u—u <
| rllv < inf

o 1ol
<

which is usually called the Céa lemma or the Céa theorem, see, e.g., [42].
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2.5 Parabolic partial differential equations

This section presents some basic results on parabolic partial differential equations, which can be found,
e.g., in [I08| 109, 177, 18T, [182] 188|, and is a starting point for further investigations presented in
this work. We start with some variational formulations of a parabolic initial-boundary value problem
including existence and uniqueness results, and then, present a corresponding parabolic time-periodic
boundary value problem (BVP), which will particularly be discussed in Chapter

2.5.1 Parabolic initial-boundary value problems

Let Q7 := 2 x (0,T) denote again the space-time cylinder and X7 := T x (0,T) its mantle boundary,
where Q € R?, d = {1,2,3}, is again a bounded Lipschitz domain, and let 7 > 0 be a fixed final
time. We consider the parabolic initial-boundary value problem

o(x) dpu(zx, t) — div (v(x) Vu(z,t)) = f(x,t) (x,t) € Qr,
u(x,t) =0 (z,t) € p, (2.28)
u(x,0) = up(x) xz €,

where f(x,t) and ug(x) are some given data. Moreover, let us assume that
0<og<o(z)<g, O<v<v(x) <7, for ¢ € Q. (2.29)

Remark 2.16. In practical applications, as, e.g., in computational electromagnetics, o corresponds
to the (electric) conductivity and v to the reluctivity, where v = 1/u with p being the (magnetic)
permeability. Usually, the coefficients o and v are piecewise constant due to different materials of
which electrical devices are made. A practical example is

ﬁ:ﬁcL—Jﬁna Qcmﬂnc:Q)a
where Q is a domain consisting of a conducting region Q. with ¢ > 0 and a non-conducting region
Qe with o =0, i.e., problem is parabolic in Q. and elliptic in Q,. with appropriate interface

conditions on Qe N L.

For the time being, let us consider the case o(x) = v(x) = 1. Then, problem (2.28) reads as follows

Ou(x,t) — Au(x, t) = f(x,t) (z,t) € Qr,
u(z,t) =0 (x,t) € I, (2.30)
u(z,0) = up(x) z € Q.

In this subsection, we now present well-known existence and uniqueness results for this parabolic
initial-boundary value problem, see, e.g., [I69] 18] [I82]. We start with a first appropriate variational
formulation and a corresponding existence and uniqueness statement due to Ladyzhenskaya et al.,
see [109], see also [I08]. Let
feL?(Qr) = L%0,T;L*(Q)) and wg € L*(Q).
We multiply the first equation of problem (2.30)) by a test function
veCyl(Qr)={veCQr):v=0on X}

and integrate over the space-time cylinder Q7. So far, we argue formally according to [169], assuming
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that u is a classical solution. Then, integration by parts yields
T
/ / (Opu(zx, t) vz, t) — Au(x, t)v(z, b)) dedt
0o Jo
T
:/ (u(a, T) v(@, T) — u(z,0) v(w, 0)) dz — / / (@, t) Oyo(a, t) da dt
Q 0o Ja
/ /Vu (z,t) - Vou(z,t) de dt

//fa:t (z,t) dx dt

for all v € C )y 1(QT) Now, we can insert the initial data and require that the test functions vanish
for the time ¢ = T as well. Altogether, it is enough to choose test functlons v € Hé 1(QT) with
v(-,T) = 0. We arrive at the following variational formulation: Find u € H0 (Qr) such that

/ / u(x,t) Ow(x,t) + Vu(z,t) - Vo(e,t)) dedt

:/O /Qf(:n,t)v(:c,t)dxdt+/QU0($>U($vO)dx

for all v € Hy"' (Qr) with v(z,T) = 0 for almost all 2 € Q.
The following theorem provides existence and uniqueness for the variational problem (2.31]) and was
proven by Ladyzhenskaya et al. [I09], see also [T08], [169].

Theorem 2.17. Let Q C RY, d € {1,2,3}, be a bounded Lipschitz domain, and let Qp :=  x (0,T)
be the space-time cylinder with T > 0 fized. Under the assumptions that f € L? (QT) and ug € L*(12),
the parabolic initial-boundary value problem has a unique solution u € H (QT) that belongs
to Hy*(Qr) and the stability estimate

(2.31)

e, u(-, )22 @) + llullzrory < C (12 + lluollz2 o)

holds with a constant C' > 0, which is independent of f and ug.
Proof. See, e.g., [109]. O

From Theorem follows that the linear mapping (f,ug) — w is a continuous operator from
L2(Qr)x L3(2) into Hy*(Qr) = Hy*(Qr)NC([0, T); L*(Q)) and hence, into Hy*(Qr) and H*(Q7).
This result ensures that the solution u is from the Bochner space C([0, T]; L%(Q)), i.e., u is a continuous
mapping from [0, T| into L?(12), see [169)].

Remark 2.18. As it is mentioned in the book by Tréltzsch [169], the variational formulation
is only conditionally suitable for the study of optimal control problems since the requirements of the
solution u and of the test function v are not equal. This is a problem in the case of optimal control
problems, since the adjoint state is inserted in the place of v. So, one needs a different approach.

Let X = H}(Q). In the following, we will present a second variational formulation for the parabolic
inital-boundary value problem (12.30)), which is set in the space

W(0,T) = {u € L*(0,T; X) : dyu € L*(0,T; X*)},

as defined in Section see also [I77, I8T]. Moreover, weak solutions u from Hé’O(QT) to the
parabolic inital-boundary value problem (2.30]) also belong to W(0,T) as it is shown in [I69]. Note
that there exists a functional F' € L?(0,T; X*) such that

(F(t),v>x*,x:/Qf(:c,t)v(m)dm Yo e X,
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see [169] [182]. By the definition of the generalized weak time derivative together with the variational
formulation (2.31)), we arrive at the following variational problem: Find v € W(0,T) such that

T T T
/0 <3tu(t),v(t)>x*,xdt+/0 /QVu(a:,t)~Vv(x,t)dmdt:/o /Qf(:c,t)v(a:,t)d:cdt (2.32)

for all v € L?(0,T; X) and u(0) = uo.

Theorem 2.19. Let Q C R?, d € {1,2,3}, be a bounded Lipschitz domain, and let Qr := Q x (0,T)
be the space-time cylinder with T > 0 fized. Under the assumptions that f € L*(Qr) and ug € L*(%),
the parabolic initial-boundary value problem has a unique solution uw € W(0,T') which satisfies
the stability estimate

lullwo,r) < C (Ifllz2@r) + luollr2(2))
with a constant C > 0, which is independent of f and wuyg.
Proof. See [169]. O
Theorem concludes that the mapping (f,uo) — w defines a continuous linear operator from

L?(Q7) x L*(Q) into W(0,T) and into C([0,T]; L*(Q)) as well, since W (0, T) is continuously embed-
ded in C([0, T); L2(Q)).

2.5.2 Parabolic time-periodic boundary value problems

In this subsection, we want to present the parabolic time-periodic analogon to the parabolic initial-
boundary value problem (2.28)), which will be studied more detailed in Chapter Instead of the
initial condition

u(x,0) = uo(x) x e,
we now prescribe the time-periodic condition
u(x,0) = u(z,T) x €,

and call T' > 0 the periodicity. Hence, we obtain the parabolic time-periodic problem

o(x) Opu(zx, t) — div (v(x) Vu(zx,t)) = f(x,t) (x,t) € Qr,
u(x,t) =0 (z,t) € Xp, (2.33)
u(z,0) = u(z,T) z €,

where, again, f is some given data and we suppose that the assumptions (2.29) on the coefficients o
and v hold.

Theoremm presents an existence and uniqueness result for the time-periodic problem , which
can be found in [I82]. For that, let X = H{(£2), and let us define the space

Wper (0,T) = {u € W(0,T) : u(z,0) = u(x,T) for almost all x € Q},

which includes the time-periodicity conditions. We have the following variational problem: Find
u € Wper(0,T) such that

T T T
/0 <8tu(t),v(t)>x*,xdt+/0 /QVu(m,t)~Vv(:c,t)dmdt:/o /Qf(:c,t)v(ac,t)d:cdt (2.34)

for all v € L2(0,T; X).
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Theorem 2.20. Let Q C RY, d € {1,2,3}, be a bounded Lipschitz domain, and let Qr := £ x (0,T)
be the space-time cylinder with T > 0 fived. Under the assumption that f € L*(Qr), the parabolic
time-periodic problem has a unique solution u € Wy, (0,T).

Proof. See [182]. O

Time-periodic conditions occur in many practical applications, as, e.g., in electromagnetics, where we
can assume that the source term f is time-periodic and, hence, also the solution u, see, e.g., |69, [70].
A very important tool for the treatment of time-periodic problems is the multiharmonic ansatz, where
the source term f as well as the solution u (and the test function v) are expanded into Fourier series
and are approximated by corresponding truncated Fourier series, see Chapter

2.6 Optimal control problems

The main focus of this section is to present well-known results on optimal control problems, especially,
on parabolic optimal control problems. For further information and a general analysis of optimal
control problems, we refer the reader, e.g., to [81], [[17, [169]. These general results provide a basis
for the future discussion and analysis of parabolic time-periodic optimal control problems (OCPs),
which are presented in Chapter [4]

2.6.1 General linear-quadratic optimal control problems

Let H, U, Y and Z be Hilbert spaces and let Y be continuously embedded in H. We denote by
y € Y the state variable and by v € U the control variable. Hence, Y and U are also called the state
space and the control space. To begin with, let us consider a general linear-quadratic optimal control
problem of the form

1 A
. L e AR
(y’ur;glr}XUj(y,u) 2H Yy — Yallg + 2||U||U,

subject to Ay = Bu-+g, u € Uygq,

(2.35)

where yq € H is the given desired state, g € Z is a given source term, and A > 0 is the cost or
regularization parameter. The linear continuous operator

Ey:Y—-H

is called the embedding operator, which assigns to each y € Y the same function in H. The equation
Ay = Bu+ g is called state equation and is a partial differential equation in our context, where
A:Y — Z and B : U — Z are continuous linear operators. Moreover, we assume that the set of
admissible controls U,y C U is nonempty, closed and convex. One could also impose constraints on
the state, i.e., y € Y4 C Y. However, in this work, we mainly consider the case U,q = U (and also
Yo.qa = Y), which is of course covered by the theory presented in this section. In order to derive the
corresponding reduced optimal control problem, we define the continuous linear operators

G:U—=Y, uw—y(u) and S:U—H, uw— y(u)

which are called the control-to-state operator and the solution operator, respectively. Moreover, we
set S = Ey G, and so, it follows that

Su=FEyGu = Eyy.

Under the assumption that the operator A has a bounded inverse, i.e., the state equation has a unique
solution, we obtain

Gu=A"1"(Bu+g)
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and arrive at the following reduced optimal control problem:
in f(u) = 1S u—yally + 5 ull? (236)
min f(u) = =||Su— = .
wels 2 Yl T 5 1w

where f is the so-called reduced cost functional.

Theorem 2.21. Under the assumptions made above, the optimal control problem has a unique
solution (y,u). Moreover, the corresponding reduced optimization problem admits the unique
solution u € Ugyg.

Proof. See, e.g., [81], as well as [169]. O

The following theorem provides the first-order optimality conditions of the reduced optimal control

problem ([2.36]):

Theorem 2.22. The reduced optimization problem has a unique solution u € Uyq if and only
if u solves the variational inequality

(S*(St—yq) + Aa,u—a)y >0 Vu € Ugg. (2.37)
Proof. See, e.g, [169]. O

In order to derive the first-order optimality conditions, also called the optimality system, for problem
(2.35)), we introduce the so-called adjoint state (or Lagrange multiplier) p € P = Z* and define the
Lagrange functional L:Y xU x P — R, i.e.,

L(y,u,p) =T (y,u) + (p,Ay — Bu—g)pz. (2.38)

Using this Lagrangian based approach, we are able to state the first-order optimality conditions for
problem ([2.35) in a compact form.

Theorem 2.23. The optimal control problem has an optimal solution (g,u) if and only if
there exists a Lagrange multiplier p € P for the corresponding Lagrange functional such that
the following optimality conditions hold:

‘Cp(g7ﬂ7p) = 07 (239)

Ly(y,u,p) =0, (2.40)

@ € Upg, (Lo(§,8,D),u—TWy-u >0 Vu € Ugg. (2.41)

Proof. See, e.g., [81]. O

The first-order optimality conditions of Theorem [2:22] and Theorem [2:23] are necessary and also
sufficient since the minimization functional as well as the reduced functional are convex. The condition
(2.39) corresponds to the state equation, (2.41) to the variational inequality and is referred to
as adjoint equation. The optimality system |i of problem takes the form

Ay=Bu+g,
A'p = —E5 (Evy —ya),
u € Ugdq, <>\ﬂ* B*ﬁ,u — a>U*,U >0 Vu € Uygq.

In the unconstrained case, i.e., U,q = U, the variational inequality (2.41) of the optimality system,
simplifies to the equation £, (7, @,p) = 0. Hence, the optimality system is given by

L,(y,a,p) =0,
VL(y,u,p) =0, or, Ly(y,u,p) =0, (2.42)
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2.6.2 Linear-quadratic parabolic optimal control problems

Let us consider the optimal control problem

. 1 A
min 7y w) = 5y = vall iz, + 31l 00 (243)

subject to the parabolic initial-boundary value problem

oy(z,t) — Ay(x,t) = u(x, t) (z,t) € Qr,
y(x, t) =0 (x,t) € T, (2.44)
y(x,0) = yo(x) x e,

and the control constraints
ua(x,t) <u(x,t) <up(x,t) for ae. (x,t) € Qr. (2.45)

Due to Theorem [2.19] the parabolic initial-boundary value problem (2.44) has a unique solution
y € W(0,T), i.e., there exists a linear continuous mapping (u,yo) + y from L?(Qr) x L?(f) into
W(0,T). This information leads to the following existence and uniqueness result for the parabolic

optimal control problem ([2.43)-([2.45):

Theorem 2.24. Let A > 0. Under the assumption that the parabolic initial-boundary value problem
has a unique solution in ij € W(0,T), there exists an optimal control i € L*(Qr) solving the
optimization problem —.

Proof. The existence and uniqueness statement follows immediately from applying Theorem and
Theorem [2.21] see [169]. O

We now state the optimality system corresponding to problem ([2.43)-(2.45)). Let us consider an
optimal control & € L?(Q7) with associated state § solving the state equation (2.44)). Then, the
corresponding adjoint state p is the unique weak solution of the adjoint equation

—owp(x,t) — Ap(z,t) = gz, t) — ya(z, t) (z,t) € Qr,
p(x,t) =0 (z,t) € Ep,
p(x,T)=0 x €.

Moreover, p and @ have to fulfill the variational inequality

/0 /Q (Aa(z,t) — p(x, 1)) (u(x,t) —a(z,t)) dedt >0  Vu € Uy,

where Uyqg = {u € L*(Q1) : ua(z,t) < u(zx,t) < up(x,t) for ae. (z,t) € Qr}.
In case of U,y = U, the variational inequality simplifies to the equation

u(x,t) = )\_lp(m,t) (z,t) € Qr,

and we obtain the reduced optimality system

dwy(x,t) — Ay(z,t) = X p(x, t) (z,t) € Qr,
y(x,t) =0 (z,t) € Ep,
y(z,0) = yo(x) x e,
—atp(iL‘, t) - Ap(ac,t) = y(:l:,t) - yd(wvt) ((L‘,t) € Qr,
p(x,t) =0 (x,t) € T,
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If, in addition, the state equation is not an initial-boundary value problem but a time-periodic one,
the reduced optimality system is given by

Ay(x, 1) — Ay(e,t) = X 'p(a, 1) (z,t) € Qr,
y(x,t) =0 (z,t) € X,
y(2,0) = y(x,T) ze .
—op(x,t) — Ap(x,t) = y(x,t) — ya(z, t) (z,t) € Qr,
p(x,t) =0 (z,t) € T,
p(z,0) =p(x,T) xz e

This kind of optimal control problems will particularly be discussed in Chapter [ including exis-
tence and uniqueness results, discretization and numerical methods as well as full discretization error
estimates.

2.7 Robust block-diagonal preconditioning for the MINRES
method

In the context of simulation and optimal control of parabolic time-periodic problems, there are often
arising bilinear forms with a saddle point structure which, after discretization, lead to linear saddle
point systems of the form

Au=f, (2.46)

where
.A _ A BT Rnxn 2.47
“\B —¢)° (2.47)

is a regular, symmetric, but indefinite system matrix. Here, the symmetric matrices A and C are
assumed to be positive definite and positive semidefinite, respectively. Therefore, the linear system
(2.46]) can be solved by a preconditioned minimal residual (MINRES) method which was introduced
by Paige and Saunders [I36]. This method belongs to the class of preconditioned Krylov subspace
methods, which are very efficient iterative methods for solving large scale linear systems, see, e.g.,
[I56]. A very popular Krylov subspace method is the conjugate gradient (CG) method for problems
with symmetric positive definite system matrices, see [78].

The purpose of this section is to provide the fundamental results which are needed to construct robust
preconditioned MINRES solvers for the parabolic time-periodic problems presented in Chapters [3]
and[d The construction of efficient preconditioners is subject of discussion in many papers, see, e.g.,
the survey paper [30]. In particular, we mention the so-called operator preconditioning technique
that exploits the mapping property of the underlying operator and that leads to block-diagonal
preconditioners for saddle point problems like (2.46)), see [27, 82] 124} 73] and the references therein.
By applying the preconditioned MINRES method, we aim at minimizing the preconditioned residual

m = P_l(f - Aum)
over the Krylov subspace
Ko (P~ A, 7g) := span{rg, (P~ ' A)ro,...,(P7*A)™ro}

where the symmetric positive definite (SPD) matrix P is a preconditioner for A. Hence, the approx-
imate solution of problem ([2.46) follows from solving the minimization problem

Uy, = argmin l7m |2
u€up+Km (P~1A,P~1rg)
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by constructing an orthonormal basis for the Krylov subspace using the Lanczos algorithm, where its
solution can be calculated by a three-term recurrence relation. The algorithm for the preconditioned
MINRES method is presented in Algorithm [I] where the framed steps denote the action of the
preconditioner P.

Data: A € R"*"™ regular and symmetric, P € R"*" SPD, f € R" right-hand side, ug € R™
intial guess.

Result: approximate solution of .

Set rg :=0; Set wg :=0; Set wy :=0;

Set By :=1;

Set ry := f — Awug;

’ Solve P g1 = r1;

Set 81 :=+/(q1,71);

Set n := [y;
Set sg := 51 :=0; Set cg:=c1:=1;
Set m :=1;
while not converged do
Set ¢, 1= %;

Set ap = (Agm, @m);
Set rpp1 = Agm — %rm — Bi’”l Tr—1}

’ Solve P qm11 = Tm+1;

Set Berl =/ (Qm+17rm+1);

Set Y0 ‘= Cm O, — Cm—1 Sm 6m7

Set 1 1= \/ '73 + Brzn+1;

Set Y2 1= Sm Qm + Cm—1 Cm B
Set 3 := Sm—1 Bm;

._ 0. . Bm+t1.
Set cpy1 = 711, Set Sp41 1= Pt
Set w11 = T Gm — DB wWm—1 — 2wy

71 71

Set Uy, = Um—1 + Cmt1 N Wint1;

Set 1 1= =841 7m;

Set m:=m+1;

end

Algorithm 1: Preconditioned minimal residual (preconditioned MINRES) method, cf. [67].

A convergence result for the preconditioned MINRES method can be found in Greenbaum [67]. It
states that the convergence rate of the preconditioned MINRES method depends on the condition
number of the preconditioned system. This convergence result is summarized in the following theorem
in detail.

Theorem 2.25. The preconditioned MINRES method applied to the system Au = f with some sym-
metric and positive definite preconditioner P, where A is a regular and symmetric system matriz,
converges to the solution of this system for an arbitrary initial guess ug. More precisely, the precon-
ditioned residual ro,, = Pfl(f — Auay,) after 2m iterations can be estimated by the initial residual
ro as follows

kp(P~1A) — 1

2 m
ramllp < — UL o/
1 kp(P~1A) +1

WHTOHP with  q =

(2.48)

where kp(P7LA) = [|[P7YA|lp |[(P~LA)"Y|p is the condition number of the preconditioned system
matriz and || - |p = (P-,-)'/? is the P-energy norm.
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Proof. Cf. Greenbaum [67]. O

Hence, the goal is to construct preconditioners for the preconditioned MINRES method such that
the condition number xp(P~1A) of the preconditioned system P~!A is independent of all problem
involved parameters and small, more precisely, as close as possible to one.

We start with a result on parameter robust Schur complement preconditioners for saddle point prob-
lems of the form with the system matrix ([2.47]).

Theorem 2.26. Let A and C be symmetric and positive definite matrices and let
S=C+BA'BT and R=A+B"C'B

be the negative Schur complements. If A is preconditioned by

A0 R 0
'POZ(O S) or 'Pl:(o C>’ (2.49)

then the eigenvalues of the preconditioned matrices ’P(;IA and PflA are located in the set (—1, ==

{1}u@, 5.

Proof. See Kuznetsov [107] and Murphy et al. [127]. O
Theorem [2.26] immediately yields the following norm estimates.
Corollary 2.27. The inequalities

cllullp, < Aullp-r <Ellullp, and cllullp, <[ Aullp-r <Ellullp, (2.50)

are valid for all u € R™, with ¢ = (/5 —1)/2 and ¢ = (v/5+1)/2.

Proof. From Theorem follows that the smallest and largest absolute values of the eigenvalues of
the preconditioned matrices P, ' A and P; ' A are given by

c=(W5-1)/2 and &= (V5+1)/2.

Moreover, we have that

IAulp Al (P71 Au, Au)'/? (P72 Au, P2 Au)/?
——— <sup ———— = sup = sup
lullp,  ~uzo lullp, w0 (Pju,u)t/? w0 (P u, P
—1/2 —1/2 —1/2 —-1/2 —1/2 —1/2
g PLCAR P A R P EAR
v£0 (v,v)1/2 00 [[o]] ’

where we have set v = 77; /24 and j €{0,1}. Analogously, we obtain

||Au\|7,j_1 » ||AuH7,J_1 ' ||7>J,—1/2A7)j—1/2v||
— >inf ——2— =in =c,
lullp, ~wzo |ullp, w0 Il
which completes the proof. O
Since
P Au||p, ||.A’LLHp—1
1Py Al =sup e AP, O
u#0 U Pj u#0 u Pj
’ ’ [l [
- IA=P; ullp, lvllp, 1 1
PrA L p = | A7P;||p. = sup ! L = sup 2 = < -,
H( j ) ” j || JH ] k0 ”u”737 w0 ||7D-_1.AU||7D, ) HA’U”PTl c
! T infuzo R
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the block-diagonal preconditioners yield the condition number estimate

V51
==

However, in general, the inverse of the Schur complements S and R is hard to be realized in practice.
In order to obtain parameter robust convergence rates, we construct block-diagonal preconditioners
by the operator interpolation technique presented in Zulehner [I87]. The idea is to construct two
preconditioners which yield robust convergence rates for the preconditioned MINRES method and
apply the operator interpolation theorem, which is based on the construction of intermediate spaces
via the so-called real interpolation method. The ideas of the real method (J- and the K-method) are
due to Lions and Peetre, see, e.g., [I19, [120]. The theory of the real method can also be found, e.g.,
in Bergh and Lofstrom [31], see Adams and Fournier [3]. For further information, we refer the reader
also to Tartar [166]. Theorem m presents a matrix version that follows easily from the general
operator interpolation theory. A similar notation was used by Zulehner in [I87]. This notation goes
back to the general theory of matrix means, see, e.g., [35 [I13] [T44] and was even found before, see
[147], in a very different context. In Definition we define the geometric mean of two symmetric
and positive definite matrices.

< ~2618,  je{0,1}.

Kp; (PjilA) = ||’P]-71‘A||Pj ‘|(PJ'71A)_1||73]' <

o 1ol

Definition 2.28. Let A,B € R"*" be two symmetric and positive definite matrices. Then the
geometric mean of A and B is given by

1/2
[4,B]y s = AL/2 (A—l/QBA—1/2) AL/2
Moreover, we define, for all 6 € [0,1], the symmetric and positive definite matriz [A, Blg, i.e.,
0
[A, By = A2 (A—1/QBA—1/2) A2,

The following theorem presents a finite dimensional matrix version of the operator interpolation
theorem and uses the notation presented in Definition [2:28]

Theorem 2.29. Let A:R"™ — R™ with
collullx, < Aullyy <%ollullx, — and  cllullx, <[ Aully, <ellullx,  YueR",

where the linear vector spaces X; = R™ and Y; = R™ with j € {0,1} are equipped with the norms
|- llx; and || - ||y, which are associated to the inner products

(u,v)x; = (Mju,v) and (u,v)y; = (Nju,v)
given by the symmetric positive definite matrices My, My, No, N1 € R"*™ respectively. Then, for
Xo = [Xo, X1]o and Yy = [Yo,Y1]o

with 8 € [0, 1], we have

o ' dlullx, < Mully, <g ’ellulx,  VueR™ (2.51)
The norms || - ||x, and || - ||y, are the norms associated to the inner products

0
(0, v)x, = (Mpu,v) with My = [Mo, My]p = M_/? (Mo_l/QMlMo_l/Q) M2,

0
(w,0)y, = (Now,v) with  No = [No, Mo = No/* (N5 /Mg V%) g2,
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Proof. The proof follows from the more general version of the space interpolation theorem, as in
Adams and Fournier [3], and is based on the general operator interpolation theorem, see also [I87]. O

Hence, from interpolating between the block-diagonal preconditioners Py and Py, we can obtain again
parameter independent condition number estimates for all 6§ € [0,1]. We choose My = Py, My = P4,
Ny =Py ! and Ny = P; ! in Theorem and obtain the preconditioners

Po = [Po, P1]o = ( [A’OR]Q [S,%]Q ) . (2.52)

Due to Theorems [2.26] and [2:29] we obtain the estimates

cllullpy < |Aullp-r <Ellullp,  VueR", (2.53)

with the constants ¢ = (v5—1)/2 and ¢ = (v/5+1)/2. These estimates finally yield a robust estimate
of the condition number, i.e.,

Kp, (P ' A) < E/c~ 2.618.

The practical implementation of these preconditioners can be done by various methods like (algebraic)
multigrid, multilevel or domain decomposition methods, see, e.g., [101] 142}, 168 [I73]. Since our focus
lies on the algebraic multilevel iteration (AMLI) method, we are going to present some basic results
regarding this method in the next section.

In this work, we use the special notation A ~ B for the spectral equivalence of the matrices .4 and
B, which is defined in the following way:

Definition 2.30. Two symmetric and positive definite matrices A and B in R™*"™ are called spectral
equivalent, denoted by A ~ B, if there exist positive constants ¢ and ¢ which are independent of all
involved “bad” parameters such that

cul Au < uTBu <eul Au VueR".

Of course, we have to specify these “bad” parameters. Beside the discretization parameters, we
also have in mind parameters connected with the problem setting, e.g., the regularization or cost
parameter in optimal control.

2.8 The AMLI method

Let us consider algebraic systems of linear equations
Au=f, (2.54)

where A € R™*" is now a sparse, symmetric and positve definite (SPD) matrix. In this final section,
we briefly present the algebraic multilevel iteration (AMLI) method in order to solve the linear system
(2.54). For more details regarding the AMLI method, we refer the reader to, e.g., [I7, [I0I] and the
references therein. We mainly focus on the so-called linear AMLI method, which can be used to define
preconditioners for the preconditioned conjugate gradient (PCG) method in order to solve the linear
system . Let us denote by B the preconditioner for the linear system . The pseudocode
of the PCG method is presented in Algorithm [2} Here, we denote by 7., and p,, the residuals and
the search directions, respectively.

The linear AMLI method is used to implement the framed preconditioning step in Algorithm [2] i.e.,

Solve Bz, = . (2.55)

Its pseudocode is presented in Algorithm [3] at the end of Subsection Moreover, we present the
so-called nonlinear AMLI method in Subsection [2.8.2]
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Data: A € R"*™ regular SPD, f € R™ right-hand side, ug € R™ intial guess, B preconditioner.
Result: approximate solution of .

Set m := 0;

Set rg := f — Awup;

while not converged do

’ Solve Bz, = 1
Set m:=m + 1;
Set Ym—1:= ("m—1,2m-1);
if m =1 then

‘ Set Pm ‘= Zm—15
else

— Ym-—1.
Set Bm = m,

Set Pm = Zm—-1+ 5771 Pm—1;
end
Set gm = Apm;

TYm—1
et =——
S Qm (Pm>qm)’

Set U, = Um—1 + Cm Dms
Set 7 = rm—1 — O G

end
Algorithm 2: Preconditioned conjugate gradient (PCG) method, cf. [67], [TOT].

2.8.1 The linear AMLI method

The classical framework of the so-called linear AMLI method can be found in [14] [I5], which is based
on a multilevel block factorization and polynomial stabilization.

Let the symmetric and positive definite matrix A = A in (2.54) be obtained in the course of
a regular refinement procedure, which defines a sequence of symmetric positive definite matrices
starting from a coarsest level system matrix A i.e.,

{A(f)}, A(l) c Rn(“xn“)

)

where ¢ =0,...,L, and n® > n=Y for ¢ =1,...,L, see [I7]. These matrices are constructed via
the finite element method (FEM) for the sequence of nested spaces

VO cy®cicyv® . cy® vy, (2.56)

corresponding to nested meshes 7 for £ = 0,..., L, where T(%) = T}, is the finest mesh. The spaces

4 14
V(Z) = Span{(pg )7 MR SD;()Z)}

are finite element spaces spanned by the standard nodal basis functions
£ . J4
{cpz(» )= 1,...,n )},
where we use continuous, piecewise linear conforming finite elements on triangles on a regular trian-

gulation to construct the finite element spaces and their bases, see [41}, 46}, [84] T61] and Section
On each level ¢, we partition the matrix A® in a two-by-two block form, i.e.,

A(Z) _ Agil) Agg) }n(é) - n(eil) 2.57
- Agél) Agé) }n(é—l) ’ ( . )
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where the blocks Agé) and Ag? correspond to the unknowns that are associated with the coarser mesh
71 and to the unknowns that are added in the course of refining the mesh 7~ resulting in the
mesh 7| respectively. The Schur complements

0 0 O\—1 4 (£
SO = Aéz) - Agl)(Agl)) 1A§2) (2~58)

are dense symmetric and positive definite matrices. In the course of designing optimal multilevel
methods, it is important to construct a sparse approximation of S, see [101]. More precisely, S O
has to be spectrally equivalent to A=Y on all levels £ = 1, ..., L with spectral equivalence bounds
that neither depend on the level index ¢ — 1 nor on any problem parameters, see [17].

The efficiency of preconditioners based on two-by-two block factorization strongly depends on the
coupling of the diagonal blocks of the two-level matrix via its off-diagonal blocks. A measure for the
strength of this coupling is the constant + in the strengthened Cauchy-Bunyakowski-Schwarz (CBS)
inequality

1/2 1/2
’vlTAgg)vg‘ <7 (vlTAﬁ)m) (ngég)vg) Yo € Vl(e) Yo € VQ(Z), (2.59)

where Vl(z) and Vz(é) form a splitting of the vector space V), which is consistent with the partitioning

(2.57), cf. [64, M0I]. The strengthened CBS inequality refines the usual one, cf. (2.1), by stating
the existence of a constant v < 1. The so-called CBS constant, i.e., the smallest v for which (2.59)

holds, maybe called the cosine of the angle between the spaces Vl(e) and Vg(e) and can be estimated
locally, see, e.g., [I15] and the references therein. Let the elements of 7 be uniform refinements of
the coarse-grid elements e € 7~V In the following, we call E C T a macro element. The global
CBS constant can be estimated by the maximum of the local CBS constants on the macro elements
EcTW, ie.,

v < Erg;@((l) ve <1, (2.60)

and can be computed via a simple rule, i.e.,
e =1- g™, (2.61)
where A" is the minimal eigenvalue of the generalized eigenvalue problem

SE VE:2 = A Ae VE:2, (262)

and v # (c,c,...,c)T, ¢is a real constant, see, e.g., [I01]. The global matrices A®) and A“~1 can
be computed via the local matrices Ag and A., respectively. The standard FEM assembling can be
written in the form

AY = N" R ApRg,
ECT®

A = N RTAR,,
ecT =1

(2.63)

where Rg and R, are the restriction mappings of a global vector of unknowns at levels ¢ and ¢ — 1
to the local vectors corresponding to the elements £ C T and e € T¢—1, respectively, cf. [101].
Hence, it suffices to consider the local matrices Ap and A, for analyzing the robustness and optimal
complexity of the linear AMLI method for solving problem (2.54)).

It is well known that ensuring that the CBS constant + in (2.59) and is strictly less than 1 in
general requires a change of basis. Let us consider the two nested finite element spaces

y-1) « V(@),
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which correspond to the two consecutive meshes 7= and 7, respectively. Their standard finite
element nodal basis functions are given by

(e Vri=1,2% Y and  {pPi=1,...,00},.

We split the n() meshpoints into the group containing the n*~1) nodes of the coarse mesh 7¢—1
and the rest. Then by defining the hierarchical basis functions

(¥ i=1,... 00},

the hierarchical matrix A®) as well as A(®) (for the latter see (2.57)) are naturally partitioned in a
two-by-two block form, i.e.,

A0 — Ag? Agéz) (8 — nE=1)
Ay Al ) et

see [I0I]. The hierarchical matrix A®) is more dense than A®), however, the related CBS constant
~ is typically less than 1. The nodal unknown vectors for the standard and for the hierarchical basis
functions are related by a transformation matrix of the form

©
Jo (1 Ji2 2.64
(07%). (2.64)

where [ is the corresponding identity matrix and 0 the zero matrix. In practical applications, we can
work with A®) instead of A®), since

A — (J(@)TA(Z)J(Z). (2.65)

Lemma 2.31 (cf. [64,[101]). The transformation from the standard to the hierarchical basis does not
change the Schur complement, i.e.,

S0 — g

Proof. This follows from a straightforward computation:
) g
-4 1)
Ayr Ay
= (JOTAW® O

< I o) AL AY (I J{?)
- YA
AT 1)\ Ay Al J\o T

0 [
- () A%L})) (€) (£) A(%%)) (£) ( ! Jfg) )
(J12 )TAll + A21 (‘]12 )TAlé + A22 0 I
0 0) (¢ 0
= 0) A%;) 0 14 0) 7(0) Agl)il(z)jAgz) 0 14 14
() TAR + 45 (I TAR IS + AQ I + ()T AR + Af)
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and

§O = Ay — Ay (Af)) AT

= ()T AR + A21 T8 + (ST AL + AS)
((Jlf))TA(e) ) ( ) (A(/)J(e) Agg))
_ (Jl(é))TA(f)J (2) ( /))TA(Z (2)
_ ((Jl(g)) f) A(f) ) (A(lfl)J(f) (5))

J4 L L J4 4 4 L 4
= ()T AR + AL TG + (1) AL + AQ
(¢ 4 14 4 4 £)\ — 4
— (T AQID + ARG + (1) AL + AQ (A1)
£) 4 (¢
:Agz _Aél)(A )~ 1A12)
=5,

Remark 2.32. Note that
flgel) = Ag? and flgg) =AU,

Moreover, we can compute the minimal eigenvalue of the generalized eigenvalue problem (2.62)) using
the Schur complement Sg, from which we obtain the local CBS constant vy via the rule (2.61)
Let us consider the following complete factorization of A®):

A0 _ < {151; (()e) ) ( I (Af)1Af (2.66)
AY) s 0 I ’

see [14]. There are also linear AMLI versions using complete factorizations of the form

, o
ao—( L 0N(Ad o I (AY) 1A}
AV T 0 S® 0 I ’

see |I0I]. In order to construct uniform AMLI preconditioners B() for the matrices A®) with an
asymptotically optimal order condition number, i.e.,

R((BY)714Y) = 0(1),

and whose application to a vector has optimal computational complexity, we combine hierarchical
basis preconditioners with polynomial stabilization techniques. Here, the symbol O denotes the big
O notation and is a member of the so-called Landau notation, also called the Bachmann-Landau or
asymptotic notation, where O(1) means constant.

Remember that A® and A® are related via . Here, we mainly present the so-called multiplica-
tive form of the AMLI method in the spirit of [I4] [I5], cf. [I0I]. Let us start at the coarsest level on
which a complete factorization of the matrix A® is performed. We define

B = A,

Then the preconditioner B() at level £ according to (2.66) is defined by

BO ._ A 0 I (Af)) 1A (2.67)
T AD zen [ o 1 ’ '
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where Z(=1) denotes the Schur complement approximation. More precisely, we use the following
approximation of the inverse of the Schur complements:

(Z0) = (1= PO ((BUD) 71 ACD ) ) (4D) 7, (2.68)
Here, P\Y)(t) = P,,(t), is a polynomial of degree
1 <v <v:= max vy,
0<U<L

which has to satisfy the conditions
0<POt)<1, for0<t<1, and  PY0) =1,
forall ¢ =1,..., L. The Schur complement approximation (2.68)) is equivalent to

(ZE-D)-1.— (BE-1)-1¢ z>( A 1>(B<H>)*1) (2.69)

with
1— PO(t)
) (¢
QO ==,
see [I01]. The polynomial Q) (t) = Qw,l(t) is of degree vy — 1 and can also be written as

¢ 0 -
QU =gt +ai"t+ -+ gt
Remark 2.33. Using the polynomial degree ve = 1 at all intermediate levels and choosing
PO = Py(t) =11,

we obtain the preconditioner

po— (AW 0 ) (1) A
Ay B 0 I ’

which corresponds to the so-called (linear) AMLI V-cycle method, see [17)].

More details regarding a proper choice of stabilization polynomials are provided in Chapter[§|including
condition number bounds for

K((B)1A0)

following the results and ideas in [I1] 14} [I5]. Moreover, one can replace AY 17 in the definition of the
AMLI preconditioner (2.67) by an approximation C’11 , i.e.,

¢
C11 ~ A§1)7
by which we mean that

gvlTCﬁ)vl < vlTAg?vl < EvlTCﬁ)vh (2.70)
with some positive constants ¢ and €. We present an additive preconditioner Cﬁ) for Aﬁ) in the
context of heterogeneous reaction-diffusion type problems in Chapter [

The optimality conditions for the multiplicative variant (2.67)) of the AMLI method are given by

L <v<op. (2.71)
Vi

If are fulfilled, then the AMLI preconditioner B®) defined in is spectrally equivalent
to AY). Here, the parameter o stands for the refinement factor. More precisely, in case of an m-
refinement we have o = m?, which means that we subdivide one element into m? congruent elements
in one refinement step. More results concerning the refinement factor can be found in Chapter [5



42 CHAPTER 2. PRELIMINARIES

Remark 2.34. For the additive variant of the AMLI method, the optimality conditions read as follows

/14
-7 <v<op.
I—v
In Algorithm [3] we provide the pseudocode for the linear AMLI method in order to implement step
(2.55)), rewritten as
BW (0 — (0 (2.72)

at a level £ € {1,...,L}, using the PCG method for solving problem (2.54)), see [I5]. Here, B
denotes the algebraic multilevel preconditioner defined by 1D using the approximation Cﬁ) for the

pivot block Ag? according to 1' ie.,
() O\_1 5(¢
B .— Q11 0 I (051)) 1A§2) (2.73)
Agfl) Z(=1) 0 I ’

and r¥) is some given right-hand side. We mention that () and z(¥) can be represented as

0 RO
r® = ) and 2z = o |
T2 2

respectively, due to our space splitting.

Remark 2.35. The AMLI preconditioner (|2 7%) using the approrimation Cﬁ) for the pivot block of
AY has to fulfill the same optimality conditions 42 71) as (12.621). The AMLI preconditioner
is spectrally equivalent to A© if

1
ViErE

where v is the CBS constant and v the degree of the stabilization polynomial, see [15].

<,

2.8.2 The nonlinear AMLI method

The linear AMLI method depends on a proper choice of the stabilization polynomials which are used to
construct the approximations of the inverse of the Schur complements. Variable-step AMLI methods
that result in nonlinear preconditioners have been introduced in [I6] and further analyzed in [98] [133].
In contrast to the linear AMLI method, the stabilization in the nonlinear AMLI method is achieved
by performing a few inner iterations of a flexible Krylov subspace method on each or on certain
levels ¢ of the multilevel cycle. Hence, the nonlinear AMLI algorithm is parameter-free and uses
inner iterations in order to implement the approximations of the inverse of the Schur complements,
see [I0I]. The nonlinear AMLI methods have also been combined with additive Schur complement
approximations to obtain fully parameter-robust preconditioners for elliptic problems with highly
varying coefficients [99], and problems with a highly anisotropic diffusion tensor [100]. Although the
nonlinear AMLI methods have considerable advantages from a practical point of view, the focus of
Chapter [f]is on the construction of optimal linear AMLI methods for reaction-diffusion type problems
in the (classical) setting of hierarchical bases as presented in Subsection and, most important,
we prove the robustness and optimal complexity of our linear AMLI method. Moreover, we present
numerical results using the linear and nonlinear AMLI methods in Chapter [7}

Algorithm [4] presents the pseudocode of the nonlinear AMLI method for solving the linear system

@59, ie.,
AD) (D) — f(),
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Data: /) € R” right-hand side.
Result: solution z(X) € R™ of .
for 1 < /<L do

‘ Set gy := 0;
end
Set £ := L;
forward:
Set oy := 0y + 1;
if o0, = 1 then

Set z(9) .= 0;
Set w®) = qw,lr(@;

else

‘ Set w® := g, 5,70 + AO O,
end
Set zy) = (Cﬁ))_lwy);
Set r(t=1 .= wéé) — Agl)zy);
Set r(t=1) .= (JU=Tp(t=1),
Set £:=0—1;
if £ > 0 then

| goto forward
end
Solve A(0)(0) = 4(0),
backward:
Set £:=/0+1;
Set zé@ = 2D,
Set 10 10— (0401 A4
Set z(0) .= JO (O,
if oy < vy then

| goto forward
end
Set oy := 0;
if / < L then

| goto backward
end

Algorithm 3: Linear algebraic multilevel iteration (linear AMLI) method, cf. [15] [TI0T].

We denote by f©, 7 and Cg) the current right-hand side, residual and the preconditioner for A(lel)
at level ¢, respectively. Moreover, vy, and o, now denote the number of recursive calls and the counter
for the number of visits at level £, respectively, and

() p“i)

_ 1,5

p(j)‘( @’ )
P2, ()

is the j-th search direction at level ¢ for 1 < j < o,. Here, we implement the algorithm for applying
the two-level hierarchical basis transformation (2.65) at level L. More details regarding the nonlinear
AMLI method can be found in [I0T].
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Data: A(X) € R™*™ regular SPD, f(*) € R™ right-hand side.
Result: approximation of the solution uX) € R™ of .
for 1 </< L do
‘ Set oy := 0; Set ul®) :=0;
end
Set £:=L; Set f(F) .= (JENT f(L); Qe r(F) .= f(L);
while not converged do
forward:
Set oy := 0y + 1;
ifop,=1 && (< L then
‘ Set ul® :=0; Set r®) = O,
end

Set iy, == (C1)) 7l Set f =) — AP0
Set £:=/0—1;
if £ > 0 then

if oy, = 0 then

‘ f(f) . (J(L’))Tf(t’);

end

goto forward
end
Solve A©)y(0) = f(0);
backward:
Set oy :=0; Set £:=¢+1; Set p(@ o= w1,

¢ ¢ 0. ()
Set Pg()a ) _pg()ag) - (C ) 1A§2) ga@);

if v, =1 then
0) . (0 .
‘ Set u®) = Ploy)
else

0, O . 0 . ((HIN()

Set qg,), = AOp(g): Set (o), = (), p(o)):
for1<j<o,—1do

@2 p9) (¢ ¢ ¢ 1 0)

Set B = ’gyz(?;(J) : Set p )) = pgg)’ Bp( ). Set q( )) = q(a/ Bq(
end
" pg)) 0 0

Set o := ((0(:%) 5 Set u® =y + APy Set 70 .= p(O) — Gy

e

end

if oy <vy && ¢ < L then
| goto forward
end
if / < L then
Set u® = J®y O,
goto backward

end
if gy, = vUyp, then
‘ Set o, :=0;
end
end

Set ul) 1= JE)y L),
Algorithm 4: Nonlinear algebraic multilevel iteration (nonlinear AMLI) method, cf. [T0T].



