PARITY RESULTS FOR BROKEN i-DIAMOND
PARTITIONS AND (2k + 1)-CORES

SILVIU RADU AND JAMES A. SELLERS

ABSTRACT. In this paper we prove several new parity results for broken
k-diamond partitions introduced in 2007 by Andrews and Paule. In the
process, we also prove numerous congruence properties for (2k + 1)-core
partitions. The proof technique involves a general lemma on congruences
which is based on modular forms.

1. INTRODUCTION

Broken k-diamond partitions were introduced recently by Andrews and
Paule [1]. These are constructed in such a way that the generating functions
of their counting sequences (Ag(n)),>o are closely related to modular forms.
Namely,

N (L= = B
;Ak(n)q = 7[[ (1= gn)3(1 — qUk+2)m)

(k+1) 121(27)n((2k + 1)7)
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where we recall the Dedekind eta function

Zﬁ 1—(] —6277”).

In [1], Andrews and Paule proved that, for all n > 0, A1(2n +1) = 0
(mod 3) and conjectured a few other congruences modulo 2 satisfied by

certain families of k-broken diamond partitions.

Since then, a number of authors have provided proofs of additional con-
gruences satisfied by broken k-diamond partitions. Hirschhorn and Sellers
[9] provided a new proof of the modulo 3 result mentioned above as well as
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elementary proofs of the following parity results: For all n > 1,

Ai(dn+2) = 0 (mod 2),
Ai(4n+3) = 0 (mod 2),
Ay(10n+2) = 0 (mod 2),
A(10n+6) = 0 (mod 2)

The third result in the list above appeared in [1] as a conjecture while the
other three did not. Soon after the publication of [9], Chan [3] provided a
different proof of the parity results for Ay mentioned above as well as a
number of congruences modulo powers of 5.

In this paper, we significantly extend the list of known parity results
for broken k-diamonds by proving a large number of congruences which are
similar to those mentioned above. Indeed, we will do so by proving a similar
set of parity results satisfied by certain t-core partitions.

A partition is called a t-core if none of its hook lengths is divisible by t.
These partitions have been studied extensively by many, especially thanks
to their strong connection to representation theory. Numerous congruence
properties are known for ¢-cores, although few such results are known mod-
ulo 2. Such parity results can be found in [7], [6], [10], [8], [2], [4]. In all of
these papers, the value of ¢ which was considered was even; in this paper,
we provide a new set of parity results for ¢-cores wherein ¢ is odd.

The generating function for t-core partitions (for a fixed ¢ > 1) is given

by

Given this fact, we can quickly see a connection between broken k-diamonds
and (2k 4 1)-cores which we will utilize below.

Lemma 1.1. For all k > 1 we have

(ﬁ(l g 4hr2m) k+1> (Z Ar(n ) = iagkﬂ ¢" (mod 2).

n=1 n=0
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Proof. Using the relation (1 — ¢")? = (1 — ¢**) (mod 2) we find

( 1o —q<4'f+2>“>k“> (Z Akm)qn)

1
(1 _ q(4k+2)n>k<1 _ q2n)(1 _ q(2k‘+1)n)
(1 —q)?
(1 _ q(2k+1)n)2k+1
(1—4q")
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We assume throughout that Ag(v) = ag(v) =0 if v < 0.

Corollary 1.2. Let r € N. Then for all k > 1 we have

Ap((4k+2)n+r) =0 (mod 2) for alln € Z < agg1((4k+2)n+r) =0 (mod 2) for all n € Z.

Proof. Let k and r be fixed and assume that Ag((4k+2)n+7r) =0 (mod 2)
for all n € Z. Let

Z b(n)q(4k+2)n _ H(l o q(4k+2)n)k+1‘
ne”L n=1

Then using Lemma 1.1 we find that

Z ag+1((4k +2)n + r)q(4k+2)n+r

nez
= > b(n) Ay (m)gHF+2mtm
n,m € 7,
Ak +2)n+m=r (mod 4k + 2)
= Z b(n)Ak(m)q(4k+2)n+m
n,m € 7,

m=r (mod 4k + 2)
> b(n)Ag((4k + 2)v + r)g TR

n,uEL

=0 (mod 2).

