Three Types of Parallel 6R Linkages

Zijia Li and Josef Schicho

Abstract In this paper, we consider a special kind of overconstrained 6R closed
linkages which we call parallel 6R linkages. These are linkages with the property
that they have three pairs of parallel joint-axes. We prove that there are three types
of parallel 6R linkage. The first type is new, the other two also appear in a recent
classification of linkages with angle equalities. We give constructions for each of
the three types.
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1 Introduction

Movable closed 6R linkages have been considered by many authors (see [1, 4, 5,
11, 12, 13]). In this paper, we study a certain class of such linkages, which we call
parallel 6R linkages. By definition, they have three pairs of parallel joint-axes for all
possible configurations, or at least for infinitely many configurations (it could be that
a certain linkage has two components, where only one of them produces three pairs
of parallel joint-axes). Two of the pairs of parallel joint-axes are adjacent, and the
third one is a pair of opposite joint-axes. We came across this type of linkages when
we investigated 6R linkages with coinciding angles being equal, so called angle-
symmetric 6R linkages [10]. Also there, there exist three types of angle-symmetric
linkages, and one of the three types consists of parallel linkages. But not all parallel
linkages are angle-symmetric in the sense of [10]. A new type can be constructed
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by taking three arbitrary lines as axes and applying an arbitrary translation to get the
other three rotation axes.'

This paper also contains the complete classification of parallel linkages. These
parallel linkages would fit into [2, Section 3.8], a general investigation of 6H link-
ages; our case is labelled “get to be examined” there.

Our investigation uses Study’s description of Euclidean displacements by dual
quaternions (see [7, 8]).

The remaining part of the paper is set up as follows. In Section 2, we give the
theorems for classifying parallel 6R linkages, defining three types. In Section 3, we
give a construction for each type.

2 Classification

We recall some notations from [8]. The set of all possible motions of a closed 6R
linkage is determined by the position of the six rotation axes in some fixed initial
configuration. The choice of the initial configuration among all possible configura-
tions is arbitrary.

The algebra DH of dual quaternions is the 8-dimensional real vector space gener-
ated by 1, ¢.1,j, K, €i, €], €k (see [7, 8]). Following [7, 8], we can represent a rotation
by a dual quaternion of the form (cot (%) — h), where ¢ is the rotation angle and

h is a dual quaternion such that h> = —1 depending only on the rotation axis. We
use projective representations, which means that two dual quaternions represent the
same Euclidean displacement if only if one is a real scalar multiple of the other.

Let L be a 6R linkage given by 6 lines, represented by dual quaternions Ay, ..., hg
such that h,-2 =—1fori=1,...,6. A configuration (see [7, 8]) is a 6-tuple (71,...,%),
such that the closure condition

(t1 — ) (02 — ha) (t3 — h3) (ta — ha) (ts — hs5) (te — he) € R\{0} 1)

holds. The configuration parameters f; — the cotangents of the rotation angles — may
be real numbers or e, and in the second case we evaluate the expression (¢; — h;) to
1, the rotation with angle 0. The set of all configurations of L is denoted by K;. We
say L is movable when K is a one-dimensional set. Mostly, we will assume, slightly
stronger, that there exists an irreducible one-dimensional set for which none of the #;
is fixed. Such a component is called a non-degenerate component. We also exclude
the case dimc K7, > 2. Linkages with mobility > 2 do exist, for instance linkages
with all axes parallel have mobility 3, but they are well understood.

If L = [hy,hp, h3,ha, hs, he) is a 6R linkage with mobility 1, then we say that L is
a parallel linkage if the axes hy, hg are parallel and the axes h3, hy are parallel, and

! Just in the last moment, we learned that a special case of this linkage was discovered in A.
Gfrerrer and P.J. Zsombor-Murray, Robotrac Mobile 6R Closed Chain, Proc. CSME Forum 2002,
see also www.geometrie.tugraz.at/lehre/KinematikRobotik/Crank AxlePerspektive.gif.
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the non-adjacent axes hy, hs are parallel for infinitely many configurations in K.
The parallelity conditions in the initial configuration can be expressed as:

hi=pi1+eq, hy=pr+eq, h3=p3+egs,

2
he = —p1 +&qe, hs = —p2 + €qs, ha = —p3 + €qa, @

where p; are the primal part of &; and h7_; for i = 1,2,3, and g; are the dual part of
hjfor j=1,...,6.