Chapter 3

Multiharmonic finite element analysis
of parabolic time-periodic boundary
value problems

3.1 A parabolic time-periodic boundary value problem

Let Qr := Q2% (0,T) denote the space-time cylinder and X7 :=T' x (0,T) its mantle boundary, where
Q c R?, d={1,2,3}, is a bounded Lipschitz domain, and (0, T) is a given time interval. We consider
the parabolic time-periodic boundary value problem (2.33)), i.e.,

o(x) dyu(x,t) — div (v(x) Vu(x, t)) = f(x,t) (x,t) € Qr, (3.1)
u(z,t) =0 (z,t) € B, (3.2)
u(x,0) = u(z,T) z €,

where f(x,t) is some given data, and o(-) and v(-) satisfy the assumptions (2.29)), i.e.,
0<o<o(x)<T, O<v<v(x) <7, x € .

In order to study the parabolic time-periodic problem (3.1)-(3.3), we will use an approach inspired by
Ladyzhenskaya et al., see [I08, [109]. Hence, we consider the Sobolev spaces H''*(Q7) and H"1(Qr)

defined in (2.2)) and (2.4)), respectively, which are equipped with the norms (2.3) and (2.5)), respectively.

One could imagine that the space variables x = (z?,... ,x%) and the time variable ¢ form a d + 1

dimensional “domain” Q7 and so ¢ can be treated simply as an additional variable of the space-time
cylinder @p. This approach provides the clue to require that the time derivative is also from the
space L?(Qr). Moreover, we consider the Sobolev spaces

Hy°(Qr) ={ue H*(Qr) :u=0o0n Xz},
and
Hé:;er(QT) = {u e Hy" (Qr) : u(z,0) = u(z,T) for almost all & € Q},

which include the boundary and time-periodicity conditions. In order to derive the space-time vari-
ational formulation of the parabolic time-periodic problem —, we multiply the parabolic
partial differential equation by a test function v € Hé:;er(QT), integrate over the space-time
cylinder @7, and after integration by parts with respect to the space variables, we obtain the follow-
ing space-time variational formulation of the parabolic time-periodic problem —: Given the

45
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right-hand side f € L%(Qr), find v € Hy'! (Qr) such that

0,per

/ / 2)yu(w, £) (@, 1) + (@) Vu(w, ) - Vo, ) da dt = / Fa ) v(e, ) dedt (3.4)
Q Q

for all test functions v € H; ;ET(QT) Moreover, we can formulate a second space-time variational

formulation which is weaker than the space-time variational problem (3.4 by applying, in addition,
integration by parts with respect to the time variable. Since the test functlons are time-periodic, i.e.,

(@, 0) = v(w, T), we obtain that
/ /f:ct ) dz dt = / / 2)dyulx, t) v(z, t) + v(z)Vu(z, t) - Vo(z, b)) de dt
- | (@@ 1) o@.7) - ol@)u(z.0)v(z.0)) dw—// u(@,t) dro(a, t) da dt
/ / z)Vu(z,t) - Vo(, t) de dt
/ o(@) (u(@, T) — u(®,0)) v a:()d:c—/ / w(w, 1) Oy, t) da dt
/ / z)Vu(z,t) - Vo(, t) de dt.

Hence, we see that the time-periodicity condition u(z, 0) = u(x,T") of the solution can be incorporated
in a weak sense. Thus, we arrive at the following variational formulation: Given f € L?(Qr), find
u € Hl’O(QT) such that

/ / u(z,t) Ov(zx, t) + v(x)Vu(zx, t) - Vo(x,t)) de dt = / / f(z,t)v(x, t)dedt  (3.5)

for all v € Hé ;er(QT)’ and the periodicity condition is incorporated in a weak sense.
Note that the space-time variational problem is the time-periodic analogon to the variational
formulation for initial-boundary value problems, where o(-) and v(-) are not only constant but
more general, i.e., fulfill the assumptions .

Since all functions are at least from L?(Qr), we can expand the functions u, v and f into Fourier
series in time. In particular, this approach makes sense due to the time-periodicity condition (for u

and v). The Fourier series expansion in time ([2.10)), e.g., for v, is given by

v(x,t) = vi(x) + Z vi(x) cos(kwt) + vj () sin(kwt)]

T
/ v(x,t)dt,
0

T
/ v(x, t) cos(kwt) dt,
0

with the Fourier coefficients
1
T
2
T

9 (T
vp(x) = T/o v(x, t) sin(kwt) dt,

where T and w = 27/T denote the periodicity and the frequency, respectively. Then, the time
derivative of v is given by

Opv(z, 1) Z [kw vy, () cos(kwt) — kw v, (x) sin(kwt)].
k=1
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In the following, we will use the notation

vp = (v, 00)", vp = (—ui0)" and Ve = ((VoR)T, (Vep)T)7,

and the definition
vi(x,t) = —vS(x) + ) [—vi(x)sin(kwt) + vi(x) cos(kwt)]
k=1

B _UC . (e’ vs . _,UC o). COS(kwt)
= —uife) + 3 i) k@) (i) )
=(—vH)T

— sin(kwt)

= —uf(@) + i(vi(ﬂ:)yvi(@)' ( cos(kwt) ) '

Note that

Inserting the Fourier series ansatz into (3.5)) and exploiting the orthogonality of the functions cos(kwt)
and sin(kwt) with respect to the inner product (-,-)z2(o,r), i-e., the orthogonalities (2.9), we arrive at

the following variational formulation corresponding to every single mode k € N: Given f, € (L?(2))?,
find up, € V:=V x V = (H}(Q))? such that
/ (v(z)Vur(z) - Vog(z) + kw o(z)uk(z) - vip (x)) de = / fi(x) vi(x)de (3.6)
Q Q

for all vi € V. In the case k = 0, we obtain the following variational formulation: Given f§ € L?(1Q2),
find u§ € V = H}(Q) such that

/ v(z)Vui(z) - Vog(x) de = / 15(x) vi(x) de (3.7)

Q Q

for all v5 € V. The space V = (H{(£2))? for the Fourier coefficients is equipped with the norm
||uk|\§11(9) = ||Uk||2L2(Q) + HvukH%Z(Q)'

Note that the following relation is valid:

wmm@=L@n¢m=4WWVH%ﬁmzéwmmwwwm@.

Theorem 3.1. The variational problems (@) and have a unique solution.

Proof. Let us start with the variational problem (3.6) and define the bilinear form
ap(ug, vg) = / (v(z)Vug(z) - Vog(z) + kw o(z)uk(z) - vy (z)) de. (3.8)
Q

In order to prove existence and uniqueness of the variational problem (3.6), we have to verify the
assumptions of Theorem [2.8] i.e., the Babuska-Aziz theorem. Using triangle and Cauchy-Schwarz
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inequalities together with (2.29)), i.e., the boundedness of the coefficients v and o, we obtain the
estimate

lak (ug, vi)| < ‘/Qu(m)Vuk(a:) - Vg (x)dz| +

/ kwo(x)u(x) - vi (x)dx
Q

§3/§2|Vuk(w)||V'vk(w)|da:+kw5/ﬂ‘uk(w)Hvﬁ(az)’dw

< V|| Vgl p20) Vil r2 ) + kwallukl r2) |vr | n2 0
< max{?, kwo} (|| Vur| 2 | Vorl 2 + 2@ llvr 22 @)
< e llugllmr @) llvell @)

for all uy, vy € V = (H}(2))?, where ¢ = max{V, kwa} is the sup-sup constant in the conditions
(2.20) and (2.21)). Now, we prove the inf-sup conditions for the bilinear form ay(-,-). By choosing
the test function vy, = uy — uj-, we obtain

ar(ug, ug) = /Q (v(z)Vug(z) - Vug(x) + kwo(x)uy(z) - up (x)) de = /Qy(m)Vuk(m) -Vug(z) de
and

ap(up, —up) = | (—v(z)Vug(z) - Vg (z) + kw o(z)uk(z) - ug(z)) de

5

= [ kwo(x)ug(x) - ug(x)de,

=
2

where we have used that (—uj )* = uy,. This yields the estimate

ap(wp, up — up) = /Q (v(z)Vug(z) - Vug(x) + kw o(z)ug(x) - up(z)) de

> min{v, kiwg}/ (Vug(®) - Vug(®) + up (@) - up (@) de = ¢ |lug |3 g
Q
with ¢ = min{v, kwa}. Moreover, by choosing vj, = uy, + uj", we obtain

ar(ui,uy)) = /Q (V(:t:)Vué‘(w) V() + kwo(z)up (x) - u,i‘(:c)) dx

= / kwo(x)ug(x) - uk(x)de,
Q
ap(uy, + uib, up) = / (v(x)Vug(x) - Vug(x) + kw o(x)ug(x) - up(x))de > ¢ ||uk||?{1(9).
Q
Finally, both inf-sup conditions in (2.20) and (2.21)) of the Babuska-Aziz theorem are fulfilled with

the inf-sup constant ¢ = min{v, kwo}.
Now, let us consider the variational problem (3.7)) for the case k = 0. We define the bilinear form

a0 (1l vE) = /Q V(@) Vs (@) - Vi (@) da. (3.9)

The assumption that the coefficient v is uniformly bounded (2.29)), together with the Cauchy-Schwarz
inequality yields the boundedness of the bilinear form ag(-,-), i.e.,

|ao (ug, v6)| < 7 ||lugll zr (@) 106 21 (-
Moreover, the Friedrichs inequality (2.5)) yields the ellipticity of ag(u§, v§), i.e.,

(& (& (& c C 1 (&
ao(ug, ug) = / v(x)Vug(x) - Vug(z) de > ZHVU0||2L2(Q) 2V HUOH%P(Q)'
Q Cr+1

Altogether, Theorem [2.7] i.e., the Lax-Milgram theorem, yields the existence and uniqueness of a
solution of the variational problem (3.7). O
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In order to show existence and uniqueness of the space-time variational problem and later of
, we firstly prove the existence of a unique solution of a third space-time variational formulation
of our parabolic time-periodic boundary value problem —, which is again weaker than the
first variational formulation . De facto, it will turn out in the existence and uniqueness proof
of the second variational problem that the third one is equivalent to the second one under the
assumption that the given data f is from L?(Q7). We now have to define additional, special function
spaces for deriving the new variational formulation.

Definition 3.2. The function spaces H%2 (Qr) and H“2(Qr) are defined by
HO’%(QT) ={ue L*Qr): H81/2 < oo} and

H"“3(Qr) = {ueHlo Ha”%”m ) < oo},

U’HL2(Q

respectively, where H6t1/2 is defined in the Fourier space by the relation

ull 2
[o ]
1/2 2 L 2 L Z 2
19" ull 2 gy = |“|H0’%<QT> ) ;ka“’f”Lz(m-
Let us also define the corresponding inner product

T

1/2 1/2

(81&/ u, 6t/ U)LQ(QT) = §ka(uk,vk)p(g),
k=1

that is a special case of the o-weighted inner product
81/2 81/2 — Z S kuw( )
(0 U, O U)LZ(QT) = B Z w oUWy, U, L2(Q)-

1
for o = 1. The space HS’E(QT) is given by

’Z(QT) —{UGHl (Qr) :u=0 onXr}.

The seminorm and the norm of the space Hb3 2 (Qr) are defined by the relations

T o0
|u|211% =T HVUSH%Q(Q) T3 Z[/WHUkHQH(Q) + ||Vuk||%2(9)] and
lull? sy =T (luglZe0) + IVulllizq) + Z [(1+ kw)llwnlZ2 () + [Vurllzz@):
k:
respectively.

Furthermore, the following identities can be shown:

Lemma 3.3. The identities

(82/2% 83/21) = (3tu, vJ‘) and (atl/QU, 32/2UL

L2(QT) - (8tu,v)

(3.10)

)LQ(QT) )L2(QT) L2(Qr)

are valid for all u € HYL(Qr) and v € H*2(Qr).

per

Proof. Due to the definition of the left hand sides and inserting the Fourier expansions

Opu(z,t) Z [kw ug (x) cos(kwt) — kw uj,(x) sin(kwt)]
k=1
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as well as
vi(x,t) = —vs(x) + Z ) cos(kwt) — vi () sin(kwt)],
k=1

into the inner products, we obtain

oo

(0:%w,0,%0) 12 0y = ka U, V) 12(0) = ka w0 ) 12(@)

T2 kz: hw(=ui, =vi) 2@ = (0 07) g,
=1

and
/2 al/2
(8tu,v)L2(Q ka u,i‘,vk L2 Q) = ka uk,vk L2(Q) = (3/ u,at/ UL)LQ(QT)'
O
Furthermore, we obtain the identity
2
b2, Q) / / (—vo + Z ) cos(kwt) — vi(x) Sin(k:wt)]> dx dt
= T/ v§(x)?dx —|— — + v (x)?] dx
Qk 1
= T”UOHLZ(Q + 5 Z ||UkHL2(Q) HU”LZ(QT)v
k=1
and the orthogonality relations
(O, 1) oo,y =0 and  (uh u)r2gp) =0 (3.11)
for all u € H):1.(Qr), as well as
/2 al/2 1 _ i _
(0, "u, 0, u )LQ(QT) =0 and (Vu,Vu )LQ(QT) =0 (3.12)

for all u € Hb2 z(Qr), e.g., we prove in detail
(81/2u 81/2ul) == g kw(ug, uib) 20y =0
t s Ut L2(Qr) 9 e k, WL () .

Remark 3.4. Indeed, all the identities and orthogonality relations are also wvalid for their o- and
v-weighted counterparts, e.g.,

(oé‘tlﬂu, 83/21#) =0 and (vVu,Vuh) =0 (3.13)

L2(Qr) L2(Qr)

for allu € HY2(Qr).



3.1. A PARABOLIC TIME-PERIODIC BOUNDARY VALUE PROBLEM 51

In the Fourier space, the Cauchy-Schwarz inequality follows from the usual Cauchy-Schwarz inequality
(2.1) for functions in L?(Q), e.g.,

oo

T
T'(ugs v5)r2(a) + 3 kz_l(uk, V1) L2(Q)

[(u, )] =

T o0
< Tllugllz@llvillize@ + 5 3 llukllzz@llvellza
)t k; 6) 6) (3.14)

00 1/2 0 1/2
c T . T
< (T ||Uo||%2(§z) Ty Z |Uk||%2(9)> <T ||”0H%2(Q) ) Z ||Uk||%2(§z)>
k=1 k=1

= llull 2 @r) 0]l 2 (@)

for all u,v € L*(Qr), where (-,-) = (-, )L2(Qr), and

T oo
< ) Z kw |lurl 220 [|vel L2 o)

T o0
‘(83/2’11,76,51/2’1})‘ = ‘2 E kw(uk,vk)Lz(Q)
k=1

k=1

Yz (3.15)

< <2ka||uk2m(g)> <2ka||vk|2m(g)>
k=1 k=1

= (03 ull 2 g 102"

(@r “HL2<QT)

for all u,v € H*2(Qr).
Now, we are in the position to state a very general variational formulation of our parabolic time-
periodic boundary value problem (3.1)-(3.3):
1
Given f € L2(Qr), find u € Hy'? (Qr) such that

T
/0 /Q <o(m)3tl/2u(m, t) 8:/201-(33, t) + v(x)Vu(a,t) - Vo(z, t))dm dt

:/OT/Qf(w,t)v(m)dwdt

for all test functions v € Hé & (Qr), where all functions are given in their Fourier series expansion in
time, i.e., everything has to be understood in the sense of Definition [3.2] e.g., inserting the Fourier
series ansatz in the variational formulation and using all the definitions and identities before.
The following lemma, i.e., Lemma provides the existence of a unique solution of the variational
problem and serves as vehicle for the existence and uniqueness proof of the space-time varia-
tional problem and for discussing the existence of a unique solution of problem , see [112].
Moreover, all formulations in the sense of Definition [3.2] will be the basis for the construction of
preconditioners and the discretization error analysis.

(3.16)

Lemma 3.5. The space-time bilinear form
- 4 /2 A1/2 |
au,v) = (o(x)at wd v +V(9:)Vu-Vv) da dt (3.17)
0 Jo

fulfills the following inf-sup and sup-sup condition:

a(u,v)

< < 1
g oy = o e S w2l gy (3.18)
0#veH, 2(QT) H>2(Qr)
1
for allu € Hé’Q (Qr) with positive constants yi1 = min{ 7,0} and pz = max{z,v}.
F
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Proof. We start with the proof of the sup-sup condition. Using ([2.29)), i.e., the boundedness of the
coefficients o and v, as well as the triangle and the Cauchy-Schwarz inequalities (3.14) and (3.15),
we obtain the estimate

la(u, v)| =

T
/ / (U(m)(?tl/zu 82/2UJ‘ +v(x)Vu - Vv) dx dt
0o Ja

T T
SE/ / ’83/211’ ‘32/21#‘ dwdt—l—?/ / |Vul |Vo| de dt
0o Ja o Ja

<7101 ull 2 g 100 | 2y + 7 IV U120 1901220

Since
1020 oy = = 3 kallob sy = = - holfoulaey = 03/
t L2(Qr) ~ 9 kIL2(Q) = 5 W VkllL2(Q) = H ) v’ L2(Qr)’
k=1 k=1

we finally prove the sup-sup condition by

ja(u,v)| <70, 120,

=7 [0}l

1/2 B
)Hat/ ULHLZ(QT) +v ||Vu||L2(QT)||VU”L2(QT)
1/2 B
LQ(QT)Hat/ UHL2(QT) + 7 ([VullL2@r) VUl L2(Qr)

< max{7,7} |u\HL% [v] .11

HY2

< ol oy N0l 0y

with the constant ps = max{a,7}. Next, we prove the inf-sup condition by choosing the test function
v = u — ut and using the o- and v-weighted orthogonality relations (3.13) as well as Friedrichs
inequality (2.17)), see Theorem which we write in the Fourier space by

T o]
. T
IVulZ(gqm :/0 /Qlwlzdw dt = T||Vug|iaio) + 5 D IIVurli20)
=t (3.19)

1 T & 1
> [ 7rcn? 4 2 — g2 _
=2 < Hu0||L2(Q) + D) ; ||UkL2(Q)> CI%HUHLQ(QT)
So, it follows that

HUH%ILO(QT) = HUH%Q(QT) + ||V“||2L2(QT) < (CE+1) ||V“||2L2(QT)~

Hence, we get

T
alu, u) = /O /Q (J(:c)ﬁtl/Zuatl/QuJ‘+1/(cc)Vu~Vu) dac dt

T
:/ /u(a:)Vu-Vudaz dt
0o Jo

T
Zg/ /|Vu|2da:dt
0 Q

1

zv I+l lullZ o)
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and, since (ut)t = —u and (—ut)t =u,
a(u, —u* / / 1/2u 8,51/21; —v(x)Vu- VuL) dx dt
:/ /U(m)atl/Quatl/Qud:c dt
2a ||81/2UHL2(QT)'

Altogether, we have

. v 1/2 12
a(u,u—ut) > mln{c% ,o} (||uHH1 0@t 0, / u”]ﬁ(QT)) = MIHUHZL%(QT)

with the constant pu; = min{@,g}. O
Theorem 3.6. The space-time variational problem has a unique solution.

Proof. The proof immediately follows from Lemma [3.5] by applying Theorem [2.8] i.c., the Babuska-
Aziz theorem. O

Now, we are in the position to prove existence and uniqueness of the second space-time variational
problem (3.5), where we reuse some ideas known from the analysis of parabolic initial-boundary value
problems in [I08] 109], and adapt them to the time-periodic case, see [I12].

Theorem 3.7. The space-time variational problem has a unique solution.

Proof. We start with the uniqueness proof. Let us assume that there are two different solutions uy,
Ug € Hé ’O(QT) of the problem 1) We expand these two solutions into Fourier series in time, i.e.,

ui(@,t) = ufo(x) + Y _[uf, (@) cos(kwt) + uf () sin(kwt))],
k=1

whose unique Fourier coeflicients are given by

1 T
wio(@) = 7 [ witet)d

T T

. X 2
uf . (x) = T/ ui(x,t) cos(kwt) dt and uj,(x) = T/ w; (@, t) sin(kwt) dt,
0 0

for i = 1,2, see Theorem . Since w1 # ug, we have ujlk( xT) # qu( x) for at least one k € No and
j € {c, s}, and therefore Ugp 75 uzy. Let us fix such a k for which uf, # uzk For this k, we define

the difference w), := u%k uj, and wi = (wf,w;)T € V=V xV = (Hj(Q))?. After inserting the
Fourier series ansatz for u; and us into the variational problem , see also Remark the whole
system decouples, and we arrive at variational problems for the Fourier coefficients with respect to
every single mode k, analogously as in and . For this index k, the difference w; € V satisfies
the variational equation

a(wg, vg) = / kwo(z)wy - vi de —|—/ v(z)Vwy, - Vo de =0
Q Q

for all v, € V. We now choose the test function vy = wj — wk Hence, we obtain

/ kwo(wy, - wik — wy, - (wi)h) da —|—/ v(Vwy, - Vwy — Vwy, - Vwi ) de = 0.
Q Q
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From (wi)t = —wy, and wy, - wi- = 0, it follows that

/ (kwo(x)wy, - wy + v(z)Vwy, - Vwy) de = 0.
Q
Hence, the inequalities

0 = a(wy, w, — wy) ka@/ wk'wkdw—'_Z/ Vo Vo de
Q Q
> min{kw g, v} || w71 (g

immediately yield wy = 0 in V, which is in contradiction to our assumption at the beginning.
For k = 0, Friedrichs inequality (2.17)) gives the same result. Thus, the uniqueness of a solution
u € H& ’O(QT) of the variational problem 1) is proven. Now we come to the existence proof.

Let

N
un(z,t) = us(x) + > [u§ (@) cos(kwt) + uj () sin(kwt)] € Hy*(Qr)
k=1

be the solution of the variational problem

T T T
/ /(fo(ac)uNatvNJru(m)VuN~VvN) daf;dt:/ /vada:dt:/ /vaNd:I:dt
0 Jo 0o Ja 0 Jo

for all truncated Fourier series vy of functions v from H&’;ET(QT). Existence and uniqueness are
ensured by the orthogonalities of the cosine and sine functions and by Theorem Moreover,
upn solves the variational problems and for all test functions vy such as defined above.
Choosing the test function vy = ux — ux and using Lemma as well as applying the Cauchy-

Schwarz inequality, we obtain the estimates

pallen |y o0 <

T
a(uN,uNfuJI\‘,):/ /f(uNfuJI\‘,)dwdt
o Ja

< £z (lunliz@m + lunlizz@m) = 21 fllr2@m lun |22 (@x)

< 2Hf||L2(QT)HUNHHI’%(QT)'

. . 1 .
Hence, uy is bounded in H>2(Qr), i.e.,

||uN||H1’%(QT) é 2/"’1_1||f||L2(QT) < 0.

From this estimate it follows that there exists a function u from H2(Qr) such that uy (without
loss of generality) weakly converges to u in H2(Qr), and therefore also in Hy%(Qr). Note that
since the space H Lz (Qr) is a reflexive Banach space, boundedness implies that it is weakly compact.
It remains to show that u solves our variational problem . Let us choose M € N arbitrarily and
N € N with N < M, where vyy — v in H&’;eT(QT) and fy — f in L?(Q7). Inserting uy, fx and
the arbitrary test function vy, into the variational problem yields

T T
/ / (—o(x)un vy + v(x)Vuy - Vo) dedt = / / fnvp de dt.
o Ja o Ja

1
,per

Since the test function vy; — v in H& (Qr) for M — oo, we arrive at the identity

T T
/ / (—o(x)un 0w + v(x)Vuy - Vo) de dt = / / fyvvdxdt.
o Ja 0o Ja
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Now, we pass N to the limit. Since fy — f in L?(Qr) and uy — u in HS’O(QT), we finally get

/ /Q z)u v + v(x)Vu - Vo) dedt = / /fvdmdt,

which means that u € Hy(Qr) solves the variational problem (3.5)). O

Remark 3.8. From the proof of Theorem .follows that u is even from Hz 2(Qr) assuming that
f € L3(Qr). In this case, the unique solution u of the space time variational problem (5.5 (-) is also
the unique solution of the variational problem ( , , the variational problems (3.5 (W and (-)
are equivalent.

Remark 3.9. If f € L?(Qr) and we assume that

div (vVu) € L*(Qr),

then it follows very easily from

// 2) 0@, t) v(w, t) da dt — // (@, 1) + div (r(@)Vule, £))o(e, ) dodt (3.20)

for all test functions v € H, per(QT) that
o € L*(Qr),
and, hence,
€ H, ;ET(QT)‘

Due to Theorem the Fourier series of u converges strongly in u € H0 (QT) Hence, by choosing
the test functions

vip(x) cos(kwt) Vk=0,1,... and vp(x) sin(kwt) VEk=1,2,...

with vl (x) € HY(Q), j € {c, s}, and due to the orthogonalities of the cosine and sine functions, we
arrive at the following problems for all modes k =1,2,...:

[ k@) vt @ dz = [ (fil@) +div (@) V() vl@)de. (G21)
In the case k = 0, we obtain the problem
- [ v @) Vus@) i@ do = [ fi(@) vi(a) da- (3.22)
Contrariwise, if, in addition to fg € L*(Q), we have that

div (vVul) € L*(Q)

for all Fourier coefficients with k = 0,1,... and j = c and for all Foum’er coefﬁcients withk=1,2,...
and j = s, then, together with Theorem- and the equations and (3.22), it follows the strong
convergence of the Fourier series of u in HO per(QT) Of pmblem Moreover u s the unique
solution of the first space-time variational formulation of the pambolic time-periodic boundary

value problem — .

Remark 3.10. Under classical regularity assumptions imposed on u, e.g., u € C?1(Qy), and on the
data f, o and v, e.g., f € C(Qr), o0 € C(Q) and v € C1(Q), it follows that u is the unique solution
of the parabolic time-periodic boundary value problem - in the classical sense.
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3.2 Multiharmonic finite element discretization

In order to solve the parabolic time-periodic problem (3.1)-(3.3)), we numerically solve the variational
problem (3.16]) by a multiharmonic finite element discretization. We choose the test functions

vi(x) cos(kwt) VEk=0,...,N and vg(x)sin(kwt) VE=1,...,N (3.23)

with vi (x) € HY(Q), j € {c,s}, in the space-time variational problem (3.16). Due to the orthogo-
nalities of the cosine and sine functions, we arrive at the variational problems (3.6) corresponding to
every mode k = 1,2,..., N, i.e, given f, € (L*(Q))?, find uy € V:=V x V = (H}(22))? such that

/ (v(z)Vur(z) - Vog(z) + kw o(z)uk(z) - vir (z)) dz = / fi(x) vip(x)de
Q Q

for all v, € V, and, for k = 0, we obtain again the variational problem (3.7), i.e., given f§ € L*(Q2),
find u§ € V = H}(Q) such that

[ @) Vi@ de = [ fi@) vi(a)do
Q Q

for all v§ € V. An equivalent approach for deriving the variational problems which correspond to
every mode k = 0,..., N is to approximate the data f by truncating its Fourier series expansion.
Hence, we arrive at

N
fla,t) ~ f§(@) + > [fi(x) cos(kwt) + f7 () sin(kwt)] = fn (1), (3.24)

k=1

where its Fourier coefficients are given by
1 /7
fiw) =7 [ f@na
0
2 T
i) =7 [ flat)cos(hun) .
0

T
fi(x) = %/0 f(z,t) sin(kwt) dt.

Remark 3.11. In general the Fourier coefficients have to be computed numerically, but we consider
only the case where we can compute the Fourier coefficients exactly.

Remark 3.12. In the case that f has a multiharmonic representation, the analysis is simplified since
we do not have to consider the discretization error due to truncation of the Fourier series expansions.

We insert the truncated Fourier series expansion of f and the Fourier series ansatz of the
solution u and of the test function v into the space-time variational formulation . From the
orthogonality of the functions cos(kwt) and sin(kwt) it follows that it is sufficient to consider only
the truncated Fourier series of u and v, i.e.,

u(x,t) = ug(x) + Y [uf(x) cos(kwt) + up () sin(kwt)] = un(x,t),

WE

k

I
-

] =

v(x,t) =ug(x) + ) [vi(x) cos(kwt) + vi (@) sin(kwt)] = vy (2, ).

=
Il
—

We finally arrive at the same variational problems as before, i.e., problem (3.6) corresponding to
every mode k =1,2,..., N and (3.7) for £k =0.
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Now, we approximate the unknown Fourier coefficients
up = (uf,ui)T eV
by finite element functions
wpn = (ufy,uiy)t €V =V, xV;, C V.
The space Vy, = Vj, X V}, is a finite element space, where
Vi = span{p1,...,on}

with the standard nodal basis {¢;(x) = pin(x) : i =1,2,...,n,} and h denotes the usual discretiza-
tion parameter such that n = nj, = dimV}, = O(h~9). In this work, we will use continuous, piecewise
linear functions on the finite elements on a regular triangulation 75 to construct the finite element
subspace V}, and its basis, see, e.g., [41l 146, 84, [I61] and Section This yields the following linear
system arising from the variational problem for k=1,2,...,N:

Ky, —kwM, ¢ ;
( . hw Mo ) ( uj; ) - < I ) (3.25)
kWMh,o Kh,u Uj ik
Let us assume that the parameter o is positive. We rewrite the linear system (3.25)) in a symmetric
form. Hence, we obtain the saddle point system as follows

— s _f¢
k'OJMh,O' Kh,u @]cc _ ié; ’ (326)
_Kh,ll _kWMh,o Uy _ik
which has to be solved with respect to the nodal parameter vector

@-17@ = (ui’i)i:L..wn e R"”

of the finite element approximation

ukh E :uim‘/’z

to the unknown Fourier coefficients ui (z) with j € {¢,s}. The matrices K}, and M}, , correspond
to the weighted stiffness matrix and weighted mass matrix, respectively. Their entries are computed
by the formulas

Ki{y:/guV(pi-Vgojdw and M,i{a:/ﬂagoigojd:c
with 4,5 = 1,...,n, whereas

=[], o f= [ gl

j=1,...,n
In the case k = 0, we obtain the following linear system arising from the variational problem ([3.7)):

Knoug = £ (3.27)
From the solutions of the linear systems (3.26)) and (3.27)), we can easily reconstruct the multiharmonic
finite element approximation

N
unp(x,t) = ugy(x) + Z ug, () cos(kwt) + uiy, (x) sin(kwt)) (3.28)
k=1

to the exact solution u(x,t). We will present an a priori error analysis for the complete discretization
error between the unknown solution v and its multiharmonic finite element approximation wuyyp in

Section B.41
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3.3 Block-diagonal preconditioned MINRES solver

The aim of this section is to construct robust block-diagonal preconditioners for the MINRES method
in order to solve the saddle point problem for all k =1,2,..., N by applying the interpolation
theory presented in Section A convergence result for the preconditioned MINRES method is
stated in Theorem [2.25]

Remark 3.13. In this work, we assume that the parameter o is strictly positive, i.e.,
0<o<o(x) <y, x € Q.

If o is only non-negative but not strictly positive, then the linear system decouples into linear
systems of the form for 0 = 0. Hence, we have to solve the following problems:

Kppup=f, VYk=0,1,...,N,

Kpyuy = f; Vk=1,2...,N.

Here, the system matrix is given by

A . kth’g _Kh,u
o _Kh,u —kth)U ’

Since (kwMp, ) is symmetric and positive definite, we can build the two Schur complements S and
R from Theorem [2.26] i.e.,

1

S=R=kwMp,+
kw

-1
Kh,l/Mh7gKh,l/7

which yield the two Schur complement preconditioners (2.49) for A, i.e.,

kwMp s 0 R 0
Po:( woh’ S) and 771=<0 koM, >

As mentioned in Section [2.7] it is hard to work with these Schur complements in practice and,
therefore, we construct block-diagonal preconditioners Py by interpolating between Py and P; as
presented in (2.52)). By choosing the parameter § = 1/2, we obtain the preconditioner

[kWMh U)R]I/Q 0 )
P = ,
1/2 ( 0 [S, /{JLUM}LJ]l/Q

with
kMo, R]1 j2 = [R, kM o)1 /2 = (kwM )"/ ((k/ij,w)—l/?]%(/Mz\@(,)—l/?)l/2 (kwMj, )/
= VR M2 (M R ) MY < VRS M Bl
and, due to S = R,
[S, kwMp o)1 /2 = [kwMp.o, R]1j2 = Vkw [My, 0, R]) 2.
The diagonal entries of P; /5 can be estimated from above and below by using the inequality

1

\/5(\/6]+\/5X1/2)§(aI—i—bX)l/Qg\/&I—&—\/BXl/Q, (3.29)
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which has to be understood in the sense of Definition [2 Here, a and b are some arbitrary positive
real numbers and I and X denote the identity matrix and an arbitrary symmetric positive definite
matrix, both in R™*"  respectively. We obtain the estimates in the following way:

~ o172
koMo Rl1j2 = S, kwMpo )12 = V@ [My o, Rl1 s = Vhw M2 (Mh;/ R, Y 2) M2

1/2
= VEo M2 (M1 <Iecuthr Kh,th,iKhyv> Mi:,iﬂ) M,

kw

Nea

1/2
1 ~
= Vkw M,\"? (kw[+kwM V2 K My L, M, 1“) M,/?

1 _ 1/2
< Vkw M,."? (\/kwl+ T= (M V2K My LK M, 1/2) ) M2
- :

= kMg + M7 (M2 KMy ) ME = Bl + Ko,

_ 12
(kMo Rlijo = 1S,k Myo1/2 = Vi Mg, Blijo = Vi M2 (M PR, ) 02
1 1/2
= Vkw M,"? (kw I+ k—M_1/2Kh oM LK, VM_1/2> M,
, - ,
1 1 1/2
> VEw M2 ( (\/kwl—f—(M V2K, My K, M )>M1/2
V2 Vkw & & ) ho

1 _ _ 1
=7 (/th,,, +M,"? ( MK, Mh!(lf/2> M;{f) = 5 (koMo + i),
Altogether, we arrive at the spectral equivalence

(kwMp o, R]1 /2 = [S, kwMp )12 ~ kwMp o + Kp

with spectral equivalence bounds ¢ = 1/v/2 and ¢ = 1 according to Definition Thus, we have
obtained a new block-diagonal preconditioner for a MINRES solver of problem (3.26)) which is given
by

| kwMp o+ K, 0
P = < 0 kwMp, o + K, ) (3.30)
and this block-diagonal preconditioner yields the robust condition number estimate
kp(PTLA) = [P A|lp |AT'P|p < E/c = V2 ~ 1.414. (3.31)

An alternative approach for obtaining robust norm estimates for the preconditioned system matrix
P~1Ais to verify the inf-sup and sup-sup conditions in Theorem i.e., the Babugka-Aziz theorem.
More precisely, these norm estimates are equivalent to the inf-sup and sup-sup conditions in the
Babugka-Aziz theorem, and, at the same time, provide existence, uniqueness, as well as a priori
and a posteriori error estimates. For instance, the assumptions of the Babuska-Aziz theorem yield
discretization error estimates which we are going to present in Section

Let us now verify the inf-sup and sup-sup conditions of the Babuska-Aziz theorem. We return to the
variational formulation for each mode k =1,2,..., N, where the corresponding bilinear form is

defined in (3.8)), i.e.,

ap(ug, vg) = /Q (v(z)Vug(x) - Vog(z) + kw o(z)ug(z) - vy (z)) de.
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Hence, the variational problem (3.6) reads as follows: Given f;, € (L?(Q2))?, find u, € V = (H}(Q))?
such that

ap(ug,vg) = /ka(a:) v (x) de Vo, €V.

Note that we have reformulated the discretized version of the variational problem such that it
has a symmetric form, resulting in problem (3.26[). This discretized problem simply corresponds to
the variational problem multiplied by —1.

The candidate P for a parameter robust preconditioner yields the following definition of an inner
product and of its associated norm. We define a non-standard (weighted) inner product in V =
(H2(2))? by

(ug, vi)p = (WVuy, V’Uk)Lz(Q) + kw (ocug, ’Uk)Lz(Q). (3.32)
The associated norm is then given by
||’U,k||% = (Z/V’U,k, Vuk.)Lz(Q) + kw (auk, uk)L2(Q), (333)

which differs from the standard H'-norms. Now, we are prepared to verify the assumptions of the
Babuska-Aziz theorem, i.e., the inf-sup and sup-sup conditions.

Theorem 3.14. Let the bilinear form ax(-,-) be defined as in (@) The following inequalities are
valid:

ap(Uk, Uk _
clulp < sup P < gy (3:30)

0£veev  ||Vk]lP
for all up, € V with constants ¢ = 1/\/§ andc=1.

Proof. We start with the proof of the inequality from above. Due to the triangle inequality, it follows
that

|ak(uk,vk)| < ’/ VVuk-V'vkd:c‘ +‘/ kwauk-vé‘ dm’
Q Q
= |(z/Vuk, V'Uk»)L2(Q)| + |kw (O"U.,k,’vi;—)L2(Q)| .

Applying the Cauchy-Schwarz inequality, we obtain

|lak (ur, vi)| < (vVuy, Vuk)lL/Qz(Q)(VV'vk, Vvk)i/zz(m + kw (ouy, uk)lL/zz(Q) (ovr, 'ué‘)lL/f(Q)

= (vVuy, Vuk)lL/QQ(Q)(VVvk, Vvk)i/f(m + kw (ouy, uk)i/f(m (ovg, vk)lL/QZ(Q)
< ((Z/Vuk, VUk>L2(Q) + kw (O'Uk, uk)Lz(Q))1/2 ((VV’U/C, V’Uk)Lz(Q)

1/2
+ kw (O”Uk, ’Uk)Lz(Q)) /

= [luklp vkl

Hence, we have proved the upper bound with ¢ = 1. Now, we want to show the estimate from below.
With the choice

Vi = U — uﬁ
and together with the o- and v-weighted orthogonality relations for the modes & (3.13), we obtain

ak(uk,vk) = (VVuk,Vuk)Lz(Q) + kw (J’u,k,’u,k)Lz(Q) = H’U/k”%
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By using the fact that

loll? = [Jur — i |5 = 2 3,

we arrive at the estimate of the supremum from below, i.e.,

) ag(ug, vi) o ar(wr, wp — ui) _ [lw % — — Junp
ogoeey  lvklle T flup —ug|lp V2llupllp V2
Hence, we get ¢ = 1/4/2, which finally completes the proof of the theorem. O

Remark 3.15. Since we have verified the assumptions of the Babuska-Aziz theorem in Theorem|[3.1
we immediately obtain the existence of a unique solution to variational problem @), which gives us
an additional existence and uniqueness result to the one obtained in Theorem [3.]

Due to the supremum, the discrete version of the inf-sup condition, i.e., the left inequality in Theo-
rem does in general not follow from the continuous version. However, in our case, we can repeat
the proof step-by-step, and, finally, we arrive at the same inequalities in the discrete case, where V
is replaced by V; with the same constants ¢ and ¢. Therefore, in matrix-vector notation, we have
proved the inequalities

<Cllylle  Vu = (uf,up)" € R (3.35)

cllugllp < sup
v, ER2" HQkHP

implying the condition number estimate (3.31)), i.e.,
kp(PTLA) = [P A|p |AT'P|p < E/c = V2 ~ 1.414.

So, these estimates are exactly the same as the ones obtained by interpolation theory. Theorem
yields a robust convergence rate of the preconditioned MINRES method with

—1 _ _
= kp(P~1A) —1 < V2-1 ~ 0.172
p(PTA) 1~ V211

of the factor ¢ defining the residual reduction 2¢™ /(1+¢*™) after 2m MINRES iterations. Altogether,
for every mode k = 1,2,..., N, we have determined a preconditioner such that the corresponding
system can be solved by the preconditioned MINRES method with a robust convergence rate.

In practical applications, the diagonal blocks (kwMj, » + K},,,) of the preconditioner P in of
the discretized problem 1] for K =1,2,...,N have to be replaced by diagonal blocks D, which
are spectrally equivalent to these weighted sums of mass and stiffness matrices, i.e., (kwMp , +
Kp,,), and which are robust, symmetric positive definite and more cost efficient. The construction of
such robust and efficient preconditioners can be done by (algebraic) multigrid, multilevel or domain
decomposition methods, see, e.g., [I0T], 142, [168| I73]. In this work, we consider the construction
of practical preconditioners via algebraic multilevel iteration methods. Moreover, a detailed proof
for the robustness and optimality of an algebraic multilevel preconditioner for weighted sums of
mass and stiffness matrices will be presented in Chapter [5| The spectral equivalence of the diagonal
blocks implies the spectral equivalence of the new preconditioner P to the preconditioner P with the
same parameter independent constants ¢, and ¢p. Hence, the condition number nﬁ(’ﬁflA) can be
estimated by

kp(P7LA) < kp(P7LA) (ep/cp),

where rp(P~1A) < /2 and QDD < (kwMp,o + Kp,,) < 2pD. All proofs on this topic including the
computation of the constants c;, and ¢p are presented in Chapter @ Altogether, the new practical
block-diagonal preconditioner P yields again parameter independent convergence rates.
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3.4 Discretization error analysis

For the complete error analysis, we have to define some seminorms and norms in certain function
spaces inspired by the P-norm in the same spirit as we did this in the definitions ) and -
Let us define the function spaces

Vo= Hy*(Qr) amd Vi:=(H)N(Qr) N HEH(Qr). (3.36)
where

(H>2)5(Qr) = {u e H*2(Qr) : Vu € H*2(Qr), u=0 on S},

and let us equip these spaces with the corresponding seminorms

|U‘V (Vvu VU)LQ(Q )+ (081/2u 8751/2 )Lz(QT)7

lulfy = (WVu, V) 2o, + (1/8 *Vu, 81/2Vu)L2 + (00yu, Oyu)

(Qr) L2(Qr)’

which are again defined in the Fourier space according to Definition ie.,
2 c c T =
luly, =T (vVug, Vug) L2(q) + 3 Z[(VVuk, V)2 ) + kw (0w, ur) 12 (o)),
k=1

T oo
=T (vVu§, Vu§) r2q) + 5 D 1+ kw) (v Vug, Vug) 2 (o) + (kw)?(0ur, ur) p2(o))-
k=1

Due to the Friedrichs inequality, the seminorms | - |y, and | - |y, are equivalent to the norms in these
spaces. Hence, in the following, we denote by ||- ||y, and || - ||v;, in fact, the corresponding seminorms,
i.e., we define

[ullvg == lulv, —and flully;, == |ulv; .
Note that the P-norm defined in ({3.33) corresponds to the Vj-norm for a single mode k =1,2,..., N,

ie.,

[ull¥, =T (vVu§, Vi) 2oy + 5 Zuuknp (3.37)

For the mode k = 0, the discretized system of the variational problem (3.7) is given by (3.27).
Together with (3.37)), it follows that, in the case k = 0, natural choices for the P-inner product and
the P-norm are

(G )0 = (VG Voo and (g5 = (v, Vi) e, (339)
respectively. Moreover, we write ||ug||v, = ||uk|lp in the case k = 1,2,..., N and |[u|v, = ||u§l|»
for £ = 0. So finally, the Vy-norm can be written as

T oo
et = Ty, + 5 > Ml
k=1

Now, we are prepared for the analysis of the complete discretization error between the exact solution
of the variational problem (3.6)) and its multiharmonic finite element approximation, given by

||u7uNh||Voa (339)
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where the exact solution u can be represented as Fourier series, i.e.,
oo
u(x,t) = ug(x) + Z ) cos(kwt) + u (x) sin(kwt)],
k=1
and its multiharmonic finite element approximation uyy, is given by (3.28), i.e.,

N
unn (@, ) = ufy, () + > _[ufy (@) cos(kwt) + ujy, (@) sin(kwt)].
k=1

Using the triangle inequality, we can split the discretization error (3.39)) into two parts, a discretization
error in the truncation index N and a discretization error in the parameter h arising from the finite
element discretization, i.e.,

lu —unnllvy < llu —unllv, + [[un — unnallvg-

3.4.1 Discretization error with respect to the truncation index

The following theorem provides an estimate for the discretization error due to truncation of the
Fourier series at the mode N under weak regularity assumptions.