The reverse direction is analogous. O

With this motivation, we now state the full list of parity results we will

prove in this paper. With the goal of minimizing the notation, we will write

fn+ry,ro,...;rn) =0 (mod 2)
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to mean that, for each i € {1,2,...,m},
fltn+r)=0 (mod 2).
Theorem 1.3. For alln > 0,
) Ay(l0n+2,6)=0 (mod 2),
) A3(14n+7,9,13) =0 (mod 2),
) As(22n+2,8,12,14,16) = 0 (mod 2),
) Ag(26n +2,10,16,18,20,22) =0 (mod 2),
) Ag(34n +11,15,17,19,25,27,29,33) = 0 (mod 2),
) Ag(38n +2,8,10,20,24,28,30,32,34) =0 (mod 2),
) Au(46n +11,15,21,23,29,31,35,39,41,43,45) = 0 (mod 2).

e e e
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(Note that (1.1) was proved in [9].) Thanks to Corollary 1.2, we see that
Theorem 1.3 is proved once we prove the following corresponding theorem

involving t-cores:

Theorem 1.4. For alln > 0,
1.8) as(10n+2,6) =0 (mod 2),
1.9) a7(14n+7,9,13) =0 (mod 8),
) a11(22n+2,8,12,14,16) =0 (mod 2),
) a(26n +2,10,16,18,20,22) =0 (mod 2),
1.12)  air(34n + 11,15,17,19,25,27,29,33) = 0 (mod 8),
) aw(38n +2,8,10,20,24,28,30,32,34) =0 (mod 2),
) ags(46n + 11,15, 21,23,29,31,35,39,41,43,45) =0 (mod 8).

Note that every prime p, 5 < p < 23, is represented in Theorem 1.4,
which helps to explain why certain families of broken k—diamond partitions
appear in Theorem 1.3 (and others do not). Our ultimate goal now is to
provide a proof of Theorem 1.4. We close this section by developing the
machinery necessary to prove this theorem.

For M a positive integer let R(M) be the set of integer sequences indexed
by the positive divisors  of M. Let 1 = d1,...,0, = M be the positive
divisors of M and r € R(M). Then we will write r = (rs,,...,7s,)-

For s an integer and m a positive integer we denote by [s],, the set of
all elements congruent to s modulo m, in other words [s],, € Z,,. Let Z,
be the set of all invertible elements in Z,,. Let S,, C Z;, be the set of all

squares in Z;.
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Definition 1.5. For m, M € N*(rs) € R(M) and t € {0,...,m — 1} we
define the map ® : Soy, x{0,...,m—1} — {0,...,m—1} with ([s]aam,t) —
[$]24m®t and the image is uniquely determined by the relation [s]4, Ot =
ts + % Za\M drs (mod m). We define the set

Pm,r(t) = {[8}24m6t|[8]g4m € Sg4m}.

Lemma 1.6. Let p > 5 be a prime. Let r® = (r® )y = (=1, p) € R(p).

Then
(1.15)
24t — 1 24t — 1
PQP,,(p)(t):{t/\< >:( ),tEt’ (modz),ogt/§2p—1}.
’ p p

Proof. First note that

1 p? —1
o K (p) — 7.
71275 24 ©
dlp
Let m = 2p. If 51 = sy (mod m) then [s1]o4m®t = [$2]24m Ot because ’% is
an integer. This implies that
(1.16)

2
-1

Py (8) = ()t = ts + (s — 1) (mod p),s €Sy, 0 <t < 2p—1}.

We see that

(1.17) Py, (t) (mod2)={t (mod2)}.

