AN EXTENSIVE ANALYSIS OF THE PARITY OF BROKEN
3-DIAMOND PARTITIONS

SILVIU RADU AND JAMES A. SELLERS

ABSTRACT. In 2007, Andrews and Paule introduced the family of functions Ag(n) which
enumerate the number of broken k—diamond partitions for a fixed positive integer k. Since
then, numerous mathematicians have considered partitions congruences satisfied by Ag(n)
for small values of k. In this work, we provide an extensive analysis of the parity of the
function As(n), including a number of Ramanujan-like congruences modulo 2. This will
be accomplished by completely characterizing the values of Az(8n + r) modulo 2 for
r€{1,2,3,4,5,7} and any value of n > 0. In contrast, we conjecture that, for any integers
0 < B < A, A3(8(An+B)) and A3(8(An+ B)+6) is infinitely often even and infinitely often
odd. In this sense, we generalize Subbarao’s Conjecture for this function Ag. To the best of
our knowledge, this is the first generalization of Subbarao’s Conjecture in the literature.

1. INTRODUCTION

Broken k-diamond partitions were introduced in 2007 by Andrews and Paule [2]. These
are constructed in such a way that the generating functions of their counting sequences
(Ag(n))n>o are closely related to modular forms. Namely,

1 — q(2k+1)n)
)

N n_ T (L=
;%Ak(n)q _H( g")3(1 — q@+2n
)

(k+1) /1277( Tn((2k + 1)7)
= @k Pt

where we recall the Dedekind eta function
i 7T1T
4||1—q (q=¢7).

In their original work, Andrews and Paule proved that, for all n > 0,
(1.1) Ai(2n+1)=0 (mod 3).

They also conjectured a few other congruences modulo 2 satisfied by certain families of

broken k-diamond partitions.
Date: April 30, 2013.

2010 Mathematics Subject Classification. Primary 11P83; Secondary 05A17.

Key words and phrases. broken k—diamonds, congruences, modular forms, partitions .

S. Radu was supported by DK grant W1214-DK6 of the Austrian Science Funds FWF.

J. A. Sellers gratefully acknowledges the support of the Austrian American Educational Commission which
supported him during the Summer Semester 2012 as a Fulbright Fellow at the Johannes Kepler University,
Linz, Austria.

1



2 S. RADU AND J. A. SELLERS

Since then, a number of authors have provided proofs of additional congruences satisfied
by broken k-diamond partitions. Hirschhorn and Sellers [5] provided a new proof of (1.1)

above as well as elementary proofs of the following parity results: For all n > 0,

Ai(dn+2) = 0 (mod 2),

Ai(4n+3) = 0 (mod 2),
Ay(10n+2) = 0 (mod 2), and
Ay(10n+6) = 0 (mod 2)

The third result in the list above appeared in [2] as a conjecture while the other three did not.
Soon after the publication of [5], Chan [3] provided a different proof of the parity results for
A, mentioned above as well as a number of congruences modulo powers of 5. Subsequently,
Paule and Radu [7] also proved a number of congruences modulo 5 for broken 2-diamond
partitions, and they also shared conjectures related to broken 3—-diamond partitions modulo
7 and broken 5—diamond partitions modulo 11. (Two of these conjectures have recently been
proven by Xiong [12].)

Our goal in this work is to focus on parity results satisfied by Agz(n). The parity of this
function has been studied, at least partially, by Radu and Sellers [10] who proved (among
other things) that, for all n > 0,

A3(14n+7) = 0 (mod 2),
(1.2) A3(14n+9) = 0 (mod 2), and
A3(14n+13) = 0 (mod 2).

We wish to greatly extend results such as those mentioned in (1.2). This will be accomplished
by completely characterizing the values of A3(8n +r) modulo 2 for r € {1,2,3,4,5,7} and
any value of n > 0 by finding interesting relationships modulo 2 between the generating func-
tions for Az(8n+r) for these special values of r and classical g—series. We also note here that,
while A3(8n + r) is extremely “well-behaved” modulo 2 for the values r € {1,2,3,4,5,7},
and satisfies numerous congruences modulo 2 in arithmetic progressions, we also believe that
Aj does not satisfy any Ramanujan-like congruences modulo 2 within any subprogression
of 8n or 8n + 6. In this sense, we generalize Subbarao’s Conjecture for this function Ag by
calling attention to the two arithmetic progressions 8n and 8n + 6. Our hope is that such an
analysis will motivate others to complete similar work on other restricted parti! tion func-
tions f(n); namely, to locate a particular value A such that f(An + r) has very nice parity
properties for certain values of r while having no congruences modulo 2 within the other
arithmetic progressions of the form An + r. (This seems to be a natural next step in the
study of the parity of partition functions given the first author’s recent proof of Subbarao’s
Conjecture [9].)
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We note, in passing, that we also prove a number of parity results for Az(4n + r) and

A3z(2n+r) for various values of 7. We begin with a characterization of the parity of Az(2n+1)

for any n.

Theorem 1.1.