Theorem 3.16. Let us assume that u € Vy. Then the discretization error due to truncation of the
Fourier series can be estimated by

lu = unnllve < co N72 [lullva, (3.40)

where cq is a constant depending only on the frequency w.

Proof. Under the assumption that u € Vi = (H%2)§(Qr) N HYL(Qr), we obtain the following
estimate:

T o0
Hu — ’U,NH%/O = 5 Z VVuk,Vuk)La(Q) + kw (ouk,uk)Lz(Q)]
k=N+1
T [tk kw)?
5 Z [ VVuk,Vuk)Lz(Q) + (kw) (Uuk7uk)L2(Q)
1T T )
< ma Z [(1 + kw)(sz'u,k,Vuk)Lz(Q) + (kw) (auk,uk)Lz(Q)]
k=N+1
1
< ull,.
where ¢y = cp(w) = 1/1/w. O

3.4.2 Discretization error with respect to the finite element discretization
parameter

The discretization error between the multiharmonic approximation of the exact solution and its
multiharmonic finite element approximation can be reduced to the discretization error between the
unknown Fourier coefficients and their finite element approximations due to the identity

N

lun = unnllf, = T lug — ugy 1%, + 3 > sk — w3, -
k=1
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Remember that our decoupled variational problems for £ = 1,..., N are given by (3.6)), i.e., find
u, € V=V x V such that

ak(uk,vk):/fk-'ukdw =: (Fj,vg) Vv, eV.
Q

The variational problem for k = 0 is given by (3.7)), i.e., find u§ € V' such that
ao (g, v5) = / fo(@) v (@) dw = (Fo,u) VoG eV,
Q

where the bilinear form ag(-,-) is defined in (3.9). Since the Fourier coefficients of the given data f
can be computed exactly, the corresponding discrete problems are given by: Find ug, € Vj such that

ar(Wkn, Vin) = (Fik, Vkn)  YUrn € Vi,
which is equivalent to solving the linear system . Since Vj, C V, we have the Galerkin orthogo-
nality

ak(ur — Ugp, vEp) =0 Vvrn € V. (3.41)

For the case k = 0, we analogously obtain the following discrete problem: Find v, € V}, such that

ao(ugn, von) = (Fo, vGn) Vvgn € Va,
and the Galerkin orthogonality

ap(ug — ugp,vp) =0 Vi, € Vi,

The following theorem provides an estimate for the discretization error between the unknown Fourier
coefficients and their finite element approximations. To begin with, we prove that the discretization
error of the Fourier coefficients can be estimated by the best approximation error. Afterwards we
estimate the best approximation error by the interpolation error provided the Fourier coefficients are
sufficiently smooth, see [42].

Theorem 3.17. Under the assumption that uy € (H%(Q))? for all k = 1,...,N, the discretization
error for the Fourier coefficients can be estimated by

lur —urnllvy, < c1cpar(k,w, 7,7, h) h|ug|g2(), (3.42)

where 2

par (KW, 7,0, h) = Pciz + kwﬁcthz with constants co2 and ci12 from the approximation
theorem, ¢ is a positive constant, and | - |g2(q) is the H?(Q)-seminorm. Moreover, if u§ € H?*(Q),

then
[u§ = ugnllve < VT er2 b luf| 2o (3.43)
with the constant c1 o coming from the approzimation theorem.

Proof. Let us start with the case k = 1,..., N. Inserting an arbitrary vy, € Vj, and using triangle
inequality, the discrete version of the inf-sup condition in of the Babuska-Aziz theorem with the
constant ¢ = 1/ V2 as well as the sup-sup condition with constant ¢ = 1 together with the Galerkin
orthogonality , we obtain the following Céa-type estimate according to (2.26)):

ar(Uph — Vkh, Vkn)

1
lwr — wrnllve < lluk — vknllvy + ks — venllvy < luk — venllv, + = sup

€ 0#£Dpn €V ”i’thVO
1 — Y 1 _ ~
< |lug — vgnllvy + =  sup ak(uk}i Uk, Ogn) +=  sup ar(uy - Vih, Okh)
€ 0#kn €V HvthVO € 0#£Dn €V ||'Ukh||V0

=0

1 C
< luk — vrnllv, + . ¢llur — vrnllv, < (1+ E) lur — vinlvy-

——

=:iC1
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So, we can estimate the discretization error by the best approximation error, i.e.,
lur — wrnllvy <er inf  [Jug — vin|lvy - (3.44)
VR €Vh

Thus, the best approximation error can be estimated by the interpolation error, i.e.,

inf uk — venllve < lluk — Inwgl|ve, (3.45)
VEhEVh

where I, : V — V}, is some interpolation operator. The Vy-norm is bounded by
Huk||‘2/0 = (VVUk, V’U,k)LQ(Q) + kw (Uuk, uk)Lz(Q)
<V |ug i o) + kwal|lugll7zq)-

Under the assumption that the Fourier coefficients are from H?(2), the interpolation error can be
estimated by

lur — Inurlly, = (I = In)ugll¥, <21 — In)ukl3 o) + kwol| (T = In)urll7z()
< PC%,2h2|uk\%2(Q) + kw50872h4|uk|§[2(9)

= (e} 5 + kwocy 5h?) h2|uk‘%{2(ﬂ)v

=:c2,,.(kw,v,o,h)

where ¢ 2 and ¢; 2 are constants coming from applying the approximation theorem from finite element
discretization theory, see, e.g., [42], [46]. Thus, we have

||uk — Ihuk”VO < Cpar(k‘, w,V,o, h) h |uk|§{2(9).

Altogether, the discretization error for the Fourier coefficients corresponding to the modes k =
1,..., N can be estimated by

lur — winllv, < e inf  |Juk — ven v,
VR EVR (3.46)

< lug — Thurllv, < 1 cpar(k,w, 7,7, h) b |ug| g2 (o)

with the constant ¢; = 1 4+ v/2.

The error for the case kK = 0 can be similarly estimated. The bilinear form ag(+,-) is bounded and
elliptic in the Vp-norm with boundedness and ellipticity constants ¢ = ¢ = 1, since, e.g., a§(u§, u§) =
[uGll3, - Hence, we can estimate the discretization error by the best approximation error, i.e.,

il < nk g~ alle,

due to the Céa lemma, see Lemma and Remark Thus, the best approximation error can
be estimated by the interpolation error, i.e.,

Anf (lug — v llve < llu§ — Inug vy,
v5, €EVh

where I, : V — V}, is again some interpolation operator. Under the assumption that u§ € H?(Q),
the interpolation error can be estimated by

luf — Tnugll3, = 17 = In)uglls, < PIT = In)ugln ) < 7ed oh[ug 32 ),

where c; 2 is again a constant coming from applying the approximation theorem from finite element
discretization theory, see, e.g., [42], 46]. Altogether, we have

lug — uGnllve < VP er2 hlug| o),

which completes the proof. O
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Let us now define the H*°(Qr)-seminorm in the Fourier space as follows

00 1/2
c T

k=1

where the HZ2-seminorm for the Fourier coefficients is the usual H?(Q2)-seminorm as used in Theo-
rem The following theorem provides the estimate for the complete discretization error with
respect to the spatial discretization parameter h.

Theorem 3.18. Under the assumptions of Theorem [3.17, the discretization error in h can be esti-
mated as follows

”uN - uNh”V() § C1 Cpar(N,wavvﬁ, h) h |uN|H27 (348)

where ¢, (N,w,7,7,h) = vci 5, + Nwoch ,h? with constants cop and c15 from the approzimation

theorem, and cy is a positive constant. The H?-seminorm of un s given by

N

T
lun |32 =T |U8|§12(Q) Ty Z |uk|§12(9)-
k=1
Proof. Due to Theorem we obtain the estimate
N
lun = unnllv, = Tllug = ugnll¥;, + 5 D s, — wall?,
k=1

/\

2 h? \U0|H2(Q) +5 ZC Coar (K, w, 7,3, h) h® |uk|§12(9)

N
T
< TPC%Q h2 ‘ugﬁfz () + C% ?)ar(N W,P,E, h) h2 5 Z |Uk|§{2(ﬂ)
k=1

N
_ . T
<A o (N,w, 7,3, h) h? <T Juf |32 0y + 3 Z |uk|?12(9)> ;

which completes the proof. O

3.4.3 Complete discretization error

Now, we are in the position to state the final discretization error estimate.

Theorem 3.19. Let us assume that u € V3 N H*°(Qr). Then the complete discretization error
arising from the multiharmonic finite element discretization can be estimated as follows

= unnllve < co N2 |ullv, + e Cpar (N, w, 7,7, h) h|u| g2,
where co and ¢, come from Theorem ol and Theorem S, respectively, and cpar(N w,v,0,h) =

Vcl 9+ Nwoco oh? with constants co o and cy19 from the apprommatzon theorem.

Proof. Applying the triangle inequality and using Theorems [3.16] and [3.18] yield the estimates

—1/2

lu —unnllvy < llu —unllvy + [lun —unnllvy, < co N™77 [Jullvy + c1 cpar(N,w, 7,7, h) b lun| g2,

where the seminorm |uy|g2 can trivially be estimated by ([3.47)). O
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Remark 3.20. The convergence rate with respect to the spatial discretization parameter h reduces
from h to h® with some s € (0,1), if
u € ViNHY%Qr).

In order to get h® with s > 1, we need higher order elements. On the other side the convergence
with respect to N will improve, if u is smoother with respect to the time variable. More precisely, the
factor N=Y/2 improves to N/ provided that

ue VN H(Qr),

where Vy := (H**/2){(Qr) N Hgé(fﬂ)/z(QT) and with some £ > 1.

Remark 3.21. If the given right-hand side f has a multiharmonic representation, then the solution
u has a multtharmonic representation as well and the complete discretization error reduces to a
discretization error in the spatial variable h and can be estimated as in Theorem [3.18
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Chapter 4

Multiharmonic finite element analysis
of parabolic time-periodic optimal
control problems

This chapter considers optimal control problems, where parabolic time-periodic partial differential
equations of the form — appear in their constraints. The multiharmonic finite element anal-
ysis of these parabolic time-periodic partial differential equations including existence and uniqueness
results has already been presented in Chapter [3] Following these ideas and results, we now discuss
the existence and uniqueness of parabolic time-periodic optimal control problems as well as present
block-diagonal preconditioned MINRES solvers and full a priori error estimates.

4.1 A parabolic time-periodic optimal control problem
Let us denote the state of our optimal control problem by y and the control by . The spatial domain
Q C R9is assumed to be a bounded Lipschitz domain with the boundary T' := 99, where d = {1,2, 3}.

Moreover, the space-time cylinder is again denoted by Q7 := Q x (0,T") and its mantle boundary by
Yp:=Tx(0,T). We consider the following parabolic time-periodic optimal control problem:

T T
Igrju;l J(y,u) :== %A /Q (y(z,t) — ya(z, 1)) da dt + %A /Q (u(, 1)) da dt (4.1)

subject to the parabolic time-periodic boundary value problem (3.1)-(3.3), i.e.,

o(z) Opy(z,t) — div (v(z)Vy(z,t)) = u(z, ) (z,t) € Qr,
y(x,t) =0 (z,t) € X, (4.2)
y(z,0) = y(z,T) z €,

with uniformly bounded coefficients o(-) and v(-) satisfying the assumptions (2.29). The desired
state yq is the given target that we try to reach via a suitable control u. The positive regularization
parameter A provides a weighting of the cost of the control in the cost functional J (-, ).

In this section, we discuss existence and uniqueness of the parabolic time-periodic optimal control
problem — as well as formulate its optimality system that we are going to discretize by the
multiharmonic finite element method.

In Chapter 3] we have already proved the existence and uniqueness of a solution of certain variational

formulations, i.e., (3.4), (3.5) and (3.16]), of the parabolic time-periodic boundary value problem (4.2)).

In particular, remember the existence and uniqueness result of Theorem [3.6] more precisely, that the

69
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variational problem ([3.16]) has a unique solution due to Lemma which exactly are the inf-sup and
sup-sup conditions of the Babuska-Aziz theorem for this variational problem.

Theorem 4.1. The parabolic time-periodic optimal control problem - has a unique solution
_ 1,3
(y,u) € Hy'* (Qr) x L*(Qr).

Proof. Theorem [3.6]implies the existence of a linear and continuous solution operator which uniquely
assigns a state

LL
y € Hy'*(Qr)

to every control u € L?(Qr), where the space HS’%(QT) is compactly embedded in L?(Qr). With
the solution operator, the optimal control problem — can be rewritten as a reduced (weak)
minimization problem. Under the assumptions that y; € L?(Q7) and A > 0, Theorem finally
yields the existence and uniqueness result. O

We want to formulate now the optimality system. Its solution is equivalent to the solution of the
original optimal control problem (4.1)-(4.2). We denote the Lagrange multiplier by p, which is also
referred as the adjoint state. We choose the following Lagrange functional for our minimization
problem:

T
L(y,u,p) =T (y,u) — / / (Uaty —div(¥Vy) — u)p dex dt. (4.3)
0o Ja
The optimality system is given by (2.42)), i.e.,
Ly(y,u,p) =0,
‘Cu(yv U,p) =0,

and characterizes a stationary point (y,u,p) of the Lagrange functional (4.3). Using the second
condition, we can eliminate the control u from the optimality system (4.4)), i.e.,

u=-\"'p in Qr. (4.5)

From (4.5)) it appears very natural to choose y, p and also u from the same space. Moreover, we
arrive at a reduced optimality system, written in its classical formulation as

o(z) Opy(z,t) — div (v(z)Vy(z,t)) = 7)\71])(%0 (z,t) € Qr,
y(x,t) = (x,t) € X,

y(z,0) = ( T) zeQ (4.6)
—o(x) Op(z,t) — div (v(x)Vp(x,t) = ( t) —ya(z,t)  (x,t) € Qr,
p(x,t) = (x,t) € X,
p(x,T) = p(:c,O) x € Q.

The space-time variational formulation of (4.6 is obtained in the same way as for the parabolic
time-periodic partial differential equation (3.16) in Chapter I 3 and is stated as the following: Given

the desired state y4 € L2(Qr), find y and p from H, E (Qr) such that
T T
/ / yv—u(sc)Vp.Vv—#a(:c)@tlmpatl/%L) dwdt:/ / ya v dx dt,
0 Ja (4.7)
/ / x)Vy -Vqg+o(x )81/23/81/2 L4 pq)dwdt—o

1
for all test functions v, q € H& "2(Qr), where all functions are given in their Fourier series expansion
in time according to Definition [3.2]
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Remark 4.2. In C’hapter@ we show that problem has a unique solution based on the fact that
the corresponding inf-sup and sup-sup conditions are fulfilled and, hence, the Babuska-Aziz theorem
can be applied, see Lemma[6.23 as well as Lemma[6.25, These lemmas provide additional existence
and uniqueness results to the one obtained in Theorem [{.1]

4.2 Multiharmonic finite element discretization

In order to solve the optimal control problem —, we discretize the optimality system
by the multiharmonic finite element method. Again, choosing test functions yields variational
problems, which correspond to every mode k = 0, ..., N. On the other hand, we can use the equivalent
approach and approximate the desired state y, by truncating its Fourier series expansion, i.e.,

N
vala,0) = yo(@) + 3 [0 (@) cos(hwt) + yy (@) sin(ket)] = yax (@, 1), (4.8)
k=1
where its Fourier coefficients are given by

1 /7
vio(@) =7 [ il
0
2 T
Y (@) = T/ ya(x,t) cos(kwt) dt,
0

‘ 2 (T _
Yar(x) = T/o ya(x,t) sin(kwt) dt.

We mention here again that in this work we consider only the case where we can compute the Fourier
coefficients exactly.

We insert the truncated desired state and the Fourier series ansatz of the state y and the adjoint
state p into the space-time variational formulation . From the orthogonality of the functions
cos(kwt) and sin(kwt) it follows that it is sufficient to consider only the truncated Fourier series of y
and p, i.e.,

y(@,t) = yg(x) + ) _[yi(®) cos(kwt) + yi(z) sin(kwt)] = yn (,1),

p(x;t) =~ pg(x) + ) _[pi(x) cos(kwt) + pi (@) sin(kwt)] = pn (z,1),

M= [

1

=
Il

and we arrive at the following system which has to be solved for every mode £k = 1,2,..., N: Find
YD €V =V xV = (H}(Q))? such that

/ (yy. - v — v(x)Vpy, - Voi + kwo(x)py, - vyy) do = / Ydy - vk d,
@ @ (4.9)

/Q (v(®)Vyy, - Va, + kw o (x)y,, - at + 2" 'p, -qy,) de =0,

for all test functions vy, q; € V. In the case of £ = 0, we obtain the following optimality system:
Find y§,p§ € V = H} () such that

/ (6 - 0 — (@) VG - Vog) d = / Yo - 16 da,
“ @ (4.10)

/Q (v(z)Vy§ - Vs + A5 - ) de =0,
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for all test functions v§, ¢ € V. Analogously to Chapter [3] we approximate the unknown Fourier
coefficients

Yi = Wiy pe = (. 0p) T €V
by finite element functions
Yn = Win vin) s P = Wins i) € Vi =V x Vi CV,
where V;, =V}, x V}, is a finite element space with
Vi, =span{p1,...,pn}

and {p;(x) = pin(x) : i =1,2,...,np} is the standard nodal basis. Again, we denote by h the usual
discretization parameter such that n = n;, = dimV}, = O(h~%) and use continuous, piecewise linear
finite elements on the finite elements on a regular triangulation 7; to construct the finite element
subspace V}, and its basis, see, e.g., [41, [46], [84] [T61] as well as Sections and This leads to a
linear system arising from the variational formulation , ie.,

M, 0 —Kp, koM, Yy Yar
0 My, —kwMp o,  —Kp, y; v
i ’ = = =dk
—Kh’,, —kthyg —Aith 0 Bi 0 (4.11)
kth’a _Kh,u 0 —)\_th BZ 0
for k=1,2,..., N, which has to be solved with respect to the nodal parameter vectors

vy =W)i=t..n €R" and  pl =(p} )iz, 0 ER"

of the finite element approximations
ykh Z yk il and pkh Zpk pila

to the unknown Fourier coefficients yi(x) and p{c(m) with j € {¢, s}. The matrices My, M}, and
K}, correspond to the mass matrix, the weighted mass matrix and the stiffness matrix, respectively.
Their entries are computed by the following formulas:

M :/cp,-goj dx, M,ZLJU :/agoigpj dx, KZJ;V z/VVgo,--Vgpj dx,
Q Q Q
with 4,5 = 1,...,n, whereas

¢ = g »dw] and y° :[/ p 'dw}
Yar {/dek% =1 Y dek% i1

In the case k = 0, we obtain the following linear system arising from the variational problem (4.10):

My, —Kpy Y5 Y%
’ )= = . 4.12

Finally, we can easily reconstruct the multiharmonic finite element approximations

N ) )

N
ynn(x,t) = yop(x) + Z Yin (@) cos(kwt) + yip, () sin(kwt)] (4.13)
k=1
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and

N
pnu(E,t) = pop(z) + Z Picn (%) cos(kwt) + pip, () sin(kwt)] (4.14)
k=1

to the state y(x,t) and the adjoint state p(x,t) from the solutions of the linear systems
and . Analogously to Chapter [3] we will present an a priori error analysis for the complete
discretization error between the unknown solution (y,p) of the reduced optimality system and
its multiharmonic finite element approximation (ynn,pan), see Section

Remark 4.3. We can also insert the Fourier series ansatz immediately into the optimal control

problem (4.1 - - before formulating its optimality system. So after inserting the Fourier series
ansatz for all functions, we obtain the following optimal control problems for every mode
k=1,2,...:

min T ) = 3 | @@) —vay (@) de+ 5 [ (@)’ de (4.15)

Yy Uk

subject to the boundary value problem

—kwo(z) yy (x) — div (v(z)Vy,(z, 1) = ur(x) x €,

yp(x) =0 zel. (4.16)

The variational problem of can be formulated as (@ For the case k = 0, we obtain the
optimal control problem

min Jo(u6. ) 1= 5 [ (6(@) — (@) do+ 5 [ (ui(e))’ (117)

070

subject to the boundary value problem

—di Vyi(x,t)) = ug € Q,
V@V =@ s
yo(x) =0 zel,
which leads to variational problem .
Formulating the optimality systems of problems (4.15))-(4.16) and ({.17)-(4.18), and, then, discretiz-
ing it by the finite element method leads to the same linear systems of equations (4.11) and (4.12).

4.3 Block-diagonal preconditioned MINRES solver

The resulting linear system (4.11)) as well as the system (4.12]) are saddle point problems of the form
(2.46) with the system matrix (2.47)), i.e.,

Au=f, (4.19)
where
A BT Yy
- . — 24
A (B C)’ u: and f: (0>
In the case k =1,..., N, we have that

L Mh 0 L —Kh,u —k’th,g .|
a (M0, e (e RN ) ot

I
A/~
SERS
~
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C
Yy, = gﬁ““ ,y:(yz>,p:<pz,).
- Yo ) U P,

These saddle point problems can be solved by a preconditioned MINRES method, see Section
where a convergence result for this method is stated in Theorem [2.25] Hence, it is crucial to construct
preconditioners, which yield robust and fast convergence for the preconditioned MINRES method.
This will be done analogously as in Section [3.:3] We start with an easier case by assuming that the
parameter o is constant and construct preconditioners following the strategy presented in Zulehner
[187], which is based on space interpolation theory. Motivated by the resulting preconditioner, we
choose an initial guess for a preconditioner in the more general case of o(-) being piecewise constant.
By introducing proper parameter dependent norms, we verify the assumptions of the Babuska-Aziz
theorem, which finally yields a parameter robust convergence rate as desired, see [89].

Let us start by assuming that o(-) is constant. Hence, in this case, we have

and

Mh)g = O’Mh.

Then, the system matrix A in the linear system (4.19) is given by the block matrices

o M;, 0 L —Kpn, —kwoMp -1
A._< ! Mh),B._(kwaMh i >7c._x A

Due to Theorem the convergence rate of the preconditioned MINRES method only depends
on the condition number of the precondioned system. Hence, we are going to construct precondi-
tioners for the preconditioned MINRES method such that the condition number xp(P~1A) of the
preconditioned system P~!A is independent of all “bad” parameters, i.e.,

h, N, w, A v, o.

In order to obtain parameter robust convergence rates, we first construct block-diagonal precondi-
tioners by the operator matrix interpolation technique presented in Section 2.7] From Theorem [2.26]
follows that A can be preconditioned by

A0 R 0
P():(O S) and P1=(0 C),

where the negative Schur complements are given by

g Ky M Ky, + (K2w?0? + A1 M), 0
N 0 Kpn M, 'K, + (Kw?0? + A"H) M,
and
R MK} My Ky, + (K2w?0 X + 1) M, 0
- 0 MK, My Ky, + (K220 X + 1) M,

in our model problem. Hence,
R =M\S.

Analogously to Chapter [3] we construct block-diagonal preconditioners Py by interpolating between
Po and P; as presented in (2.52), from which we can obtain again parameter independent condition
number estimates for all 6 € [0, 1]. We choose 0 = % and obtain the block-diagonal matrix

_ [A7R]1/2 0
P1/2 - ( 0 [5’0]1/2
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with
[A7Rh/2 _ AI/Q(A—I/QRA—1/2)1/2A1/2 and [57 0]1/2 — 51/2(5—1/205—1/2)1/251/2.

Since A and R are block-diagonal, the diagonal entries [A, R] 51/21 ) = [A, R] (12/22 ) can be estimated from

above and from below as follows

A, R = My PO K My G My P+ (FPwPo® + 1)1V,

<VAMYP (MK M K MY R+ 1 M2 M
= \f)\Khy,, + Vk2w2e2 )\ + 1 M,

<VAK, + (kwovVA+1) My, =: D,

AR = MY OM 2K M K, M+ (BP0 + 1)) M
ZMi/Q(\[ \fM 1/2KhyM 1/2 k2w202)\+11))Mi/2

(th + VR0 A + 1 Mh)

(\WK,W

%\

%(kzwa\/X—i— 1) Mh)
VK, + (kzwo\fAH)Mh)

> min{1,

A
VAEK, + (kwo—ﬁﬂ)Mh) :%D,

&\HS\

l\.')\»—l
/N

where we used the spectral inequality (3.29)) again. Analogously, since S = A"!R and C' = A\"' A4, we
have that

(5, Cl) =18, 1

1,1
[)\ 'RATAL

(1.1)
AR,

A Y VA K, 4 (kwoVA +1)My,) = A71D.

Thus, we have obtained a new block-diagonal preconditioner for the MINRES solver of problem
({4.11), which we denote by P /2, and which is given by

D 0 0 0
0D 0 0

Piz=1 9 0 x'D 0 (4.20)
1

0 0 0 A™'D

This block-diagonal preconditioner is much easier to realize in practice than the previous precondi-
tioners Py and P; containing Schur complements. Hence, we obtain the estimates (2.53)), i.e.,

cllullp,, < |ullpy <ellulp,, VucE™, (421)
which yield a robust estimate of the condition number

KPyj2 (7)17/12“4) < E/Q

convergence rates of the MINRES method.

with constants ¢ = (v/5 — 1)/2 and ¢ = (/5 + 1)/2. Therefore, Theorem leads to robust
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Let us now consider the case that o(-) is only piecewise constant, but not constant. Moreover, we
allow that o is zero in some regions of the computational domain 2. This situation is typical in
electromagnetics, where o is nothing but the conductivity that is zero in non-conducting regions.
The system matrix A of is now given by

Mh 0 _Kh,u kth’a
A .: 0 Mh —/{/’th7U _Kh,u
’ —Kh,,j _kWMh,o —/\_1Mh 0
kthJ _Kh,u 0 —)\7th
Since now
Mh,a 7é UMh7

the interpolated matrices [A, R];/2 and [S,Cly 2 cannot be computed explicitly. However, we get
an inspiration for choosing a suitable block-diagonal preconditioner according to the block-diagonal
preconditioner P; /5. Replacing oM}, by M}, » in (4.20), we arrive at the new preconditioner

D 0 0 0
0 D 0 0

P=1 0o 0o a'p o ’ (4.22)
00 0 XD

and so now, the diagonal block D is given by
D = VK, + kwoVAM, 5 + M,

This preconditioner P is our candidate for a robust preconditioner of the system matrix A. In order
to obtain robust norm estimates for the preconditioned system matrix P~ A, we look again at the
Babugka-Aziz theorem. The clue is once more that the norm estimates which have to be proven are
equivalent to the assumptions (inf-sup- and sup-sup-conditions) in the Babuska-Aziz theorem that, at
the same time, provides existence, uniqueness, as well as a priori and a posteriori error estimates. The
assumptions of the Babuska-Aziz theorem yield discretization error estimates, which we are going to
present in Section [£.4]

Let us return to the variational formulation of the optimality system for each mode k =1,..., N,
and let us define the corresponding bilinear form

By pr): (Vi 41)) = / (ys - v — PV Py - Vo + kwopy - vi) dee
@ (4.23)

+ / ("Vyi - Vay + kwoy,, - g +A7'py - q;) de.
Q
Hence, the variational problem (4.9 reads now as follows: Find (yj,p,) € V2 = (H(Q))? such that

Bi((yr: Pi)s (vi,q1) = /de/c"uk dx (4.24)

for all test functions (v, q) € V2. The initial guess (4.22) for the preconditioner P yields the fol-
lowing definitions of inner products and associated norms. We first define a non-standard (weighted)
inner product in V= (H(Q2))? by

(yk,vk)v = \[\(uVyk, vvk)LQ(Q) + kwﬁ(ayk, ’Uk)Lz(Q) + (yk, Uk)LZ(Q).
The associated norm is then given by

lysll = VA VY, Vyi)r2a) + kwV X (oyy, Ye)rz(o) + Hyk||2L2(Q)’ (4.25)
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which differs from the standard H!-norms. Finally, we define an inner product in V2 = (Hg(Q2))* by

((ykapk)7 (vkv qk))P = (yk7 vk)V + Ail(pkv qk)V~
The associated norm is given by

(x> = Ikl + A7 o 13- (4.26)

Next, we verify the assumptions (inf-sup- and sup-sup-conditions) of the theorem of Babuska-Aziz,
see [89].

Theorem 4.4. The following inequalities are valid:

Bk Yi>Pg) \Vk, 4
0#(vk,qy)EV2 (vk, qi)llp

<¢[|(yx, ps)llp (4.27)

for all (yy,py) € V2 with constants ¢ = 1/v/3 and ¢ = 1.

Proof. We start with the proof of the inequality from above. Due to the triangle inequality, it follows
that

|Bk((ykapk)a('vkaqk))| S’/yk-vkda}‘+’/prk'V'vkdcc‘+’/kwapk-vﬁdm‘
Q Q Q

+‘/VVyk~quda:‘+’/kwoykq,ﬁdw’Jr’/)Flpk~qkd:c’.
Q Q Q

After appropriate scaling with the parameter A and applying several times the Cauchy-Schwarz in-
equality, we obtain

’Bk((ykapk)a (’Uk,qk))‘ < ‘ / Y - Vk d:c‘ + ’ / V/\_1/4Vpk - /\1/4V'u;C da:‘
Q Q
+ ’ A kwod™Yip, - AVt d:c‘ + ‘ /Q A" Vivy, - A4V g, d:c‘

+ ’/ kwo™Viy, - \Viqlh d:c’ + ‘/ A p, - g, dm‘
Q Q
= ’(yk7'Uk)L2(Q)| + |(V>\_1/4vpk,)\1/4V'Uk)L2(Q)’
+ |kw (JA71/4pk7)‘1/4v?)L2(Q)| + |(V)‘1/4VykvA71/4qu)L2(Q)|
+ U‘M (U)\l/élym)\_l/él‘ﬁ)m(m‘ + |)‘_1<pk>Qk)L2(Q)’
<Nl 2@ llvnllza@) + A4 @YDy, Vb, g AV (vV0k, Vi) g
T 172 1/2
+ ViwA 1/4(ka7pk)L/2(Q) kw >‘1/4(U’Ué_7”i)L/2(Q)
+ /\1/4(Vvy1m Vyk)lL/z2(Q)>\71/4(VVQk7 VQk)lL/z2(Q)
o 1/2 - 1/2
+ Vihw )‘1/4<Uyk?yk)L/2(Q) kw A 1/4(0q$7qt>L/2(Q)
+ A2 el L2 @A 2@kl 2o
Applying the Cauchy-Schwarz inequality again several times, we obtain
|Bk((yk,Pk), (’Uk»%))| < (Hka%Z(Q) + /\71/2(va16, Vpk)LQ(Q) + kw Afl/Q(UPk»pk)m(Q)
_ 1/2
+ A2 (v, Vyi)r2 ) + kw A2 oy, Y )re) + A HpkH%Z(Q)) /

(Hka%Z(Q) + /\1/2(va, Vvk)Lz(Q) + kw /\I/Z(ka, vk)L2(Q)
_ _ _ 1/2
+ A2V, Vag) @) + kw AV (0qy, @) r2) + A HlgelZz (o)) /

_ 1/2 _ 1/2
= (lyslld + 27 pel) ™ (loelld + 2 Hawl) ™ = e po) el (v ai)ll»-
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Hence, we have proved the upper bound with ¢ = 1. Now, we want to show the estimate from below.
With the choice

1 1

(v, q) = (yk - \ﬁpk - \ﬁpklapk +Vy, — \f)\yé),

we get the relations

Bi(yi Pr)s Wi 1) = Ykl 7200 + A7 PRlI72 )

1 1
Bk((ykvpk)v <— ﬁpkv \f/\yk» = VA@Vyy, Vy)rz@) + \ﬁ(VVplm Vi) L2 @),

1 1
By, ((ykapk)a ( - \ﬁPﬁ —ﬁyﬁ)) = kw\f)\(ayk, yk)lf"(ﬂ) + kwﬁ(apk,l)k)ﬂ(ﬂ%

Altogether, with this choice, we obtain

Bi((Yrs Pr)s 0k, ai)) = lyells + A7 Hpels = 1y 2i) 13-
By using the fact that

1 1 2
= (ve = —=pi — —=ptp+ Vg~ Vil )| =3 2
(v gi)ll% H(yk J3Pr T PPt VAL yk) » = 31wk Pl

we arrive at the following estimate of the supremum from below:

Bk((yknpk)? (Uk7(Ik;)) 1
sup > —=|l(yg: Pr) I P-
0#(vi,q, ) EV? |(ve,qp)ll» V3 o

Hence, we get ¢ =1/ v/3. This completes the proof of the theorem. O]
Remark 4.5. The inequalities Theorem immediately yield existence and uniqueness of
4.9

the solution of variational problem

Due to the supremum, the discrete version of the left inequality in Theorem [I.4] i.e., the inf-sup
condition, does in general not follow from the continuous version. However, in our case, we can
repeat the proof step-by-step, and, finally, we arrive at the same inequalities in the discrete case
where V2 is replaced by V% with the same constants. Therefore, in matrix-vector notation, we have
proved similar inequalities as in , but now for optimal control problems, i.e., the inequalities

('Aﬂlwyk)

cllullp < sup <cllullp  Vu, € R (4.28)
veerin  [lgllp
implying the condition number estimate
kp(PA) = |[PT'Allp APl < E/c= V3. (4.29)

This condition number estimate yields together with Theorem [2.25] a robust convergence rate of the
preconditioned MINRES method with

/Q'p(lpil.A) -1 V3-1
= < ~ 0.267949
I p(PTA) +1 = V341

of the factor q defining the residual reduction 2¢™ /(1 + ¢*>™) after 2m MINRES iterations.
Finally, we want to determine a preconditioner for the discretized system (4.12)) in the case of k = 0.
This is done in the same way as before. The matrix A is now given by

Ao ( g i?g ) (4.30)
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where A := My, B := —K},, and C := A\"'M},. According to Theorem we construct the two
block-diagonal preconditioners Py and P; with

(A 0 [ A+BTC'B 0
73°<o C+BA—1BT) and Pl( 0 c>'

By applying Theorem [2.29] we obtain the new preconditioner P with

P (0 ) = (M0 e, )

where
[A, Rlyja = MY (M Y2 (M, + MK, My K ) My, Y220
~ MY M My Y RAG  NAMY A (M K, M K M )2 A
= MMM P MY+ VAMY M P K, M
= My, + VK, = D.

Hence, the preconditioner is given by

D 0
77—( 0 A1D > (4.31)
We can again establish similar inequalities as in Theorem [1.4] Indeed, let us define the bilinear form
Bo((y5: p5)- (v, 45)) = /Q (y5vs — vVpG - Vg + vVyg - Va5 + A" pigg) de. (4.32)

Then the variational problem (4.10) reads now as follows: Find (y§,p§) € V=V xV with V = H}(Q)
such that

Bo (6. 1), (05, 45)) = /Q Yoo - U6 da (4.33)

for all test functions (v§, ¢5) € V. Moreover, defining the inner product

((4:0): (0,0)p = (4, V) L2(2) + VAW VY, V) 20) + A7 (9, @) 20) + VAWVYD, V) 12())
with associated norm
1w P13 = ll320) + VA@YY, V) 2i) + A (P17 ) + VAP, VD) L2(),
we can again show the following inequalities:

Bo((y5,P5); (v6 46
Q”(yg’pg)np S sup (( 0 CO)C( 0> O))
0#(v§,q5) €V (06, a6)ll»

<ell(ys, po)lI» (4.34)

for all (y§,p5) € V with constants ¢ and ¢ independent of all involved parameters. The upper bound
of the supremum with the constant ¢ = 1 is again obtained by applying triangle and Cauchy-Schwarz
inequalities. The estimate from below follows by the choice

1
,Uc7qc — ( c _ 7pc7pc+\/X c>.
(v6: 45) Yo N5 0sPo Yo
For this choice, we obtain

(w5, a6)lI% = 2lI(w5, v 1> and  Bo((y6. 16) (v6. 45)) = Il (v, 5) 13-
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Hence, the constant for the lower bound is ¢ = 1/4/2. The same arguments as above lead us to the
estimate

kp(P7LA) < V2, (4.35)

which provides a robust convergence rate of the preconditioned MINRES method by Theorem [2:25]
with

V2 -1
q<
V241

In a nutshell, we have designed preconditioners for the linear systems and corresponding
to the modes 1 < k < N and k = 0, respectively, providing robust convergence rates for solving the
preconditioned system by the preconditioned MINRES method.

In practical applications, for a large number of degrees of freedom, it is not very efficient to use
sparse direct methods to invert the diagonal blocks appearing in the preconditioners P in of
the discretized problem for the case Kk =1,..., N and in of the problem for the
case k = 0. Hence, it is important to replace the diagonal blocks D = VK, + kw\[\MhJ + M}, and
D = M, + VXK, of the preconditioners P by diagonal blocks D, which are spectrally equivalent to
D, robust, symmetric positive definite and more cost efficient. As already mentioned at the end of
Section such robust and efficient practical preconditioners D for the diagonal blocks D can be
constructed by various techniques as by (algebraic) multigrid, multilevel or domain decomposition
methods, see, e.g., [T01] [142] [168], 1T73]. In Chapter [5, we consider the algebraic multilevel iteration
method for constructing such robust and optimal preconditioners. Moreover, we present numerical
results using this algebraic multilevel preconditioner as well as other preconditioners in Chapter [7}

~ 0.171573.

4.4 Discretization error analysis

We start the discretization error analysis by defining some norms in certain function spaces inspired
by the P-norm in the same spirit as it is done in Section 3.4 Let us consider again the function

spaces (3.36)), i.e.,
Vo= Hy?(Qr) and Vi = (H*)}(Qr) N HYLMQr),
where
(H>2)5(Qr) == {y € H**(Qr) : Vy € H*3(Qr), y =0 on Sr}.

Let us equip these spaces with the norms
/2 al/2
1913 = 19120 + VA VY YY) 12gpy + VA0 *y,0,%Y) 1o,
1/2 112
1913, = 19113200 + 109 200y + VA VY V9) 1201

+ \/X(Vatl/vaa 6;/2V3/) L2(Qr) + ﬁ(a@ty, @y) L2(Q

Q T)’

These norms are again defined in the Fourier space according to Definition [3.2] i.e.,

Iyl =T(ly61720) + VAWVYE, VYE) 12 (0)
T oo
T3 Z[H%H%Z(sz) + VAWVYL, VY r2) + VAN (0Y, i) 22 o)
k=1
1yl =TIyl 720 + VAWVYE, VYE) 12 (0)

T oo
+ 35 Z[(l + kw)Hyk”%Z(Q) + VAL + kw) (v Vyy, Vyi)rz) + ﬁ(kw)2(aykvyk)L2(Q)]'
k=1
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Moreover, we introduce the norms

1 2)IE, = Iyll5, + A7 ply,  and (w217, = lyl7, + A7 ol -
Remark 4.6. Note that the V-norm defined in as well as the P-norm defined in

correspond to the Vy-norm and the Py-norm, respectively, for a single mode k, i.e.,

C T > c C T -
It =Tlw I +5 D lwele and 1@ 2)IIE, = TG )17 + 5 D 1 (we )5
— k=1

The complete discretization error between the exact solution of the variational problem (4.7]) and its
multiharmonic finite element approximation is given by

(v, ) = (ynns pva)ll Py (4.36)

where the exact solution (y,p) can be represented as Fourier series, i.e.,

y(x,t) = y5(x) + Z ) cos(kwt) + yi (x) sin(kwt)],

D, +Zm cos(kwt) + pi(@) sin(kwt)],

and its multiharmonic finite element approximation (ynn,pnr) is given by (4.13]) and (4.14). Using
the triangle inequality, we can split the discretization error (4.36]) again into two parts, i.e.,

I(y,p) — (yNhapNh)HPo < |(w,p) — (yN,pN)HPo + H(Z/N,pN) - (yNh,pNh)HPo .

discretization error in N discretization error in h

4.4.1 Discretization error with respect to the truncation index

As in Subsection [3.4.1] we present a theorem which provides an estimate for the discretization error
due to truncation of the Fourier series at the mode N under weak regularity assumptions, see [112].

Theorem 4.7. Let us assume that y,p € V1. Then the discretization error due to truncation of the
Fourier series can be estimated by

1y ) = (v, o)y < co NTV2 (g, )l (4.37)

where cq is a constant depending only on the frequency w.

Proof. Under the assumption that y € V7, we obtain the following estimate:
T o0
ly —yn ¥, = B Z {||ka2L2(Q) + VAWV YL, YY) 12) + VARW(0Ys, Yi) 120
k=N+1
T < [1+kw 1 + kw
S5 Z { o Y5l 20 + VA——— "V, VY )2
k=N+1

kw)?
ﬁ(kw) (Uyk7yk)L2(sz)]

_l’_
T (o)
Sy 3 [0 Rl £ VA R0V T
=N+
+ \[\(kw) (U’yk,yk)ﬁ(ﬂ)}

1
< &l
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where ¢y = ¢p(w) = 1/y/w. Since the same estimate is obviously true for the adjoint state p, we
finally get the estimate

_ 1
1y:2) = (s ) = ly =y llt + A7 e = ey, < G5 (s P11

that completes the proof of Theorem [.7] O

4.4.2 Discretization error with respect to the finite element discretization
parameter

The discretization error between the multiharmonic approximation of the exact solution and its
multiharmonic finite element approximation can be deduced from the discretization error between
the unknown Fourier coefficients and their finite element approximations due to linearity. More
precisely, we have the identity

[(yn,pN) — (ythpNh)”?Do = T'|(y5,p6) — (Yon- Pon) ||7, Z (Y Pe) — (Yn> Pin HP

The discretization error analysis with respect to the finite element discretization parameter h starts
with proving that the discretization error of the Fourier coefficients can be estimated by the best
approximation error. Afterwards we estimate the best approximation error by the interpolation error
provided the Fourier coefficients are sufficiently smooth. We mainly consider the case k =1,..., N,
since the error analysis for the case k = 0 can be done analogously, cf. Subsection as well.
Our decoupled variational problems for k = 1,..., N are given by: Find (y,,p,) € V? such that

Bi((wr i), (v, 41)) = / Yai - vp do

= /Q(ydkvo) - (Vk, q) dze
=: (Fy, (vk, qy))

for all test functions (v, q,) € V2. Due to the assumption that the Fourier coefficients of the given
desired state y; can be computed exactly, the corresponding discrete problems are given by: Find
(ykh,pkh) S V}Zl such that

Bi((Yxn Pen)s (Vkns Qi) = (Frs (Vkn, Qi)

for all test functions (vin, gx;) € V2, which is equivalent to solving the linear system (4.11). Moreover,
from Vj, C V follows the Galerkin orthogonality

Bi((Yx: Pr) = Ygns Prn)s (Viens @) = 0 V (Vkn, Qrp) € Vi- (4.38)

The following theorem provides an estimate for the discretization error between the unknown Fourier
coefficients and their finite element approximations, see also [89].