Next we compute Py, ) (t) (mod p). By (1.16) we know
(1.18)

2
—1
Py (mod ) = {¢ (mod p)e = 5+ (s - 1)

54 (mod p), s € Sp}

={t' (mod p)24t' —1=s(24t — 1) (mod p),s € S,}

_ {t’ (mod p) (24tp— 1) _ <24t’p— 1)}

By (1.17) and (1.18) and the Chinese remainder theorem we obtain P, .t (t)
(mod 2p) and we obtain the formula (1.15) by imposing that the elements
of Py, . (t) lie between 0 and 2p — 1. O

We now use Lemma 1.6 to compute Py, . (t) for p = 5,7,11,13,17,19,23
and t = 2,7,2,2,11,2,11 below, respectively.

p = 5,t = 2. We see that (24';%1) = (%) = —1. For t' € {1,2} we

have (2£=1) = —1 and for ¢’ € {0,3,4} we have (2£=1) € {0,1}. This

implies that Py, ,.)(2) = {1,2} (mod 5). Since £ =0 (mod 2) we have that
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Py, (2) =0 (mod 2). Hence by Lemma 1.6 we have
PlO,r(5)(2) = {27 I+ 5} = {27 6}

p = T7,t = 7. We see that (24;%1> = (’71) = —1. We see that for

t' €{0,2,6} we have (%) = —1 (and this is all ¢’ with this property) so
Py, = {0,2,6} (mod 7). Because t = 1 (mod 2) we obtain by Lemma
1.6

P14,7~(7)(7> - {O + 7, 2+ 7, 6 + 7} - {7, 9, 13}
p=11,t = 2. Here (24t—1) = (%) = 1. We see that for ¢’ € {1,2,3,5,8}

11
/_
we have (241;1 1) =1so

Py,an(2) = {14+11,2,3+ 11,5+ 11,8} = {2,8,12,14, 16}.

Similarly we get by Lemma 1.6
Py a3 (2) = {2, 10,16, 18, 20, 22},
Py an(11) = {11,15,17,19, 25,27, 29, 33},
Py .00 (2) = {2,8,10, 20, 24,28, 30, 32, 34}
and
Pys 3 (11) = {11,15,21,23,29, 31, 35, 39,41, 43,45}

We see immediately from the above that Theorem 1.4 is equivalent to the
following theorem.

Theorem 1.7. Let ¢t : {5,7,11,13,17,19,23} — {2,7,11} with p — t, be
defined by

(ts, 7, ta1, tas, tar, tho, tas) i= (2,7,2,2,11,2,11).
Then for all n > 0, p prime with 5 < p <23, and t' € Py, (t,), we have
(1.19) a,(2pn +1t) =0 (mod 2'P),

where

i = {1 Tp=s111319,
PP= N3 ifp=1717,23.

For each r € R(M) we assign a generating function

o) =T]TIa-a"" = en)q"
5| M n=1 n=0
Given p a prime, m € N and t € {0,...,m — 1} we are concerned with

proving congruences of the type ¢,(mn +t) =0 (mod p),n € N. The con-
gruences we are concerned with here have some additional structure; namely

a,(mn+1t) =0 (mod p),n > 0,t € P, ,(t). In other words a congruence
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is a tuple (r, M,m,t,p) withr € R(M), m>1,t€{0,...,m—1} and p a
prime such that

a.(mn+t)=0 (mod p),n>0,t € P(t).

Throughout when we say that a.(mn +t) = 0 (mod p) we mean that
a,(mn +t) = 0 (mod p) for all n > 0 and all ¢ € P(t). The purpose
of this paper is show the congruences

a,(2pn +1t,) =0 (mod 2)

when p =5,7,11,13,17,19,23 and t, = 2,7,2,2,11,2,11.
In order to accomplish our goal we need a lemma ([11, Lemma 4.5]). We

first state it and then explain the terminology.

Lemma 1.8. Let u be a positive integer, (m, M,N,t,r = (r5)) € A*,

a = (as) € R(N), n the number of double cosets in I'o(N)\I'/T's and
{71, -, 7} C T acomplete set of representatives of the double coset T'o(N)\I'/T .
Assume that pp,,(v:) +pi(v:) > 0,4 € {1,...,n}. Let tym == mingep,, o t'

and

1 1 tmin
vi= oo Sas+ Y s | [DiTo(N)] = das | — MZM -
8§|N 5| M 8N 6| M
Then if
1v]
Z cr(mn+t)g" =0 (mod u)
n=0
for allt' € P, ,.(t) then

cr-(mn+t)g" =0 (mod u)
n=0

for allt' € P, ,.(t).

