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A FREQUENCY-ROBUST SOLVER FOR THE TIME-HARMONIC
EDDY CURRENT PROBLEM

MICHAEL KOLMBAUER AND ULRICH LANGER

ABSTRACT. This work is devoted to fast and parameter-robust iterative solvers
for frequency domain finite element equations, approximating the eddy cur-
rent problem with harmonic excitation. We construct a preconditioned Min-
Res solver for the frequency domain equations, that is robust (= parameter—
independent) in both the discretization parameter h and the frequency w.

1. INTRODUCTION

In many practical applications, the excitation is time-harmonic. Switching from
the time domain to the frequency domain allows us to replace expensive time-
integration procedures by the solution of a system of partial differential equations
for the amplitudes belonging to the sine- and to the cosine-excitation. Following
this strategy Copeland et al. [6, 7] and Bachinger et al. [4, 5] applied harmonic
and multiharmonic approaches to parabolic initial-boundary value problems and
the eddy current problem, respectively. Indeed, in [6] a MinRes solver for the
solution of parabolic initial-boundary value problems is constructed, that is robust
with respect to both the discretization parameter h and the frequency w. The
aim of this work is to generalize these ideas to the eddy current problem. Due
to the non-trivial kernel of the curl-operator, the generalization of this solver is
not straight forward. In order to achieve a positive definite reformulation of the
frequency domain equations, we perform a regularization in terms of an additional
gauging term. The regularized problem can be solved in a MinRes setting, applying
a preconditioning technique proposed by Schoberl and Zulehner [18].

2. FREQUENCY DOMAIN FEM

As a model problem we consider the eddy current problem with homogeneous
Dirichlet boundary condition and an inhomogeneous initial condition.

o2 4 curl (veurlu) = f in Q x (0,7
u(x,0) = 0 in Q
u(x,t) = upg on 092 x [0,T]

We assume, that Q C R3? is a bounded Lipschitz domain . The reluctivity v =
v(x) is supposed to be independent of |curl u|, i.e. we assume that the eddy
current problem (1) is linear. The conductivity o is piecewise constant and zero
in non-conducting regions. We assume that the source f is weakly divergence free.
Bachinger et al. [4] provide existence und uniqueness results for linear and non-
linear eddy current problems in appropriate gauged spaces.

Furthermore we assume that f is given by a time-harmonic excitation with fre-
quency w > 0 and amplitudes f¢ and f°. Therefore the solution u is time-harmonic
as well, with the same base frequency w:

(1) u(x,t) = u®(x) cos(wt) + iu®(x) sin(wt).
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2 MICHAEL KOLMBAUER AND ULRICH LANGER

In fact, (1) is the real reformulation of a complex time-harmonic approach u(x, t) =
fi(x)e!“?. Using the real-valued time-harmonic representation of the solution (1),
we can state the eddy current problem (1) in the frequency domain as follows:

fe,

fs.

curl (vcurl u®) +wou®
curl (vcurl v¥) —wou®

2) Find u = (u®,u®) : {

The finite element discretization of the variational formulation of (2) with lowest
order edge elments, introduced by Nédélec in [11, 12], yields the following system
of linear equations

(3) Ah WMo,h ufl o fﬁ
—wMU,h Ah llls,1 - flsl
with stiffness matrix Ap and mass matrix M, p.

3. EXACT REGULARIZATION

Eddy current problems are essentially different for conducting (¢ > 0) and non-
conducting regions (o = 0). In order to gain uniqueness in the non-conducting
regions, we persue an exact regularization strategy.

Due to the non-trivial kernel of the curl-operator, the resulting stiffness matrix
Ay, is only positive semi-definite. However, for later preconditioning purposes, we
require that the sum of certain blocks of the system matrix (3) is positive definite.
In order to achieve that, we follow a gauging strategy proposed by Kuhn [10]. The
regularized variational problem reads as

(4)  Find u= (u®,u®) € H(curl)?: ag(u,v) = (F,v), Vv H(curl)?

with the regularized bilinear form

(5)

ag(u,v) == Z / v curl Weurl vj+wVPDujVPvadx+w/ o [uv® —uv®)dx.
jefesy?? ¢

Here Pp : H(curl) — HJ () is the Helmholtz projection (see e.g. [10]). For any

v € H(curl), Ppv := p is defined by the unique solution of the variational problem

(6) (Vp7 vQ)Lz(Q) = (Va Vq)Lz(Q)a vq € H&(Q)

Hence we replace Ay by the sum of Ay and a regularization term wQy,, i.e. Ap +
wQp. Here Qy is the discretization of the operator Q, defined by (Q w,v)z,q) :=
fQ VPpuV Ppvdx, by Nédélec finite elements of lowest order.