Theorem 4.8. Under the assumption that (y,,p,) € (H*(Q))* the discretization error for the
Fourier coefficients can be estimated by

1Yk Pi) = Yo Prn) 1P < €1 Cpar(A s w0, 7,3, 1) B |(y, Pi) [ 2 (0 (4.39)

where 3, (N k,w,7,7,h) = VT 2+ (1+ k:w\ra)co oh? with constants coo and c12 from the
approzrimation theorem and c1 18 a posztwe constant. The weighted H?-seminorm | - |H2(Q) is defined
by the relation

[(Yrs P Fr2 ) = (Ul Fr2) + A Pk 72 (00)- (4.40)
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Proof. Inserting an arbitrary (vin, qy,) € V2 and using triangle inequality, the discrete inf-sup con-
dition as well as the sup-sup condition of the Babuska-Aziz theorem together with (4.38)), we obtain
the following estimate:

||<yk>pk) - (ykhaplch)ll'/’ < ||(yk7pk) - ('Ukha(Ikh)HP + ||(ykh7pkh) - ('Ukha(Ikh)HP

B ho P — v ,q B} f) 7&
<)~ i@l + V3 sup OB - (0 G, (O i)
0#(Dkn,@rn)EVE ”('Ukthkh)“P

Bi((Yins Pen) — (Yr, Pr)s (Vkns Qrer))
<yy,Pr) — (vkhanh)||7’+\/§ sup @ o)l
O#(f’kh»akh)evi vkhaqkh P

=0
+3 sup By ((Yx: Pr) _N(”kh: a5)s (Okns Qrp))
0#(Drn,qrn) €V} |(Dkny @rp) ||l P

< (Y, Pr) — (Vkns @) 1P + V3 U{(ygs Pr) — (Vkns @in) 2
< (1 4+ V3) [[(Yrs Pi) — (Vs @) |-
N——

=iCc1

We can estimate the discretization error by the best approximation error, i.e.,

1(Ye,Pr) = Wrns ) llp < ¢ inf - [(yg, py) = (Okn @in) 2 (4.41)

('Ukha'-Ikh,)EVh

and then, estimate the best approximation error by the interpolation error, i.e.

inf Wk Pe) = (Wkns @) llp < (1w k) — 1 (i 2yl (4.42)

(Vkn q,n)EVY
where I : V2 — V? (respectively Ij, : V — V},) is some interpolation operator. The P-norm
h h
e 2B = Nyl + A7 o 17
with
H’ka%/ = ﬁ(VVykvvyk)LQ(Q) + kW\F/\(Uykvyk)LQ(Q) + ||ka%2(Q)
< \/Xﬁ|yk|§{1(g) + (1 + kw\/XE)Hka%z(Q)
is bounded by
(s Pl < VATlYLlFr () + (1+ ko VD) Y1720
+A7! (ﬁ?\ka%m) +(1+ kW\F)\E)HPk”%Z(Q))'

Under the assumption that the Fourier coefficients are from H?(Q), the interpolation error can be
estimated by

(s 21) = I g )P = (1 = 10)* (o )| = (11 = L)y 17 + A7HI( = 1n)py |13

<VAP|(I - In) Yl Frgo) + (1 + kw VAT (1 - In)yll72 (0

+ AT (VAP = In)py i ) + (1 + ko VAT (T = Tn)pyll720)
<V 12|y B2 0y + (1 + ko VAT) GG oh |yl 7r2 ()

+A7t (\f/\vcizh2|l’k|iz2(ﬂ) +(1+ kW\F/\E)Cg,zhﬂpkﬁﬂ(Q))
= (VA o + (1 + kwVAD) 5 oh*) 1Py |32 0

AT (VAT + (14 kovV/AT) e 5h?) 12 [py e )

=2, (\kw7,7h)

par

= oo (N b, w0, 7,7, MR (Y 320y + A D1 F2(0))s
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where ¢y 2 and c;  are constants coming from applying the approximation theorem from finite element
discretization theory, see, e.g., [42] 46]. Hence, it follows that

1Ws:Pr) = T g PP < Cpar (N b, w0, 7,5, 1) B (1Y 32 ) + A Pkl r20) 2

::I(ylmpk)‘H2(SZ)

where (Y, Pr)|H2(q) is a weighted H?-seminorm defined by (4.40). Altogether the discretization
error for the Fourier coefficients can be estimated by

1k Pe) = Win> Prn) P < 1 ( inf 2 1k Pe) = (Vkn, @in)llp

’l)kh,7qkh) h
<o |y p) — Ry ) le (4.43)
< Cpar(>\, ka w,V,0, h) h |(yk7pk)|H2(Q)
with the constant ¢; = 1 + /3. O

Under the assumption that (y§, p§) € (H?(Q2))? we obtain the following estimate for the discretization
error in the case of k£ = 0, which can analogously be proven as Theorem by using (4.34):

1(55. 6) — W6n: Pon) 1P < (14 V2) cpar (N7, 1) B | (46, 26) | 1252 (4.44)
2

where ¢, (A, 7, h) = \Aﬁc%g + ¢§ oh? with constants co2 and ¢1 2 coming from the approximation
theorem.
According to (3.47)), we define again a H?°(Qr)-seminorm in the Fourier space, i.e.,

- 1/2
T
(Y, p)|m2 = <T (Y6 26) 372 () + B Z |(yk7pk)|12qz(9)> ; (4.45)
k=1

where the H?(Q2)-seminorm for the Fourier coefficients is defined in (4.40). The following theorem
provides the estimate for the complete discretization error with respect to the spatial discretization
parameter h.

Theorem 4.9. Under the assumptions that (y§,pS) € (H?(Q))? and (y,,p,) € (H*(Q))* for all
k=1,...,N, the error with respect to the discretization parameter of the finite element discretization
can be estimated as follows

”(vapN) - (ythpNh)”Po <a CPGT()‘aNawvvaaa h) h |(yN7pN)|H23 (446)

where ¢, (A, N,w,7,5,h) = ﬁﬁcig + 1+ Nw\fx\ﬁ)cgglﬂ with constants co o and c12 from the
approzimation theorem and c; = 14+ /3. The H?-seminorm is given by

N
C C T
|(yN7pN)|%{2 =T |(y07p0)‘%12(0) + 9 Z |(?Jk7pk)|12r{2(9)~
k=1

Proof. The proof immediately follows from Theorem more precisely, by using (4.39)), and from
(4.44). O

4.4.3 Complete discretization error

Finally, the following theorem presents the result for the complete discretization error (4.36)).
Theorem 4.10. Let us assume that y,p € Vi N H*%(Qr). Then the complete discretization error
arising from the multiharmonic finite element discretization can be estimated as follows

”(y»p) - (yNhapNh)HPg S Co N71/2 H(yap)le +c Cpar()\a vavva Ev h) h ‘(yvp)‘HZa
where ¢y and ¢1 come from Theorem and Theorem respectively, and c2,,.(\, N,w,7,7,h) =

par

ﬁ?ciQ +(1+ NwﬁE)CthZ with constants cy.2 and c1,2 from the approzimation theorem.
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Proof. Applying the triangle inequality and using Theorems [£.7] and yield the estimates
1y, ) = (ynn pnw)llpy < 1y, 0) = (ywv pn)llpe + [[(yn, o) = (Y, pve)l m,
S Co N71/2 H (yap) ||P1 +c1 CpaT(Aa Na w7ﬁ7 E’ h’) h |(yN7pN)|H2a
where the seminorm |(yx,pn)|g2 can trivially be estimated by (4.45)). O

Remark 4.11. The same statements for optimal control problems can be made as in Remark[3.20,
i.e., the convergence rate with respect to h reduces from h to h® with some s € (0,1), if

Y,p € Vl N H1+S7O(QT)7

whereas higher order elements are needed in order to obtain h® with s > 1. Moreover, the convergence
with respect to N will improve, if y and p are smoother with respect to the time variable, i.e., the
factor N=Y/2 improves to N/ provided that

y,p € Ve N H™0(Qr),

with Vy == (H*?)§(Qr) N HS&%H)M(QT) and with some ¢ > 1. This is confirmed by our numerical
experiments presented in Chapter [l In particular, we observe very fast convergence with respect to
N for time-analytic solutions.
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Chapter 5

Robustness and optimality of
algebraic multilevel preconditioners
for reaction-diffusion type problems

The examination of the block-diagonal preconditioners in Chapters [3] and [} whose diagonal blocks
are weighted sums of stiffness and mass matrices, strongly motivates to construct robust and optimal
preconditioners for these sums of stiffness and mass matrices. Moreover, we do not only want to
construct efficient preconditioners but to provide a rigorous proof of their robustness and optimal
complexity. Hence, this chapter is devoted to the analysis of preconditioners for reaction-diffusion
type problems that are both, uniform with respect to the reaction and diffusion coefficients, and
optimal in terms of computational complexity. The considered preconditioners belong to the class of
algebraic multilevel iteration (AMLI) methods, which are based on multilevel block factorization and
polynomial stabilization. In Section we have already presented some of the fundamental results
regarding the AMLI method.

The main focus of this chapter is on the construction and on the analysis of a hierarchical splitting of
the conforming finite element space of piecewise linear functions that allows to meet the optimality
conditions for the related AMLI preconditioner in case of second-order elliptic problems with non-
vanishing zero-order term. The finite element method then leads to a system of linear equations with
a system matrix that is a weighted sum of stiffness and mass matrices. We compute bounds for the
constant v in the strengthened Cauchy-Bunyakowski-Schwarz inequality for both, mass and
stiffness, matrices in case of a general m-refinement, including a new estimate for the mass matrix.
Moreover, we present an additive preconditioner for the pivot blocks with that arise in the
course of the multilevel block factorization and prove its optimality for the case m = 3. Together
with the estimates for v this shows that the construction of a uniformly convergent AMLI method
with optimal complexity is possible (for all m > 3). In other words, the derived uniform condition
number estimates together with the verification of the optimality conditions guarantee the existence of
optimal linear AMLI methods for linear systems with weighted sums of stiffness and mass matrices.
We discuss the practical application of this preconditioning technique in the context of parabolic
time-periodic problems at the end of this chapter. First numerical results using the linear AMLI
preconditioned CG algorithm in case of a 3-refinement together with the additive preconditioner for
the pivot block of the two-by-two splitting can be found in Chapter [7] Altogether, this linear AMLI
preconditioned CG algorithm leads to a robust solver of optimal complexity.

87
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5.1 A reaction-diffusion type problem

Let © C R? be a two-dimensional bounded Lipschitz domain with boundary I" := 9. For simplicity,
we assume that €2 is a polygonal domain. We consider the following heterogeneous reaction-diffusion
model problem:

—div (v(z)Vu(z)) + p(x)u(z) = f(x) T e,

u(x) =0 zel, (5-1)

where the coefficients v and p are assumed to be measurable, uniformly bounded, and positive and
non-negative, respectively, i.e.,

O<v<wv(x)<? and 0<p<p(e) <, x € .

Usually, these coefficients are piecewise constant, e.g., due to different material parameters in different
subdomains.

5.1.1 The variational problem

In order to formulate the variational problem corresponding to (5.1)), one multiplies the first equation
of (5.1)) by a test function v € V, where V is the Hilbert space

Vi=H{(Q)={uec L*Q):Vue L*Q),u=0 onT}

equipped with the norm

1/2
sy = (lull3eq@) + IVala)

and integrates over (). Integration by parts finally yields the following variational problem: Given
f € L?(Q), find u € V such that

/ (v(x)Vu(z) - Vo(z) + p(x)u(x)v(z)) de = / f(x)v(x) de (5.2)
Q Q

for all test functions v € V.
Theorem 5.1. The variational problem has a unique solution.

Proof. Existence and uniqueness of the solution of problem (5.2)) follows immediately from the Lax-
Milgram theorem. O

5.1.2 The finite element discretization

In order to solve the reaction-diffusion problem , we discretize problem by a conforming
finite element method (FEM), see, e.g., [41], 46|, [R4] 161] and Section Hence, we approximate the
solution w € V by a finite element function uw, € V;, C V. Let us consider the space V} to be the
largest of a sequence of nested spaces, i.e.,

VO cyvWcicv®c..cv® —

which correspond to a sequence of nested meshes 7 for £ = 0,...,L and T = T}, is the finest
mesh. The spaces

4 ¢
VO = Span{wg )7 B ‘P;?D
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are finite element spaces spanned by the standard nodal basis functions

{ap(e) 1,...,n([)},

where n) = dimV®). For the finest triangulation 7;, with n = n¥) = n;, = dimVj, the following
linear system arises from the variational formulation ([5.2)):

(Kv,h + Mu,h)ﬂh = i

::Ah

y (5.3)

where K, , and M, ;, correspond to the weighted stiffness and weighted mass matrix, respectively,
and f, denotes the load vector. Their entries are computed by the formulas

Ki{h:/QVVgo(L) VgogL) dx, M;{h:/HSOEL) (L) g

with ¢,5 =1,...,n and
pelfram
i=1,...,n

The system ([5.3)) has to be solved for the vector
up, = (Ui)i=1,...n €R"

of nodal unknowns of the finite element approximation

Z“i (D) (g

In order to solve problem efficiently one needs a robust optimal preconditioner. Such a pre-
conditioner can be implemented by various methods such as algebraic multigrid (AMG), domain
decomposition (DD) or the AMLI method. In the following, we will construct AMLI preconditioners
as presented in Subsection which have been introduced in [I4] [I5], see also [10], [I73]. We will
present a rigorous proof of their robustness and optimal complexity when used for solving the linear
system .
Let the symmetric and positive definite matrix 4, = A®) in (5.3) be obtained in the course of
a regular refinement procedure, which defines a sequence of symmetric positive definite matrices
starting from a coarsest level system matrix A i.e.,

{14(0}7 A(Z) c Rn(mxn“)

)

where £ = 0,..., L, and n(©) > n(¢=1) for € =1,...,L, see [I7]. These matrices are constructed for
the sequence of nested spaces V() 1.e., 7 corresponding to nested meshes 7'(() for{=0,...,L.
We partition the matrix A® on each level E in a two-by-two block form, i.e., , where its standard
FEM assembhng can be written as in . Moreover, let us assume that the parameters v and p of
problem (5.3) are constant on the coarsest mesh partitioning 7(®, and let us denote by e(® e 7()

an arbitrary element at the coarsest level. Then, the system matrix corresponding to the coarsest
mesh can be written as

0 T
A( ) = Z Re(o) Ae(o)Re(O)
(0 T (0)
T
= Y Ry (Vew Koo + fieo) M) Roo (5.4)
(0 T (0
T ~
= Y veo Rlo (Koo + fiew M) Roo,
o(0) e7(0)

where fi ) = pie© [V > 0 and v,0) > 0. We denote by R, the restriction mapping of a global
vector of unknowns at the coarsest level to the local vector corresponding to e(® e 7(0),
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5.2 Robust AMLI algorithms for conforming linear finite ele-
ments

Since the system matrices on the coarsest level satisfy the assembling property (5.4), we consider the
element system matrix

Ap) = Ko + fig0) Mo

for an arbitrary element e(®) € 7 which is a weighted sum of stiffness and mass matrices. The
analysis of uniform local bounds has to be carried out for an element matrix corresponding to an
arbitrary triangle denoted by e € 7).

Figure 5.1: An arbitrary non-degenerate triangle e € 7).

The following lemma regarding the element stiffness matrix for the Laplace operator can be found
in, e.g., [9, 10T}, [122].

Lemma 5.2. The element stiffness matriz K. for the Laplace operator can be written in the general
form

b+c —c —b
K. = 3 —c a+c¢ -—a ) (5.5)
—b —a a+b
where a,b and ¢ are equal to the cotangent of the angles in the triangle e, i.e.,
a=cotf;, b=cotfy, c=cotbs.

Proof. See, e.g., [101]. O

Lemma 5.3. The element mass matriz M, can be written in the general form

) 2 1 1
Me:% 121, (5.6)
11 2

where a,b and ¢ are equal to the cotangent of the angles in the triangle e, i.e.,
a=cotf;, b=cotfy, c=cotbs

and h is the triangle height measured perpendicular to the side BC, where B and C are the vertices
with the angles 0 and 03, respectively.
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Proof. The element mass matrix for a given arbitrary non-degenerate triangle e is given by

M, (u,v) = /uv de.

We introduce the notations h = |OA|, p = |OB| and ¢ = |OC|, where O is the origin, see Figure
Then we have the following relations given:

p q h* —pq
b=~ == =cot(mr — (02 +03)) = ————.
pe €= a=co (m— (02 + 63)) W+ q)
The element basis functions are given by
_ .z _ gz +h(g—y) _pz+hip+y)
P1r=—7, P2= y P83 = .
h h(p + q) h(p + q)

Moreover,

_ _hlp+q ;1
|6|—/d6— 9 —Je 27

where J. = h?(b + c) is the Jacobi determinant. We obtain the following first two entries of the

element mass matrix:
/h:t—i—q h2 b
Moy = / / dy dr = M

p/hx— p 12
and
a/hate h2(b+c)
e12—/ / <P1S02dydl‘:T~
p/hz—p
Analogously, we obtain all other entries and we finally derive the element mass matrix ([5.6]). O

We assume without loss of generality that
la| <b<ec.

Moreover, we define a = a/c and § = b/c and obtain the following representations for the element
stiffness and mass matrices:

L[ B+1 -1 B
Ke:§ -1 a+1 -«
-5 —a oa+f
and
) 2 1 1
Me:7h0(54+1) 121 |,
1 1 2
where (o, 8) € D with
1
D:{(a,ﬂ)eRz:—2<a§1,max{—ajé_l,|a}§5§1}, (5.7)

see [I0T] and the references therein. The domain D is illustrated in Figure

In case of discretizing diffusion problems by conforming linear finite elements, the standard choice
is a (uniform) 2-refinement, which means that each coarse element is subdivided into four congruent
elements in every refinement step. We will consider the general case of an m-refinement, where each
element is subdivided into m? elements in every refinement step. In the next subsection, we will give
the reason why a 2-refinement in general is not sufficient for problems of the form .
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0.8

-0.4 -0.2 0.2 0.4 0.6 0.8 1.0¢

Figure 5.2: Domain D of the parameters («, ().

5.2.1 The 2-refinement

Let us consider the two consecutive levels £ — 1 and £. We consider the element stiffness matrix (5.5))
for an arbitrary element e € 7¢=1. On the related macro element E C 7, which is obtained by

6

Figure 5.3: Subdivision of one triangle into four congruent ones.

subdivision of the coarse triangle into four congruent triangles, see Figure we obtain the following
stiffness matrix:

a+b+c —a =b -5 -5 0
—a a+b+c —c —g 0 —g
—b —c a+b+c 0 -5 —%
Kg = 2 2
_c _a 0 etc 9
2 2 2
b a a+b
—3 —3 0o 0
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The hierarchical stiffness matrix is given by

RE — JTKEJ: < I?E:ll [:(E:IQ >

Kp.o1 Kg.o
with
11
1 0 O ? 5 0
010 %04
J— I Ju\_| 0010 1 3
- 0 I - 00 0 1 0 O
00 0 0 1 O
00 0 0o 0 1
and
) a+b+ec —a —b 3 1 —b —a a+b
Kga1 = —a a+b+c —c , Kpio=—=| —¢ atc —a |,
=b —c a+b+c b+te —c b
Kpor = (Kga2)7, Kpoo = K.

In [122], the authors proved the following explicit formula for the local CBS constant vk g in case of
a 2-refinement:

(5.8)

One way to derive this result is to solve the generalized eigenvalue problem ([2.62)) and then to compute

vk, E via the rule (2.61)). From (5.8) follows that
'Y%(,E = 3/ 4

in the worst case.
Analogously, we can compute the CBS constant for the mass matrix. The mass matrix on a macro
element £ C T is given by

6 2 2 1 1 0
26 21 0 1
v PPera 2 2 60 11
E= "oy 110200
101020
01100 2

and the hierarchical mass matrix by

My = JTMpJ = ( Mgy Mpgas )

Mpg.o1 Mg
where
6 2 2 5 5 2
- h2(b+c - ~ h2(b+c
Mg = (274) 2.6 2 |, Mg2 = (Mg21)" = % 5 2 5
2 2 6 2 5 5
and

Mp.op = 4 M,.
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We solve the generalized eigenvalue problem
Suvpas =AMpazvps, (5.9)
where
Syt = Mp.ay — Mgy Mgl Mpg.o = Sy

is the Schur complement of the mass matrix, and obtain the eigenvalue 7/16 twice and the eigenvalue
1/10 once (independent of all parameters a,b,c !). The local CBS constant for the mass matrix

therefore is given by
—\/l—min{7 1}—\/1_1_ g
TME = 16°10S ~ 10 Vio

Hence, we obtain the following parameter-robust estimate for the CBS constant of the weighted sum
Ag = Kg + jip Mg:

3 9 9
2 o 2 2 _ S _ .
WA’EfmaX{vK’EmM,E} max{4,10} 0 (5.10)

see also [39]. We observe that the estimate (5.10)) does not imply the optimality conditions (2.71]) of
the linear AMLI method because there is no integer degree v of the stabilization polynomial satisfying

1
V1—-9/10

This is the reason to consider m-refinements for m > 2. In the next subsection, we analyze the case
m = 3.

=V10~3.16228 < v < o =m? = 4. (5.11)

5.2.2 The 3-refinement

In case of a 3-refinement, see Figure one macro element £ C 7Y is subdivided into nine congruent
triangles.

10

8 1 2 9
Figure 5.4: Subdivision of one triangle into nine congruent ones.

Denoting

s=a+b+ec,
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the corresponding stiffness matrix Kg and its hierarchical stiffness matrix K g on the macro element
are then given by

Ky — ( Kp.a11 Kgao ) and Kg=J'KgJ,

KE:Ql KE':ZQ
where
s -5 —a —=b 0 0 0 -5 0 0
-5 s 0 —a —-b 0 0 0 -5 0
—a 0 s - 0 =% 0 -2 0 o0
Kg11 = b —-a —c 28 —c¢ —a —b , Kg.is = 0 0 0 ,
0 -b 0 —c s -5 0 -5 0
0 0 -5 —-a 0 —c o o0 -%
0 0 0 b —-§ —c s 0 0 -3
b—gc 0 0
Kpor = (Kpa2)T, Kp.as = 0 %< 0
0 0 o
Here, the transformation matrix J is given by
1 000O0O0OO0OZ2 Lo
01 00 0 0O % g 0
00100O0O0OZ:20 %
0001000 § % %
J— 00 00T1TO0O0O0 3 3
0000010 5 O 3 ’
00000O0T10 5 2
0O 00O O0OOO0OT1TO0TO
0O 00O O0OO0OO0OTUO0OT1TTFO0
0000 O0OO0OTO0OTU 0 O0 1
and the blocks of the hierarchical stiffness matrix K £ are as follows
—b —a a-+b
—b —a a+b
~ ~ ~ 1 —-c a+c —a ~
KE:ll == KE:lla KE:12 = (KE:QI)T = 75 0 0 0 ’ KE:22 == K@-
b+c —c —b
—-c a+c —a
b+c —c —b

In [10], the authors proved the following estimate of the CBS constant of a macro element stiffness
matrix arising from a uniform m-refinement:

m?2—1
VK,E < o (5.12)

8
TK,E < \/; (5.13)

Hence, for m = 3, we have the estimate
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Now, we estimate the CBS constant for the corresponding macro element mass matrix, where we use
the node numbering as shown in Figure First, we find

6 1.2 2 0 0 0 1 0 O
1 6 0 2 2 0 0 0 10
206 2 01 0100
2 2 2 12 2 2 2 0 0 O
R*b+c¢)| 0 2 0 2 6 0 1 0 1 0
Mp =229
24 001 2 06 2 001
000 2 126 001
1 01 0 000 2 00
01 0 0 1 0 0O0 20
000 0O 01 1 0 0 2
and the hierarchical macro element mass matrix
~ T Mg.11 Mgz
Mg =J"MgJ <ME21 ME:22>
where Mp.11 = Mp.11, Mg =9 M, and

2 10 4

b % i

ool § 11

Mgz = (Mp.21)" = Tc 8 8 8

4 22 10

S

i i

3 3 3

We solve the eigenvalue problem (5.9)) corresponding to the 3-refinement and obtain the two-fold
eigenvalue 19/99 and the eigenvalue 1/21 which are again independent of the parameters a, b, and c.
Hence, the local CBS constant for the mass matrix can be computed via the rule (2.61)) and is given
by

_\/1 _{19 1}_ 20
e = g2t T Var

and finally, in view of (5.13)), the CBS constant of the weighted sum Ap = Kg + jip Mg can be

estimated by
8 20 20
< 2 2 } _ i G \/> .14
Ya,E < \/max {VK,E’VM,E max{g, 21} 21 (5:14)

From ([5.14) we conclude that the optimality condition (2.71)) is fulfilled since

1

V/1-20/21

holds for polynomial degree v € {5,6,7,8}.

In the following subsection, we discuss the estimation of the CBS constant for uniform m-refinements
for all m > 2. In particular, we present a uniform estimate of the CBS constant for A = Kp+jig Mg
on a macro element £ C 7).

= V21~ 458258 <v<p=m>=9 (5.15)
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5.2.3 The uniform m-refinement

The CBS constant for the mass matrix for a refinement factor ¢ = m? can be computed in the same

way as it was presented in Subsection [5.2.1] and Subsection [5.2.2] In Theorem [5.4] we present a
general result for the estimation of the CBS constant of the mass matrix, see [103].

Theorem 5.4 (Kraus and Wolfmayr [103]). Consider a uniform m-refinement for conforming linear
finite elements where m > 2. The CBS constant of the mass matrix can be estimated as follows

12m2 -5
<y 2o .
M=\ T2 (5.16)

Proof. The global CBS constant can be estimated by the maximum of the local CBS constants on
the macro elements (2.60)), which can be again computed via the rule (2.61)), i.e.,

s =1 3"
where )\%in is the minimal eigenvalue of the eigenvalue problem , which we write in the form
vh.o (SM - )\MEQQ) v =0,
We try to find a lower bound N for the minimal eigenvalue N2 such that
Vi (SJV[ — AR ME:22> v > 0.

For that reason, we estimate the Schur complement Sy, from below by S, and, after that we solve
the problem

Vi (§M - )\ME:22) vE2 =0.

For every m-refinement, we systematically use a bottom-up lexicographical ordering for the fine nodes
and number the three coarse nodes last. Hence, the lower right block Mg.05 of the macro element
mass matrix is always

ME:22 =2 me I7
where I is the identity matrix and
_ h2(b + c)
Me=—"(p —

Let ng denote the number of nodes on a macro element subdivided into m? elements. The Schur
complement Sy; can be estimated from below in the following way:

Sar = Mp.os — Mp.oy M, Mg.1o
=2m.I — Mp.o1 M5}, Mo
1 _

Z 2m(1] - 6 m, ! ME:21 IME:IQa

where we use the estimate
Mg11 > min - (Mpa1)ul =6m.1
ie{l

because the weakly diagonally dominant matrix Mg.1; has only the diagonal entries 12 m, and 6 m..

Moreover, since the matrices Mg.12 and Mp.0; = (M E:12)T have exactly two entries equal to one in
each of the three columns and rows, respectively, we obtain

Mp.oy Mp.as = (Mp.a2)! Mpas =2m?1.
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Finally, the Schur complement Sj; can be estimated from below by

1
Snr 22m51—6m;12m3[

1
=2m.] — =me.I
m 3m

Next, we have that
Mp.9o = Mp.as + Jh 1o Mpas + Mpoy Jeas + Jb.1s Meas Jpaa = m? M,

with a transformation matrix Jg.12 of the form (2.64]). Then

2m—2 1 1
T T 2me2 T
JE¢12 ME:12 = Mmc ey m m
T T 2me2
m m m

because Mg.12 has exactly two entries with value one in each row and Jg.12 has the value (m —1)/m
in exactly the same positions. Hence, we solve the problem

5
Vi <3 mel — Am? Me) vE.2 =0

and obtain the two-fold eigenvalue 5/(3m?) and the eigenvalue 5/(12m?), which yields the lower
bound for A", According to (2.61), we obtain the estimate

: 5 12m? — 5
Yap=1-Ag"<1- ===,

12m?2 12m?
which together with (2.60) gives the upper bound (|5.16)). O

Remark 5.5. If the parameter jip =0, i.e., A = Kg, then the CBS constant can be estimated by
the formula , see [10]. Moreover, the estimate at the same time provides a bound for

the local CBS constant ya g corresponding to the weighted sum of mass and stiffness matriz, since

together with , we obtain

21 12m2 -5 12m2 -5
va.g < max {vk g, Ym.p} < max m , m Y el . (5.17)
’ ' ’ m?2 12m?2 12m?2

By applying estimate (5.16)) of Theorem and using ([5.12]), we obtain the following estimates for
the CBS constants in case of m-refinements for m = 3,4, 5:

max {5,133} ~ 0.953704  for m = 3,

Yap <max {vi g vt < max {3, 357} ~0.973958 for m =4, (5.18)

max {%, % ~ 0.983333 for m =5.
For comparison, we compute also the sharp bounds for the CBS constants vy g and yar,r up to
a H-refinement. The cases m = 2 and m = 3 have already been worked out in Subsections [5.2.1
and In an analogous manner, one computes the estimates for the cases m = 4 and m = 5 using
again a bottom-up lexicographical ordering for the fine nodes and numbering the three coarse nodes
last.
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For m = 4, we obtain the following block Jy2 of the transformation matrix J:

3 1 1 3 1 1 1 1 1 T
= 2 2 = = 2 0 £z 5 0 z O
PR (O B O O O - B O
A U O A A A A
000 3 3 % % 3 3 3 1 1
The resulting hierarchical macro element mass matrix is given by
~ Mga1 Mg )
Mg =J"MgJ = - - ,
e E (ME:21 MEg.2o
where ME:QQ =16 Me,
2 o5 1T g 6 1 g 13 1\
- - 2 2 2
ME:12=(ME:21)T:% % % % 612 % L6 5 1 1%7
1 1 1 5 6 6 5 4 12 4L I 1T
and
6 1.0 2 2 0 00 0O 000
16 1.0 2 2 00 0 000
016 00O 2 20 0 0O00O0
2 006 2 0 01 0 0O00O0
2 2 0 2 12 2 0 2 2 0 0 O
M_fﬂ(b+c)0220212202200
BT T 00200 2 600 100
0001 2 0 06 2 010
00 0 0 2 2 0 2 12 2 2 2
O 000 o 2 10 2 6 01
Ooo0 00 O o0 01 2 06 2
0000 O O OO 2 1 26

Analogously, one determines the transformation matrix J, the macro element mass matrix Mg and
the hierarchical mass matrix Mg for the 5-refinement. For m = 5, we obtain the following block Ji5
of the transformation matrix J:

4 3 2 1 4 3 2 1 3 2 1 2 1 1 T
: 2 £ : : 2 £ £ 0 2 £ 2 0 £ = 0 £ 0
(1P 3151889119518
220 1111933393341
5 5 5 5 5 5 5 5 5 5 5 5 5 5§
The resulting hierarchical macro element mass matrix is given by
] ME:ll ME:lQ)
Mg =J"MpJ = - ,
e E (ME:21 MEg.2o
where ME:QQ =25 Me, ME:lQ = (MEzgl)T = %N with
46 34 22 o 46 72 48 24 4 34 48 24 4 22 2 4 o 4T
(3 2 & s 1 2 &2 b 1AL A 1A D 1 ]
s 101 1 5 A A A 5 0 h kBB A D B K oa |
5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5
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and

~ h2(b+c
Mg = %

NONDNOOOOOOoOOoOOoO oo

—_
[\

OO0 OONNODO D
SO0 OONNDO R~ O
OO0 ONNOO R~ O~ O
COO0O0O0O0O0OOONNOOOD~OO
DO ROOONDIOOON
COCO0OO0OOCOONNOONHNDONN
COO0OO0OOCONNOONHTNODONNOD
COO0OONNOONDNOONINOO
CO0O0OROOOINODOONDO OO
COO0OROONNOOON—, OO OO
COONNONTNOONNODOD DO O
CONNONTNOONNOOOD OO O
COROO0OOANOOHRNOOOO OO0
OCRONDOONR OO0 O OO
FOOONORNOODOOOOOOOOO
NN ONROOO0O00O0O0oooOOO
ONRF N0

N DN DN

Finally, one solves the corresponding eigenvalue problem (5.9) for m = 4,5, and uses the minimal
eigenvalues to compute the CBS constants via the rule The resulting sharp estimates of the
CBS constants for problems of the form corresponding to m-refinements for m € {2,3,4,5}
(under the assumption (5.4))) are as follows

max{%,% =0.9 for m = 2,
max {%, % ~ 0.952381 for m = 3,

Gp <max {7k p, e} = (5.19)
e e max{ﬁ 361 ~0.972973 form=14
167 37 : J
max{%, ﬁ%g ~ 0.982763 for m = 5.

Comparing now ({5.18) and (5.19)) shows that formula (5.16) provides a very good estimate for the
CBS constant of the macro element mass matrix.

Corollary 5.6. Summarizing our findings, the smallest value for m that guarantees that the opti-
mality conditions can be satisfied with an m-refinement is m = 3. Moreover, since

1 3
2:2m\/;<2m<m2
12m2—-5
\/1_ 12m?2

any m-refinement for m > 2 allows to meet the optimality conditions , see also [103].

for all m > 2, (5.20)

In the next section, we will present the construction and the analysis of an additive preconditioner
for the pivot block Aj; arising in the 3-refinement.
5.3 Additive preconditioning of the pivot block

Applying the AMLI method requires the action of (an approximation of) the inverse of the pivot
blocks Agel) on a vector. It is well known (see, e.g., [I5]) that the (linear) AMLI preconditioner
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with approximate pivot block C%) is optimal if apart from the optimality conditions |l the
preconditioners C’ﬁ) are spectrally equivalent to A(lel) on all levels 4, i.e.,

¢ ¢
C£1) ~ A§1)a

in the sense of (2.70)) and their action on a vector has linear complexity, i.e., requires O(n(¥)) arithmetic
operations.

Here, we generalize the additive preconditioner C’f?, which was proposed in [I3] for the 2-refinement,
for the 3-refinement and derive the corresponding condition number bounds. The construction as

well as the analysis of Cﬁ) relies on a macro-element-by-macro-element assembling procedure, i.e.,

A = Y RLApuiRe (5.21)
EcCT®
and
o) = > RECpaiRe. (5.22)
ECT®

The pivot block of the macro element matrices is given by
Apa11 = Kpan + fig M-

The idea is to construct an additive preconditioner C'g.11 having the form
Cpni = Chay + fie i

with the same weighting as the pivot block Ag.11 and where the matrices C& |, and C¥ | have the
same structure, i.e., the same non-zero pattern, in order to implement the preconditioner Cg.;;. We
obtain the preconditioners CK , and C},, by preserving the largest (in magnitude) off-diagonal
entries of Kpg.11 and Mg.11, respectively. Note that the same nonzero pattern is chosen for the
preconditioner of the stiffness matriz pivot block and for the one of the mass matrix pivot block ! The
couplings corresponding to the largest (in magnitude) off-diagonal entries are shown in Figure

10

8 1 2 9

Figure 5.5: Couplings corresponding to the largest entries in the macro element pivot block (red) for
the 3-refinement.

We start with the computation and analysis of the additive preconditioner Cg/{ll for the pivot block
of the macro element mass matrix Mg.11.
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5.3.1 Additive preconditioning for the pivot block of the mass matrix

Let us consider the element mass matrix (5.6) and let & = a/c and § = b/c with |a| < b < ¢, where
(o, B) € D as illustrated in Figure Then the pivot block of the macro element mass matrix
corresponding to the node numbering presented in Figure is given by

612 2 00 0
160 2 200

) 206 2 010
ME:H:W 2 2 2 12 2 2 2
020 2 60 1
001 2 06 2
000 2 1 2 6

We choose the following additive preconditioner by preserving only the largest (in magnitude) off-
diagonal entries as illustrated in Figure [5.5}

6 1.0 0 000

1 6 0 0 000

2 006 2 000
C%I:M 002 12 2 0 0 (5.23)

24 000 2 600

000 0 06 2

000 0 026

Hence, the additive preconditioner of M is defined via the macro-element-by-macro-element assem-
bling by

oM — Z RELCM  Rg. (5.24)
ECT®

Theorem 5.7 (Kraus and Wolfmayr [103]). The additive preconditioner of M11 with
yields a relative condition number uniformly bounded by

1+ 205+3v 3873
1792

1 — /205433873
1792

which holds independently of the shape, the size of each element and of the problem parameters v and

w, cf. .

r((CMY71M) < ~ 2.75607, (5.25)

Proof. In order to obtain the relative condition number of the preconditioned system ((C?4)~t M),
we have to solve the local eigenproblem

Mpa1vg = Ap Cplyy vEs.
In the characteristic equation
det(Mp.q1 — ApC¥,) =0,
we substitute Az = 1 — ug and obtain the equation

(B+1)chpug (40 3 — 7) (896 3 — 205 3, +2) = 0.
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Since ¢ # 0, h # 0 and 8 # —1, we obtain the following solutions of this equation:

u%) =0,

s _ LT
' =45 0 +0.41833,

(4/5) 1 1 F
1 _1175 - 205 — 3v/3873 ) ~ +0.101054,

(6/7) 205 3V 3873
= 44/ — ~ £0.467528.
e \ 1702 * 1702 0467528

Hence, the largest and smallest eigenvalues A% and AB™ are given by

205  31/3873
max _ 1 — ~ 1.4
AL T\ 1702 T 702 6753
and
: 205  3v/3873
min _ ]y ~ 0.532472
AL 1792 T 1792 0.532472,

respectively. Thus, we obtain

1_ 205 + 3v3873 < Ap <14 205-&-3\/3873. (5.26)
1792 1792

Finally, using (5.26) together with (5.24) it follows that the relative condition number estimate ([5.25)
holds. O

In the next subsection, we compute and analyze the additive preconditioner for the pivot block of
the stiffness matrix.

5.3.2 Additive preconditioner for the pivot block of the stiffness matrix

Let us consider now the element stiffness matrix (5.5) and let again @ = a/c and f = b/c with
la| <b < ¢, where (o, 8) € D as illustrated in Figure Then the pivot block of the macro element
stiffness matrix corresponding to the node numbering presented in Figure is given by

o —% —a —fp 0 0 0

-3 o 0 —a -5 0 0

—a 0 o -1 0 -2 0
Kgi1=c¢| -8 —-a -1 20 -1 —a -8 |,

o -8 0 -1 o 0 -%

0 0 -8 @ 0 o -1

0 0 0 -8 -5 -1 o
where 0 = a4+ 8 4+ 1. We define the additive preconditioner of K1 by

Cli= Y RLCE. Re (5.27)
ECT®
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with
c -2 0 0 0 0 O
-+ o 0 0 0 0 O
0 0 ¢ -1 0 0 0
CE.,=c| 0 0 -1 20 -1 0 0 |, (5.28)
0 0 0 -1 o 0 0
o 0 0 0 0 o -1
0o 0 0 0 0 -1 o

where we have preserved only the largest (in magnitude) off-diagonal entries of the macro element
stiffness matrix pivot block Kp.11 in order to get CK |, as illustrated in Figure Note that this
preconditioner has the same nonzero pattern as the one for the pivot block of the mass matrix.

Theorem 5.8 (Kraus and Wolfmayr [I03]). The additive preconditioner of K11 with
yields a relative condition number uniformly bounded by

223 | 3./5241
L+14/51 + “610

k((CEYTK) < ~ 10.7185. 5.29
((C11) 11)71_ s ; o/ (5.29)
640 640

which holds independently of the shape, the size of each element and of the problem parameters v and

u, cf. .

Proof. In order to estimate the condition number of the preconditioned pivot block K71 we consider
the local generalized eigenproblem

Kp11ve1 = Ag OBy vE1. (5.30)
We rewrite (5.30) in the form
vpa (Kpa1 — Ap Cpup) vea =0,
substitute Ag = 1 — pg and define

cP(up,a,B) = Kp.a1 — (1 — ug) CJIE‘(:H

with
P(ug, o, B) == Po(up) + o Po(up) + B Ps(pe),
where
1 -4 0 0 0 0 0
—% 1 0 0 0 0 0
0 0 1 -1 0 0 0
PO(ME) = UE 0 0 -1 2 -1 0 0 3
0 0 0o -1 1 0 0
0 0 0 0 0 1 -1
0 0 0 0 0o -1 1
peg 0 -1 0 0 0 0
0 wr O -1 0 0 0
-1 0 ug 0 0 0 0
PQ(ME) = -1 0 2,UE 0 -1 0

OO OO
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and
pg 0 0 -1 0 0 0

0O pwg O 0 -1 0 0
0 0 wug 0 0 -3 0

Py(up):=| -1 0 0 2ug 0 0 -1
0 -1 0 0 pug O O
0 0 -+ 0 0 pug O
0 0 0 -1 0 0 ug

do not depend on « and 3. Since P(ug, a, ) depends linearly on o and 3, this matrix-valued function
can be only maximal or minimal (in an symmetric positive semidefinite sense) on the boundary of
the domain D defined in 1) see also Figure Hence, either for —% <a<0and g = —QL_H
or for « = 8 = 1. It remains to determine the corresponding value pg. Let us firstly consider the

simpler case a = 3 = 1.