The lemma reduces the proof of a congruence modulo u to checking that
finitely many values are divisible by u. We first define the set A*. Let x =
k(m) = ged(m? — 1,24) and (M, (r5)) := (s,7) where s is a non-negative
integer and j an odd integer uniquely determined by [ 5|M §lrsl = 255, Then
a tuple (m, M, N, (rs),t) belongs to A* iff

em>1,M>1,N>1,(rs) € R(M),t€{0,...,m—1};
e p|m implies p|N for every prime p;

e 0|M implies §|mN for every § > 1 such that rs # 0;

® KN 5 rs™ =0 (mod 24);

® KN 575 =0 (mod 8);
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24m N
. :
ged(r( =24t — > 55, 076),24m) *

o for (s,j) = m(M, (rs)) we have (4|xN and 8|Ns) or (2|s and 8| N(1—

7))-

Next we need to define the groups I', T'o(/V) and I'

F::{(i b)|abcdeZad—bc—1}
FO(N);Z{(‘C‘ S)GF]MC}

for N a positive integer, and

rm:={<(1) }f)lhez}.

For the index we have [I' : To(N)] := N[, 5(1+p~") (see, for example,
[12]).
Finally for m > 1,M > 1, and r € R(M) and v = ( (; Z ) we define

, ged®(8(a + kAc), mc)
1.2 =
(1.20) Pm.r(7) )\E{OI,I..I.I,m—l} 24 Z "o m

and

. 1 rsged?(0,
pr(V)izﬂZ—é 5( )-

8| M
2. THE CONGRUENCES

Let 7®) = (—1,p) throughout this section where p > 5 is a prime. Before
we prove the congruences we will show that py, . () > 0 for all v € SLy(Z).

For v = ( (Z Z ) we know by (1.20) that

, 1 ged?(a+ kAc,2pc)  ged®(pla + kAc), 2pc)
Pap v (v) = e {Offglp_ 1 Y1 (— % +p 2p?
. 1 ged?(a + KAc, 2pc) ged?(a + ke, 2¢)
= min — | — +p
Ae{0,...,2p—1} 24 2p 2
B , 1 ged®(a + KA, 2p) N ged?(a + KA, 2)
/\e{o ..... 2p 1} 24 2p b 2 '

The last rewriting follows from ged(a, ¢) = 1 because ad — bc = 1. Next we

will show that p,, . is nonnegative by proving that

d2 e, 2 d2 e, 2
F(“:Qp,)\) ::_gC (a—gli - p)+pgc (a—gli C, ) ZO
1%
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for all integers a, c,p and X\. We split the proof in four cases:

1
ged(a+ kAe,2p) =1 = F(a,c,p,\) = ~5 +§ > ()
p

2
ged(a+ kAe,2p) =2 = F(a,e,p,\) =——+2p>0
p

ged(a+ KkAe,2p) =p = Fla,e,p,\)=—=+==0
ged(a+ kAe,2p) =2p = Fla,e,p,\) = —2p+2p =

,,,,,

We are now ready to prove the congruences in Theorem 1.4. We start
with (1.8):
as(10n +2,6) =0 (mod 2)

We apply Lemma 1.8. We see that (10,5,10,2,r®) = (—1,5)) € A*. We
choose the sequence (as) in Lemma 1.8 to be the zero sequence (this will
be so for all the congruences in this paper). Because (as) = 0 and because
Pro > 0 we see that pyg,.¢)(7) + pj(7) > 0 for any v € SLy(Z). Finally

1 11 3
— —(5-1 DE2+1)— — —-=3_ 2
v=0;6-1D6+DE2+1) -5 -5=3- 1

We choose u = 2 in the lemma and note that ¢.(n) = az(n) for all n > 0.
Then (1.8) is true iff

as(2) = as5(12) = a5(22) = a5(6) = a5(16) = a5(26) (mod 2).

These values of a5 are all even as can be seen in the Appendix below, so
(1.8) is proven.