(7) Ay +wQp wM, h uy, _ fﬁ

—wMg n Ayn +wQp uj, f}Sl ’
The operator Pp and hence the matrix Qy are chosen in such a way, that on the
one hand it ensures the positive definiteness of the block Ay + wQy and on the
other hand Qhulcl/ ® vanishes at the solution, i.e. the regularized system (7) and the

original system (3) have one and the same solution. The proof of the equivalence
of the original and exact regularized problem (4) follows the same steps as in [10].

4. MINRES PRECONDITIONER

For preconditioning purpose we have to reformulate the system (7) with a posi-
tive definite but block skew-symmetric system matrix, as a symmetric but indefinite
one. This system can be solved by a preconditioned MinRes method [13]. The key
points for the construction of a parameter robust preconditioner are the introduc-
tion of a non-standard norm in H(curl) and the theorem of Babuska-Aziz [2].
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The symmetric and indefinite reformulation of the variational formulation with
a positive definite but skew-symmetric bilinear form (4) is given by:

(8) Find (x,y) € H(curl)?: Ay ((x,y),(v,w)) = /

[lfcv + fsw} dx
Q

w
for all (v,w) € H(curl)?, with the scaled vectors (x,y) = (u*, Lu®) and (v,w) =
(wve,v*) and the symmetrised bilinear form Ay, (-, -), given by
Au((xy), (v,w)) = (ox, V)L2(Q) - w2(0 va)Lg(Q)
+ (veurly,curl v)i, o) +w(VPpy,VPpV)r, ()
+ (v curlx,curl W), o) +w(VPpx, VPpW)r,0)-

Hence we can reformulate the block skew-symmetric and positive definite system
(7) as a symmetric but indefinite system (9) with system matrix Dy:

(9) Mg’h Ay +wQn ufl - %fﬁ
Ay +wQp —wQMg’h %ufl o f ’

Next we construct a block-diagonal preconditioner according to the preconditioning
technique proposed by Schoberl and Zulehner [18]. We introduce the non-standard
norm || - ||y,, in H(curl)

1
(10)  yll¥,, = 5 {(V curl y, curly), ) + w||[VPpyll,q) +w(o y7Y)L2(Q)} :

Note, that the regularization term ensures, that this norm is well defined even in

non-conducting regions. This definition gives rise to a non-standard norm || - ||g,,
in the product space H(curl)?
(11) 1GeI)G, = 11175, +w?lI¥lI7,,-

Lemma 1. We have

12 Slyley s s A6 (4 W) vl

0#(v,w)€H (curl)? ||(V, W)”QM

Proof. Boundedness follows from reapplication of Cauchy’s inequality. The lower

estimate can be attained by choosing v = wy + x and w = %x —-y. O

Since we are dealing with conforming finite elements, the estimate (12) is also
valid in the Nédélec finite element subspace. Hence, it follows by the theorem of
Babuska-Aziz, that there exists a unique solution of the corresponding variational
problem (8), and that the solution continuously depends on the data, uniformly on
w and o. Hence we conclude that the block-diagonal preconditioner

_1(Ch O
(13) Chw( 0 w2(~3h>’

with Ch = w(Myn + Qn) + An, is robust with respect to both the discretization
parameter h and the parameters w and o. Thus the spectral condition number (15)
of the preconditioned system

(14) Ch_thuh = Ch_lfh
can be estimated by a constant ¢ that is independent of i, w and o i.e.
(15) #(Cn~'Dn) := [Ch ™ 'Dillc, [Dn'Chllc, < ¢# c(w,h,0).

Therefore the number of MinRes iterations required for reducing the initial error
by some fixed factor € € (0, 1) is independent of the discretization parameter h and
the frequency w.

In practice, the diagonal blocks Ch in (13) are replaced by some appropriate
preconditioners, e.g. by robust multigrid preconditioners as proposed in [1].