In the case @« = § = 1, we solve the characteristic equation corresponding to problem ([5.30) which
yields the equation

e (10752018, — 8740843, + 936943, — 78) =0
and has the following solutions:

(1)

p = 1, 113 < 4. 340693,
4\ 7
@s _ 41 /1 o) ~

223  3v/5241
/D = | 2| 3

~ +0.82 .
640 640 0.82933

Hence, the local largest and smallest eigenvalues corresponding to the case a = § =1 are given by

223 35241
max = 1 — ~ 1.82
g + 640 + 640 82933,
: 223 35241
AR = 1 -4 — ~ 0.1
E 610 + 610 0.17067,
respectively.
Now, we consider the second case, i.e., —% <a<0and g = ail The characteristic equation

corresponding to (5.30) together with ¢ 7é 0 and with the substitution A\g = 1 — pg is given by

0= 32?45_1)[16 (@®+a+1) (20° + a+1) (a(a+2) +2)*(a(2a + 3) + 3) uf
— 202 (a(a(a(a(a(a(8ala + 7) + 191) + 421) + 589) + 457) + 157)
+4)+ 1) — 6(a(a(a(a(a(a2ala(12a(a + 7) + 293) + 647) + 2001)
+2229) + 1807) + 1026) + 399) + 95) + 19) uit,
+ 3(a(a(a(a(a(a2a(a(16a(a + 7) + 375) 4+ 781) + 2203) + 2119)
+1397) + 598) + 157) +5) + 1) u3],

where —5 < « < 0. The first solution is ,u =0 and A\ W= 1. Moreover, the equation is fulfilled
for a = O So, we consider the case a € (f% ). We now substitute vz = p2 and solve the cubic
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equation by Cardano’s formula, see, e.g., [34]. The equation has the form
A(a) vy + B(a)vh + C(a)vg + D(a) =0, (5.31)
where
Ala) =16 (& +a+1) (20° + a+ 1) (e +2) + 2)* (20 + 3) + 3).
We divide by A(a) # 0 and obtain an equation of the form
vE 4+ a(a) vy +b(a) vy +c(a) =0
with

( 6(a+1) 6(a+1) —10a -7 26(a + 1) 3 >

— — -6
a?4+a+1l 2024+a+1 ala+2)+2 al2a+3)+3  (a(a+2)+2)2

ool w b

The symmetry of all the involved matrices implies that the cubic equation (5.31) has three real
solutions. Using the substitution

we obtain the equation

where

The solutions of this equation are given by

200 = 4= Sp(a) cos (; arceos (r(oz))) ,
@) _ \/%cos (; arccos (r(a)) + g) ,
20 =y gota) cos g anceos (e - 7).
where
(o) = -2 -2

Finally, the solutions vg = 2, are given by

o(a)

V(El)(a) = Z(Z) - 3 )

i=1,2,3.
The three solutions (as functions of «) are illustrated in Figure We see that v (a) corresponds
to the largest value for pp and has its maximum for o« = —1/2. This can be proven by a standard
tool from symbolic computation called Cylindrical Algebraic Decomposition (CAD), see |47, [48], 86,
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-0.5 -0.4 -0.3 -0.2 -0.1

Figure 5.6: The three solutions vV (a), v®)(a) and v®) (a) for a € (=1/2,0).

of which several implementations are available. We used the Mathematica commands CylindricalDe-

composition and Resolve for the proof. For a = —1/2,
1
v (-1/2) = o (503 + 3\/201) ~ 0.681915,

and the corresponding maximal and minimal eigenvalues are given by

Amax — 1 4 JpW(=1/2) ~ 1.82578  and AR =1 — /v(D(=1/2) ~ 0.174218,

respectively. The outcome of comparing these eigenvalues to the ones for the case o = =1 is that
the maximal and minimal eigenvalues are both attained for « = 8 = 1, which leads to the following
local eigenvalue estimate:

017067~ 1—s < Ap < 1+ s~ 1.82933, (5.32)

o @+3\/5241
— V640 640

Together with the macro-element-by-macro-element assembling procedure (5.27)), we finally arrive at
the condition number estimate

where

223 | 3+/5241
L+ 50t “6i0

K((CF) T K1) < ~ 10.7185.

1— /223 4 35241
640 640

Instead of using CAD for proving that

(@) =, M(_
[nax, max v (o) =\ (-1/2),
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we can, alternatively, prove a less sharp bound by estimating the cosine in all formulas of z(*),
i=1,2,3, by 1. This yields the following bound for all three solutions:

(@) < |/ —gpla) 1 - U ().
This bound can be written as
Vmax(a) = _@ + _gp(a)
=~ f(@) + V@~ 1g(@)
where
fl)=Zaf)  and  gla) = S b(a)

As can be seen from Figure the function .y («) has its maximum at « = —1/2. For the sake of

0.7

-05 -0.4 -0.3 -0.2 -0.1
Figure 5.7: v (a), v?(a), v®)(a) and their bound vax(a) for a € (—1/2,0).

a simple proof we determine functions f(«) and g(c) such that we can bound vyax from above, i.e.,

%f(a) + i fla)? —4g(a)
< éf(a) + i f(@)? —4g(@) = Zmax(a).

Vmax(a) = -

This can be done by choosing quadratic functions as upper bound for —f and as lower bound for g.
We compute three points on the curves —f and g and then fit quadratic polynomials through these
points. For instance, we may choose the following two quadratic functions bounding —f and ¢ from
above and from below, respectively:

_ 119 , 1802 19
Hla) = 57a = meat
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(a) — @Cﬁ_’_ga_’_i
SR = 75 25" T 12"
For this choice of f and g, the function Umax (@) does not have a local extremum and, hence, its
maximum is attained for & = —1/2. In this case, we have that
201 /2701

max_12:max_12:7 — = 0.762 s

Umax(—1/2) = Vmax(—1/2) 400+ 200 0.762356
and P(ug, o, ) is maximal and minimal for « = —1/2 and § = 1. Together with the macro-element-

by-macro-element assembling ([5.27)), we obtain the following condition number estimate:

K((CS) ' K1) < Lt V/Vnax(Z1/2) ~ 14.7641.
1 — /e (—1/2)

5.3.3 Additive preconditioning for the pivot block of the whole system

Theorem 5.9 (Kraus and Wolfmayr [103]). The additive preconditioner of A11 with the
additive preconditioners for the pivot block of the mass matriz and for the stiffness matriz
, where we have used the preconditioners and corresponding to the macro elements,
is uniform. More precisely, the relative condition number bound

14 223 3v5241

610 T 640

/223 | 3./5241
L=/ 610 + 640
holds independently of the shape, the size of each element and of the problem parameters v and pu, cf.

E3.

Proof. Tt follows from macro-element-by-macro-element assembling that
vl Apvy = Y gy Rp Apn Rpvea
ECT®
= Z vpa R (Kpa1 + fis Mpa1) Revea.
ECT®
Using the local eigenvalue estimates ((5.26)) and (5.32)) corresponding to the local generalized eigen-

problems with Mg.1; and C¥,, and with Kg.1;1 and CK ||, respectively, yields the following upper
bound:

T T BT T BT ~
v] Ao = E vpq Ry Kpai Revea + E vpa RE fig Mp.11 Revea

K((C11) tA) < ~ 10.7185 (5.33)

ECT® ECT®
T T ~K ¢ T T ~ M
= Z )‘%al)é vga Ry Cpai Revea + Z )‘IJIvIIdE vga R e Cg.q REvE.
ECT® EecT®

Taking the maximum of the two eigenvalues A% and AJf%, ie., A% = max{ AR5, A\jf'E }, leads to

T T pT
vy Apjvy = E Vg1 Rg Apa1 REvea
ECT®
max , T T K ~ M
E B vpa Re (Cea + e Cray) Revea
ECT®
max T T K ~ M
A4 E vpa R (Cgai + e Crin) Revea
ECT®
ma T T
Aa™ Z vgy RE Cpa1 REvEa
ECT®
)\rxax ’U? 011 V1,

IN

IN
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where Nj** =1 + 24218 + 3 524 . Similarly, one proves

T min T
(% A11U1 Z )‘A (% 011 V1

with A = 223 4 3v32dl  Altogether, the two inequalities yield the condition number estimate

(G-33). O

5.4 Stabilization polynomials of higher degree

As briefly discussed in Subsection [2.8.1] we combine hierarchical basis preconditioners with stabiliza-
tion techniques in order to obtain a linear AMLI method of optimal order. In this section, we discuss
the construction of the matrix polynomials P)(t) = P,,(t), which occur in the approximations

@69, ie.

(Z“_l))_l — (I _ p® ((B(Z—l))—lA(é—l))) (A(f‘l))‘l

of the Schur complements (2.58)), i.e.,
SO =A%) — a8 (a))~1al)

at levels £ = 1,...,L, not only of degree 1 and 2 but also of higher degree since the considered
3-refinement requires and allows for higher-degree polynomial stabilization in order to fulfill the

optimality conditions (2.71)), i.e.,
<v<op.
1—~2

Proper choices of matrix polynomials P)(t) = P,,(t) approximating matrix inverses are based on
Chebyshev polynomials, see [14], [15] as well as |8, [T0T]. This work goes back to Chebyshev (1821-1894),
see [45]. Polynomials of best approximation are discussed in, e.g., [102, [I06]. The following matrix
polynomials based on Chebyshev polynomials can be used on the interval [a, 1] with 0 < a < 1:

TW (1+a 2t>+1

P, (t) = (5.34)
¢ T, (1+a) +1
Here, T, (t) is the Chebyshev polynomial of the first kind defined via the recursion
Tp,(t) =2tTy,—1(t) — Tp,—2(t), ve=2,3,...,
To(t) =1, Ti(t)=t.
Next, we define the polynomial Q) (t) = Q,,_1(t) by
1- PU (t)
ve—1(t) = ‘
Q ¢ 1( ) ¢ (535)
— qO ) +q(2)t+ (Z) t’Ug 1

In Table ﬂ Table Table m Table H Table and Table we list the coefficients qy),

i1€{0,1,...,7}, of all polynomials Q,,,—1(t) for vy € {1,2,...,8} on the interval [a, 1] with 0 < o < 1.
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Table 5.1: Coefficients of the polynomials Qo(t) and Q1(t).

)

qz@) vp=1 & f)
. 2 4
‘ i=0 g =i
Z:O q(()l):1 =1 (()2)_1+()44
=1 I T T ra?

Table 5.2: Coefficients of the polynomials Q5 (t) and Q3(t).

ql@) vy =4

q; v =3

. (4) _ 16(1+a)
i=0 0 7 1+a(6+w)

-0 (3) _ 943a

i do " = 1+3a i=1 (4) _ _ 16(5+a(1445))

=1 (1§3) = _(Qf(+13+()l2 B q%4) B} 128((11453()6%1)2

i=9 qég) — 16 =2 @ = Tra(6ta)?
(50) i=3 q§4) == (1+a?g+oz)2’

Table 5.3: Coefficients of the polynomial Q4(t).

qu) Vy = 5

C (5) _ 5(5+a(104+a))
i=0 ¢’ ="
1 (5) __ _ 40(14a)(5+a(22+5a))
L= q = (I+5a(2+a))?
_ 9 5 _ 80(T+a(18+7Ta))
t= 43" = (1+5a(2+a))?
_3 (56) _ 640(14)

t= q:(a : = T +5a2+o))2

. 5 256

i=4 4" = Grsa@rae

Table 5.4: Coefficients of the polynomial Qs (¢).

@) =6
i—0 o© = _12B+a)Batl)
- 0 7 (1+a)(1+a(a+14))

1 o® — _12(35+a(308+a(594+Ta(44+50))))
1= 4 = (A+a)2(1ta(atid))?
F_9 ) _ _256(a(Tat26)+7)
1= 42" = Tra)(ltalarid)?
3 O 384(a(90422)49)
1= 43" = Tt (lta(atld)?
i— _ 3072

44 It (1ta(at1d))?

(6) _ 1024

=5 ¢ = T (Ha)Z(1+al(atia))?
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Table 5.5: Coefficients of the polynomial Qg(t).

4
q; v =17

i=0 Q(()7) _ 7(a(a(a+21)4+35)+7)

1+7a(3+a(5+a))
i—1 (1) _  112(a+1)(a(o(7a(a412)4202)484)+7)
=4 G = (I+7a(3+a(5+a)))?
F_ o D _ 224(a(a(3a(Tat52)+286)+156)+21)
t=2 & = (I+7a(B+a(5+a))?
;= (7) _ _ 4480(a+1)(a+3)(3a+1)
a3 = (1I+7a(3+a(5+a)))?
. (7) _ 1792(a(1la+26)+11)
¢ 4 T [T+7a(3taGta)))?
. (7) _ _ 14336(a+1)
t= 95 = T 17aB3taGra)n)?
i —6 (7 _ 4096
t= 96 " = Tr7aB3ta(cra)n)?

Table 5.6: Coefficients of the polynomial Q7(t).

qf) v =8
i—0 8) _ 64(a+1)(a(a+6)+1)
¢ 9 = TTra(28fa(70+a(28+a)))
1 (8) _  64(a(c(e(3a(Taa+18)+585)+2860)+1755)+378)+21)
1= 4" = (T4 (28+a(70+a(28+))))?
i —9 (8) _ 512(a+1)(a(a(3a(7a+68)+446)+204)+21)
t= 42 = (A+a(28+a(70+a(28+a))))2
3 B — _1280(a(a(lla(3a+20)1390)+220)+33)
1= 43 = T+ (28+a(70+a(28+x))))2
F_ 4 ,® _ 8192(atD)(a(ilat34)+11)
v= 4 T (T+a(@8+a(T0+a(28+a))))?
. (8) _  8192(a(130:4+30)+13)
¢ 95~ = T Ota@sta(70+a(28+a))))2
P (8) _ 65536(a+1)
? 96 = (Ata(28ta(i0ta(25+a))))?
i = q(S) _ 16384
7 (I+a(28+a(70+a(28+a))))?
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Remark 5.10. In order to ensure that the linear AMLI preconditioner is uniform and of optimal
order of computational complexity, the stabilization polynomial P,,(t) for the 3-refinement has to be
at least of degree vy =5, which corresponds to a polynomial Q.,—1(t) of degree 4. More precisely, the
optimality condition in the 3-refinement case, i.e.,

1
V/1—20/21

is fulfilled for polynomial degree v € {5,6,7,8}.

=V21 = 458258 <v<p=9 with v = max vy
0<¢<L

5.5 The relative condition number of the AMLI preconditioned
system

We want to consider some bounds for the spectral condition number
%((B(f))—lA(é))

of the AMLI preconditioned linear systems, which consist of weighted sums of stiffness and mass
matrices, in the spirit of [IT} 14, I5]. The preconditioner B at level ¢ for (2.66) and replacing the

pivot block Ag’? by an approximation Cﬁ) satisfying 1' ie.,
gv?Cﬁ)vl < vlTAg?vl < EvlTCf?vl,

yields the linear AMLI preconditioner (2.73), which is given by

po._(cy o [ ralg
ALz 0 I

Here, we denote by Z(~1) the approximation of the inverse of the Schur complements 1} ie.,
(Z(Zfl))fl — (I _ p® ((B(lfl))flA(Zfl))> (A(eq))q

Since we have discussed the choice of the stabilization polynomials in Section [.4] we now want to
present bounds for the relative condition number of A®) with respect to B, which are depending
on the CBS constant -, the degree of the stabilization polynomial v, the interval on which the
stabilization polynomial is defined and on the constants ¢ and ¢ for approximating the pivot blocks
according to . The following estimates are proven for stabilization polynomials defined on the
interval [a, 1] with 0 < a < 1, see [I5].

Theorem 5.11. Let C’f? be a spectral equivalent preconditioner for the pivot block Aﬁ) satisfying
and let BO be the linear AMLI preconditioner defined in . Then the relative condition
number of A©) with respect to BY is bounded by

_ 1 1+9(a)\> c?
k(BOY 14Oy < —— 072+< ) + —, 5.36
(BY) )_1_72 1—d(a) C+72+% (5.36)

where ¢ =¢/c—1 and ¥(«) denotes the so-called (asymptotic) reduction rate of the Chebyshev method

given by
Ia) = G ; g)v (5.37)

Proof. See [15]. O
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The parameter o can be chosen by solving the equation

1=

1 2+< 1+ 9(a) )2 N ac?
acy - — — —,
1— 72 231+ Vo) (1 = Va) ! e+ + 155

see [I5], which is equivalent to solving the equation

1 +z9<a>)2 ¢ (1-+?) (5.38)

1-9(a) i(1—a)®

I1=+alcy?+ (
¢+ 72+ gty

Remark 5.12. We can simplify the estimate by obtaining the (only slightly worse) upper bound

K((B)A0) < - 172 <C+ (%) ) (5.39)

see [1H]. Then, we can choose the parameter a by solving the equation

B 1+ 9(a) 2
trtmees (225_1<1+¢a>w<1 )

1+9(a))?

1—+%= “T) .

T=a (” (1 “d(a)

Using the linear AMLI preconditioner 1} with the exact pivot block Agzl) reduces the estimate
(5.36) to

or, equivalently,

1 1 1+9(a))’
(B0 A0) < (1f 19563) , (5.40)

since we have ¢/c = 1, hence, ¢ = 0, in this case, see [14, [I5]. Here, the parameter o can be chosen
by solving the equation

1-+*=a (%)2 : (5.41)

Let us consider the 3-refinement case and the discretized problem (5.3)), i.e.,

(Kun + Myn)uy, = f

=:Ap

h

As first example, we consider the case without mass matrix. Then, the linear system is given by
Ku,h Uy = ih’

the CBS constant is estimated by v < 4/8/9, and the optimality conditions

—_ =3<v<p=m?=9

1-8/9
are fulfilled for polynomials of degree v € {4,5,6,7,8}. By using the exact pivot block Agel)’ we can
compute « from solving equation ([5.41)). This yields the following choice for a:

o= % (2\/T - 7) ~ 0.0704.
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Table 5.7: Condition number estimates for the AMLI method in the 3-refinement case using additive
preconditioners for approximating the pivot blocks and stabilization polynomials of degree v, = 5.

o k((BO)~1A®)

a=0.001 &((BU)"1A®) < 1049.72
a=001 k((BY)"TA®) < 298.741
a=01 k((BO)~1A®) < 227.521
a=05 k((BO)"1A®) < 224233
a=09 k((BO)"1A®) < 224221

We can compute an estimate for the condition number by (5.40)) and obtain
K((BOY~1A®) <74 2V13 ~ 14.2111.

Now, let us consider the problem (5.3)) with mass matrix. In this case, the CBS constant is estimated
by v < 1/20/21, see (5.14), and the optimality conditions (5.15)

1

V1-20/21

are fulfilled for polynomials of degree v € {5,6,7,8}. By using the exact pivot block Agzl), we can
compute « from solving equation (5.41]). This yields the choice

=21~ 458258 <v<p=m?>=9

1
o= (130 1 5v21 + \/2 (7075 - 257@)) ~ 0.0116

and an estimate for the condition number by (5.40), i.e.,

k((BO)"1A0) < 5 (4 + \/ﬁ) +1/950 + 20621 ~ 86.4331.

Finally, let us consider solving the finite element problem (5.3) by the AMLI preconditioned CG

method together with approximating the pivot block Aﬁ) by the additive preconditioner Cﬁ) pre-

sented in Section In this case,

c= 640 1 ~9.7185.

/223 | 3./5241
L—/&0 T T640
In Table we present some estimates for the condition numbers by computing ([5.36) for different
choices of a.
In conclusion of this section, the parameter a should be chosen carefully, especially for different
choices of polynomial degrees v. For further information regarding the choices of a and condition

number estimates for the AMLI preconditioned CG method, we refer the reader to [8, [11l, 12} 14} 15]
as well as [I0I] and the references therein.

14 %_~_ 35241

5.6 AMLI preconditioned MINRES solver for parabolic time-
periodic problems

In this section, we briefly present the model problems from Chapter [3] and Chapter [ for the case
Q) C R? being a (two-dimensional) bounded (polygonal) Lipschitz domain and discuss the use of
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the AMLI preconditioner in order to solve the problems by the preconditioned MINRES method.
Moreover, we assume that the coefficients o and v are piecewise constant on the coarsest mesh.

Let us start with the parabolic time-periodic partial differential equation (3.1 . After the mul-
tiharmonic finite element discretization of a corresponding variational problem we finally arrived at
saddle point systems corresponding to every mode k =1,..., N, i.e.,

(et i ) ()= (2%)
Ky, —kwMy, uf, i)’
for which we constructed the block-diagonal preconditioner ({3.30)

P— k'thJ + Kh,l/ 0
- 0 kthyg + Kh’y

for a MINRES solver yielding the robust condition number estimate kp(P~1A) < V2. For k =0, we
had to solve the linear system

Kh,l/ Q(c) = ig

Now, we are able to precondition the diagonal blocks D = (kwM}, » + K}, ) of the preconditioner P
in of the discretized problem for k=1,2,..., N by the AMLI method. More precisely,
we can replace these diagonal blocks D by spectral equlvalent ones D, i.e. cDD < D <éepD, with a
condition number estimate

kp(PLA) < kp(P~1A) (ep/cp)-

The corresponding optimal control problem of Chapter [ i.e.,

mmjy, : // (z,t) — ya(z, t)] dwdt+ // (z,1)] % da dt
Yu

subject to the partial differential equation (3.1)-(3.3]), is treated analogously: The multiharmonic
finite element discretization of its variational problem leads to the linear saddle point systems (4.11])

and (4.12)), i.e.,

M, 0 —Kpny  kwMy, Y Yar

0 My, 71€th70 *Kh,u y}i N g;k
—Kpny —kwMp, —X"1M, 0 | 0
kwMy, —Kp, 0 —A"1 M, P 0

fork=1,2,...,N, and

My, —Ky . Yo _ Y%
—Kp, —-A"1M, v, 0

for k = 0, respectively. For the cases k =1,2,..., N, we constructed the preconditioners (4.22)), i.e.,

0
0
AID

0 AT

cooyg

0 0
D 0
0 0
0 'D

with D = \ﬁKhﬂ, + kwﬁMhJ -+ M}, and proved the condition number estimate

kp(PTIA) = [P Allp A7 Pll» < V3.
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In the case k = 0, we constructed the preconditioner (4.31)), i.e.,

D 0
PZ(O /\1D)

with D = Mj, + VAK h,» implying the condition number estimate
rp(PLA) = [P~ Allp A7 Pllp < V2.

If all parameters are piecewise constant on the coarsest mesh, the AMLI preconditioner discussed in
this chapter yields a robust and optimal preconditioner for D and, hence, an optimal MINRES solver
either for the partial differential equation — or for the optimal control problem —.
Finally, we will present numerical results confirming our theoretical findings and demonstrating the
robustness and optimal complexity of the AMLI preconditioned MINRES solver for parabolic time-
periodic problems in Chapter [7}
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Chapter 6

A posteriori error analysis of
parabolic time-periodic problems

This chapter is devoted to the a posteriori error analysis of parabolic time-periodic boundary value
and optimal control problems that are presented in Chapters [3| and 4] respectively. The functional
a posteriori error estimation techniques, which we use, are based on the works by Repin, see, e.g.,
[152] 61 59, 60, 154} [153), [123] and the references therein. In particular, our a posteriori error analysis
is based on the method presented in [I52], but the analysis contains proper changes regarding the
space H L3 and the special features of the approximation via truncated Fourier series.

6.1 Functional a posteriori error estimates for parabolic time-
periodic boundary value problems

1
As starting point let us consider the variational problem l) Given f € L?>(Qr), findu € HO1 2(Qr)
such that

T T
/ / (a(a})atlmu 3151/21)J‘ +v(x)Vu - Vv) de dt = / / fudzxdt (6.1)
0o Ja 0o Ja

1
for all test functions v € H& "2(Qr), where all functions are given in their Fourier series expansion in
time, i.e., everything has to be understood in the sense of Definition Moreover, we have defined
the space-time bilinear form a(,-) in (3.17) as follows

T
a(u,v) = / / (a(w)atl/zu 62/21# + v(x)Vu - Vv) dx dt.
0o Ja

Let 1 be an approximation to the exact solution u, e.g., the multiharmonic finite element approxima-
tion unp constructed in Chapter

A first a posteriori error result

First, we assume that 7 is a bit more regular than u, i.e., n € H(%:;er(QT)a that is of course true
for the multiharmonic finite element approximation uyy. Our goal is to deduce a computable upper
bound of the error

in Hy'? (Qr).

119
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Relation (6.1)) immediately implies that the integral identity

T
/o /Q(cr(a:)atl/g(ufn) 6;/2vl +v(x)V(u—mn) ~Vv>d:1:dt

T (6.2)
= / / (fv—0(:c)8t1/2178t1/2vl —V(w)Vn-Vv) dx dt
0 Jo
1
is valid for all v € Hy'® (Qr). The left hand side of (6.2) is nothing but
a(u - U)a
and we know from Lemma [3.5] that
G,(’U, - U)
—_ 7 > — L1 6.3
w2l g, (6:3)
0#4veH, 2 (Qr) H>2(Qr)
with the positive constant y; = min{ =+, c}. Moreover, we can similarly prove inf-sup and sup-sup

Ci+1’
conditions with the H2-seminorm. In fact, the H 1.3 _seminorm is, due to the Friedrichs inequality,
an equivalent norm.

Lemma 6.1. The space-time bilinear form a(-,-) defined by fulfills the following inf-sup and
sup-sup conditions:

a(u,v)
< <
ity g s s NN H2lul gy ) (64)
0#4veH, 2(Qr) H 2(Qr)
1
for allu € Hé” (Qr) with positive constants puy = min{v, o} and pe = max{s,v}.
Proof. The inf-sup and sup-sup conditions are analogously proven as in Lemma [3.5] O
We denote the right-hand side of (6.2) by F;,(v). Indeed,
T
Fp(v) = / / (fv - 0’(:[:)(9,51/277 6,51/21)L —v(x)Vn- Vv) dx dt
0 JQ
1
is a linear functional defined on v € Hol’2 (QT). We need to find an upper bound of
sup ”|.7-'77(v) or sup ||.7:77(v) (6.5)
O;éUGHé'% (Qr) Y HY3 (Qr) O;évEHOl'% (QT) v H"? (Qr)

For getting such a bound we need to reconstruct F,(v). First, we note that the o-weighted identity
/2 a1/2
(Gat/ m, 6t/ rUJ_)Lz(QT) = (03t777 U) L2(Q71) (66)

is valid since n € Hy'' (Qr) and v € HS’%(QT), see also Lemma and Remark Second, we

0,per
introduce a vector-valued function

T € H(div,Qr) := {7 € [L*(Q7)]* : divT(-,t) € L*(Q) for a.e. t € (0,T)}.

Here, div = div, denotes the weak spatial divergence defined by the identity

/div-rvdccz—/‘r-VUd:c Yo e C§o(Q).
Q Q
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Due to the Cauchy-Schwarz inequality, we obtain

.7-"7,(1)):/OT/Q(fv—a(m)@mv—i—div‘rv—i—(T—V(w)Vn)-Vv) dx dt

< IRi(s Tl 2@y IVl L2 (@r) + IR2(n, T2 (@) IV L2 ()

(6.7)

with
Ri(n,7) =00 —divr — f and Ra(n,T) =1 —vVn.

Applying the Friedrichs inequality (2.17)), or rather the Friedrichs inequality (3.19)) in the space-time
cylinder Qr, yields

Fn(0) < IR1(n, D)2 llvlizz@ry + 1R2(n, )2 @) [IVVll L2 (0r)
<R, T)lle2(@rm Cr IVUlL2(@r) + R2(n, Tl 22(@r) I VO L2(0r)
< (Cr IR, T)llL2(@r) + I1R2(, ) 22(00)) VOl L2(@1)

where again V =V, denotes the weak spatial gradient. Hence,

sup Fp(v)
OyéveHé’%(QT) ‘UIHL%(QT)
- sup (Cr IR (n, Tl L2(@r) + IR2(0, Tl L2 (@) V|22 (1)
- 07£UEHC1)’%(QT) |U|H1’%(QT) (68)
— w (Cr IR (0, Tl L2@r) + IR2(0, Tl 22(@r)) VY| 22 (1)
= 1/2
O;éveHé’%(QT) (HV’UH%?(QT) + 119; U||2L2(QT))1/2

< Cr R, )l 2@r) + R2(0, T)l 22 (@) -
We arrive at the following result:

Theorem 6.2. Let n € Hé:;gr(QT) and the bilinear form a(-,-) satisfy . Then,

1
=l ton S 0 (Cr IR (n, T)lIL2(@r) + R2(n, T)l22(@a)) =t M (0, 7), (6.9)

where p; = min{y, o} and 7 € H(div,Qr).

Proof. Using the left inequality of (6.4]) we get the estimate

1 — 1 F,
e ' ()
H22(Qr) = TN (1] (S p N (]
0#£veH, 2(Qr) H 2(Qr) 0#£veH, 2(Qr) H 2(Qr)
that together with immediately lead to . O
A similar estimate as for the seminorm can be proven for the full norm using the inf-sup condition
6.
Theorem 6.3. Let n € Hé:;er(QT) and the bilinear form a(-,-) satisfy . Then,
1 2 2 1/2 ®
||U—77||H1,%(QT) < E (||R1(7777-)HL2(QT) + ”R?(an)HLQ(QT)) = MH.H(U,T)’ (610)

where T € H(div,Qr) and now u; = min{c%ﬂ,g}.
F
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Proof. Applying the Cauchy-Schwarz inequality again on (6.7]), we obtain

Fn() < Ri(m, T)ll2@mllvllizz@ry + IR2(ms )l 2@ VOl L2 (@)
1/2 1/2
< (IR0, P2y + 1R ) 2i0my) (1013200 + 1901320 )
Hence, estimate ([6.10) now follows from (6.3) and the estimate
f
e o
0veH (@) | T H 2 (Qr)

(IR 1.7 30y + [Ren T By ) (1013 + V0 1Baiar)
W T2 (@) 2\ TIL2(Qr) L2(Qr) L*(Qr)

su
et ol s
0#£veH, * (Qr) H2(Qr)

1/2
< (IR0 3200 + IR0 )20 ) -

O

We call the functions Mﬁ (n,7) and MIGEH (n, T) error majorants. They denote the upper bounds for

the error in the H2-seminorm and full norm, respectively.

Remark 6.4. If R1(n,7) =0 and Ra(n,7) =0, then
o0in —divr = f|
T=vVn.

Since n € H&’;eT(QT) is a periodic function and satisfies the Dirichlet condition on X, it is the

solution. In other words, the majorants vanish if and only if n is the exact solution and T is the exact

fluz.

The multiharmonic approximation

Since we assume that the function f is from L?(Q7r), we expand it into a Fourier series. Moreover,
we choose our approximation 7 of the solution u as well as the vector-valued function 7 to be some
truncated Fourier series, i.e.,

(@, t) = 15(x) + ) _[ni(@) cos(kwt) + j (2) sin(kwt)],

(6.11)

\ERANE

T(x,t) = 765(x) + ) [T (x) cos(kwt) + T¢ () sin(kwt)],

>~
Il

1

where all Fourier coefficients are from the space L?(£2) and are defined by the relations

1 /T 1 7

@) =7 [ w0 rif@) = 7 [ Tl
2 (T 2 (T

ne(x) = —/ n(x,t) cos(kwt) dt, Ti(x) = —/ 7(x,t) cos(kwt) dt,
T Jo T Jo

T T
@) = - /0 aa,0)sin(hot) dt, 7)== A (@, £) sin(kwt) dt.
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Hence, we can compute the L?(Q7)-norms of the functions
Ri(n,7) =00 —divr — f and Rao(n,7) =1 —vVn,

where

N
on(x,t) Z [kw nj(x) cos(kwt) — kw ng (x) sin(kwt)],
k=1

N
Vn(x,t) = Vni(z) + Z ) cos(kwt) + Vi (x) sin(kwt)],
k=1

N
div 7 (z, t) = divrg(x) + Z [div 75 (x) cos(kwt) + div 7 (x) sin(kwt)].
k=1
We have that
g 2
IR (0, 7)1 7200 :/0 /9(08,577 —divr — f)*dxdt

T
_ /O /Q (00 — divr)? ~ 2 (o0n — divr) £+ 1) dwdr.

123

We want to mention that we split only this first integral into three parts, since f does not have

a multiharmonic representation, and we want to compute the first integral more in detail.

Due to

the orthogonalities of the cosine and sine functions with respect to the L?(0,T)-inner product, i.e.,

orthogonalities (2.9)), the integrals in time can be computed easily. For instance, we have that

/ /Q Z [kw o (x)n; (x) cos(kwt) — kw o (x)n; (x) sin(kwt)]
N 2
—divrg(z Z [div 7% (x) cos(kwt) 4+ div T () sin(kwt)]) dx dt

x)np (x) — divri(x)) cos(kwt)

S—
—
—
I
&
<
\‘
o
_|_
=
=
S
S)

+ (—kwo(@)g (z) — div T (a)) sin(kwt)])zdw dt

:T/(leTO d:n—i—— Z [(kw o (z)n;(x) — div ¢ (x))?
Q=1
+ (—kw o(x)nf (x) — div 73 (x))?]|dz
N
=T||div 7§[|72 () + 3 > lllkwon; = divrgl| 7 + || — kwong — divri]|72q)]
k=1

N
: C T S : C C : S
=T||div 75|72 () + B Z[H — kwong 4+ div Ty ||72q) + [[kwong + div i [[72q)]

k=1

N

e T .
= Tdiv 632y + 5 O [k on +div ril3a(q),
k=1
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where ni- = (—n;,n5)T and div 74, = (div 7§, div7;)T. We remind the reader that
||Uk\|%2(ﬂ) = HUZ||2L2(Q) + HUZH%2(Q)'
Analogously, we compute the following time-integrals:

g . . T < :
—2/ / (0O —divr) fdxdt = -2 (T(—leTS7 fo)r2 ) + 3 g (—kwony — div Ty, Ffr)rz )
0o Jo

k=1
T N
-2 (T(diwg, )z + 5 > (kwonj: +div Ty, fk)L2(9)>
k=1

and
r 2 2 T — 2
| £ awae =510+ 5 1l
k=1

Altogether, we obtain the L?-norm of R4, i.e.,

IR (0, P12 () = loDen = div 7|2, — 2(00m — div T, )2 (g + 172 (@n)

/ / (00 — divT) da:dt—2/ / (0O0m — d1v‘r)fd:cdt+/ /f2d:cdt

*THleToHLz(Q) +5 Z”kwa"?k +dl"7'k||L2(Q)
it

N
T .
+2 (T(dIVTo,fo Jr2(0) + 3 E kw oy + div Tk7.fk:)L2(Q)>
=1

+ T f511720) + 3 Z 1 elZ2 0
k=1
N T e}
=T||divr§ + f§l72(0) + 5 Z [kwony +div Ty + FillZz) + 5 5 > IFRZa )
k 1 k=N+1

Analogously, we can compute the L2-norm of R, and obtain

T N
2 c c T
HR2(77,7')||?;2(QT) = / /Q |7 —vVn|"dzdt =T| 5 - VVWOHQL?(Q) + 9 Z [Tk — ankniz’(g)v
0 k=1

where 7, = ((7§)7, (73)T)T. In fact, the L2norms of Ry and R corresponding to every single mode
k are decoupled. In the following, we denote by || - ||> the norm || - [ 12(q). Altogether, we have the
following L2-norms of R; and Ra:

N [eS)

e e T . T
||R1(77,T)||%2(QT) = T||div7§ + f§|132 + 3 g kwonit +div Ty + Fill2s + 3 E I Frll2
k=1 k=N-+1

T
= Tdivrg + f5l[3e + 5 Dl — hwomg + div i + fElEa + w o + div 7 + £l

k=1
T - C S
+3 2 s + 1l
k=N+

N o]

T S S
=TIRG(OIT2 + 5 D _lRE i 7T + 1RO 7T+ 5 D IR + I£217:],

T
2
k=1 k=N+1
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where
Rig(T5) = divrg + fg,
Ris(np, T5%) = —kwon; + div i + ff, Vk=1,...,N, (6.12)
Rit(ng, m3) = kwong + divry + fi, Vk=1,...,N,
and
N
IRa(n, 7)1 72000y = TIIT6 — vVnll7 + 3 > ik = vVny 3
k=1
A
=Tl —vVrilie + 3 S llrs = vViilie + llmi — vVnil2s]
k=1
7N
= T||Ra§ (g, T6) 172 + 3 > R0, )72 + 1Rk (s 21721,
k=1
where
Ra5(n5: 76) = 75 — vVng, (6.13)

Rgi(ﬁi,Ti)zTi—VVni, Vk=1,...,N, je<{cs}.

Corollary 6.5. The error majorants Mﬁ (n,T) and Mﬁ?” (n,T) are given by

M, T) = 7|(CF IR1(n, 7))l 2@y + ||732(77»T)||L2(QT))
L o (CF (TIRG(ToZ2 + 5 Z RGO T T2 + IR (s TN 7 2]
LTS e 2 1y 1/2
+3 Z (2172 + 11f20172])
k=N-+
T 1/2
+ (TIR26 (6, 6172 + 5 Y UIRaf(nfe 7072 + IR27 (i Ti)N1720) ),
2
k=1
where pi1 ). = min{v, o}, and
) 1/2
M (n,7) = (||R1 0T 2(gm + IR2(0, T3 o)
1
= o (T ORI + IRa505. 7))
T
+ 52 [Ras (s T2 + IRz (0, 72|72
k=1
+ [R2f (s TI72 + Rk (n T7)I172]
T > . s 1/2
ty 2 WA+ I1£12:1)
k=N-+
where i1 ). = min{ CQ_H,U}, respectively.
The term
T & T <

5 2 Mflia =5 > FIE +I1fI1Z)

k=N+1 k=N4+1
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corresponds to the high oscillatory part of the right-hand side f. This term can be controlled due to

the knowledge on the data f.

Remark 6.6. It is obvious that n is the exact solution of problem and T is the exact flur if and
only if the error majorants vanish, i.e.,

ngzo and Rgzzo Vk‘:O,l,...,N,

s s (614)
Ri5=0 and TRoj=0 Vk=12,...,N,

i.e.,

—divrg = f§, 76 = vVng,
kwon; —divry = ff, —kwon; —divr]=f;, TL=vVn;, TL=vVn], Vk=1,...,N,

and the data f has a multiharmonic representation, i.e.,

N
f(@,t) = f§(@) + Y _[fi(@) cos(kt) + fii(@) sin(kust)].
k=1

Moreover, n and T converge to the exact solution and fluz, respectively, if and only if n = ny and
T = TN in with N going to infinity and the error majorants corresponding to the modes

k=0,1,... vanish as in (6.14).

Another approach to derive some kind of Fourier series representation of the majorant is to insert
the Fourier series ansatz immediately into the bilinear form a(u — 7, v) and into the functional F,(v)

as defined in li but now we consider the variational problem 1) since 7 € Hé:;er(QT). Due to
the orthogonalities of the cosine and sine functions (2.9)), we obtain the following integral identities
corresponding to every single mode k =1,..., N:

/ (v(@)V (ur(@) — 0y, (x)) - Voi(a) + ko o(z) (us() — i (@) - vj; (2)) de
Q (6.15)

_ /Q (Fo(@) - vr(@) — (@) V(@) - Vou(e) — kwo(@)n, (@) - vf () de,
which are valid for all v;, € (H(£2))?, and, in the case k = 0, we obtain the integral identity
/Q (@) V (uf(@) — 7)) - Voi(@) de = [ (f () v () — v(x) VS (x) - Voi(@)) de,  (6.16)

which is valid for all v5 € H} (). We define the left hand sides of (6.15)) and by
ar(ur — M, ve)  and  ao(ug — 15, vp),
respectively. We start with the case kK =1,..., N. Let us compute an upper bound for the errors
ey = ug — Ny, Vk=1,...,N,

in (H}(Q))2. First, we define the bilinear form a(,-) as in (3.8), i.e.,
ar(ug, vg) = / (v(z)Vuk(z) - Vog(z) + kw o(z)ug(z) - vy (z)) de. (6.17)
Q

Following the proof of Theorem [3.1} we analogously deduce the inf-sup condition

U — 1.,V
sup ak( k— Mg k)

> ¢ [lue — nillm (o) (6.18)
opvee(ri@)?  VkllH1 @)
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with the inf-sup constant ¢, = min{v,kwo}. We denote the right-hand side of (6.15) by Fy, (vi),
ie.,

Fay(vr) = /Q (fi(@) - vi(@) = v(@) V() - Vo(e) — kwo(z)n (@) - vy () de,
and need to find an upper bound of

Fn (v
sup M
0vre(H ()2 1Vllm (o

Moreover, we introduce a function of vector-valued functions
7= (15,157, ¢, 75 € H(div, Q) := {7 € [L*(Q)]¢ : divT € L?(Q)},
with the weak divergence fulfilling
/divrvd:cz—/ﬂ‘r-Vvdm Yo e C5°(R).
Due to the Cauchy-Schwarz inequality, we obtain

Fu,, (k) = / (1 - vk — kwo(z)ny, - vi +div g - v + 74 - Vo, — v(z)Vn,, - Vo) de
Q

= /Q (fy - ve +kw o(x)ni - v +div Ty - v, + (T, — v(x)Vn,) - V) de
< Rk, Tl 2@ vkl L2 0) + 1 R2k (e, Tl 22(0) [ VVRl 22 () (6.19)
< (IRax e 70l 2a(@y + [Ronme i) o) (IoelZacay + IVl 3agey)
= (IR 1) By + 1 Roe e Tl 2acay) okl s
with
Rk, k) = kwonit +divry, + ), = (—kwoni + divr§ + f£, kwont + divry + f5)T
= (R 70)s Rag (g, 7))

and

Rok (Mg, Tk) = Tk — vV, = (75 — Vg, 75 — vVn) "
= (RQ;(T];,T;),RQZ(T]Z,TZ))T.

Hence, we have derived the same results as in ) and (6.13) for every mode k =1,..., N. Using
the estimate ( - 6.19)) together with the inf-sup condltlon (6.18)), we finally arrive at the following upper
bounds for every single mode kK =1,..., N:

Corollary 6.7. Let 1, € (HZ(2))? and the bilinear form ay(-,-) defined by satisfy .
Then, we obtain the estimate

1 1/2
lwe = nll 1) < o (Hle(Wkﬂ'k)H%?(Q) + ”R?k(nkaTk)H%?(Q)) =t M (ny 1), (6.20)

where ¢, = min{v, kwa} and 7, = (¢, 73)T with 75,75 € H(div, Q).
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Using the inf-sup condition

ar (g, vg) (VVug, V"k)m(g) + kw (U“k’ ”ﬁ)m(ﬂ)
sup —_ = = = sup
0£vee(HL(Q)? [VElHL(Q)  0rvie(Hl (@) [Vk|F1 ()

(vVug, V(uy, — ukl))m(ﬂ) + kw (o, (g — ukl)l)m(m

luk, — uﬁHl(Q)
(Vvuk7 vuk)LZ(Q) + kw (0"Ulk7 uk)L2(Q)
\/§|uk|H1(Q)
Z||V“k||2L2(Q) + ka”UkHQLQ(Q)

\@|“k\H1(Q)

kwo

YIVurlZ ) + ez | Verlliz o)
V20w (0

kwo
» CZ+1

2 A [uk|m (o)

together with the estimate

(6.21)

v

IV

min{v

Fo k) SR Ti)ll 2 1kl 2 ) + (1R2k (ks Tl 22 ) IV VR 22(0)
< (CrlIR1k (e, Tl L2(0) + 1R2k (M1, Tr) lL2()) [0k 1 ()

yields the following error majorant for the H'-seminorm:

Corollary 6.8. Let n,, € (HE(2))? and the bilinear form ay(-,-) defined by satisfy :
Then, we obtain the estimate

V2
——————— (CrIIRu s Ti) | 22(0) + 1Rk (M T ) 22(02))
min{y, T (6.22)

: M|®|k (nkn Tkr)a

lug — nk\Hl(Q)

where Ty, = (75, 75)T with ¢, 75 € H(div, ).
Now, let us consider the case k = 0. Here, we want to compute an upper bound for the error
€ i= g — 1

in H}(2). We define the bilinear form aq(-,-) as in (3.9), i.e.,

ap(ug, vg) = / v(z)Vug(x) - Vog(x) de. (6.23)
Q
From the proof of Theorem we know that

C _ ,C ,C
sup ao(ug — 15, v6)

c > ¢o llug — ol (o) (6.24)
0#£VEEHE (Q) V61l (e2)

with the inf-sup constant ¢, = Moreover, one can easily show that

v
Ci+1-

sup aO(u(C) — WSaUS) > aO(U’S — 7767“6 — 778)

orvgeri)  Wlmi@) T [u§ —n§lm e

> vlug —n6la1 (), (6.25)
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since v satisfies the assumptions (2.29). We denote the right-hand side of (6.16) by F(v§), i-e.,

Fg (05) =/Q(f§(w) v5(x) — v()Vig(z) - Vug(z)) de,

and need to find an upper bound of

Fg (VG Foe (v§
sup M and sup M
0#v§EHL () ||7)0||H1(Q) 0£vSEHE () |UO|H1(Q)

Again, we introduce a vector-valued function
T4 € H(div, Q).
Due to the Cauchy-Schwarz inequality, we obtain

fng(vg) = / ( v +divrgug + 75 - Vug — v(xz) Vg - V’US) dx
Q

= /Q ((foC +divT§) v§ + (75 — v(z)Vng) - va) dx

(6.26)
< Rio(To) 2 106l 2 ) + I1R26(n5, 7o)l 2 I Vgl 22 ()
1/2
< (||R18(7'8)||%2(n) + ”7—‘)’28(77877-8)”%2((2)) vl m1 ()
and
Fe(05) < R1g (o) Iz llvol 22y + 1R26 (06, 76) | 2 () IV vgl 22 (@) (6.27)
< (CrIIRG(TH) L2 + IR26(nG, 76) | L2(0)) 10611 ()
with

Rio(rg) = fo +divrg  and  Rag(ng, 75) = 75 — vVig.