A similar approach can be used to prove (1.9)—(1.14). In particular let
t, be as in Theorem 1.7 and r® = (—1,p). Then

p—1
3—(—1) 2

(2p,p,2 = pity, 7)) € A*.
We again set (as) = 0 and see as before that

Dopro (V) +05(7) >0

for any v € SLy(Z). We further obtain

1 s 1 1. p*P—1 ¢
=v,=—@p-12 2 pl+)1+z)-— -2
p—1 2
ot Pl
8 48p 2p

Putting these values in a table we obtain
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p ’1/17 , LVpJ
50 3—1— 15 2
7 12—-L1_-1 11

11 30—%7—% 20
13 21—2——% 20
17 36—3—g 35
19| 9 o 89
23 (132 — & _ L} 9371

We conclude by Lemma 1.8 that for all n > 0 we have
ap(2pn +t) =0 (mod u),t" € Py, .t (1),
if for 0 <n < [v,]
apy(2pn+t) =0 (mod u),t’ € Py, v (tp).

In particular we choose u = 2 in the case p = 5,11, 13,19 and u = 8 for
p="7,17,23.

The values of a,(n) have been calculated in MAPLE for 5 < ¢ < 23 and
we confirm that they satisfy the desired congruences. The authors would be
happy to supply this data to anyone interested.

Given that all of these values are congruent to zero modulo 2 (or 8,

respectively), it is the case that Theorem 1.4 is proved.

3. ACKNOWLEDGEMENTS

The authors thank the referee of this paper for carefully reading the
original manuscript and suggesting valuable changes to the paper.

Since the submission of this article, the authors have determined that
(1.8), (1.11), and (1.12) of Theorem 1.4 appear in an alternate form in
Garvan’s work [5]. However, it should be noted that the proof technique
of Garvan is different from the technique in this paper, although both rely
significantly on modular forms. Our belief is that our results provide a
unified treatment of parity results for ¢-cores where ¢ is a prime, 5 <t < 23.

REFERENCES

[1] G. E. Andrews and P. Paule. MacMahon’s Partition Analysis XI: Broken Diamonds
and Modular forms. Acta Arithmetica, 126:281-294, 2007.

[2] M. Boylan. Congruences for 2'-core Partition Functions. Journal of Number Theory,
92(1):131-138, 2002.

[3] S. H. Chan. Some Congruences for Andrews-Paule’s Broken 2-diamond partitions.
Discrete Mathematics, 308:5735-5741, 2008.

[4] S. Chen. Arithmetical Properties of the Number of ¢-core Partitions. Ramanugjan
Journal, 18:103-112, 2009.

[5] F. Garvan. Some congruences for partitions that are p-cores. Proceedings of the
London Mathematical Society, 66(3):449-478, 1993.



(6]

BROKEN k-DIAMOND PARTITIONS AND (2k + 1)-CORES 11

M. D. Hirschhorn and J. A. Sellers. Some Amazing Facts About 4-cores. Journal of
Number Theory, 60(1):51-69, 1996.

M. D. Hirschhorn and J. A. Sellers. Two Congruences Involving 4-cores. Electronic
Journal of Combinatorics, 3(2):Article R10, 1996.

M. D. Hirschhorn and J. A. Sellers. Some Parity Results for 16-cores. Ramanujan
Journal, (3):281-296, 1999.

M. D. Hirschhorn and J. A. Sellers. On Recent Congruence Results of Andrews and
Paule. Bulletin of the Australian Mathematical Society, 75:121-126, 2007.

L. W. Kolitsch and J. A. Sellers. Elemenatary Proofs of Infinitely Many Congruences
for 8-cores. Ramanujan Journal, 3(2):221-226, 1999.

S. Radu. An Algorithmic Approach to Ramanujan’s Congruences. Ramanujan Jour-
nal, 20(2):215-251, 2009.

G. Shimura. Introduction to the Arithmetic Theory of Automorphic Functions.
Princeton University Press, 1971.

RESEARCH INSTITUTE FOR SYMBOLIC COMPUTATION (RISC), JOHANNES KEPLER

UNIVERSITY, A-4040 LINZ, AUSTRIA, SRADUQ@QRISC.UNI-LINZ.AC.AT

PA

DEPARTMENT OF MATHEMATICS, PENN STATE UNIVERSITY, UNIVERSITY PARK,
16802, USA, SELLERSJQMATH.PSU.EDU