4 MICHAEL KOLMBAUER AND ULRICH LANGER

TABLE 1. Number of MinRes iterations for reducing the initial
residual by 1076,

DOF logow 4 -3 -2 -1 0 1 2 3 4 5 6 7 8
2x98 h=0.5 3 3 3 5 7 14 12 12 8 6 4 4 2
2x604 h=0.25 3 3 3 5 7 14 15 16 14 8 6 4 4
2x4184 h =0.125 3 3 3 5 7 13 15 16 16 12 6 4 4
2x31024 h=00625 3 3 3 5 7 13 15 16 16 14 8 6 4

TABLE 2. Number of MinRes iterations for reducing the initial
residual by 1076.

DOF  loggo, 4 -3 -2 -1 1 2 3 4 5 6 7 8
2x98  h=05 7 7 7 7 13 15 14 8 8 8 7 7
2604 h=025 6 6 6 7 11 15 16 12 8 8 7 7
2x4184 h=0125 5 5 6 6 11 15 16 16 10 8 7 7
2x31024 h=00625 5 5 5 6 9 15 17 18 14 8 8 7

Theorem 1 (Entire robust and optimal solver). The MinRes method applied to
the preconditioned system (14) converges. At the m-th iteration, the preconditioned
residual T3 = Ch_lfh — Ch_thuhm is bounded as

0 . K(Ch_th> —1
+q*m HthCh where = K(Chith) +1

If we additionally apply the Arnold/Falk/Winther multigrid preconditioner [1] to
the diagonal blocks, the whole convergence rate q is independent of w and h.

m 2q9™
16) [, < 1

Proof. The convergencerate of the MinRes method [13] can be found in [8]. Com-
bining this result with the estimate of the condition number (15) and the multigrid
convergence [1], yields the desired result. O

Since o is not constant in general, we loose robustness with respect to ¢ in the
multigrid procedure. Note that for constant o, we additionally get robustness with
respect to o.

5. NUMERICAL RESULTS

Finally, we report two numerical tests for an academic three dimensional eddy
current problem. The numerical results presented in this section were attained
using ParMax [15]. First, we demonstrate the robustness of the block-diagonal
preconditioner with respect to the frequency w. Therefore, for the inversion of the
diagonal blocks we use the exact solver PARDISO [16, 17]. Table 1 provides the
number of MinRes iterations needed for reducing the initial residual by a factor
of 1079 for diffenent w and h. These numerical experiment was performed for a
three-dimensional linear problem on the unit-cube, discretized by tetrahedra for the
case v = 0 = 1. These experiment demonstrates the independence of the frequency
and the meshsize as the number of iterations is bounded by 16. Next we repeat the
numerical experiment for piecewise constant conductivity o, i.e.

o { oy in Q= {(z,y,2)T €[0,1): 2 > 0.5}

(17) oy in Qo ={(z,y,2)T €[0,1?: 2 <05} °

In Table 2 we give the number of iterations for fixed w = 1 and o; = 1 and various
o2. We observe, that the number of iterations is bounded by 18.
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Both experiments demonstrate the robustness of the block-diagonal precondi-
tioner with respect to the involved parameters.

6. FURTHER APPLICATIONS

The presented preconditioning technique provides a robust tool for solving linear
eddy current problems with time-harmonic excitation. The theory can be extended
to multiharmonic excitations and even to problems with non-harmonic excitation
of the right-hand side. The theory in this paper is presented for exact regular-
ized problems. Furthermore we can develop this preconditioning technique also for
inexact regularized problems.

Non-harmonic excitation. By approximating any non-harmonic right-hand side by
a multiharmonic excitation in terms of a truncated Fourier series, it follows, that
the solution un has the structure:

(18) un(x,t) = Z ug (x) cos(kwt) + ug (x) sin(kwt).
k=0

Using the truncated Fourier approximation (18), the corresponding system matrix
in the frequency domain decouples into a block-diagonal matrix of the form

. Ah kWMa,h
(19) dlag { ( —kUJMa',h An ) }kO,.H,N 7

where each block has almost the same structure as the two-by-two system matrix
in (3). Hence we can apply either the exact or the inexact regularization technique
and precondition each block robustly with respect to the frequency w, the mode k
and and the meshsize h. By approximating a general right-hand side f by a finite
Fourier series with N summands, we introduce an additional truncation error of
order N~1.

(20) [u —unllz, ((0,7), m(curny = ON ).

Inexact regularization (conductivity regularization). Instead of the exact regular-
ization an inexact regularization, as for example in [4], can also be applied by
introducing a regularized conductivity o., defined as max{c,c} with the regular-
ization parameter € > 0. In this case the same strategy can be used to construct a
block diagonal preconditioner, that is robust with respect to w, h and o., leading
to the system matrix Dy and the preconditioner Cy,.