Hence, we have derived the same results as in (6.12]) and (6.13)) for £ = 0. Using the estimates (6.26)
and (6.27) together with the inf-sup conditions (6.24) and (6.25), we finally arrive at the following

upper bounds for the case k = 0, which correspond to the H'-norm and seminorm, respectively:

Corollary 6.9. Let n5 € H}(Q) and the bilinear form ag(-,-) defined as in satisfy .
Then,

C (o3 1 C (& c C (& 1/2 C (&
Ju =l < - (IRaGT8) ey + IR0 T Eacey) = MO, 7E, (6.29)
where ¢y = ﬁ and 7§ € H(div, Q).

Corollary 6.10. Let n5 € H}(Q) and the bilinear form ao(-,-) defined as in satisfy .
Then,

(& 1 (& (& C (&
lug = 16le @) <~ (CrlRG(TH)L20) + [R2G(G, 76)l12() = M (0, 75), (6.29)

where T§ € H(div, Q).

Now, we go back to the beginning of the chapter, but consider error estimates regarding approxima-

tions 7 for the solution u that are less regular than Hé,’;er(QT).
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A second a posteriori error result

In the following, we deduce another upper bound of the error e := u — 7, which is valid for approxi-
mations that are less regular with respect to the time, i.e.,

13
n € Hy*(Qr).

In fact, we will choose a multiharmonic finite element approximation uyj as 7, which is, of course,
more regular in time, but the abstract functional a posteriori error estimates, which we obtain, can
be used in a more general setting.

Let us again consider the functional

T
v) = / / (fv - a(m)atl/Qr] (9:/2’UJ' —v(x)Vn - Vv) dx dt
0o Ja

defined for all v € Hé ’%(QT). Besides the vector-valued function 7 € H(div, Qr), let us introduce
the function

k€ H"3(Qr),

which fulfills the identity

T
/ /*i<9,51/2'uL / 61/2 Luadt (6.30)
0
for all v € HOz (Qr). This identity is defined in the Fourier space according to Definition ie.,
T oo
(k, 83/21)) 2@ = 3 Z(kw)l/Q(mk, V) L2(Q) (6.31)
k=1

yielding the following definitions in the Fourier space:

1/2 Z (kw)'/2[k5 () cos(kwt) + k5 (x) sin(kwt)]
_ >0 /2 ( cos(kwt)
; k .~ (z)) ( sin(kwt) )’

k=
=S ? (i) (@) (i) )-

=(ki)T
Hence,
(K 81/21#) = T i(kw)lm(n VE) 2 ) = —(61/2/@ Ul)
» Ut L2(Qr) 2 k> Yk )L2(Q2) t ) L2(Qr)
k=1
and
T o0 o0
1/2
(r,0; UL)LQ(QT) B 5Z<’W>” (#5722 Z (k)" ? (=i, vk) 2@
k=1 k:

1/2
Z (kw)Y (i, V) L2(0) = (at/ nJ‘,’u)Lz(QT).
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Remark 6.11. Identity and definition coincide with the identities like, e.g.,

(0 u,01%0") ooy = (0010 2,y YU € HELQr) Yo e HOH(Qr),
since we have that
0, %u, 0,0 ~ IS Dy = £ 3 (k) (—ui = (0
( S, 0, v )LQ(QT) = EZ( w)(ur, vy )2 () = 52( w)(—uy, vr)L2) = ( tum)LQ(QT).
k=1 k=1

We rearrange the functional 7, (v) and write it as
T
]:n(”):/ /(fv—aatl/zn@tl/QvL—Z/Vn-Vv)da;dt
0o Jo
:/T/ (fv—a@tlmnatl/zvj‘+J/<58t1/2uJ‘+08t1/2/<cJ‘v+diVTv
0o Ja
+T~Vv71/V77~Vv)dwdt
T
:/ /(fv-‘rdiVTU-l-O'(r“)tl/QlilU—0'8151/27’]8151/2’Ul+O'I<Latl/2’l}l
o Jo
+T~Vv—uV77~Vv)da:dt
T
:/ /((f—i—divr—i—o@tl/zf&) U+(U(—atlﬂn—i—li))82/2’UL—|—(T—VV77)-V’U)dil:dt
0o Jo

for all v € HY'® (Qr).

Remark 6.12. We can interpret T as “an image” of vVu and k as “an image” of 83/2%

Let
Ri(m,k) = f+divr + 083/2/<;J‘7
Ra(T,n) =7 —vVn,
R () = o = ;).
Then, the functional 7, (v) can be estimated from above as follows
Fo(0) <R, 8) 2@ IVl 2 (@r) + IR2(T, M)l L2(@) VOl L2(0 1)
+ [ Rs (s )|z 10 %0l 220

1/2
< (IRa(r, W32 @) + IR (T 2y + IR 20y ) N0l 1 g

using the Cauchy-Schwarz inequality and H&‘tl/QvJ-HLz(QT) = ||83/2UHL2(QT)7 since

T & T &
Hatl/vaHi?(QT) = 5 ;kjw”’vt‘liz(g) = Ekz_lko.)”’vkuiz(ﬂ) = Hat1/2UHi/2(QT)

Altogether, we obtain the upper bound
sup Fy(v)
1,1 ||U||H1,%
0#£vEH, % (Qr) (Qr) (6.32)

1/2
< (IR (7, ey + IRAT D) + IR ) 3i0r)

and, finally, deduce the following theorem:
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Theorem 6.13. Letn € Hé’%(QT) and the bilinear form a(-,-) defined in satisfy , Then,
1
1

1/2
0=l gy < 2 (IRAE M) o) + IRar ey + IRa e

(6.33)
= Mﬂa”(naTa K)7
where T € H(div, Qr), k € H*2(Qr) and py = min{ &+, 0}
F
Proof. From ([6.3) follows that
1 a(u —n,v 1 Fn(v
g S R e e
0#4vEH, 2 (Qr) H>2(QT) 0#£vEH, % (QT) H>2(Qr)

which leads together with (6.32) to the final estimate (6.33]). O

Remark 6.14. If Ri(7,k) =0, Ra(T,n) =0 and R3(x,n) =0, then
— aﬁtl/Z/QJ‘ —divrT = f,
T =vVn,
K= 82/21).

Since n satisfies the Dirichlet condition on X, 1 is the solution. In other words, MﬁB,H(n,T,/@)
vanishes if and only if n is the exact solution, T is the exact flur and k is the exact half time
deriwative of the solution. Moreover, if n € Hé,’;er(QT), we derive the original equation

oo —div(wVn) = f
i the weak sense, due to
1/2,41/2 /2 Al/2
_(Uat/ (815/ n)LaU>L2(QT) = (Uat/ naat/ ’UL)LQ(QT) = (UatnaU)Lz(QT)

using the o-weighted counterparts of the identities and , cf. as well.

It is obvious that similar results to the ones obtained in Theorem m for the H''3-seminorm can be
shown here together with the estimate

Fn() <IR1(T, )22 10l 2 (@r) + IR2(T, Ml 22 (@) VY] 22(1r)

1/2
+ [ Rs (0|2 @) 10720l L2y
<Cr Ra(T,8) 2@ IVVI L2 (@r) + IR2(T, M) L2 @) VY L2(Qr)

1/2
+ [ Ra ()l z2@m 197 >0 220 (6.34)
= (CrIRu(T, ®)llL2(@r) + IR2(T, M) L2(0r)) VOl 2 ()

1/2
+ [ Ra(k. ) 2@ 19l 20
9 1/2
< ( (CF ||R1(T7K’)||L2(QT) + ||R2(T777)HL2(QT)) + ||R3(Han)||2LQ(QT)> |’U|H1,%(QT)'
Hence, we obtain the following theorem:

Theorem 6.15. Letn € Hé’%(QT) and the bilinear form a(-,-) defined by satisfy . Then,

1 2 1/2
|u - 77|H1%(QT) < E ((CF ||R1<T7K’)||L2(QT) + ||R2(7'77])||L2(QT)) + HR3(5777)||%2(QT))

= M|®| (777 T, H)v

(6.35)

where T € H(div, Qr), k € H*2(Qr) and py = min{y,o}.
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Proof. The estimate is analogously proven as the one of Theorem [6.13] E by using and ( -

Similarly, we can prove a posteriori error estimates using the seminorm |- |y, introduced in Chapter
S . 1 . .
which is a weighted H'z-seminorm, i.e.,

uly, = (vVu, V)2 (o@tl/Qu, 83/2u) L2(Qr)’
C C T -
=T (vVug, Vug) r2(q) + 3 Z[(I/V'u,;€7 V)2 ) + kw (0w, ur) 12 (o)),
k=1

and, as already mentioned, in fact, a norm due to the Friedrichs inequality. We obtain the following
inf-sup and sup-sup conditions regarding the Vj-seminorm:

Lemma 6.16. The space-time bilinear form a(-,-) defined by fulfills the following inf-sup and
sup-sup conditions:

a(u,v)

piluly, < sup < pzluly, (6.36)

0veHY 2 (Qr) [vlve

1
for allu € Hol’2 (Qr) with constants py = 1/+/2 and py = 1.

Proof. We start with the proof of the sup-sup condition. Using the triangle inequality and the o- and
v-weighted counterparts of the Cauchy-Schwarz inequalities (3.14]) and (3.15)), we obtain the estimate

/ / 8% a1 %0t 1 v(a )Vu~Vv) da dt

/ / x)Vu-Vudedt

a(u,v)| =

1/2u61/2 Ldxdt| +

2 2 \1/2 1/2 2 1/2 1/2
< (aaj/ u,@l/ u)LQ(QT)(Jé)t/ vl,(?tl/ Ul)Lz(Q + (vVu, VU)LQ(Q y(VV, VU)L/Q(QT)
1/2 1/2 \1/2 1/2 1/2 \1/2 12
= (g@t/ u, 3/ u)L2(QT)(JBt/ v,@t/ v)LQ(Q ) + (vVu, Vu) 129 (vVo, Vo) /s / Qr)’
since
1/2 1 ql/2 | T - 1 L
(00, "v",0, v )LQ(QT) =3 ka(avk , V) L2(Q)
— ka Ok, Vi) 12(Q) = (081/211 83/2 )LZ(QT)'
Finally, we prove the sup-sup condition by
1/2. o1/2 \1/2 1/2 41/2 \1/2
la(u,v)| < (00, 2y, 5'/ )LQ(QT)(O'at/ v,@t/ U)LQ(Q ) + (vVu, Vu)Lz(Q )(I/V’U V’u)Lz(Q )
1/2. al/2 1/2 1/2. 4l/2 1/2
S ((Uat/ u, ;' “)L2(QT) + (”v“»V“)LQ(QT)> ((Jat/ 0,0,/ ”)Lz(QT) + (VVU,V”)LQ(QT))
= pzfulv, |[v]v,
with the constant pus = 1. Next, we prove the inf-sup condition by choosing the test function

v = u—u* and using the o- and v-weighted orthogonality relations (3.13)). With the choice v = u—u->,
we obtain

T
a(u,u) = / / U(w tl/zu 81/2ul +v(x)Vu - Vu) dx dt = (vVu,Vu)r2 Q.

a(u, —ut / / 1/2u 8,51/2u +v(x)Vu - Vul) dx dt = (082/211, (9,51/2u) L2(Qr)’
Q

a(u,ufu ) = |U|V0~
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By using the o- and v-weighted orthogonalities again, we get that |v|y, = V2 |u|y,, i.e.,
|v|%/0 =lu— uJ‘|%/O = (I/V(u —ut), V(u— uJ‘))Lz(QT) + (05}1/2(u - uJ‘),th/Q(u — uj‘))]ﬁ(QT)
= (VVu, V) 129y — (vVut, Vu)Lz(Q )~ (vVu, VuL)L2 + (vVut, Vu't)
+ (aatl/zu, 8t1/2u)L2(Q - (081/2 + 81/2 )L?(QT)
— (08,51/2% 62/2uL)L2(Q (031/2 + 81/2 +

t )LZ(QT)
1/2, A1/2
= (WVu,Vu) 2o + 0V, Vu) 2o, + (aat/ u, 6t/ u) o

(Qr) L*(Qr)

+ (03,51/2% 82/211)

(Qr) L2(Qr)
=2 |u|%/O
Altogether, we arrive at the following estimate of the supremum from below:
a(u,v) a(“:“ — ul) |’U/|%/0 1
o he = Ju—ullyy, — V2luly :ﬁwvo’
0£veH, 2 (Qr) ° 0 0
which finally yields the inf-sup constant p; = 1/v/2. O
Now, we want to find an upper bound for
sup -’lrnl(”)
1,1 v
0fveHy 2 (@)
Hence, we estimate the functional 7 (v) as follows
T
fn(v)z/ / fv—a@tlmnatl/?vl—VVn~Vv>dccdt
/ / fv— 081/27781/2 L —l—an@tl/va +aat1/2,&
+divrv+7-Vo—vVn- Vv) dx dt
T
:/ / fv—i—diVTv—&—U@tlﬂfiLv—&—‘r-VU—VVn-Vv
0
081/27731/2 + +a/~c81/2 L) dx dt
:/ /((f—l—diVT—l—a@tl/szL)v—i—(T—Z/Vn)-VU
0 Jo
+o(—0 %+ m)atl/%i) da dt (6.37)

< IR m)l@n vz +IRa(rn)llex@n IVel2@n)
+ (0 Ra(k.0), Ra(k.0) X1, (00, 70,0, %0) g

SCrlRalr, ”)”“(QT)HWHL?(QT) +Ra(T, Ml 22@n) IVVll 22 (@)
R Rt ) gy 082,020

= (Cr||R1(T, k)l L2(@r) + ||’R2(7- M2 @) V0]l 2 @)

+ (0 Ra(k.0), Ra(k.0) X1 (00, 20,0, %0) 16
1/2
= ((CF IRa( llzzr + ”R2(T’T7)”L2(QT)) + (o R3(H,U)7R3(H,U))L2(QT))

1/2 1/2 1/2
% (190132 g, + (000,01 v) 121 )
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for all v € Hé’%(QT), where
Ri(T,k) = f+divr + 083/2#‘,
Ra(T,n) =7 —vVn),

Ra(k,m) = k= 0;"*n.
Hence, it follows an a posteriori error result for the Vp-seminorm:
1
Theorem 6.17. Let n € Hé’z (Qr) and the bilinear form a(-,-) satisfy . Then,

2
fu=nlve < 1 ((Cr IR (7, 2(@r) + IR2(T W)l 120
(6.38)

1/2
+ (0 Ra(r,m), Ra(k,m)nzan) ) = MF, (0,7, 8),
where T € H(div, Qr), k € H*2(Qr) and py = %

Proof. Using the left inequality of (6.36]) and the estimate (6.37]), we obtain the following upper bound
using the notation || - |2 = || - [22(0r):

lu—nly, < V2 sup a(u—n,v) =2 sup Fu(v)
1,1 |U|Vo 1,1 |U|V0
0#vEH, % (Qr) 0#vEH, 2 (Qr)
2 1/2 9 1/2  al/2 1/2
((CrIRllzz + Rallz2)® + (0 R, Ra)r2) (N0l + (00 20,0, 0) 1)
<2 sup 172
1.1
0£veH, 2 (Qr) <(VV’U, V)2 + (o—aj/%, 8251/21)) LQ)
9 1/2 1/2
((CrIRllzs + Rallz2)® + (0 R, Ra)r2 ) (IV0ll3s + (00 20,0, 0) 12
< V2 sup 172
1 1/2 1/2
orvem @) (o). + (00, 0,0/%0) 1. )
9 1/2 1/2
((CFHR1||L2 + 1R ) +(0R3,R3)L2) (kugz +(aa§/%,a§/%)m)
< \/5 sup 72
1 .
overt @n) min{ 7, 1} (| Vo), + (00} 0,0}/0) ,. )
V2 2 1/2
= min{ﬂ, 1} ((CF “Rl(Tvﬁ)HL%QT) t HRZ(Tvn)HLz(QT)) + (URs("ﬁn)’R3(“>’7))L2(QT)) )
which immediately leads to (6.38). O

In order to derive a posteriori estimates for the full weighted H 1*%—norm, which we define as
/2 Al/2
o1, = lel3200r) + (790, V0) 2y + (00 %0,0%0) 1

we have to rearrange the functional 7, (v) again as follows
T
fn(”):/ /(fv—aatl/znatlmvl—yVn~Vv)d:r,dt

0 Ja
T

:/ /(fvfcratl/gnatl/zvl+0n8t1/2vl+08t1/2/<f‘v
0o Ja

+div(u7~')v+(1/7~')-Vv—vVn-Vv) dx dt

T

:/ /(fv—i—div(z/i')v—i—aatl/QnJ‘v—06,51/27]83/211J‘ +O’I€8t1/2'UJ'
0o Ja

+(vF) Vo — V- Vv) da dt,
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which finally yields
T
— / / ( (f +div(y7T) + aatl/?,gl-) v+ U( 31/2,7 + Ii) 8t1/ vt + y(r — V77) . Vv) da di
0 Q

1
for all v € HO1 2(Qr). Here, we have introduced a vector-valued function 7 fulfilling the identity

/Qdiv(z/%)vdm:—/(uf)-Vvdm Yo e C5°(R).

Q
Let
Ri(Fy k) = f—l—dlv(yf)—i-aal/2 L
Ra(T.m) =7 = Vn,
oL/2

Ra(k,n) =k — 0, n.

Then, the functional F;(v) can be estimated from above as follows
- - = \1/2 1/2
Fo0) IR 1) lz@n ol 2cn) + (v RalFm), Ra(Fom) g, (090, Vo) gy,

0 Rale Rl g 08 0 0,

~ - - 1/2
< (HRl(T7 K)”QL?(QT) + (VR2(Ta77)7R2(Ta n))L2(QT) + (U R3(’€’77)7R3(K’77))L2(QT)> ||U||VO’
which leads to the upper bound
.7:7,(’0)

1 v
0veH) ? (Qr) vllve (6.39)

- - - 1/2
< (”Rl(Tv "{)||2L2(QT) + (l/ RQ(Ta 77)7732(7',77))L2(QT) + (JR3("€a 77)7733(/‘% ﬂ))LZ(QT)) .

Moreover, we can prove the following inf-sup conditions:

Lemma 6.18. The space-time bilinear form a(-,-) defined by fulfills the following inf-sup and
sup-sup conditions:

sup

a(u,v)

1llvo

pllulve < sup < paollullv, (6.40)

0#vEH, ? (Qr)
for allu e Hé’%(QT) with constants p; = min{1, C;é}/\/g and pog = 1.
Proof. The sup-sup condition is analogously proven as it is done in Lemma [6.16] with the final result
|a(u, v)| < [ulv;|vlve < pallullvs llvllve,

where 15 = 1. The inf-sup condition is proven by choosing the test function v = v +u—u" and using
the o- and v-weighted orthogonality relations (3.13) as well as the Friedrichs inequality (3.19)) in the
Fourier space. With the choice v = 2u — u't, we obtain

a(u,2u) / / 1/2 1/2(2u)J‘ +v(x)Vu - V(Qu)) dx dt = 2(vVu, Vu) 2.,

a(u, —ut / / 1/2u 8,51/211 +v(x)Vu - Vul) dz dt = (Uatl/QU, 83/2u) L2(Qr)’

a(u,2u —ut) = |u|V0 + (vVu, Vu) 20,y > \uﬁ/o —|—z||Vu||%2(QT)

v . v
> Julfy + S lullEa(gy) > min{L, S5 Hlull.
F F
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By using orthogonalities (3.11)), (3.12) and (3.13)), we get that [[v||v, = v/5 |Jullv;,, since

[0l =120 — w1, = 120 = ut [ Z2iqqp + (V9 (2u — ub), V(2u — ub))
(081/2(2u L), 81/2( u—uL))Lz(QT)
= ||2u||L2(QT) =+ ||uLHL2(QT) + (I/V(QU) V(ZU)) 2(@ + (Z/VUL, V’U,L)
1/2 1/2 1/2 1/2
+ (cr@t/ (2u), 0, / (2u))L2(QT) + (00, 2t 6t/ +

L2(Qr)

L2(Qr)

)L2(QT)

1/2 1/2
:5||u||%2(QT) +5(Vvu, VU)LQ(QT) +5(O’6t/ u, at/ u)L2(QT)
=5 [[ull3,.-

Altogether, we arrive at the following estimate of the supremum from below:

a(u,v) _ a(u,2u—ut) _ min{l, é}“u”%,o lul
2 Z = H1fjulve
lollve — 112w —wtly, V5|lullv, :

sup
1
0£veH, 2 (Qr)

which finally yields the inf-sup constant y; = min{1, #=}/ V5. O
F
Altogether, we obtain the following a posteriori error result for the full Vy-norm:

Theorem 6.19. Let n € Hé’%(QT) and the bilinear form a(-,-) satisfy . Then,

1 - - -
lw—nllv, < E(||R1(Tv"$)“%2(QT) + (v R2(T,1), R2(T,1)) L2(0r)

1 (6.41)
+ (0 Rk, m), Ra(mm)rzor) ) = M), 01 70),
where (vT) € H(div,Qr), k € HO% 2(Qr) and py = min{l, & I3 }/V/5.
Proof. The a posteriori error estimate immediately follows from (6.39)) and ( - O

Now, let us discuss again a posteriori error estimates for the Fourier coefficients using the multihar-
monic approximation and the P-norm (3.33) introduced in Section ie.,

Huk||% = (I/Vuk, V’u,k)Lz(Q) + kw (O"I,Lk, ’u,k)Lz(Q).
We proved the following inf-sup condition:

ag N, Vi

sup LTIV 5 (6.42)
0£v, € (H (Q))? |vkl»

with the parameter-independent constant ¢ = 1/v/2. Hence, we want to find an upper bound of

Fa (v
sup nk( k)
oveeE (@) VKl

Besides introducing the functions 74 = (7¢,735)T of vector-valued functions
¢, 15 € H(div, Q) := {7 € [L*(Q)]? : divT € L*(Q)},

where the weak divergence fulfills the identity

/div-rvdacz—/‘r-Vvdm Yo e C§o (D),
Q Q
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we introduce the functions
ki = (ki k0" € (H())?
fulfilling the identity

/ kwo(x)kyg - v de = —/ kwo(x)kiy -vdx Vo e (C5° ()2,
Q Q

which is a simple orthogonality relation. Due to the Cauchy-Schwarz and Friedrichs inequalities, we
obtain

Fa,, (k) = /Q('fk ‘v — kwo(x)n, vy +div Ty - v + T - Vo + kwo(z)ky, - v
+ kwo(z)ky - v, — v(z)Vny, - Vo) de
= /Q(fk v+ kwo(x)ki vy +divTy, v + (T — v(2)Vn,) - Vo
— kwo(z)ny, - v + kwo(x)kk - vy ) dz
< Rik(Brs Ti)l L2 vkl 2 @) + [R2k (M, T ) 2 IV VR 22 ()
+ VEW(0 R (s 1), Rk (M 1)) o) (008 1)
< (Cr IRk (B, Tr) 22 (0) + 1R2k (Mg, Th) l L2(02)) [ VORI L2 ()

+ Vkw(oR3k (Mg, K1), Rak (M, Kk))lL/f(Q) (ovy, ”k)lL/z?(Q)

2
< ((Cr IRt )l (@) + [ Rok (i 7l 2200)

1/2 ) 1/2
+ (R (i kr)s Rak (M ki) rz@ ) (V0320 + b (001, v) 1200 )

with
Rip(k, Tr) = kwoky +div Ty + ), = (—kwok; +divr§ + £, kwor§ +divrs + £5)T
= (Rak(s}, %), Rag (K, TZ))Tv

Ror(My, Tk) =T —vVN, = (75, — vV, 71 — anZ)T
= (Raf(nf, 73), R (i, mi) "

and
Rk (M, 1) = b — 1y = (K§ — 15,k —177) "
= (Raf. (1 15, Raf (i, 53)T
Now, we obtain the following upper bound using the notation || - [|z2 = || - [ 2(q):

Fn (v
sup nk( k?)
0#v, €E(HL(Q))2 vel»

9 1/2 ) 1/2
((CF |R1kllz + [|Raxllr2)” + (UR3k7R3k)L2) (HVWHLz + kw (Jvkavk)L2)

< sup

O£ E(HE(Q)? (vVog, Vog) 2 + kw (avk,vk)Lz)l/Q
9 1/2 ) 1/2
((CF IR1kllr2 + 1R2xllr2)” + (URBkaRSk)Lz) (vak)HLZ + kw (kavvk)Lz)
< sup
0F£v,€(HS(Q))? (ZHV'U]CH[; + kw (O”l)k,’vk)L2)1/2

< 1 Cr|R Rogllrz)’ + (6R3p R i
_m(( F IRkl L2 + [[Ragll2)” + (0Ray, 3k)L2)

(6.43)
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Hence, we have derived another result as in Corollary and Corollary for every mode k =
1,..., N but now with the P-norm. Using the estimate (6.43]) together with the inf-sup condition
(6.42)), we finally arrive at the following upper bounds for every single mode k =1,..., N:

Corollary 6.20. Letn,, € H}(Q) and the bilinear form ax(-,-) defined by satisfy . Then,
it follows together with that

V2
min{,/z, 1}

2
lur —nllp < ((CF IRk (K, 7o)l L2 (02) + Rz (M i) L2 ()

1/2 (6.44)
+ (0 Rax (i i)y R (M Ka)) 120 )

= Mﬁ?ﬁp(nk7‘rk7 K’k)?

where Ty, = (75, 75)T € (H(div,Q))? and ki, = (5, k3)T € (HE(Q))2.
In the case k = 0, we obtain the same result as presented in Corollary

Remark 6.21. The construction of n and T is an important issue in order to obtain final bounds
from the magorants M (replacing x with the different seminorms and norms) in practice. As already
discussed, we can choose for n a multiharmonic finite element approximation, solve the discretized
problem and then reconstruct the flux. A good reconstruction of the flux is an important and non-
trivial topic. For instance, by choosing piecewise linear finite element approximations in space, their
gradients are only piecewise constant and so do not belong to H(div,Qr). Hence, it is important to
reqularize T by a post-processing operator which maps the L?-functions into H(div, Qr), see [153].
There are various techniques for realizing these post-processing steps such as, e.g., local post-processing
by an elementwise averaging procedure or by using Raviart-Thomas elements, see, e.g., [118,[168] and
[153, [125].

Remark 6.22. Another very important topic is the construction of a so-called adaptive multihar-
monic finite element method (AMhFEM). In addition to constructing an adaptive finite element
method (AFEM), we can compute the finite element approximated Fourier coefficients parallel on
different meshes, since the computations of the Fourier coefficients corresponding to every single
mode k = 0,1... are decoupled. Then, by prescribing certain bounds, we can filter out the Fourier
coefficients, which are important for the (numerical) solution of the problem. Altogether, such an
AMhFEM yields adaptivity in space and time.

6.2 Functional a posteriori error estimates for parabolic time-
periodic optimal control problems

As starting point let us consider the variational problem (4.7) of the reduced optimality system:

Given the desired state yq € L?(Qr), find y and p from Hé’§ (Qr) such that
T T
/ / (yvfV(J:)Vp.Vv+cr(a:)8t1/2p8t1/2vl> dazdt:/ / Ya v de dt,
T (6.
/ / (u(:c)Vy -Vq+ a(w)atl/Qy 8151/2qL +A7p q) dedt =0,
0o Ja

1
for all test functions v, q € Hé 2(Qr), where all functions are given in their Fourier series expansion
in time according to Definition [3:2] Let us define the space-time bilinear form

T
B(wp)wa) = [ [ (s v(@)Vp- Vot ol@ol*pol/ "

+v(x)Vy-Vg+ o(m)atl/Zy 63/2(]J' + 27 1p q) dz dt.

(6.46)
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This space-time bilinear form is analogously defined as the bilinear form ([4.23]) for every single mode
k. Let (n,{) be an approximation of (y,p), e.g., the multiharmonic finite element approximations
n = ynn and ¢ = pnp, where unp = —A"!pyp, of the state and the adjoint state, respectively.

A first a posteriori error result

First, we assume again that n and ( are a bit more regular than the state y and the adjoint state p

with respect to the time variable, i.e., n,{ € H& ;ET(QT)7 that is clearly true for the multiharmonic

finite element approximations. Our goal ist to deduce a computable upper bound of the error

e:=(y,p) —(n,Q)=w—-np—() € (HS)%(QT))Q

From (6.45) it follows that

// (y—n)v—v(@)V(p—C) - Vo+a(@)d > (p-¢) o v*

+v(@)V(y =) - Va+ @0 >y =) 0 *¢" + A p =) ) dwdt
(6.47)

T
:/ / (vav = o+ v@)VC- Vo - @)y >0y Pt
0 Q

—v(x)Vn-Vq— a(m)atl/zr] 8,51/2qJ‘ - /\71Cq> dx dt

for all v,q € H&’%(QT). The left hand side of l) is obviously

B((y —n,p—¢), (v,q)).

Let us now prove inf-sup and sup-sup conditions for the bilinear form B(-,-). First, we define the
1 1
following H2-norm for (y,p) € H&’z (Qr) x Hé” (Qr):

1/2
10y = (10 ) + 1P )

Lemma 6.23. The space-time bilinear form B(-,-) defined by fulfills the following inf-sup and
sup-sup conditions:

B((y,p), (v,9))
Ml”(yap)HHlv%(QT) = wup 1@, Dl 3 0,

otwaeE @z 0 Vet or)

< w2l (@ 2l 4

for all y,p € HO’Q(QT) with the positive constants p; = min{l, )\,fwkﬁ, \%,Q\A} and pg =
max{1,7,7, \"1}.

Proof. We start with the proof of the sup-sup condition. Using (|2 , i.e., the boundedness of the
coefficients o and v, as well as the triangle and the Cauchy- Schwarz 1nequa11t1es and -,
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we obtain the estimate

|B((y,p), (v,q))| = ‘/OT/Q (yv—y(m)Vp.Vv+0(:c)at1/2patl/2m_

v(xz)Vy - Vg + 0(m)81/2y 5‘1/2 Ly A’lpq) dx dt‘

<‘/ /yvdwdt‘—i—‘/ / Z)Vp - Vvd:cdt‘ ‘/ / )OL2p oM % dedt‘
+]/ / 2)Vy - Vadadi| + ]/ / 0%y 0" da dt] + X~ ‘/ /pqdmdt’
g/ /|yv|da:dt+v/ /|vp|\vu\dwdt+a/ /|a§/2p| |0y 20| da dt
0 Q 0 Q 0 Q
T T T
+v/ /|vy¢|vq|dmdt+a/ /|aj/2y||a;/2qﬂdmdt+xl/ /|pq|dazdt
0 Q 0 Q 0 Q

<lyllzz@nllvlizz@r) + 7 1Vpll2 @) Vol L2(@r)

+o H81/2pHL2(QT) Hatl/zvl HL2(QT) +v ||vy||L2(QT) ||VQHL2(QT)

+701002y ] 2 o 19020 | 12y + A 1Pl 2@ a2 -

Since

) T
102042 gy = 5 D hsllod ey = 3 D Keloel3aay = 101201132 g
2 k=1
we have that

IB((y,p), (v, )| < lyllez@mllvllzzorm + 7 1IVPlL2(@m IVl L2 (Qr)

+ 11010 12 10804 | L2y + 7 1902200 [ Vall 22
+ 31012y 2 g 19020 | 12y + A Il 2@ a2 @n
=1yl 2 (@n IVllz2@n) + 71Dl 200 IV0lz2@r) + 7 101 Pl 2o 1980 ] 2
+711Vyl 2@ IVl 220 + 7 10720 120 1012l 2y + X" IPlz2(@0 Nl 2200

1/2 1/2
< (191220 1ol @) + IVl 2@ 190l 22@ry + 1018l 2 @ 10020 2

1/2

FI9lzz@n 1Valz2@n) + 192 o omy 19720 13 gy + WPl 20 lalzzcor) )

1/2 1/2

<12 (I9320m) + 1901320y + [

p||L2(QT + ||Vy||L2(QT) + Ha yHQLZ(QT) + ||p||%2(QT)

1/2 1/2

X ||U||L2(QT) + ||VU||L2(QT) + ||8 ”HLz(QT) + ||vq||L2(QT) + H8

220 + IP13200r) + VP30 + 10Dl e 0

1/2

)
a0 + 01220
)
)

2 1/2 |12
x (1013 2(0m) + V01320 + 10120132 0m) + Il 2m + 1Vl 20m + 10 %0l 320y

(

M2<Hy||L2(QT +1IVylliziqqm + 110
(
(

1/2 1/2
2 2 2
Siom TPy 0n) (2 0, T2y )

T (€72 1 P )|

H2 |y||2 1,4
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with po = max{1,7,7, \~!}. Next, we prove the inf-sup condition. By choosing the test function

(v,q) = (y— %p— \%\p%er Vy = Vyt)

and using the o- and v-weighted orthogonality relations (3.13)), we get the following relations:
T
B((y,p), (y,p)) = / / (yy — v(x)Vp - Vy + o(x)d; *p o, 2yt
x)Vy -Vp+o(x )61/2y81/2 . pp) dx dt
/ / yy+o(x 1/2p81/2 Loz )81/21)81/2 J‘Jr)\’lpp) dx dt

=11yl172@p) + A7 12172 (00

)L

1 T 1 1 1
B((wp).(~—zp V) = [ [ (5= —zn) = v(@) V- Vi=zp) + o(@)ol 0l (s
v(x)Vy - V(Vy) + a(m)@tl/Qy 8,51/2(\53;)L +A7'p (ﬁy)) dx dt

r 1 1 /2 Al/2
= —v(x)Vp-Vp — —=o(x)0 o, *pt
| [ (G5 v@9p-9 - Seateial *pol’s
+VAv(x)Vy - Vy + \f)\a(:v)c'?tl/zy 83/2yL) dz dt

T
1
— — u(x)Vp - Vp+ VIv(z)Vy - Vy ) dz dt
|| (5 v@9- o+ Vi@ vy- vy)
1
= \f)\(l/vp, VD) 12(@r) + VAOVY, VY) 12(0r)

and

T
B((y,p)v(—\%pﬁ—f/\yl)b/o /Q(y(—\%pL)—V(ﬂ:)Vp-V(—\%pL)
+0(@)0,p 0, (- —=p")* + v(@)Vy - V(—VAyh)

1
77
+ o(a:)(‘)tl/Qy 8t1/2(—\f)\yl)l + A_lp(—\f/\yL)) dx dt

[ [ (- Jeurt+ Jo@il ol oty + VRo@ol ol ) - Syt dea
0 Q VA VA L ! VA
T

1 ot 1/2 A1/2 51/2, 51/

+ —o(x)0*pdPp+ VA 0,y +

/0 Y \[\0( x)0, “pd;""p o(x)9, "y o, "y

/ ) dadt
T
/ / o(x) 1/2p8t1/2p—|—\f)\a(w)(?tlﬂyatlﬂy) dx dt
0

L)

1
v 61/219,8 D)2 (or) + VA0, 7y, 8% Y) 12 () -

From these relations, we easily obtain the estimates
B((y,), (4,p) = 1Wll72(qr) + A P20
> min{1, A7} (W0, + P32 om)

= min{l, )\_1} H(yap)H%Q(QT)’
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B((yvp)v ( —=D, fy)) (vaa VP)LZ(QT) + f(VV% vy)L2 (Qr)

f ﬁ

. 1
> mm{T’ A (19913200 + IVl o)

= m1n{f \f}l/ H(Vyva)“Lz (Qr)

and

1 1 /2 Al/2 /2 A1/2
VW) = =00, .0 D ran + VA@O "y 0 )12 (@n)

1 1/2 1/2
> “““{T’ A2 (1012 y 2 gm + 191 P12 0 )

B((y.p), (—

1/2 1/2
= min{—~ f VY el (029,01 D) -
Altogether, we have the following estimate from below:
B((y,p), (4 — —=p— —=p*,p+ Ay — Vg))
b bl \/X \/X b
> min{1, 1. % VA, Z,0v/3 (10 D)3 an) + 175 T0) o) + 102,012D) 32 )
W ﬁ’* ’ﬁ’* ) (QT) ) (Qr) (QT)

=l y:p)2 .,

with the constant

1 v ol
= min{l, <, —, vV, —, oV A}
i =mintl, £, T uVA eV
O
We now know from Lemma [6.23] that
B Yy — 7p_C7 v,q
sup W =np = 0D 5 iy =m0 Oll oy (6.49)

v, 1,1
0 (v.q)(HE 2 (Qr))? 1, D)l .4 ..y

with a positive constant p;. For completeness, we similarly prove inf-sup and sup-sup conditions with
the H 1’%—seminorm, which is, in fact, an equivalent norm due to the Friedrichs inequality.

Lemma 6.24. The space-time bilinear form B(-,-) defined by fulfills the following inf-sup and
sup-sup conditions:

sup B((y:p), (v,9))

(0, 9)] (6.50)
0¢(v,q>e(H§'%<QT>>2 Dlgts o)

| (y; p) < p2|(y, p)|

1 < 1
H"2(Qr) — H"2(Qr)

1
for all y,p € Hé’é (Qr) with positive constants
o1 . . 2
= mm{ﬁ, VA min{y,o} and pp = max{1,7,7, A"} max{1,1+ C%},

where C 1is the Friedrichs constant as in Theorem [2.5
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Proof. We prove the sup-sup condition by using the assumptions (2.29) as well as the triangle and
the Cauchy-Schwarz inequalities (3.14) and (3.15). As in the proof of Lemma [6.23] we obtain the

estimate

|B(<yap)7 (’U7Q))’ < maX{l,ﬁ,E, A_l}(||y||%2(QT) + ||Vy||%2(QT) + Hatl/QyHi2(Q )

N 9 12 2 1/2
+ 11320y + 190132 00m + 10l )

1/2
% (Il + V01320 + (|02

2
”HL2<QT>

1/2 9 1/2
+ a2y + IVal32im + 100 %l 320,y )

Using Friedrichs inequality (2.17), see Theorem [2.5] which can be written in the Fourier space by

(B-19), we get

N — 2
’B((y,p)v (an))| < max{l, V,O',)\ 1}(02’ HVyH%Q(QT) + ||VyH%2(QT) + Hatl/z:yHLz(QT)

1/2

2 1/
+ CE 9Dl 2(gm + 1921320m + 10121201y

1/2

< (CEIVOIaqr + 19013200 + 100320

2 %
a7 am)

= max{1,7,5, \"'} max{1,1 +CF}<||Vy||L2 omn t H@

1/2
+ O IVall220, + Va2 (0, + 1|02

2
1/QyHLZ(QT)
+IVplZz(or) + ||31/2P||i2(QT>) (“WH%%QT) Sl O

1/2
1Vl + 10 2all32 0, )

1/2
< (10 + PPy ) (PP + 18 )

= 12| D) a3 (0, D)y

with the constant pus = max{1,7,5,A\7'} max{1,1 + C%}. Next, we prove the inf-sup condition by
choosing the test function

(v.q) = (— VY = Vagh),

f xf

and using the o- and v-weighted orthogonality relations (3.13)). We get the same relations and
estimates as in the proof of Lemma[6.23] i.e.,

and

B((y,p), (—

B((y,p), (—

1
ﬁ(”vp» Vp)r2(Qr) + VAWVy, VY)r2(Qqr)

. 1
> mm{T’ A (199132 ) + IV o))

\%\p, Vy)) =

= mln{ f \f} v H(Vyv Vp)||L2 (Qr)

1
\ﬁ(aatlﬂpa 6t1/2p)L2(QT) + \/X(Uatl/2y7 8151/2y)L2(QT)

> mln{f
—mln{f

St V) =

1/2 1/2
e (11025200 + 101 P32 o)

1/2 1/2
\f}UH( /y, / )||L2(QT)
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Altogether, we have the following estimate from below:

B((y,p), (— \F fp VY = Vaygh)

2 minf T VA, oA} (17, Vol Ea(ar) + 1001 0.0 E2(r)

_ 2
=m0 o0

with the constant u; = min{\%/\, VA}min{v, o} O

By using the weighted H'Z-norms | vy, i-e.,

1/2
lolive := (I932(0m) + VAW T8, V9)r2tar) + VA@D 5,01 ) 2an))

_ 1/2
(s p)llve == (llwll3, + A~ Ipll,)

)

which were introduced in Chapter [@ we can get rid of all parameters from the inf-sup and sup-sup
constants 1 and ps. Hence, we obtain the following lemma;:

Lemma 6.25. The space-time bilinear form B(-,-) defined by fulfills the following inf-sup and
sup-sup conditions:

B((y,p), (v,q))

oo = relplv (6.51)

iy, p)llve < sup
04 (v,q)E(Hy 2 (Qr))?

for all y,p € Hé’%(QT) with py = 1/v/3 and s = 1.