There is a subset of K, denoted by Ky, defined by the additional restrictions
11 =t¢,1p = 15,13 = t4. For all configurations in T € Kysym, the transformed lines h;
and hZ are again parallel. Conversely, if Ko C K is an irreducible component of di-
mension 1 that contains the initial configuration c® and that preserves the parallelity
of the second and the fifth axis, then Ko C Kygyn.

Remark 1. There exist a 6R linkage L with a one dimensional Ky € Kygym, but L is
not a parallel 6R linkage. A possible construction can be found in [7, 8]).

Before the following lemma, we recall the definition of coupling space and its
dimension in [6, 9]. For a sequence h;,h;,1,...,h; of consecutive joints, we de-
fine the coupling space L;;11,..; as the linear subspace of R® generated by all
products Ay -+ hy i <kp <--- <kg < j. (Here, we view dual quaternions as real
vectors of dimension eight.) The empty product is allowed, its value is 1. The

For a parallel 6R linkage L in (2), we make a special transformation as following:
R\ := Pihi Py, h := PihePy, Hs := Pyh3Py, h) := PyhyPs,

where P; denote the conjugations of P: for i = 1,2, and P; and P, are translations
such that 4, i}, b meet in a common point. This is equivalent to the statement that
the dimension of coupling space L/, is 4. Furthermore, we have (t; — he) (11 —h;) =
(t1 —hg)(ty —h') and (83 —h3) (t3 — ha) = (t3 — B} ) (13 — ), and we get the following.

Lemma 1. Parallel 6R linkage L and its transformed linkage L' as above have the
same quasi-angle-symmetric configuration space Kygym.

Three consecutive rotation axes through the same point can be replaced by a
spherical joint. The next lemma follows from the classification of S3R linkages.

Lemma 2. For the transformed parallel linkage L', we have lis, = 4 or 6.

If I{s, = 4, then the lines &)y, A%, and hy also meet in a common point. There is an
unique translation P that maps the common point of /), hy, i} to the common point
of i}, hs, hg. So, P maps I} to hg, hy to hs, and / to h)y. But then, P also maps h; to
hg and hj3 to hy.

Conversely, assume that for six lines Ay,. .., hg, there exists a translation taking
hy to hg, hy to hs, and hs to hg. Then the linkage L = [hy, ..., hg] is mobile.

If Iis, = 6, then two cases are possible: either L’ is a composition of a spherical
linkage [h),h,hs,h7] and a Bennett linkage [hg,hs, hy, hy], with a suitable line h7,
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or L' is a composition of a spherical linkage [} ,h,h5,h7,hg) and a Goldberg 5R
linkage [h’(),h5,hg,h7,hg], with suitable lines /7, hg passing through the common
point of A}, hy, i} In both cases, we get 1] = 13, so the linkage L’ — therefore also L
—is angle-symmetric in the sense of [10]. The first case coincides with the “rank 3”
case in [10], and the second case is subsumed by the “rank 4” case in [10].

We have sketched the proof of the following theorem.

Theorem 1. If L is a parallel linkage, then it either has the translation property, or
four of the rotation angles are equal.

3 Constructions

All constructions in this section are given in algebraic terms, using dual quaternions.
The examples have been produced by an implementation of the constructions in
Maple™.

3.1 Translation property

Here is a construction of parallel 6R linkage with translation property.

Construction 1 (Parallel 6R Linkage with Translation Property)
1. Choose three rotation axes hy,hy, hs, i.e. dual quaternions such that h,-2 =—1.
II. Choose a translation P =1+ ai+bj+ck, with a, b, c in the set of real numbers.
III. Set hy = —Ph3P, hs = —PhoP and hg = —Ph; P.
IV. Our parallel 6R Linkage with translation property is L = [hy,hy, h3, ha, hs, hg).
O

Example 1. A random instance of the above construction is
h = z—@s i— erﬁs j -+ ﬂJr%S k
= 9 81 CRETRY LR Th
3 8 8 4 6
h=-+—€)i——¢gj— | -—=—¢€ )k
2 <5+25‘€)1 5% (5 258>’
1 4 2 4 2 2
(AN (2 )i (226 )k
== (e (Grge)im (53¢

16 ., 20 , 8
P—l—ﬁgl—ﬁ€J+ﬁ£k7

h—lg£i+%+ge'+zﬁsk
+=\37 81 37813\ \3 7278 )
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hs = — (24 1006 N 2960 (42
S=7\5 " 675 13597\ 5 225%) %

he = — zfge i+ ifﬁs j— i+%e k
6= \9 31 9 g1 )3 \9"gre)"

Its configuration curve is irreducible of genus 1. Its equations are:

—211} + 9631, + 25131, + 6111y — 9t +6 — 912 — 155 =0,
—21+63t; +5t) — 27t1tp — 613 + T2t3t, = 0.