(21)

D. — M,_n An C _ 1 [ wMs n+Ap 0
h Ay, —w,. 1 b=y 0 w? (WMo, n + Ap)

In contrast to the exact regularization, where no additional regularization error is
introduced, in the case of inexact regularization, we have to deal with an additional
error of order O(e) (see [4]).

7. CONCLUSION AND OUTLOOK

The method developed in this work shows great potential for solving both, time-
harmonic and non harmonic eddy current problems in a very efficient and robust
way, in the linear case. Up to now, theory only guarantees robustness in the case of
constant coefficients w and o, but currently we are working on the extension also
to the piecewise constant case. Indeed, based on the results in [9], we are working
on a domain decompostion preconditioner for the inversion of the diagonal blocks,
that guarantees robustness also for piecewise constant conductivity o.

In the non-linear case, i.e. v = v(x, |curl ul), it turns out, that even for harmonic
excitation of the right-hand side, we have to take all frequencies kw into account.
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For earlier works see e.g. [3, 14]. Additionally, due to the nonlinearity, we lose
the advantageous block-diagonal structure and therefore have to deal with a fully-
coupled system of non-linear equations in the Fourier coefficients. Since the Fréchet
derivative of the non-linear frequency domain equations is explicitly computable,
the nonlinearity can easily be overcome by applying Newton’s method. Anyhow,
at each step of Newton’s iteration, a huge and fully block-coupled Jacobi system
with sparse blocks has to be solved. The applicableness of the parameter-robust
MinRes solver to the Jacobi system is not clear at the first glance.

ACKNOWLEDGEMENT

The authors gratefully acknowledge the financial support of the Austrian Science
Fund (FWF) research project P19255 and DK W1214.

REFERENCES

[1] D. N. Arnold, R. S. Falk, and R. Winther. Multigrid in H(div) and H(curl). Numer. Math.,
85(2):197-217, 2000.

[2] I. Babuska. Error-bounds for finite element method. Numer. Math., 16(4):322-333, 1971.

[3] F. Bachinger, M. Kaltenbacher, and S. Reitzinger. An Efficient Solution Strategy for the
HBFE Method. In Proceedings of the IGTE ’02 Symposium Graz, Austria, pages 385—389,
2002.

[4] F. Bachinger, U. Langer, and J. Schoberl. Numerical analysis of nonlinear multiharmonic
eddy current problems. Numer. Math., 100(4):593-616, 2005.

[5] F. Bachinger, U. Langer, and J. Schoberl. Efficient solvers for nonlinear time-periodic eddy
current problems. Comput. Vis. Sci., 9(4):197-207, 2006.

[6] D. Copeland, M. Kolmbauer, and U. Langer. Domain decomposition solvers for frequency-
domain finite element equation. In Domain Decomposition Methods in Science and Engi-
neering XIX, volume 78 of LNCSE, pages 301-308, Heidelberg, 2011. Springer.

[7] D. Copeland and U. Langer. Domain Decomposition Solvers for Nonlinear Multiharmonic
Finite Element Equations. J. Numer. Math., 18(3):157-175, 2010.

[8] A. Greenbaum. Iterative methods for solving linear systems, volume 17 of Frontiers in Applied
Mathematics. Society for Industrial and Applied Mathematics (SIAM), Philadelphia, PA,
1997.

9] Q. Hu and J. Zou. A nonoverlapping domain decomposition method for Maxwell’s equations
in three dimensions. STAM J. Numer. Anal., 41(5):1682-1708 (electronic), 2003.

[10] M. Kuhn. Efficient Parallel Numerical Simulation of Magnetic Field Problems. PhD thesis,
Johannes Kepler University, Linz, 1998.

[11] J.-C. Nédélec. Mixed finite elements in R3. Numer. Math., 35(3):315-341, 1980.

[12] J.-C. Nédélec. A new family of mixed finite elements in R3. Numer. Math., 50(1):57-81, 1986.

[13] C. C. Paige and M. A. Saunders. Solutions of sparse indefinite systems of linear equations.
SIAM J. Numer. Anal., 12(4):617-629, 1975.

[14] G. Paoli, O. Biro, and G. Buchgraber. Complex representation in nonlinear time harmonic
eddy current problems. Magnetics, IEEE Transactions on, 34(5):2625 —2628, Sep. 1998.