Proof. We start with the proof of the sup-sup condition. Using the triangle inequality and the o- and
v-weighted counterparts of the Cauchy-Schwarz inequalities (3.14]) and (3.15)), we obtain the estimate

|B((y,p), (v, q))| = ‘ /OT/Q (yv —v(x)Vp- Vo + o(m)@tl/Qpatl/?vJ_

v(x)Vy - Vqg+ a(w)@l/Qy 81/2 L pq) dx dt‘

<‘/ /yvd:cdt’Jr’/ / x)Vp - Vvda:dt’
‘/ / 1/2p81/2 dedt‘—i—‘/ / z)Vy - qu:cdt’
’/ / )8M/%y 812 ldmdt‘ ’/ /A pqdmdt’

<llylzzion ol 2@m + (9P, Vp) Y2 (W00, Vo) HE,

1/2 1/2 \1/2 1/2 1/2 \1/2 1/2 1/2
+ (Uat/ p, at/ p)L/2(Q )(0'3 / v 8t/ )L/Z(QT) + (VvyaVy)L/‘Z(QT)(VVQaVQ)LQ(QT)

+ (00,2, 0,9 i) (@02 0.0, 0) gy + AT P2 lall 2 -
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With a proper weighting with A\, we finally prove the sup-sup condition as follows

_ 1/2 1/2
1B((4,9), (v:0)| < [9llz2@0) 10 22(@) + A4 (VD VD)1l 00 A (090, V) it
ATV 0 2, 02 U2 N4 (gt 2y, 92 y) 12

L2(Qr) L2(Qr)
+ >\1/4(VVy’ Vy)}//f(QT))\_l/‘l(Vvq’ vq>1L/22(QT)
+ N 002,01 ) g NV 00 70,0 0) g,

A2 Pl @ A gl 2 (a)
_ _ 1/2 1/2
< (||ZJ||%2(QT) + AWV, VD) 120y + A V2(g0,%p, 8/ P)L2(Qr)

+ A2V, VY) 2 0r) + AY2(00, %y, 8y 12 (0r) + AT ||p||2L2(QT)) v

X <||11||2LQ(QT) + A2V, V) 2@y + A1/2(08t1/2v, 82/21))L2(QT)

+ )Fl/Q(z/Vq, Va)r2(Qr) + )\*1/2(063/2(17 8151/2(])L2(QT) + A1 ||Ql||2L2(QT))1/2
= (||y||%2(QT) +VAVVY, VY)r20r) + VA9, 2y, 8t1/2y)L2(QT)

+ A (P22 (gp) + VA@VD, VD) 1200 + V09, 8t1/2p)L2(QT))> v

X <||v||2L2(QT) + VAWV, V) 1200, + \&(aaj/%, 83/21))L2(QT)

1/2
+ A7 (a2 + VAWV S, VO 120 + VA0 *0,0,%) (1)) )

_ 2 A_l 2 1/2 2 )\—1 2 1/2
= (lwllv, + A7 llpll, [ollv, + A7 llall,

= pi2|(y: P)lIvo [l (v; D)l

with uo = 1. Next, we prove the inf-sup condition. By choosing the same test function as in the
proof of Lemma[6.23] i.e.,

(v,q) = (y — %p* \%pﬂzﬁ Vy = Vayh)

and using the o- and v-weighted orthogonality relations (3.13)), we get the following relations:

B((y,p), (4:p)) = [Yll12(0r) + A~ P72 (00

1 1
B((y,p), (—\ﬁp, V) = ﬁ(vvp, VD) r2(@r) + VAOVY, VY)r2(0r),
1 1
B((y,p), (—ﬁpLa —\F)\yl)) = ﬁ(aatuzp, 6151/2p)L2(QT) + \F/\(Uatlmyﬁ’tlﬂy)ﬂ(@ﬂ’

which were already proven, see Lemma Altogether, we obtain

1 1 _
B((y:p) (v~ 5P 7pl p+Vay —Vayh) =yl + A el = w03, -

Due to

(v, @)llve = V31I(y. )lIve,
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we arrive at the following estimate of the supremum from below:

Bl(yp).(0)) - B2 0= v = oo+ Vi — Vi)

sup

; , = L, 1.1 L
ety 10D I = J5p = 5Pt + Vo = Vauhllvg
Iy, p)II3,
= —o=————— = | (y,p)llv,
V3I(y, p)llve ’
which finally yields the inf-sup constant p; = 1//3. O

We denote the right-hand side of (6.47) by F(, ¢)(v,q). Indeed,

T
Fno) (v, q) = / /Q(ydv —nuv+v(x)V(- Vo — o(m)@tl/QC 63/2vi
0
— (@) V- Vq —o(@)d,*n0,*¢" ~ /\*101) da dt

1
is a linear functional defined on v, q € Hé 2(Q1). We need to find an upper bound of

Fn,o)(v:9) sup Fn,o)(v:9) or 6.52)

b P Tl
0#4(v,q)€(H, 2 (Qr))? H>2(QT)

orwme @ 1 i @n

Fno)(v,q)

T, v (6.53)

sup
1
0#(v,0)€(Hy' 2 (Qr))?
where (6.53)) will be discussed later. For getting such upper bounds of (6.52), we need to reconstruct
Fin,c)- First, we note that the o-weighted identity , ie.,
1/2  g1/2 1 B
(O-at 77781& v )LZ(QT) - (O'atT],U) L2(Qr)

is valid for n € Hé:rler(QT) and v € Hé’%(QT) (and, hence, also for ¢ € Hé:;er(QT) and ¢ €
HS’%(QT)), see also (3.10). Let
T,p € H(div,Qr) := {7 € [L*(Qr)]? : divT(-,t) € L*(Q) for a.e. t € (0,T)}

be two arbitrary vector-valued functions, where div = div, again denotes the weak spatial divergence.
Then, using

/div‘rvdmz—/’rV@dm and /diqudw:—/p'quw Yo, q € C3°(Q),
Q Q Q Q
we obtain

Fn,o)(0,q) :/ (yd v—nv+v(@®)V( - Vv—o(x)d(v—v(x)Vn -Vqg—o(x)dmq— AT q) dx dt

Qr
:/ (ydv—nv—l—u(az)VCVv—a(w)@th+diVTv+T~Vv
Qr
—v(x)Vn-Vqg—o(x)omqg—A"Cqg+divpg+p- Vq) dx dt
:/ ((yd —o(x)0¢ —n+divr)v+ (v(x)V(+ 1) - Vo

+ (—o(2)0m — A\ +divp) g+ (p — v(x)Vn) - Vq) dx dt

<|R1(n: &)l 2@ vz (r) + [1R2(C )2 VOl L2 (@)
+R3(n. ¢, P 2@ lall 22(@r) + [IRa(m, P 2@ IVl L2(@r)
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with
RI(U’C’T):UatC+n_diVT_yda R2(C7T) :T+Z/VC7
R3(777 C,P) = O'at"] + )\71C — din, R4(77’ p) =p-— an,

where we have applied the Cauchy-Schwarz inequality in the last estimate. The following two theorems
provide some upper bounds for the error e = (y — n,p — () in the H'2-seminorm and H2-norm.

Theorem 6.26. Let n,( € Hé:;e'r'(QT) and the bilinear form B(-,-) defined by satisfy the
inf-sup condition . Then,

1
i on S E(CF IR, ¢, T)llL2(@r) + [R2(C Tl L2(0r)

+ Cr IR, ¢, P 2(@r) + I1Ra(, P) I 22(01))
= M‘@‘ (77’ C7 Ta p)a

le]
(6.54)

where e = (y —n.p — ) € (Hy *(Qr))?, ju = min{ 5. VX} min{y, g} and 7. p € H(div, Qr).

Proof. Due to the Friedrichs inequality (2.17)), see Theorem which can be written in the Fourier
space by (3.19)), we obtain

Fno) (0, @) <IR1(m, ¢ ) 2om vl 2@r) + IR2(C Tl 22 VYl L2
+ 1IR3, ¢, Pl 2@n)llall L2 @ry + IRa(m, P 2 (@) IVl L2(@r)
<R, ¢, )l 22(@r) CF IVV| 2201y + IR2(C Tl 22(@ ) IVUllL2(01)
+Rs(n. ¢, P 22 CF IVallL2(@r) + Ra(n: P 22(@r) IVl L2(@r)

= (Cr IR ,¢ )l 2@ + IR (¢ Plln2@n) ) V0] 22y
+ (Cr IRs(n, €. )l z2(@r) + R4, P) 2@ ) IV all 2@
Hence,
Fi ,
sup (.0 (v, 4)

O#U#I)G(HJV%(QT)V ‘(U’q”Hl’%(QT)
(CF 1R1(n, ¢, T)|lL2 + HRQ((,T)HLz) Vol + (CF Rs(n, ¢, p)llL> + ||R4(777P)||L2) 1Vl 22

< sup

(v.9) (P, + a2, )Y
(Cr IR2 1, ¢z + [R2(C )22 ) IV llas + (Cr [Rs(n, ¢, P2z + [Ra(n, o)1 22 ) [Vl
= sup 172 1/2
(wa) (IVol32 + 10;20l132 + [ Vall3. + 10, *l132)1/2

< Cr[[R1(n, ¢ T)llL2(@r) + IR2(C T)lIz2(@r) + CF IR3(0, ¢, )l L2(@r) + [1Ra(M, Pl L2(1r)>

where
I e =0 lirry ond Ly =1 Lyt o
From the inf-sup condition (6.50) follows that

sup B(ev ('Ua q)) — i sup ‘7:(777() (1]’ q)
(v, 9)|

le]
1 v, 1,1 1
0£(v.q)e(He 2 (Qr))? Dyt 0£(v.0)E(HY # (Qr))?

whon S 5 '
" H Hl’%(QT)

Together with the estimates before, this yields the final estimate (6.54]). O
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Remark 6.27. For computational reasons, it is common to reformulate majorants as, e.g., the
magorant ./\/lf?| (n,¢, T, p), in such a way that they are given by quadratic functionals, see, e.g., [59].
This is done by introducing some parameters a, B,~v > 0, i.e.,

M (n,¢, 7, p)* < MJ (@, B,7:1.¢,7,p)°

1
=z (CR(1+ @)1+ AR (1, P2 ) +

1 1
AFAED) 12 ) 2o

I+a)(l+7)

I+a)(l+7)

+C} IRs(n ¢ )32y + IR4(n: 0)321))-

A similar estimate as (6.54]) for the seminorm can be proven for the norm using the inf-sup condition
(6.49)).

Theorem 6.28. Let n,( € Hé,’;er(QT) and the bilinear form B(-,-) defined by satisfy .
Then,

1
lell 5.y < o (IR1 PRy + 1RGP

1/2 6.55
R0, 23t + IRl ) o)) (6:5%)

= Mﬁaﬂ (777 Ca T, p)7
1
where e = (y -np— C) € (Hé72 (QT))27 H1 = min{la %a %72&7 %7Q\/X} and Y AS H(le, QT)
Proof. Applying the Cauchy-Schwarz inequality yields the estimate

Fno(0,0) <R, ¢ )l 2ol L2 + [[R2(C, 7) |22 [ Vol 22
+Rs(m, ¢, p)lc2llall 2 + 1Ra(n, P2 Vall 22

1/2
< (R3¢ P2 + 1R (C T2 + 1R (n, G, P + IRa (o, )32
1/2
x (Iole + 190132 + llal= + [Vall3: )
1/2
= (IR1 1, ¢, P + IR (PR + IR (1,C, P32 + [ Ra(n, P13 )
9 9 1/2
x (WMo + gl )
1/2
= (IR (0, ¢, )2 + IR (¢, T2 + R3S (1, C )32 + IIRa(m, p)IIE2 ) 11 (0, @)l
with
Il = I le@ry and - lano = I g
From the inf-sup condition (6.49)) follows that

1 F ;
sup 8(67 (U, q)) - = sup (n,¢) (U Q)

<
< ) 5 . )
oxwaeit@mp 10 Maton Mo pewmtH@ny

1
€ 1 —
el sy = 2y [

1 1/2
< (IR Gy + 1RG0 + 1R300 G Py + IRa(ms P Eagar))

where p; = min{1, %, \%,Z\A, %,Qﬁ} as proven in Lemma O
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The multiharmonic approximation

Since we assume that the desired state y,4 is from L?(Qr), we expand it into a Fourier series in time.
Moreover, we choose our approximations n and ( to the exact state y and adjoint state p, respectively,
as well as the vector-valued functions 7 and p to be some truncated Fourier series, e.g.,

N
n(@,t) = n5(@) + > [ng (@) cos(ket) + nj (@) sin(kuwt)],
k=1
where all Fourier coefficients are at least from the space L?(2) and are defined as, e.g.,

@) =7 [ a0
T
np(x) = T/o n(x, t) cos(kwt) dt,

m(x) = ;/;F n(x, t) sin(kwt) dt.
We need to compute the L?(Q7)-norms of the functions
R1(n,¢,T) = 00 + 1 — divT — yg, Ro(C, ) = T + vVC,
Rs(n, ¢, p) = 08+ A1 — divp, Raln, p) = p — vV,

Due to the orthogonalities of the cosine and sine functions (2.9)), the integrals in time can be computed
easily. Moreover, remember that

N
Om(m,t) = _[kwn;(x) cos(kwt) — kw f,(x) sin(kwt)],
k=1 N
Vn(z,t) = Vni(x) + Z cos(kwt) + Vi (x) sin(kwt)],

k=1

N
div 7 (x, t) = divrg(x) + Z [div 7% (x) cos(kwt) 4+ div T (x) sin(kwt)].
k=1

We will start with considering the L?-norm of Ry and R4, and, then, of R3 and R;. The time
integrals are computed similarly as in Section [6.1] We obtain

IRa(¢, P22 / / i+ Ve da dt

oS
2

=TI75+ VVCSH%Z(Q) + Z[H”'i + VVCEHQLZ(Q) + |77 + VVQ?H?LZ‘(Q)]

k=1

N
z

=T|76 + vV(§l72) + 3 > e+ vV
k=1

T
IRa(, Pz ) = / /Q o — vV dadt

C C T C C S S
=Tllp§ — vVn§llZzq) + B E s — vVl ey + 107 — vViEl7e (o)
k=1

N

C (& T
=Tl — vVislia) + 5 D 1ok — vVlI720)-
k=1



6.2. A POSTERIORI ERROR ESTIMATES FOR PARABOLIC TIME-PERIODIC OCPS 151
and

T
_ . 2
Ra(0 6Py = [ [ (o0 + A7~ v p) o
N

- C : C T S - C : C
= TIAT'GE = div il Fai0) + 5 D _[Ilkwoni + A7'G = div pi[Zzq)
k=1

+ | = kwonf + A7 - diVPZH%%Q)]

N
e e e T _ .
=T[A lCo*lePoH%z(Q)ﬂLgZH*kwanﬁ+A le*dIVPkH%%Q)-
k=1

Finally, we obtain

T
IR1 (.G, T 3 0y = / / (00:C + 1 — divr —ya)* da dt
0

N
C : (& C T S C : (& C
=T|ln§ — divrg — ygol 20y + B Z[ka oG+ i — div g — Yl a0
k=1
T oo
+ || = kwo(i +mp — divry — Z/ik”i?(m] Ty Z [||y§k||2L2(Q) + ||y§k||2L?(Q)]
k=N-+1
N

c : c c T 1 .
=Tlng — div 7§ — yioll720) + 3 E | = kwoly +my, — div 7y — yag 720
=1

T o0
Ty Z ||ydk||%2(ﬂ)'
k=N+1
Again, the term
T S T - C S
B Z HydkH2L2(Q) =3 Z [||ydk||%2(9) + ||ydk||%2(9)]
k=N+1 k=N+1

corresponds to the high oscillatory part of the given data, which is here the given desired state yg,
and, hence, this term can be controlled due to the knowledge on the given data.

All the L%-norms of Ry, Rz, R3 and R4 corresponding to every single mode k are decoupled. Here,
we define the following functions for every mode k =1,..., N:

R (M Cpr Th) = —kw o€y + my, — div Ty, — yay, = (Rag (05, G 75), Ras (i G, 73)) T
= (kwo(y +ny, —divry, — yg,, —kw ol +np — divry — y‘;k)T

RZk(Ck7Tk) =Tk + Vka = (R22(<z>T2)7R22(<I§aT2))T = (7'2 + VVCI(;’TZ + VVCI?)Ta

)

L —1 . c(. S ,C c S(..Cc S s\\71' (656)
Rai (N, Crs Pp) = —kwony + A7 ¢, — div p, = (Rai (05, Gk P%) Ran (05, Cis PR))
— (kwonj + A"1¢ — div pf, —kw o + A71¢G — div p})7,
Rar(ys 1) = pr, — vy, = (Rai (0, p7), Rai (i, p3)) " = (0 — vV, ph —vVn) ",
and, for k = 0, we define
Ri5(mg: 76) = 15 — div 75 — ygo, Ra6(¢5,T6) = 76 + vV, (6.57)
R35(C6, pG) = A1¢5 — div pf, Rag(n6, P5) = P5 — vV

Altogether, we obtain the following error majorants corresponding to the optimal control problem:



152 CHAPTER 6. A POSTERIORI ERROR ANALYSIS

Corollary 6.29. The error majorants Mﬁ (n,¢, T, p) and Mﬁ?‘l(n,C,T,p) are given by

M\@| (777 ¢, p) = MTH (CF ||R1 (77’ ¢, T)HL2(QT) + ”R?(C’ T)||L2(QT)
+ Cr [Rs(1,C )l 2(@r) + [Ra(n, 0) 2@
N ')
1 C(C C T T 1/2
= MTH(CF (T”Rlo(noﬂ'o)”%z(m Ty Z ”le(nkaCvak)”QL?(Q) Ty Z ||ydk||i2(9))
5| k=1 k=N+1

N
clre e T 1/2
+(THR20(COJ'0)H2L2(Q) Ty Z ||R2k(CkaTk)”2L?(Q))

1/2
+Cr (TIRs6(GE: PE) 320 + 5 ZHRM (M oo P 20)
k=1

N
c(,C C T 1/2
(LIRS 5 £5) 220y + 5 D IRar (s 21 [F2) )
k=1
where i1 ). = min{%7 VA}min{v, s}, and
ME (1,672 0) = —— (IR1 (1. By + IR2(C.
1\ 675 P T m 6 TIIL2(Qr) 206 T)lL2(Qr)

1/2
+ ||R3(777 ¢ p)”%ﬁ(QT) + ||R4(777p)||2L2(QT))

1 c C C c C C (& C C C C C
= L (T(||R10(770»7'0)||2Lz(9) + HR20(<07TO)H2L2(Q) + HR30(C07P0)H%2(9) + ||R40(770’Po)||%2(9))
N
T
t3 D Rk S T 1720y + 1R21 (s T F 202y + IR 31(Ms S 272 )

k=1

T & 1/2

HIRaw e p) ) + 5 D Ivanliae)

k=N-+1
where i1 = min{1, 1, \%,g\f)\, %,g\ﬂ}, respectively.

Remark 6.30. It is easy to see that n is the exact state and ¢ the adjoint state of problem
and T, p are their exact fluxes if and only if the error majorants vanish, i.e.,

Rjo =0 and Rj, =0 vVk=1,...,N, Vje{l1,2,3,4}, (6.58)
i.e.,
kwoCp +np — divTg = yg,, —kwo(; +np —divry =y,
kwon; + A1 — div pl = 0, —kwon§ + A1 — divp; =0,
Ty = —vV(, T = —vV(, P = vV, pr = vV,

forallk=1,... N, and
C

- diVT(C) = yccl()v T(C) = _VVC(§7 )‘_ICS - lepg = 07 p(c) = VV%;

for k =0, and the given desired state yq has a multiharmonic representation, i.e.,

Ya(x,t) = yag(x) + Z Yay(x) cos(kwt) + yay. (x) sin(kwt)).
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Moreover, (n,¢) and (T, p) converge to the exact solution and flux, respectively, if and only if n = ny,
(=(n, T=TnN and p = py with N going to infinity and the error majorants corresponding to the

modes k =0,1,... vanish as in .

A second a posteriori error result

Let us assume that the approximations 1 and ¢ of y and p are not from the space H, 0 pe, (QT), but
are less regular. More precisely, we want to deduce an upper bound valid for approximations

n,C € Hy? (Qr).

Let us again consider the functional

T
Fino)(v,0) = / /Q(yd v=nv+v(@)VC- Vo —o(2)d;*¢ o vt
0

—v(x)Vn-Vq— a(m)atl/Qn 83/2qJ‘ -2 q) dz dt

defined for all v,q € Hé’%(QT). Besides the vector-valued functions 7,p € H(div,Qr), let us
introduce the functions

K, X € H*Z(Qr),

which fulfill the identity (6.30)), i.e.,

T
/K;atl/%L /81/2 Lyat
0

for all v € H%2 (Qr). We rearrange the functional Fine)(v,q) and write it as

T
f(n,o(v,q):/ /(ydv*77@+VVC~VU—00,51/2C82/21)J‘
0 Q

—vVn-Vgq— U@E/Qnatl/QqJ‘ — Aflg‘q) dx dt

T
://ydv—nv+VVC-VU+divrv+T-Vu
0

0’81/2C81/2 l—l—a‘/ﬁal/Q L_i_o_al/Z L
—vVn-Vg+divpg+p- Vg
—031/2176‘1/2 J_+O,X81/ J_+031/2 L 7)\*1§q) dx dt

T
:/ / ydv—nv—i—diVTU—i—Uatl/QnJ‘
0
081/2581/2 l—i—anal/ vt 4+ V¢ - Vo471 Vo
— UV -Va+p-Vq—00 0 ¢t +ox 0! *q*
+diqu+08/x q—)ﬁ%q)dwdt

/ / yd—n—l—leT—l—a(?/ ) ( (k 8,51/24“))63/21)L

(r+vV()-Vu+ (p—vVn)-Vq
+(0(xf6§/2n)) 8%t + (d1vp+ac’) 2L *%) q) da dt
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for all v, q € Hé’%(QT). Let

Ri(T, K n)—yd—n+d1v7'+081/2 +
Ro(7,¢) =T+ vV(,
Ra(k,C) = ok — 9;/%0),
Ralp,x,C) = div p + 00, *x+ = A7'¢,
Rs(p.m) = p—vVn,
Ro(x,m) = o(x — 9,*n).

Hence, using Cauchy—Schwarz inequality and the identity ||8t1/2vJ-||Lz(QT) = ||8t1/2v||Lz(QT), which is
valid for v € H%2(Qr), we can estimate the functional Fn,o)(v,q) from above as follows

Fno) (0, @) <[[Ru(r, k5, 2@ vl 2@y + [R2(T, Oll 2 (@) [Vl 22(@r)
+ [Rs(k, ¢

+ [R5 (p,
< (HRl(T,an)H%?(QT) +[R2 (7, Ol F2gr) + 1IR3 (R OllF 200

1/2
Mez@m 1020l 2 @r) + IR4(0, X Oll 2o 1l 22(@r)
1/2
De2@nIVall 2@ + IRsC6 M)l 20 1042 dll 2 (o)

1/2
+ R4, X, Ol 22 (@) + IR (07 2(0r) + ”RG(X»n)”%?(QT)) [[CH] IEETEe

where

H(an)”Hl,%(QT) = (||U||2L2(QT) + ||VU||%2(QT) + H61£1/2UH2L2(QT)
tllalE i + 19403200 + 101 all32@m)
Altogether, we obtain the upper bound
Fn,o)(v,9)

sup
1)l

1 < (IR, w2 g0 + IR, Ol o)
0#(v.)E(H, * (Qr))?

2(Qr)

6.59
R (5 )20y + IR0, X 1200 (6:59)

1/2
R (0,22 0y + 1RO B

and, finally, deduce the following theorem:

Theorem 6.31. Let n,( € H&’%(QT) and the bilinear form B(-, - satzsfy l Then,

1
lell 1.3 o < (HRl(T Rz (@r) + IR2A(T Ol + IIR3(5, Ol (o)

1/2 6.60
+Ralp, X, OllZ2 (@) + IR (P72 + \|R6(X,77)||2L2(QT)) (6.60)

=M, (0.¢, 7, ps K, X),
where T, p € H(div,Qr), Kk, x € HO’%(QT) and p; = min{1, 1 X %,Z\A7 %,Qﬁ}.
Proof. From ([6.49)) follows that

B(e 1 F ’
lell g < sup |(<)|<Q>> L W
S 0£(v,0)E(Hy 2 (Qr)? #3@Qn M osegemit@me NP @)

which leads together with (6.59) to the final estimate (6.60). O

)
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Remark 6.32. If Ri(7,k,n) =0, Ra(7,() =0, R3(k,¢) =0, Ru(p,x,¢) =0, Rs(p,n) =0 and
RG(XaT]) = 07 then

— 00, Pkt — divr + 1= ya, — 00 *xt —divp+ A7I¢ =0,
T:_VVCa P:VVW
k=0, x=9"%n.

Since n and ( satisfy the Dirichlet condition on X, (1, () is the solution. In other words, the majorant
./\/lﬂa_“ (n,¢, T, p, K, X) vanishes if and only if (n, () is the exact solution, (T, p) the exact flux and (k, X)

the ezxact half time derivative. Moreover, if n,( € H(}:;er(QT)y we derive the optimality system

00¢ +div(vV{) +n =y m Qr,
o0 —div(vVn) + A" =0 in Qr,
in the weak sense.

Let us now find an upper bound for the supremum (6.53)) in the Vp-norm case, i.e.,

F v
g OWNS [ e C)()n .
1
0 () e(HE F (Qr))? Yo
where
(W, )13, = 011, + A"l
with

[0l13, = 10]22(0,) + VAWV, VO) L2 + VA0 *0,8%0) 12(01)-

Let us introduce some new functions ¥ and p, where (v ¥), (v p) € H(div, Qr) and the identity

/Qdiv(y-?)vda::—/(y?)-Vvdm Vv e C§e(Q)

Q

is fulfilled for both vector-valued functions 7 and p. Then,

T
f(n,o(v,q)=/ /(ydv—77v+vv<-V7J—Cf5t1/24<3t1/20L
0 Q

—vVn-Vq— 03,51/2778751/2qL — /\_1Cq) dx dt

T
:/ / Yyav —nv+vV(¢-Vo+divivF)v+ (v T) - Vo
0

31/2<81/2 J‘+JI€53/2UJ'+Uat1/2’iLU
—vVn-Vg+div(rp)g+ (v p) - Vg
T _A—1§q> da dt

/ / ydv—nv+d1v(yr)v+05'1/2 Lo

061/2C81/2 L—l—amal/ vt +vVE-Vo+ (vF) - Vo
— UV Vg + (vp) - Vg—00*n0 ¢t + o x 0t
+div(uﬁ)q+03t1/x qf/\*1Cq)da:dt
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and

T
f(n’C)(U’Q):/o /Q((yd777+div(1/f')+aatl/2/<;l)v+a( 81/24) 1/2 n
+v(F+ V() -Vo+v(p—Vn) - Vg
Jra(xfatl/Qn) a,}/QqL + (div (v )+05‘1/2 - 71C)q) dx dt

for all v,q € Hé’%(QT). Let us now define

Rl(f, Kon) = ya — 1+ div (v F) + 08, k", Ra(pyx, C) = div (v p) + 00, P+ = A7,
Ra(F,) = 7+ V¢, Rs(pn) = p= Vi,
Ra(r,¢) = r — 8,72, Re(x,n) = x — 0,"%n.

Hence, we obtain the following a posteriori error result for the Vp-norm:

Theorem 6.33. Let n,( € Hé’%(QT) and the bilinear form B(-,-) defined by satisfy .
Then,

1 . -
llellv, < ;(HRl( 77)”%2(@1«) + ﬁ(VRQ(T»C)aR2(Ta<))L2(QT)

1 ~
+ ﬁ(a R3(H’ C)’ R3(H7 C))Lz(QT) +A HR4(p7 X C)H%Q(QT)

~ - 1/2
+ VAW Rs(5,1), R (5, 1) p2(@r) + VAW Rs(6:1), Re (1)) 12 @) )
- MH HV (n7<a%757m7x)7

(6.61)

where (vF), (v p) € H(div,Qr), k,x € H*2(Qr) and p1 = 1//3.

Proof. Using the Cauchy-Schwarz inequality as well as a proper weighting with A, we can estimate
the functional F(; ¢y (v, q) from above as follows

Fone)(©,0) <llya —n+ div (v 7) + 00,6 2200y 101 22(00)

+ (0 (5= 0,20,k = 0" g (0 00", 0P g,
+ (v (7 + V(), T+VC)1/2 oV, Vv)lL/QQ(Q )
+ W (Pp—Vn),p— VU)L/z(Q )(VanVQ)Lé(QT)
2 1/2\1/2 1/2 1/2 2
+ (0 (x = 0,*), x—a/n)lLé(Q (00,24, 0" o

1/2

+ ||div (v p) + 00, =AYz @m llall 2 (@)

= lya — n + div (v 7) + oa”%nm @nllvllz2 @

AV o (5= 02C), 5 — 0)70) o, A (0 020, 0] P0)

FATVA W (F 4 VO, F 4 V) oo N0 Vo, Vo) o,

MW (= V), b= V) faon A (v Ve, V) g,

1/2 1/2 \1/2 - 1/2  a1/2 \1/2
+)‘1/4(‘7 (X_at/ n)vx_at/ n)L/Z(QT))‘ 1/4(Jat/ q7at/ q)L/"‘(QT)

+ A2 ||div (v §) + 08P Xt — A 2@ A2 Nl 2
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and

1

. ~ 2
Fno)(v,q) < (Ilyd —n+div(v7) + 00,6 3 o)

1
+ \ﬁ(a (k—8{"%C)k — 8t1/2<)L2(QT)

+ %(V (7: + VC)? T+ VC)Lz(QT) + \/X(V (ﬁ - Vﬁ)7 p— V77)L2(QT)

. _ _ 1/2
+ VA (= 0 x = 0P ) ey + Aldiv (v 5) + 001X = AR o)
X (HU||2L2(QT) + \f/\(a 62/2U,83/2U)L2(QT) + \[\(V Vu,Vv)12qr)

1 1 12 A1/2 _ 1/2
+ =WV V)2 + —=(00,%4,020) 12(gr) + A 1||QH%2(QT)) :

2 VA

which yields the estimate

- 1 - -
Fino)(v,q) < (||R1(T7/€,77)H%2(QT) + W(VRz(T,C)7R2(T7C))L2(QT)

1 ~
+ ﬁ(a ,R’3(K;> 4)773’3([{7 C))Lz(QT) +A HR4(p7 X C)”%z(QT)

+ \/X(VR5(ﬁa 7])7 R5(ﬁ7 TI))LQ(QT) + \/X(U Rﬁ(Xa 77)7 RG(Xa n))L2(QT)) v

X (Hv||2L2(QT) + \/X(l/ V’U, VU)LQ(QT) + \/X(O' 8151/2U761§1/2U)L2(QT)
1/2
+ A7 (141220 + VAWV, V) 2(0r) + VA0 8%, 32/2(1)L2(QT)))
- 1 - -
= (||R1(T»f€777)”%2(QT) + W(VRN"UC)aR2(T7C))L2(QT)

1
+ ﬁ(o— ,R’3(/€v C)?RB(Hv C))LZ(QT) + A HR4(F~)7 X C)”%Z(QT)

_ _ 1/2
+ \/X(V R5 (pa 77)7 R5 (p7 U))LZ(QT) + \/X(U Rﬁ (Xa 77)7 RG (Xa W))L2(QT)> || (U7 Q) ||Vo .
Altogether, we obtain the upper bound

Fno)(v,q)

sup
, 10, d)llv,

0#(v.a)e(Hy * (@r))
- 1 - -
< (IR (P32 + = (v Ra (7,0, Ra(7.O) 2y

vV (6.62)
+ (R, Ra( O + A ROl (e
FVAWRS(B.), Ro. 1) @) + VA0 ol ) Rox, ) ian)) -
From follows that
o< e GEGleL o  Jeomd
0£(w.)eHy 2 (@r)2 0£(w.)e(Hy 2 (Qr)2
with gy = 1/4/3, which leads together with to the final estimate (6.61]). 0

Analogously to Section [6.1] we now derive the majorants for the optimality equations which corre-
spond to every single mode k.
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We consider the problems (4.9)), i.e.,

[ (=)0 = @)V 01— ) - Vo + k(o) = o) -0
+u(@)V (Y —m) - Vag + kwo () (ye — i) - gic + A (P, — Cp) - qp) de (6.63)
= /Q(ydk cvp — vk + v(x)VE, - Vo — kwo(x)C - v
—v(@)Vny, - Va, — kwo(@)n, - ai — A'¢ - qy) da,

for every single mode k =1,..., N, and, in the case k = 0, we obtain the variational problem (4.10)),
ie.,

/ (WG — 16) 0§ — V@)V (5§ — C5) - Vg + (@) V(5§ — 1) - V& + A2 (0§ — C&) E) dar
Q (6.64)
- /Q (40 06 — 16 VG + V(@)VCE - Vo§ — (@) Vi - Via§ — A1CE ¢f) da

We define the left hand sides of (6.63)) and (6.64]) by

Bi((Yx — Mk, P, — Ck)s (ks qy))  and  Bo((yg — 16,26 — 16), (6, 90))

respectively, see (4.23) and (4.32)). We start with the case Kk = 1,..., N. Let us consider again the
P-norm (4.26) introduced in Section ie.,

1Yis PP = Nyl + A" oI
with
il = VA (v Vyy, V)2 + kwV X (oyy, Yi)r2(Q) + Hyk”%Z(Q)'
Let us compute an upper bound for the errors
er = (Yp — My Pp — €))7 Vk=1,...,N
in (H}(Q))*. From (4.27), it follows that

sup Bk(eka (vkaqk))

> cllekllr (6.65)
0#£(vi,q,) E(HL(Q))4 (v, q)ll»

with the parameter-independent constant ¢ = 1 /\/3 We denote the right-hand side of (6.63) by
]:(ﬂka)(vh qk)7 i.e.’ -

}—(nk,ck)(vkak) = /Q(ydk v — My - vk + () V- Vo, — kwo(x)y, '”kl
—v(x)Vny, - Vg, — kwo()ny, - qp — A7'¢), - qp) da,
and need to find an upper bound of

sup F ¢ (V- i)
0#£(vi,q5,) €E(HL(Q))4 (v, q)ll»

We introduce the functions 7 = (7¢,7%)7 and g, = (py, ps)T of vector-valued functions with

(WF%), W), (vps), (vps) € H(div, Q) := {7 € [L*(Q)]? : divT € L*(Q)}
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with the weak divergence fulfilling

/Qdiv (v(x)T(x)) v(x) de = — /Q(V(a:)’f'(w)) -Vo(x) de Yo e C5° ().
Moreover, we simply introduce the functions
we = (r5, k)T x = O x0) T € (Ho ()2,
which fulfill both the identity, i.e., the orthogonality relation, as follows
/kaa(a:)nk vt de = —/ka o(x)kii -vde Vo e (CF(Q)>%
Due to the Cauchy-Schwarz inequality, we obtain

Fene.c) Ok qr) = /Q(ydk cvE — Ny Uk + UV, - Vo +div (v ) s vk + (W Tr) - Vg
—kwoly - v +kwoky - v + kwoki vy
—vVn - Vg, +div(vpy) - q, + (v ) - Vay,
— kwony - @i +kwox, - g +kwoxi - @x — A7 - qy) da,
= /Q((yd;c —ny +div (v 7)) + kwokl) - ve + v(VEL 4 T1) - Vg,
+ kool —Cy) - of + (div (v ) + kwoxt —A'¢) - q
+v(pp — V) - Va, +kwo(x, — ) - ‘ﬁ) dz,
< Rk Freokin) | L2 [onll 20y + (VR (G i) Rai (G 7)) gy (VY 0k, VR) 17
+hw(0 Rk (Crkin)s Rk (Cor ko)) 10y (00, V) gy + (RS B X 220 @l 22 )
R (Mg B)s R (Mg 1)) o0y WV Vi) 1t
Thw(oRer (M Xk )> Rok (M1 Xk))lL/f(Q)(o'qk’qk)E/Zz(Q)

with
Rue(Mg Tro k) = Yy, — My + div (v Fy) + kwokg,
Rok(Cp> Tr) = Tr + Vi,
Rar(Cps k1) = Kk — Cps
Raw(Chs Bror X1,) = div (v py.) + kw oxiy = A7y,
Rsk(Mks Pr) = P — VN,
R (M Xi) = Xk — M-

Applying the Cauchy-Schwarz inequality together with a proper weighting with A, we get

Fineco Wk @) < IRl z2@llvnllze @) + A4 0 Rak, Rar) ooy M (v Vvk, Vog) [t
+ ATV kw(0 R, R3k)i/22(Q))‘1/4\/%(o-vk7 ’Uk)lL/zz(Q)
+ A2 Rl 2@ A 2 gkl 2 (o)
+ MW R, Rs) ooy A~ (Ve Vay) g,

+ A *VEw(oRey, Rﬁk)lL/QZ(Q))\_l/4 Vkw(oqy, Qk)lL/zz(Q)
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and
, 1 1
Flnet) (O, @) < <||R1k||L2(Q) + \?)\(VRQkaRQk)L%Q) + ﬁkw(gRiikaRiik)L%Q)

1/2
+ M RarllZz) + VAWRsk Rop) 2@ + VAkw(oReg, Rﬁk)”“”) (6.66)

X (||’Uk||%2(9) + VAWVvr, Vi) 29y + VAkw(0vg, ) £2(0)

1/2
2 (lapllze o) + VAWV, Vay) 2o + Vikw(ogy, q}c)Lz(Q))> .
Hence, we optain the upper bound

F Vg,
sup (ﬂkv(k)( k qk)
0#(vi,qy,) E(HL(Q))4 [(vk, gp) P

1
< (||R1k||2L2(Q) + W(VRWmR?k)L?(Q)

1
+ \T)\kw(ang,R%)Lz(m + A RarllZ2q)

1/2
+ A(V’Rﬁkv’R«E)k)L?(Q) + \F/\kw(aRGkvRﬁk)L%Q)) )

which yields together with (6.65]) the following a posteriori error result corresponding to every single
mode k=1,...,N:

Corollary 6.34. Let n;,, ¢, € HY(Q) and the bilinear form By(-,-) in satisfy . Then,

1 1
lexll» < V3 (||R1k||%2(9) + \f/\(VRM, Rak)r2(a) + ﬁkw(aRBkaRSk)L%Q)

+ A Rarll7e) + VAVRsk, Rog)r2(0) + \/ka(URGk»Rfik)L?(Q)) v (6.67)
::Mﬁ?ﬁp(nkvCkvﬁ:kaﬁkvﬂkvXk)v

where (vT), (vpy) € (H(div,Q))? and ki, X, € (HE(Q))2.
Now, let us consider the case k = 0, where

Bol(05 = 16,75 = 9. (65.5) = [ (65 = 16) 0§ — V(@) V35— G5) - Vo

+u(@)V (Y5 —16) - Vai + A7 (6 — ¢6) a5) dee
Using the definitions
((4:0); (v,0))P = (y,0) L2(2) + VAW VY, V0) 2(0) + A7 (P, @) 12(0) + VAWYD, V) 12(0))

and

1ty p)13 =yl 720y + VAWVY, Vy)2i) + AN (N7 2 + VA@Vp, Vp)r2(0))

of the P-inner product and norm in the case k = 0, we proved the following inf-sup condition in
Section with inf-sup constant ¢ = 1/\/5:

B 07 C’ C
sup 0(60 (Uo QO))

c > cllegllp 6.68
0£(ve.qo)eai @) (05, a6)ll» 0 (6.68)

for all (y§,ps) € V with ef := (y§ — nS, p§ — ¢5)T. We denote the right-hand side of (6.64) by

Fng.c) (6, 96) = /Q (Yo v6 — 16 6 + v(®)VEG - VoG — v(@) Vg - Vi — A5 qf) dae
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and need to find an upper bound of

sup Fng.c) (V6 46)
0£(vs.q)emi(@)? 16, a6)ll»

Again, we introduce the vector-valued functions ¥( and pg, where
(W75), (vpg) € H(div, Q) == {T € [L*(Q)]? : divT € L*(Q)}.

Due to the Cauchy-Schwarz inequality, we obtain

f(ng,gg)(fug, q5) = /Q(yflo vg — ngvg + vVEs - Vg + div (vFg) vg + (vTg) - Vg
+div (vpg) 4§ + (vpG) - Va§ — vVn§ - Va5 — X1 f) dee
- / (90 — 16 + div (V7E)) v + v(FE + V) - Ve

+v(BG — Vi) - Vi + (div (vpg) — A7¢5) gf) dae
< [IR16 (6> 7o)l 2 106l 2 ()
)\71/4 RS (S FC). RoC(CE. FE 1/2 )\1/4 vcvcl/2
+ (¥R25(¢5, 7o), Rao( O?TO))LQ(Q) (vVug, Uo)Lz(Q)
(& c =C C c ~=C 1/2 - C C 1/2
+/\1/4(VR30(7707PO)’R30(7703pO))Lé(Q)/\ 1/4(VVQOaVQO)L/2(Q)
+ ARG (G B0 2 A2 llg6 1l 2o (6.69)
> ~C 1 ~C > ~C
< (||R15(77877'0)||%2(Q) + W(VRz(C)(C& 70): Ra6(C6: T6)) 22 ()
\f c(,.c =C c(.c =C c(rc =c\|2 1/2
+ VARG 1, 55), R (16 56)) 200 + MR (66, 56) 320 )
X (||U5||2L2(Q) +VAW@VUS, Vub) 12 ()
Va5 Ve i + A a6
—=\V s 2
I 4o, V4o)L2(Q) doliL2(0)

c(, Cc =cC 1 c(,c =cC c(rc ~cC
= (IR0, 76) a0y + 7 (RaE(G, 76), Rab(6, 7)) 2o

~c c/. ¢ =c circ =c 1/2 c c
"‘\/X(VRSO(U&P0)7R30(7707P0))L2(Q)+>\“R40(C07P0)H%2(Q)> [ (vg. 40)ll»

with
R16(n5, T6) = yao — 16 + div (v7g),
Ra5(C5,T06) = To + V5,
Rs36(n5: P6) = Po — V5,
( )

— div (vf%) — A1
This yields the upper bound

Fng.co) (06 46) e ez 1 e = e -
sup 7c c < HRlC(nC’TC)H +7(VR20( C>Tc)7R26(CC7TC))L2 Q
0#(vs,q5)E(HE (Q))? ||(U07qo)HP ( 00y T OILAR) \& 0150070 00 70 @)
c(,.c =cC c(,.c =cC crrc =c\||2 1/2
JF\5(1/723(J(7707po)a7230(7707P0))L2(Q) + AR5 (¢5 pO)||L2(Q)> .

Using (6.68)) and , we finally arrive at the following upper bounds for the case k = 0, which
correspond to the P-norm:



162 CHAPTER 6. A POSTERIORI ERROR ANALYSIS

Corollary 6.35. Let 1§, (5 € HE(Q) and the bilinear form By(-,-) in satisfy (6.68). Then,

> ~C 1 ~C > ~C
leglle < v2 (HRMC)(US’TO)H%Z(Q) 75 R20(G, 70), R20(Go, T0)) 22 ()

c(c =C c(c =C circ = 1/2 6.70
+ ﬁ(VRin(nOap0)7R30(770’p6))L2(Q) + >‘HR4O(C07PS)H%2(Q)> (6.70)

:iMﬁP(USa 37‘7'6,/56)
where (vTg), (vpg) € H(div,Q).

Altogether, we obtain the following error majorant Mﬁa-\lv (n,¢, T, p, K, x) defined in Theorem W
0
in the Fourier space:

Corollary 6.36. The error majorant Mﬁa-llv (n,¢, T, P, K, X) is given by
0

%(VRQ(%, C)7R2(%7<))L2(QT)

1
+ ﬁ(g R (%, €), Ra(k, C)) 2(Qr) + AMRa(B, X OllT2 (o)

My, 00:€ 725500 = VB (IR o) gy +

+ \A(VRs(ﬂ 1), Rs(p.n))r2(@r) + VAo Re(x: 1), Re(x, 77))L2(QT))1/2

= \/§< (||R10||Lz @) T —=(Ra25, Rog)r2(0) + I(VR307R3O)L2 @ + >‘||R4OHL2(S2 )

f
+ 5> [IR? +i(uR Ray) +ikw(a7z Ray)
5 2 1kllz2 () I 2%y IV2K) L2(Q) I 3ky IV3K)L2(Q)

+ M Ragll72 ) + VAWRs 1, Rs) r20) + VMNew(0Reg, Rer) r2(o)

T 1/2
5 2 lvailiee)
k=N41
where
Rio = Rio(m6, T6) = Yo — Mo + div (v75),
Rag = R26(¢g, 76) = 76 + V5,
R3o = Rao(m5, P5) = Py — Vg,
Raf = Rs§(C, p§) = div (vpG) — A7
and
Rik = Rik(Mp, Frr k&) = Ydp — My, + div (v 75) + kw ok,
Rop = Rop(Crs Tr) = T + Vi,
Rai = Rar(Crs ki) = Kk — Cp,
Rar, = Rap(Cp Pro Xp) = div (v ) + kwoxg — A1y,
Rsi = Rsr(My, Pr.) = Pr. — Vnk,
Rer = Rer(Mi> Xx) = Xi —

Remark 6.37. In order to obtain final bounds from the majorants MP (replacing * with the dif-
ferent seminorms and norms) in practical applications, we have to consider the construction of the
approximations n and ¢ of the state and adjoint state, respectively, as well as the construction of (T,
p) or (T, p) for their fluzes as already discussed in Section see Remark .
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Remark 6.38. In the optimal control of parabolic time-periodic problems, the construction of a so-
called adaptive multiharmonic finite element method (AMhFEM) is again an important issue. More
precisely, in addition to constructing an adaptive finite element method (AFEM), we can compute the
finite element approzimated Fourier coefficients parallel on different meshes, since the computations
of the Fourier coefficients corresponding to every single mode k = 0,1... are decoupled. Then,
by prescribing certain bounds, we can filter out the Fourier coefficients, which are important for
computing the solution of the problem. Altogether, such a AMhFEM yields adaptivity in space and
time.