Here are the Denavit-Hartenberg parameters [3] of the above linkage. These are
the orthogonal distance between two adjacent joint axes a;;, the distance d; between
the two footpoints of the two neighboring axes on the i —th axis, and the twist angle
between two adjacent joint axes ¢;;, fori=1,...,6 and j =i+ 1 (modulo 6). For
any parallel linkage with translation property, the parameters fulfill the conditions

a1y = ase, a23 = d45,
2, 2 2, 2
d] :d4:O, dzzds, d3 ""‘134:‘16 +a61,
034 = 01 =0, 03 = 05, 056 = O12.

In the example, the values are

58/5 2V2 8v/305 8V5
ajy =dase = ﬁ’ a3 = d4s5 = T’ asq = T’ ael = 77

1 1
034 = Qg =0, 03 = 045 = arccos (3) , Ols6 = O]y = arccos (9 ,

11 80
dy=dy=0,db=ds=—, d3

25 :8T,d6:0.

3.2 Parallel 6R linkage with angle-symmetric property

There are two constructions, corresponding to the two sub cases of angle-symmetric
parallel linkages. The first appeared in [10] gives Parallel 6R Linkage with angle-
symmetric property (type 1). Here is the second construction.

Construction 2 (Parallel 6R Linkage with angle-symmetric property, type 2)

L. Choose two rotation axes hy and hy, i.e. dual quaternions such that h% = h% =
—1.

II. Choose another rotation axis hg parallel to hy; the primal part of heg should
be the primal part of hy times —1.
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1II. Compute two rotation axes my and my such that hy,hy,m,my form a Bennett
4R linkage. One way to do this is to use the factorization algorithm for motion
polynomials [8].

1V. Compute two rotation axes m3 and hs such that he,my,ms, hs form a Bennett
4R linkage, and such that the configuration curve is equal to the one in step III.
Again, this can be done by factorizing a motion polynomial.

V. Choose a translation P = 1+ bi+ cj + dK, where b,c,d are real numbers.

V. Set hy = —Pm P, hy = —Pm3P.
VI. Our parallel 6R Linkage is L = [hy,hy, h3, ha,hs, he]. O
Example 2. A random instance of the above construction is
1 4 2 2 2 4
I PN P (R P (P B
hy (3 98)1 (3 9£)J+<3+98),
1 8 2 8 2 4
(LS N (2% )i (2% )k
hy (3+9s>1 (3 98>J+<3+9£),
1. 2. 2
g 2y
h6 31+ 3.] 3 )
_1
“=7
119 124340g it % 1721308 ) %+748608 K
411 168921 411 168921 ] 411 168921 ’
119 10088853 it ﬁ_ 155608 . §+75292£ K
= 411 168921 411 168921 J 411 168921 ’
B 116018248 119 ; 226 137711848 i 322 46510408 K
= 8614971 411 411 8614971 ] 411 2871657 ’
hoe (L34 (2 T8N (2 316 )
5=\3 7 359° 37 359° 3153
2.1 .
P—l—gel—EE,]-‘rSk,
e £+1777708 it %_10388 i ﬁ_ 79 e )k
37\ 411 " 168921 411 18769 411 168921 ’
s — 9_88768948 . %_97606468 Py % 33770776 K
4= 411 8614971 411 8614971 ] 411 2871657

Here we found that the configuration curve is reducible. It has one non-degenerate
component in Ky, with rational parametrization:

(t,0,3) =

(t,t+1,1).

In Figure 1, we present twelve configuration positions of this linkage produced by

Maple. O

Here are the numeric values of the Denavit-Hartenberg parameters.
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2 V2 4151/34 274V17  6617+/34 86v2

agl = 5,412 = —(7—, A23 = , A34 = 459 y A45 = 41992 ) = 153 )

3 3 41922 456 =

137
923 4795 225
1224”7 1836° “°~ 68

We do not know the general conditions of the Denavit-Hartenberg parameters of a
linkage obtained by the construction.

135 7
o34 = Qg1 =0, 03 = 05 = arccos ( , Osg = O]y = arccos 5 )

di=dy =0, dr =ds =
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Fig. 1: A parallel angle-symmetric linkage of type 2 (described in Example 2). The four colored
tetrahedra and the two colored parallelograms represent the six links, and the joints are the common
edges of connected tetrahedra/parallelograms. Possible collisions of the links are just shown as
overlapping links.
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