[15] C. Pechstein. ParMax, 2010. http://www.numa.uni-1linz.ac.at/P19255/software.shtml.

[16] O. Schenk, M. Bollhofer, and R. A. Romer. On large scale diagonalization techniques for the
Anderson model of localization. STAM Review, 50(1):91-112, 2008. SIGEST Paper.

[17] O. Schenk, A. Wachter, and M. Hagemann. Matching-based preprocessing algorithms to
the solution of saddle-point problems in large-scale nonconvex interior-point optimization.
Comput. Optim. Appl., 36(2-3):321-341, April 2007.

[18] J. Schoberl and W. Zulehner. Symmetric indefinite preconditioners for saddle point problems
with applications to PDE-constrained optimization problems. SIAM J. Matriz Anal. Appl.,
29(3):752-773, 2007.

(M. Kolmbauer) INSTITUTE OF COMPUTATIONAL MATHEMATICS, JKU LINZ
E-mail address: kolmbauer@numa.uni-linz.ac.at

(U. Langer) RICAM, AUSTRIAN ACADEMY OF SCIENCES, LINZ
E-mail address: ulanger@numa.uni-linz.ac.at



Latest Reports in this series

2009

-]
2009-09

2009-10

2009-11

2009-12

2009-13

2009-14

2009-15

2010
2010-01

2010-02

2010-03

2010-04

2010-05

2010-06

2010-07

2010-08

2010-09

Dylan M. Copeland and Ulrich Langer

Domain Decomposition Solvers for Nonlinear Multiharmonic Finite Element
Fquations

Huidong Yang and Walter Zulehner

A Newton Based Fluid-structure Interaction (FSI) Solver with Algebraic Multi-
grid Methods (AMG) on Hybrid Meshes

Peter Gruber, Dorothee Knees, Sergiy Nesenenko and Marita Thomas
Analytical and Numerical Aspects of Time-dependent Models with Internal
Variables

Clemens Pechstein and Robert Scheichl

Weighted Poincaré Inequalities and Applications in Domain Decomposition
Dylan Copeland, Michael Kolmbauer and Ulrich Langer

Domain Decomposition Solvers for Frequency-Domain Finite Element Equa-
tions

Clemens Pechstein

Shape-Explicit Constants for Some Boundary Integral Operators

Peter G. Gruber, Johanna Kienesberger, Ulrich Langer, Joachim Schoberl and
Jan Valdman

Fast Solvers and A Posteriori Error Estimates in Elastoplasticity

Joachim Schéberl, René Simon and Walter Zulehner

A Robust Multigrid Method for Elliptic Optimal Control Problems

Peter G. Gruber

Adaptive Strategies for High Order FEM in FElastoplasticity

Sven Beuchler, Clemens Pechstein and Daniel Wachsmuth

Boundary Concentrated Finite Elements for Optimal Boundary Control Prob-
lems of FElliptic PDFEs

Clemens Hofreither, Ulrich Langer and Clemens Pechstein

Analysis of a Non-standard Finite Element Method Based on Boundary Integral
Operators

Helmut Gfrerer

First-Order Characterizations of Metric Subregularity and Calmness of Con-
straint Set Mappings

Helmut Gfrerer

Second Order Conditions for Metric Subregularity of Smooth Constraint Sys-
tems

Walter Zulehner

Non-standard Norms and Robust Estimates for Saddle Point Problems
Clemens Hofreither

Lo Error Estimates for a Nonstandard Finite Element Method on Polyhedral
Meshes

Michael Kolmbauer and Ulrich Langer

A frequency-robust solver for the time-harmonic eddy current problem

From 1998 to 2008 reports were published by SFB013. Please see
http://www.sfb013.uni-1linz.ac.at/index.php?id=reports
From 2004 on reports were also published by RICAM. Please see
http://www.ricam.oeaw.ac.at/publications/list/

For a complete list of NuMa reports see
http://www.numa.uni-linz.ac.at/Publications/List/

November 2009

November 2009

November 2009

November 2009

December 2009

December 2009

December 2009

Januray 2010
March 2010

June 2010

June 2010

July 2010

September 2010

November 2010

December 2010

December 2010


http://www.sfb013.uni-linz.ac.at/index.php?id=reports
http://www.ricam.oeaw.ac.at/publications/list/
http://www.numa.uni-linz.ac.at/Publications/List/