6.3 Functional a posteriori estimates for cost functionals of
parabolic time-periodic optimal control problems

Instead of — or in addition to — determining a posteriori estimates for the optimality systems, one
may derive a posteriori estimates of the cost functional as it is done, e.g., in [59] [153].
The cost functional of our optimal control problem is given by (4.1), i.e.,

1 [T 9 AT 5
Tt =5 [ [ w0 -weoPdedrs [ [ @) dd

1 A
= 51y = vallZ2om + 5leliz0n)

and in the Fourier spaces by

T (), 1) = TR W), u8) + = 3 Talwp (), wi),
k=1

2
where
c(,.c c 1 c c 2 A c 2
Folws(w§).6) = 5 [ (@)~ vio(@))” o+ 5 [ (u(a))* do
1 C C A C
= §||?Jo' - ydo”%?(ﬂ) + §||Ud||2L2(Q)

and

1 2 A 2

Ty (ur), ur) = 5 Q(yk(fﬂ) ~ Yai(®)) dz + 5 Q(wc(ﬁc)) dz

1 2 A 2
= §||’yk —Yarlliz) + §||uk||L2(Q)
are defined as in (4.17) and (4.15)), respectively. Hence, we can determine majorants, i.e., upper

bounds, for the cost functional J(y,u) by using the results of Section immediately. Adding and
subtracting n as well as applying the triangle and Friedrichs inequalities yield the estimates

1 A
T (), 0) = 3y~ valaiqr + 5 Nl Fa o

1 2 )\ 2
§||y —n+n—valli2gm + §HU||L2(QT)
1 2 A
< 5 (I = vallz@r) + ly = nllz2@n)” + §||u||2Lz(QT)

1 2 A
<3 (In = yall L2 @r) + CrlIIVY = Vil L2@r))” + 5”“”%2(QT)
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and

2 A 9
(Il = yall z2@e) + Coly =l i3 )+ 510132000,

N | =

T (y(u),u) <

1/2 1/2
Iy = Villtan < v =154 ., = V9= Valliaqe +10:°0 = 0 0l

Q
From Theorem [6.2] we obtain

1 2 A,
T < 5 (In=valliz@n +Crly =1l 3 o, ) + 510132
1 Cr )
< 3 (= valoan + E (Co R 7 Wl + IR D) )+ §lulocen)

1 Cr C2 S SR
=3 Im —yallz2 (@) + I||R2(777"')||L2(QT) + IHRl(naTaU)HL%QT) + §||U||L2(QT)7

where p1 = min{v, o}, 7 € H(div, Qr) and
Ri(n,T,u) = o0 — divr — u, Rao(n, ) =71 —vVn.

By introducing parameters «, 5 > 0, we can reformulate the estimate such that the right-hand side
is given by a quadratic functional, see, e.g., [59]. Then, we obtain the following estimate:

T(y(u),u) < T®(a, Bin,7,u)  Vue L*(Qr)

with the majorant

1+a (14 a)(1+B)C?
.769(04,5;77,7',11) Z:THn*yd”%Z(QT) + 204/12 FHRQ(W,T)H%z(QT)
1
(6.71)
(1+a)(1+B)C} 2 A2
+ 2082 [R1(n, 7 W[72(0qp + §||u||L2(QT)'
Moreover, we obtain
inf T e, By, m,u) = T (y(a), ), (6.72)

neHy . (Qr), 7€ H (div,Qr)
u€L*(Qr),a,8>0

since the infimum is attained for the optimal control @, its corresponding state § = y(u) and its exact
flux (¥V§g), for which Ry and R vanish, and for o going to zero. Hence, states that the exact
lower bound of the majorant coincides with the optimal value of the cost functional of the
optimal control problem, cf. [59]. Therefore, we have

J (@, 1) < T%(a, B;n,T,u) Vne Hé,’;er(QT), T € H(div,Qr), u € L*(Qr), o, 3 > 0. (6.73)

Now, it is easy to derive an a posteriori estimate. Let n be the multiharmonic finite element approxi-
mation yyy, to the state y as, for instance, constructed in Chapter[d] Since the control u can be chosen
arbitrarily in , we choose a multiharmonic finite element approximation uyy, for it as well. More
precisely, we can compute the multiharmonic finite element approximation wuyy for the control from
the multiharmonic finite element approximation pyp, of the adjoint state, since uny, = —A"'pyn, by
solving the optimality system as presented in Chapter [@ from which we obtain yyy, as well. Hence,
we arrive at the estimate

J(G,a) < T, Byynn, Tounn) V7 € H(div,Qr), o, > 0. (6.74)
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Next, we have to reconstruct the flux 7, which can be done by different techniques, see Remark
and Remark [6.37} For that, we first choose the vector-valued function 7 to be some multiharmonic
finite element function 7y, as well. Then the majorant J€ (o, 8;ynn, Tnh, unn) is given by

I +a (1+a)(1+ B)C3
villiz@n + g m IRelwwn T (o
1

j®(a75;yNh>TNh7uNh) =

(14 «a)(1+ B)C A
+ 20812 £ IR (YNRs TNRS uNh)Hiz(QT) + §||UNh||%2(QT)
N 00
_ 1 + o T B s
(T”y(m ydoHL2 +3 Z lYin — ydkHLE + vk — ydk||L2] 9 Z [HydkH%? + ||ydk:||2L2])
2= k=N+1
(1+ >< +8)C} -
+ %0 E(TIRaG (Won, 60172 + Z IR2f (Win i) 172 + [ Rak (Ui i) 1 72])
2=
(1+ )(1 + 5)04
+ T R1§ (6, ugn) 172
20Bu7 -
X
Ty Z[HRli(yih’ T Wi 72 + IR Wins Thns win) 1 72])
k=1
\ N
§(T||u0h”L2 +3 Z lufn 72 + lluinllz2])
k=1
with || - |2 = || - [[22(0)
Ra6(Tons uon) = div T, + ugp,
Rk (Ypn, Thh, Wkn) = kw oypy, + div T + wpn
= (=kwoyy, + div s, + usy,, kw oy, + div s, +ui,)”
= (Rai(Yins Tons Win)s Rag Win T win)) "
and

R26(Y6n T6n) = Ton — YV
Rok(Yrn: Thi) = Thh — VY
= (7% = vV¥in Tin — vVuin)"
= (R, (Yiens Tin)s Rai (Wiens Tin)) -
Note that the computations are as straightforward as using the formulation with the optimality

system.

Remark 6.39. Since all the terms corresponding to every single mode k in the majorant J% are
decoupled, we arrive at some majorants 7, k®, for which we can, of course, introduce positive parameters
ag and By for every single mode k as well.

Next, we have to reconstruct the fluxes 7§, and 74, for all k =1,..., N, which we denote by
Tin = Ry (VVYps).

This can be done by various techniques as already mentioned in Remarks [6.21] and [6.37] see also
[I53]. Hence, we obtain the reconstructed flux

TNh = RZ“"(uVyNh).
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After performing a simple minimization of the majorant J%(«, 8;ynn, Tnn, unn) With respect to o
and (3, we finally arrive at the a posteriori estimate

J(y,1) <T@ By ynn, TNh, unn), (6.75)

where @ and /3 denote the optimized positive parameters. This majorant provides a guaranteed
upper bound for the cost functional. Alternatively, but more costly, we can mode-wise minimize the
majorant leading to an H (div)-problem, see [104], [153].

Remark 6.40. In this work, we do not consider any inequality constraints imposed neither on the
control mor on the state, but inequality constraints imposed on the Fourier coefficients of the control
or the state can easily be included into the multiharmonic finite element approach, see [88], and,
hence, may be considered in the a posteriori error analysis of parabolic time-periodic optimal control
problems as well.



Chapter 7

Numerical results

In this chapter, we present and discuss the results of numerical experiments studying the numerical
behavior of the MhFE approximations as well as of the AMLI preconditioned CG and MINRES
solvers, which are proposed in this work and implemented in C++.

We investigate the practical convergence behavior with respect to the space and time discretizations
as well as the efficiency and the robustness of our preconditioned MINRES solver in different settings.
First, we present results on using the linear AMLI preconditioner proposed in Chapter [5| and its non-
linear version, which is shortly discussed in Subsection 2.8:2] Then, we go on with some numerical
experiments in a very general setting using these AMLI preconditioners as well as an AMLI precon-
ditioner, which was presented by Kraus in [99], for different inexact realizations of our block-diagonal
preconditioner in the MINRES method. A part of these numerical experiments has already been pre-
sented in the papers [89] [103], [112]. The computational domain is the unit square @ = (0,1) x (0,1)
that is uniformly discretized by triangles. All computations were performed on a PC with Intel(R)
Core(TM) i7-2600 CPU @3.40 GHz.

Let us start with some numerical examples for solving reaction-diffusion type problems as presented
in Chapter [p] by the linear AMLI method we have investigated there as well as by its nonlinear version.

7.1 Numerical experiments for heterogeneous reaction-diffusi-
on type problems

We present numerical results using the linear AMLI preconditioned CG algorithm presented in this
work for solving heterogeneous reaction-diffusion type problems of the form (5.1]), which lead to linear
systems of the form (cf. also (5.3))

after a proper finite element discretization. In this section, the right-hand side is given by A; times
the vector consisting only of ones. This yields a non-trivial problem, since we consider homogeneous
Dirichlet boundary conditions. The coarsest mesh has 3 x 3 rectangles, and the parameter ¢ corre-
sponds to a mesh of 3¢ x 3¢ rectangles, where one rectangle consists of two triangular finite elements.
All tables present the number of iterations for reducing the initial residual by a factor of 1076, The
numerical experiments are for the following parameter settings:

(a) no jumps in the values of v and p,
(b) jumps in the values of v and u on the coarse mesh.
In Example (a), the system matrix is given by A = K}, + M, i.e., the parameters v = u = 1.

Table [7.1] presents the number of AMLI iterations for different values of polynomial degrees v and

167
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Table 7.1: Number of iterations for A, = K + M), using the LINEAR AMLI method with additive
preconditioner for the pivot block (Example (a)).

grid v=1 v=2 v=3 v=4 v=5 wv=6

(=2 20 20 20 20 20 20
=3 36 30 27 25 24 24
=4 61 39 32 28 26 25
¢=5 102 49 36 29 27 25
{=6 170 60 39 30 27 25

on grids of different mesh size. Here, we use exactly the linear AMLI method, for which we have
proved robustness and optimality in Chapter o] and we choose the parameter o = 0.95, see also
Section [5.5} Table presents the number of iterations using the nonlinear version of the AMLI
method presented in Chapter [5| (cf. Subsection for different values of vcg, which denotes the
number of inner CG iterations, and on grids of different mesh size. In both numerical experiments, the
pivot block of the system matrix Aj; is preconditioned by the additive preconditioner C; according
to Chapter [5] Comparing Tables and shows that the linear and the nonlinear versions of our
AMLI method lead to very similar results. In the case of v = vog = 1 and v = veg = 2, we do not
observe, as expected, a stabilization of the iteration numbers for increasing grid sizes. Moreover, the
iteration numbers are (mildly) growing for v = 3 and v = 4 as well, which all in all accompanies our
theoretical results. Following the computational times also illustrates the optimality of our AMLI
method in terms of the computational complexity. For instance, the setting v = 6 in Table yields
25 iterations in 0.02, 0.24 and 2.40 seconds on the 3¢ x 3¢ grids with ¢ = 4,5 and 6, respectively, where
more than 500.000 unknowns are involved in case of £ = 6. Moreover, the setting vce = 6 in Table[7.2)]
yields 24, 24 and 23 iterations in 0.03, 0.30 and 2.92 seconds on the 3¢ x 3¢ grids with £ = 4,5 and 6,
respectively, which demonstrates again optimal complexity. All the other computational times show
the same behavior.

Table 7.2: Number of iterations for A, = K + M) using the NONLINEAR AMLI method with
additive preconditioner for the pivot block (Example (a)).

grid vcag = 1 vcag = 2 veag = 3 veGg = 4 veg = 5 vcag = 6

(=2 20 20 20 20 20 20
=3 37 25 24 24 23 24
=4 64 27 24 24 24 24
=5 137 28 24 24 24 24
=6 274 29 24 24 23 23

In Table[7-3]and Table[7.4] we present the number of iterations using the linear and nonlinear versions
of our AMLI method, but now the pivot block Ay, is inverted exactly. The iteration numbers, which
are presented in Table [7.3] are computed with the parameter choice a« = 0.5. Here, we want to
emphasize the importance of a good parameter choice of o, which is different for different problems,
e.g., inverting the pivot block exactly or using an additive preconditioner for it, see Section [5.5} The
stabilization of the iteration numbers as well as the computational times are similarly behaving as
observed in the computations of the numerical experiments presented in Table and Table [7:2]
where we have used the additive preconditioner for the pivot block.
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Table 7.3: Number of iterations for A, = K + M}, using the LINEAR AMLI method inverting the
pivot block exactly (Example (a)).

grid v=1 v=2 v=3 v=4 v=5 v=6

(=2 12 12 12 12 12 12
(=3 24 18 16 16 16 15
=4 39 22 18 17 16 15
=5 61 26 19 17 16 15
=6 96 29 19 17 16 15

Table 7.4: Number of iterations for A, = K, + My, using the NONLINEAR AMLI method inverting
the pivot block exactly (Example (a)).

grid vcag = 1 vcag = 2 vcag = 3 vcag = 4 vcag = 5 vcag = 6

(=2 12 12 12 12 12 12
(=3 24 16 15 15 15 15
(=4 43 17 15 15 15 14
=5 67 18 15 14 14 14
=6 162 18 15 14 14 14

In Example (b), we allow jumps in the values of the coeffcients v and p. More precisely, v = 10~*
and 1 = 1 on subdomain ©; = (0,1) x (0, 1) and v = 10* and p = 107* on Qy = Q\Q;. Hence,
the jumps correspond to the partitioning of the coarse mesh, which consists of 3 x 3 rectangles in
the computational domain © = (0,1) x (0,1). This is a requirement in order to prove the theoretical
results obtained in Chapter |5} cf. . Table and Table present the number of iterations
using the linear and nonlinear versions of our AMLI method, where the pivot block of the system
matrix Ay; is preconditioned by the additive preconditioner Cy; according to Chapter[5} In Table[7.7]
and Table [7.8] we present the number of AMLI iterations, but now the pivot block A;; is inverted
exactly. The iteration numbers, which are presented in Table [7.5] and Table [7.7] are computed with
the parameter choices o = 0.95 and o = 0.5, respectively, which are exactly as in the example without
considering jumps in the values of the coeffcients v and p. The stabilization of the iteration numbers
is similarly behaving as observed in the tables of Example (a), i.e., Tables and

Moreover, the computational times are similar to the ones of Example (a), e.g., the setting v = 6 in

Table 7.5: Number of iterations for K, ; + M, ; using the LINEAR AMLI method with additive
preconditioner for the pivot block and jumps in v and g on the coarse mesh (Example (b)).

grid v=1 v=2 v=3 v=4 v=5 v=6

=2 22 22 22 22 22 22
=3 48 36 32 30 29 28
(=4 (6] 47 37 28 27 25
¢=5 108 50 36 29 27 25
{=6 180 60 39 30 27 25
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Table 7.6: Number of iterations for K, j, + M, j using the NONLINEAR AMLI method with additive
preconditioner for the pivot block and jumps in v and g on the coarse mesh (Example (b)).

grid vcag = 1 vcag = 2 vcag = 3 vcag = 4 vca = 5 vcag = 6

(=2 22 22 22 22 22 22
=3 o1 31 27 26 26 26
=4 87 30 24 24 24 24
=5 141 29 24 24 24 24
=6 280 29 24 24 24 24

Table 7.7: Number of iterations for K, , + M, j, using the LINEAR AMLI method inverting the pivot
block exactly and jumps in v and p on the coarse mesh (Example (b)).

grid v=1 v=2 v=3 v=4 v=5 v=6

=2 16 16 16 16 16 16
(=3 31 23 21 20 18 18
(=4 o1 27 18 17 16 15
=5 70 27 19 17 16 15
=6 102 27 19 17 16 15

Table yields 25 iterations in 0.02, 0.24 and 2.40 seconds on the 3¢ x 3¢ grids with £ = 4,5 and
6, respectively, where again more than 500.000 unknowns are involved in case of £ = 6. Hence, the
numerical results come along with our theory having a robust solver of optimal complexity, if the
jumps in the values of the coeffcients v and p correspond to the partitioning of the coarse mesh, see

Chapter

Table 7.8: Number of iterations for K, , + M, , using the NONLINEAR AMLI method inverting the
pivot block exactly and jumps in v and g on the coarse mesh (Example (b)).

grid vcag = 1 vcag = 2 vcag = 3 vcag = 4 vcag = 5 vcag = 6

=2 16 16 16 16 16 16
=3 31 20 17 17 17 17
=14 o6 18 15 15 15 15
=5 82 17 15 15 14 14
=6 167 18 14 14 14 14

Altogether, we have presented first numerical results using the linear AMLI preconditioned CG algo-
rithm in case of a 3-refinement together with the additive preconditioner for the pivot block of the
two-by-two splitting, which has been all discussed in Chapter [} This linear AMLI preconditioned
CG algorithm leads to a robust solver of optimal complexity for heterogeneous reaction-diffusion type
problems including problems with jumps in the values of the reaction and diffusion coefficients p and
v on the coarse mesh.

In the next section, we present numerical results for solving the saddle point systems presented
especially in Chapter [4 by the AMLI preconditioned MINRES method, cf. Section [5.6]
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7.2 Numerical experiments for saddle point systems

In this section, we start with two numerical examples on solving saddle point systems by the precondi-
tioned MINRES method with the AMLI preconditioner proposed in this work. Then, we present more
numerical experiments for studying the numerical behavior of the MhFE approximations, where we
use the AMLI preconditioner presented by Kraus in [99] together with the preconditioned MINRES
method as solver.

Numerical experiments on a linear AMLI preconditioned MINRES method

We present numerical results on solving the optimal control problem (4.1))-(4.2), i.e.,

mmjy, : // (x,t) — ya(zx, t)] dmdtJr // (z, 1)) 2 dzx dt
Yu

subject to the parabolic time-periodic BVP —, which has been presented in Chapter 4 by
the AMLI preconditioned MINRES method using the block-diagonal preconditioners P together with
the linear AMLI solver proposed in Chapter The MhFE discretization of the variational problem
leads to the linear saddle point systems (4.11]) and ( -7 e.g.,

M, 0 —K}N, kthyg yz g;k
0 Mh —kth’a _Kh,u gz _ g;k
—Khyy _kUJMh7O' —)\_1Mh 0 BZ 0
kwM}hg —Khﬂ, 0 —/\_1Mh pz 0
for k =1,2,..., N. The numerical experiments are designed for the following settings:

1. the desired state is periodic and analytic in time,
2. the desired state is a characteristic function in space and time and there are jumps in v and o.

In both settings, the desired states are not time-harmonic and unreachable, and, hence, their Fourier
coeffcients have to be computed for different modes k in order to expand the desired states into Fourier
series. Again, the coarsest mesh has 3 x 3 elements, where one element consists of two triangular finite
elements. In the first example, the material coefficients are v = o = 1, whereas jumping coefficients
are considered in the second example. Table and Table present the number of MINRES
iteration steps for different values of the cost parameter A computing the solution for one mode k =1
stopping all iterations after reducing the initial residual by a factor of 1076 together with 15 inner
AMLI iterations in each MINRES iteration step. The results for all other modes k are similar and
can be computed in parallel. In these two examples, we use stabilization polynomials up to the
degree v = 5 and the parameter choice o = 0.9. The tables include numerical results computed on a
729 x 729 grid resulting in a linear system with more than 2.000.000 unknowns.

Table 7.9: Number of MINRES iterations using the linear AMLI preconditioned MINRES method
for different values of A (Example 1).

grid /A 1078 1076 107* 1072 1 10% 10* 106 108

27 x 27 20 20 18 12
81 x 81 22 18 16 12
243 x 243 22 20 16 12
729 x 729 22 20 18 12

co 0o 0o 0o
SO
SO
SO
o o O D
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In Example 1, we consider a time-periodic and time-analytic, but not time-harmonic, desired state
ya(z,t) = e'sin(t) ((3 + 4n") sin®(t) — 6 cos®(t) — 6sin(t) cos(t)) sin(z ) sin(zom)

with 7' = 27 and w = 1. Table [7.9] presents the number of MINRES iteration steps on grids of
different mesh size varying the parameter A. The numerical results accompany our theoretical results
having a robust solver of optimal complexity. For instance, the parameter setting A = 1 yields 8
iterations in 0.06, 0.48, 4.81 and 47.04 seconds on the 27 x 27, 81 x 81, 243 x 243 and 729 x 729 grids,
respectively.

In Example 2, we consider a desired state

Ya(m,t) = X1, 2 (t)x2, 22 (@)

Bl

with T =1 and w = 27, which is a characteristic function in space and time. In addition, we allow
jumps in the values of the material coeflicients v and o. More precisely, ¥ = 1072 and ¢ = 1 on
subdomain €, = (0,1) x (0, %) and v = 1 and o = 10% on Qp = Q\Q;. Tablepresents the number
of MINRES iteration steps of this example for different values of A and on grids of different mesh
size. The computational times are similarly behaving as in Example 1. For instance, the parameter
setting A = 10* yields 14 iterations in 0.09, 0.80, 8.01 and 78.38 seconds on the 27 x 27, 81 x 81,
243 x 243 and 729 x 729 grids, respectively.

Table 7.10: Number of MINRES iterations using the linear AMLI preconditioned MINRES method
for different values of A (Example 2).

grid /A 1078 10=¢ 10=* 1072 1 10* 10* 10% 10%

27 x 27 12 17 14 16 14 14 14 16 18
81 x 81 13 18 16 16 13 12 14 16 20
243 x 243 17 18 16 14 12 12 14 16 20
729 x 729 15 20 14 12 10 12 14 16 18

In summary, the numerical results confirm our theoretical findings, demonstrating the robustness and
optimal complexity of the linear AMLI preconditioned MINRES solver. This theoretical statement
is proven in Chapter

Numerical experiments on a nonlinear AMLI preconditioned MINRES method

In the following five examples, we use the AMLI preconditioner proposed by Kraus in [99] for an
inexact realization of our block-diagonal preconditioner in the MINRES method. We consider again
the optimal control problem —, which leads, after the MhFE discretization, to the saddle
point systems and @ . We present numerical results for the following very general settings:

3. the desired state is time-harmonic,

4. the desired state is periodic and analytic in time, but not time-harmonic,
5. the desired state is analytic in time, but not time-periodic,

6. the desired state is a characteristic function in space and time, and

7. the desired state is a characteristic function in space and time, but in addition, there are jumps
in the coefficients v and o.
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We mention here that the desired state is unreachable and not time-harmonic in the last four examples.
Therefore, we have to compute their Fourier coefficients for different modes k in order to expand the
desired states into Fourier series. The material coefficients are supposed to be piecewise constant on
Q. In Examples 3 - 6, 0 = v = 1, whereas jumping material coefficients are considered in Example
7. Example 6 has been borrowed from [I], but with homogeneous Dirichlet boundary conditions
instead of Robin conditions. We mention that, in all tables where the number of MINRES iterations
is presented, the iteration was stopped after reducing the initial residual by a factor of 1076. For
the inexact version of the preconditioned MINRES method, we have used the AMLI preconditioner
according to [99] in each MINRES iteration step. In Example 3, we use the AMLI preconditioner
with 4 inner iterations, whereas we only use 2 inner AMLI iteration steps in the latter four examples.
The computations for the figures of all examples were obtained on a 64 x 64 grid. The results on
grids of smaller mesh sizes were very similar.

In Example 3, we consider a time-harmonic desired state given by the formula

ya(x,t) = 2(4 — x129(x0 — 1) + 2229 (25 — 1))(cos(wt) + sin(wt)).

For this example, we present numerical results for both the exact preconditioner P in connection with
a direct solver for the preconditioning equations with the system matrix D from P and an inexact
preconditioner according to [99]. In order to study the robustness of our preconditioners, we have
performed numerical experiments for several parameter settings. In particular, we have varied the
values of the parameters w and .

Table 7.11: Number of MINRES iterations for different values of w and A on a 64 x 64 grid using the
EXACT version of the preconditioner P (Example 3).

108

—_
(e)
=)

A/w 1078 107% 107* 1072 1 10> 10*

10—8 18 18 18 18 18 24 12 4 4
106 18 18 18 18 18 20 12 4 4
10~* 14 14 14 14 14 14 12 4 4
102 8 8 8 8 10 14 12 4 4
1 6 6 6 6 10 14 12 4 4
102 4 4 4 6 10 14 12 4 4
10* 4 4 4 4 10 14 12 4 4
108 4 4 4 4 10 14 12 4 4
108 2 2 4 4 10 14 12 4 4

Table presents the number of MINRES iterations using the exact preconditioner. The theoretical
bound for reducing the residual of the MINRES method by a factor of 107 lies at 24 iterations for the
exact version. The numerical results for the inexact version are presented in Table[7.12)and Table[7.13]
where we have used the AMLI preconditioner with 4 inner iterations according to Kraus [99]. In
Table [7.11] and Table [7.12] we have computed the solutions on a 64 x 64 grid. Table [7.13] presents
the numerical results using the AMLI preconditioner on a 512 x 512 grid where more than 1.000.000
unknowns are involved.

Again, the numerical experiments impressively confirm our theoretical results. Both the exact and
the inexact versions lead to a parameter independent bound for the convergence rate respectively
iteration numbers of the corresponding preconditioned MINRES solver. However, we observe some
dependence of the preconditioned MINRES iterations on parameters A and w if we vary them in the
large range from 1078 to 108. This behavior is not surprising since the parameters A and w change
the system matrix and the preconditioner at the same time. This becomes clear for the limit cases
where A and w (kw) tend to oo or 0. Tables and show the AMLI preconditioner is not
affected nor by mesh refinement neither by parameter variations. The comparison of the latter two
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Table 7.12: Number of MINRES iterations for different values of w and X on a 64 x 64 grid using the
INEXACT version of the preconditioner P with 4 inner AMLI iteration steps (Example 3).

A/w 1078 1075 107* 1072 1 102 10* 10°

[y
s}
[od]

10—8 18 18 18 18 18 24 12 4 4
10~6 18 18 18 18 18 20 12 4 4
10—* 14 14 14 14 14 14 12 4 4
102 8 8 8 8 10 14 12 4 4
1 6 6 6 6 10 14 12 4 4
102 4 4 4 6 10 14 12 4 4
104 4 4 4 4 10 14 12 4 4
106 4 4 4 4 10 14 12 4 4
108 2 2 4 4 10 14 12 4 4

Table 7.13: Number of MINRES iterations for different values of w and A on a 512 x 512 grid using
the INEXACT version of the preconditioner P with 4 inner AMLI iteration steps (Example 3).

A/ w 1078 107 107* 1072 1 10% 10* 10% 108
108 23 23 23 23 23 26 14 10 4
106 20 20 20 20 20 22 12 10 4
10~4 14 14 14 14 14 14 12 10 4
1072 8 8 8 8 10 14 12 10 4
1 6 6 6 6 10 14 12 10 4
102 4 4 4 6 10 14 12 10 4
10% 4 4 4 4 10 14 12 10 4
106 4 4 4 4 10 14 12 10 4
108 4 4 4 4 10 14 12 10 4

tables with Table show that the AMLI preconditioned MINRES solver is almost as good as the
exact version with respect to the iteration numbers and, in contrast to the exact version, has optimal
complexity.

In Example 4, we consider the same desired state as in Example 1, which is time-periodic and
analytic, but not time-harmonic, i.e.,

ya(z,t) = €' sin(t) ((3 + 4n*) sin®(t) — 6 cos®(t) — 6sin(t) cos(t)) sin(z7) sin(z27),

where T' = 27 /w with w = 1. The Fourier coefficients of the Fourier series expansion of the desired
state yg4 in time can be computed analytically. We truncate the Fourier series at an index N and
approximate the Fourier coefficients by finite element functions. Finally, we solve the systems (4.11))
and forall 0 < k < N. Figure illustrates the fast convergence of the MhFE approximations
ynr(0.5,0.5,1) to the exact solution y(0.5,0.5,t) = efsin(¢)® at the spatial coordinates (0.5,0.5) for
A=1andt € [0,T] for increasing N. Already ys; provides a very good approximation to the exact
solution y. In Figure (left), we illustrate the exact desired state y4 and the MhFE approximations
ynn to the state y for different values of A, more precisely, for A € {1,1072,107%, 1076}, as functions
of time in [0, 7] at the spatial coordinates & = (0.5,0.5) and for N = 5. Figure (right) presents
the corresponding controls upy,-

Table [7.14] presents the iteration numbers, and Table[7-15|the computational times for the mode k = 1
obtained on grids of different mesh sizes. We present the iteration numbers and the computational
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Figure 7.1: The exact state y (red) and its MhFE approximations yxp, for N = 1,2,5 as functions of
time in [0, 27] at the spatial coordinates (0.5,0.5), and for A = w = o = v = 1 (Example 4).
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Figure 7.2: The desired state y4 (red) and the MhFE approximations ysp, to the state y (left) and
the MhFE approximations us; to the control u (right) for A = 1,1072,107%,107% as functions of
time in [0, 27] at the spatial coordinates (0.5,0.5), and for w = 0 = v =1 (Example 4).

times only for k¥ = 1 because the computations of all modes up to the truncation index N can be

done totally in parallel and lead to similar results.
Altogether, Figure [7.1] and Figure [7.2] as well as Table [7.14 and Table confirm that the MhFEM

is a very efficient approach for solving time-periodic problems. In the following, we will consider an
example, where the desired state is not time-periodic anymore.
In Example 5, we choose the time-analytic desired state

ya(x,t) = e’ (=2 cos(t) + sin(t) + 4r* sin(t)) sin(z,7) sin(zo7),

which is obviously not time-periodic. We set again w = 1. Hence, the time period T = 27 /w is
equal to 2w. For this example, we can compute the Fourier coefficients of the desired state again

analytically. In Figure [7.3] we present the exact state y and its MhFE approximations yy;, with
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Table 7.14: Number of MINRES iterations for different A on different grids (Example 4).

grid /A 1078 10=¢ 10=* 1072 1 10*> 10* 10% 10%

64 x 64 19 16 14 12 12 12 12 12 12
128 x 128 18 16 14 12 14 13 14 14 14
256 x 256 18 16 14 13 6 17 15 15 15
512 x 512 18 17 14 16 18 21 41 35 33

Table 7.15: The CPU times in seconds for different values of A and on different grids (Example 4).

grid /X 1078 107% 107* 1072 1 102 10* 106 108

64 x 64 0.19 016 014 0.12 012 012 0.13 012 0.13
128 x 128 088 080 071 059 069 064 070 070 0.70
256 x 256 4.02 3,59 3.15 293 361 380 337 338 3.37
512 x 512 17.20 16.29 13.51 1538 17.34 20.02 38.53 33.08 31.16

N = 1,2,5 as functions of time in [0,7] at the spatial coordinates (0.5,0.5) and for the parameter
choice A = 1. In this case, the exact state is given by 3(0.5,0.5,¢) = e'sin(t). As for the previous

o M T
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Figure 7.3: The exact state y (red) and its MhFE approximations yy, with N = 1,2,5 as functions
of time in [0, 27] at the spatial coordinates (0.5,0.5), and for A = ¢ = v = 1 (Example 5).

example, we illustrate in Figure [7.4] again how the MhFE approximations ysj, of the state y approach
the desired state yq as A goes to zero. We obtain almost the same results for the number of MINRES
iterations and for the computational times as have been shown for Example 4 in Tables[7.14 and [7.15]
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Figure 7.4: The desired state y4 (red) and the MhFE approximation ys; to the state y for A =
1,1072,107%,107 as functions of time in [0, 27] at the spatial coordinates (0.5,0.5), and for w = v =
o =1 (Example 5).

i.e., the solver is not only robust with respect to A and h, but also of optimal complexity.
In Example 6, we consider the desired state

Ya(z,t) = X[%,g](t)X[l 12 (),

that is a characteristic function in space and time. The time period T is set to 1, hence w = 2w. We
can again compute the Fourier coeffcients of the desired state analytically. Indeed, we get

2 [T 1 .k . 3km
(@) = 7 [ (o) costht) dt = xqy s () (= sin( ) +sin( )
and
T
Yo (@) = %/0 Ya(x,t) sin(kwt) dt = x[1 312 () % sin(%r) sin(km) =0

for all k € N, and yg,(@) = x(1 1j2(®) in the case when k = 0. Figure presents the MhFE
approximations yyy, to the state y for N = 5 as functions of time at the spatial coordinates (0.5, 0.5)
for different values of A. In Figure [7.6] we illustrate the approximations uyj, to the control u for
N =5 and N = 11, and for different spatial coordinates, more precisely, for (0.25,0.25), (0.5,0.5)
and (0.75,0.75), where we set A = 0.01 for all cases. Finally, we refer to Tables and Where
the number of MINRES iterations and the computational times in seconds are presented for different
regularization parameters A and mesh sizes h in comparison with the results for the last example.

In Example 7, we consider again a desired state which is a characteristic function in space and time,

but in addition, we allow jumps in the values of the material coeflicients v and o. More precisely,
v =10"* and ¢ = 1 on the subdomain Q; = (0,1) x (0, 1), and v = 10* and o = 102 on Qy = Q\Q;.

]
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Figure 7.5: The MhFE approximations s, to the state y for A = 1,1072,1074,107% as functions of
time in [0, 1] at the spatial coordinates (0.5,0.5), and for w = 27, v = ¢ = 1 (Example 6).
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Figure 7.6: The MhFE approximations us;, and u11;, at the spatial coordinates (0.25,0.25), (0.5,0.5)
and (0.75,0.75) as functions of time in [0, 1] for A = 0.01, w = 27, v = ¢ = 1 (Example 6).
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The time period is set T = 1, hence w = 2w. We again vary the regularization parameter A\, and
compute the solutions on grids of different mesh size. The desired state

ya(@,t) = X1 3)(t)x(1 152 (2)

is chosen as in the preceding example. We again expand the desired state in a Fourier series, where
the Fourier coefficients can be computed analytically. We truncate then the Fourier series and ap-
proximate the Fourier coefficients by finite element functions. Finally, we solve the systems
and for all 0 < k < N by our preconditioned MINRES iteration. The number of MINRES
iterations and the corresponding computational times can be found in Table and Table [7.17]
respectively. We observe from these tables that our solver also remains robust with respect to both
the regularization parameter A and the mesh size h in case of large jumps in the values of the co-
efficient functions v and o. In addition to this, the comparison of the number of iterations and the
corresponding computational times for Examples 6 and 7 show that the efficiency of our solver is not
affected by large jumps in the coefficients v and ¢. This is a very important issue for many practical
applications where we have usually large jumps in the values of material coefficients.

Table 7.16: Number of MINRES iterations for different values of A on grids of different mesh size
(Example 6 / Example 7).

grid /A 1078 10~4 1 104 108

64x64 22 /14 18 /18 12 /16 10 /14 10 /14
128128 22 /15 20 /20 12 /18 10 /18 10 /18
256 x 256 22 /16 20 /24 14 /18 12 /16 12 /16
512x 512 23 /16 22 /24 14 /17 12 /12 12 /12

Table 7.17: The CPU times in seconds for different values of A on grids of different mesh size
(Example 6 / Example 7).

grid / A 10-8 1074 1 10* 108

64x64 0.2/01 02/02 01/02 01/01 0.1/01
128x128 1.1/07 1.0/09 06/08 05/08 0.5/08
256 x 256 4.8 /3.3 4.4 /47  3.1/37 2.6/33  2.7/33
512 x 512 21.5 /14.0 20.6 /209 13.2 /151 11.3 /107 11.3/10.7
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Chapter 8

Conclusions and outlook

In this chapter, we want to summarize our results and give an outlook on some future work.

Conclusions

We have provided a complete numerical analysis of linear parabolic boundary value and optimal con-
trol problems in a time-periodic setting and their discretization by means of the multiharmonic finite
element method (MhFEM). Moreover, we have developed new algebraic multilevel preconditioners
for solving the discrete problems by the preconditioned minimal residual (MINRES) method.

The mathematical and numerical analysis includes an existence and uniqueness proof of the weak
solution to a special variational setting of the parabolic time-periodic boundary value problem and
the corresponding optimal control problem in Chapters [3] and [d] respectively. More precisely, we
have introduced the space H 1.3 which has provided a suitable framework for deducing existence
and uniqueness of the problems by proving inf-sup and sup-sup conditions such that the theorem of
Babugka and Aziz can be applied.

We have intensely studied the MhFEM for solving parabolic time-periodic problems, where all — given
and unknown — functions are approximated by truncated Fourier series and the Fourier coefficients
by the finite element method. The MhFEM is a very powerful tool for solving linear time-periodic
problems since it reduces a large time-dependent problem to a sequence of smaller time-independent
ones that can completely be solved in parallel. More precisely, the large systems of linear algebraic
equations fortunately decouple into smaller linear systems each of them defining the cosine and
sine Fourier coefficients with respect to a single frequency. The resulting systems have a saddle
point structure and can be solved by the preconditioned MINRES method. We have constructed
block-diagonal preconditioners leading to robust and fast convergence rates for the MINRES method
following the work by Zulehner in [I87].

The diagonal blocks of the MINRES preconditioners are sums of stiffness and mass matrices. Since
the finite element discretization of reaction-diffusion type problems with heterogeneous reaction and
diffusion coefficients leads to such sums of stiffness and mass matrices, we have presented the con-
struction of efficient preconditioners for these problems by the linear algebraic multilevel iteration
(AMLI) method, which has been introduced in [I4] [I5]. Moreover, one of the main achievements of
this work is not only the construction of efficient multilevel preconditioners but the derivation of a
rigorous proof for the robustness and optimality of this AMLI method for heterogeneous reaction-
diffusion type problems in two space dimensions, see Chapter [5} More precisely, we have varified the
optimality conditions for linear AMLI preconditioners constructed in the framework of hierarchical
splittings of lowest-order conforming finite element spaces for reaction-diffusion type problems. A new
estimate of the constant v in the strengthened Cauchy-Bunyakowski-Schwarz inequality has been pre-
sented for the mass matrix in case of a general m-refinement. Moreover, an additive preconditioner
for the pivot blocks arising in the recursive two-by-two block factorization has been analyzed for the

181
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case m = 3. The derived uniform condition number estimates together with the verification of the
optimality conditions lead to robust and optimal linear AMLI methods for linear systems with sums
of stiffness and mass matrices.

The numerical analysis has also involved full a priori and a posteriori discretization error estimates
for the parabolic time-periodic boundary value and optimal control problems, including the analysis
for the space H L2, We have analyzed the error coming from the approximation via truncated Fourier
series as well as from the finite element approximation of the Fourier coefficients. The a posteriori
error analysis, which can be found in Chapter @ is based on the method presented in Repin [152],
but we had to incorporate proper changes regarding the space H 13 and the special features of the
MhFEM.

Although the main focus of this work was to develop the theoretical machinery for a rigorous numerical
analysis of parabolic time-periodic problems, we also implemented the algorithms developed and
confirmed our theoretical results by proper numerical experiments in Chapter [7}

Altogether this thesis presents the MhFEM as a very efficient approach for the discretization of linear
parabolic time-periodic simulation and optimal control problems as well as provides optimal and
robust solvers for this type of problems.

Outlook

e In this work, we have assumed that the Fourier coefficients of the given data, e.g., the source
term f or the desired state y4, can be computed exactly, but, in general, the Fourier coefficients
of the data have to be computed numerically. Hence, the efficient numerical computation of
the Fourier coefficients together with an error analysis is a matter of future work, cf. also [93],
where it is briefly discussed that three-term recurrences can be used to evaluate the integrals
appearing in the Fourier coefficients by a forward-backward recursion.

e In case of given time-analytic data, the error estimates can be definitely improved, which is also
observed in our numerical experiments, cf. Remark and also Remark For given time-
analytic data, we may expect exponential convergence with respect to the truncation parameter
of the Fourier series.

e The incorporation of initial conditions instead of time-periodic ones is definitely an important
topic for further investigations. Especially, in case of optimal control problems, this leads to
many interesting questions since the initial condition for the forward problem turns into a final
condition for the adjoint problem. Ideas for solving this problem are, for instance, to incorporate
the initial condition somehow into the Fourier series approximation of our unknown functions or
to use — instead of Fourier series — other spectral methods like Legendre or integrated Legendre
polynomials for the approximation in time.

e In case of optimal control problems, the efficient treatment of inequality constraints for the
control and the state using the MhFEM is a challenging topic. However, inequality contraints
imposed on the Fourier coefficients of the state or the control can easily be included into the
MhFE approach, although one loses the robustness with respect to the cost or regularization
parameter when solving the optimality system by the preconditioned MINRES method, see [88)].
The inclusion of inequality constraints imposed on the state or the control itself is much harder
to handle. One technique to handle this problem is to include them as penalty term in the cost
functional or to use barrier methods. However, this makes the optimality system nonlinear.
Nonlinearities of this kind, but also nonlinearities arising from nonlinear partial differential
equations as in the case of coefficients which depend on the solution, e.g., v = v(x,t,|Vyl|) or
v = v(x,t,y), lead to coupled nonlinear optimality systems. The Newton linearization results
in linear systems where all modes are coupled. However, the block-diagonal preconditioners
constructed for the linear case could be very useful for the efficient solution of the linear systems



183

arising at each step of the Newton method, see [27] for the solution of time-periodic eddy current
problems. The primal-dual active set method may also help to handle nonlinearities arising from
prescribing inequality constraints. This method is equivalent to a semi-smooth Newton method,
see [80].

Although the parallel implementation of computing the Fourier coefficients for different modes
is straightforward, it should be put into practice, since the practical parallelization as well as a
proper optimization of our algorithms should improve the efficiency of our solver.

In the a posteriori error analysis of Chapter [6] we have obtained majorants for our parabolic
time-periodic boundary value problem as well as for the optimality system and cost functional of
the corresponding optimal control problem. Of course, the computation of co-called minorants
for the parabolic time-periodic problems is a matter of future work.

Another important topic is the practical implementation of the final bounds from the majo-
rants, which we have obtained in the a posteriori error analysis of Chapter [f] Here, we can use
techniques that are known from the elliptic case, see [153, [123]. The construction of an adap-
tive multiharmonic finite element method (AMhFEM) based on a posteriori error estimates is
another challenging area for further research and should yield adaptivity in space and time.

We have proved robustness and optimality of our linear AMLI method for heterogeneous
reaction-diffusion type problems in two space dimensions. A rigorous proof for three space
dimensions is another important issue for further investigations.

In order to prove robustness and optimality of our AMLI method, we have assumed that the
reaction and diffusion coeflicients are constant on the coarsest mesh partitioning. Hence, the
next step would be to prove robustness and optimality considering parameters which have
jumps in their values on the finest mesh leading to highly heterogeneous problems which arise
in multiscale analysis, see, e.g., [66].
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