(1.3) Y As2n+1)g" = [[1-¢)(1—¢™) (mod2)
n=0 n=1

Remark 1.2. It should be noted that the coefficients of the power series representation of
the product on the right—hand side of (1.3) can be completely classified modulo 2. First, we
note that

o
(6m—1)24+7(6n—1)2
g H(1 —¢")(1—¢™) = Z q 2 (mod 2).
n=1

m,nel
We then define
n m—1)2 n—1)>2
Za(n)q = Z gOm—DHTOn=D% (mod 2).
n=0 mne”

Next note that a(v) = 0 unless v = 24k + 8. If v = 24k + 8 = 8(3k + 1) we observe that
a(v) = #{(m,n) e N*:m?> +n®> =83k +1),m,n=1 (mod 2)}.

Moreover, if 7|v, then a(v) = a(v/7). This is clear because if m? + 7n? = 7s then 7|m which

implies that (7-(m/7))?+7n* = Ts which implies that n?+7(m/7)* = s. Thus every solution

to m? 4+ 7n? = 7s can be transformed into a solution of m’? + 7n”> = s where m’ = n and

n' = m/7 and vice versa. Next, let n be a positive integer with 7t n and let a be an integer
greater than 2. Assume that there exists x,y € Z with z,y = 1 (mod 2) such that

2%+ Ty? = 2°n.

We note that the ring Z [Hﬁ] is a unique factorization domain. In particular, we have

() )

2 2

Assume that
n=pf - p% x (ay + vV=7b)" - (ar + V=Tb.)" x (ay — V=Tb)" - (a, — V=Tb,)"",
where p;,a; £ 1/—7b; are primes. Set
N 1+ v/=T\a/1—+/ =T\
2= ( 2 > ( 2 > ‘

Note that

(x+V=Ty)(x — V=Ty) = 2°n,
If r; is maximal such that p}’|(z 4 /=7y), then p}’|(x — /=T7y) which implies that 2r; =
for y =1,...,s. It follows that

(a; + V=T (a; — V=T0;)"77|(x + V=Ty),
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for some j; =0,---,5; and ¢ = 1,...,r. Furthermore, either
<1+\/—_7><1 — \/—_7>a—1
2 2
or

(1 — \/—_7><1—|—\/—_7>041
2 2
divides © 4+ v/—Ty. These are the only possibilites that guarantee that x and y are odd.

Consequently, in total we have 2 H;Zl(l + f3;) possibilities for x 4+ v/—7y. If out of this we
choose only those with z > 0 we obtain [[’_, (1 + j;) possibilities. This implies that
a(2'n) = [[(1 +5))
j=1

where 7 1n and

a(2°7n) = [[(1+ 8)).

j=1
Thus,

a(2°7n) =1 (mod 2)
iff 8; is even for all j or equivalently if n is a square. Next note that 2°7%¢> = 8 (mod 24) iff
3+t and a — 3 is even and nonnegative. This implies that

am)g" = " Al)g"  (mod 2),

[e.o]

n=0
where Ay 1 ifn=2%2orn=2372 34tk >0,
T 0 otherwise.
Thus
P - —qm ZA )V =y A4k +8)g
44 k=0

Hence,

00 [e'e] 712 _q t -1

[T - -g™) =3 A@ik+8)¢" = 3 ¢ o

14 =0 £>0,31t

Thanks to the above analysis, we have the following:

Corollary 1.3. For all n > 0, A3(2n + 1) = 1 (mod 2) if and only if 3n +1 = 1? or
3n+1="Tt%

Notice that the three congruences mentioned in (1.2) follow almost immediately from
this characterization given in Corollary 1.3. For example, the above work implies that we
need to consider whether 3(7n + 3) + 1 or 21n + 10 can be represented as t* or 7t? for
some integer t in order to determine the parity of Agz(14n + 7). Note that 21n + 10 is

not divisible by 7, so it cannot be written in the form 7¢2. Moreover, 21n + 10 can never
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be square because 21n + 10 = 3 (mod 7) and 3 is a quadratic nonresidue modulo 7. In
analogous fashion, A3(14n 4+ 9) = 0 (mod 2) because 6 is a quadratic nonresidue modulo 7,
and Ajz(14n 4 13) =0 (mod 2) because 5 is a quadratic nonresidue modulo 7.

We now consider parity results satisfied by Ag(4n + r) for various values of r.

Theorem 1.4.
iA An)g" = T L=a)
3(4n)q" = H —~ (mod 2)
n=0 n=1 (1 —q )
Theorem 1.5.
. n - (1 - q7n)5
Z As(dn +2)¢" =¢ H o (mod 2)
n=0 n=1 ( -4 )
Theorem 1.6.
. n - 2n 14n
D As(an+3)g" = [J(1—¢")(1 = ¢"*") (mod 2)
n=0 n=1

Remark 1.7. A few remarks are in order regarding Theorem 1.6. First, note that the product
on the right—hand side of the congruence is an even function of ¢. This implies that, for all
n >0, Az(4(2n +1)+3) = (mod 2) or A3(8n +7) =0 (mod 2). Secondly, note that the
right—hand side of Theorem 1.6 is the same as the right-hand side in Theorem 1.1 except
with ¢ replaced by ¢2. Therefore, we can completely characterize the values of Az(4n + 3)
modulo 2 via the remarks made regarding Theorem 1.1.

Our last set of theorems provides information about the parity of As(8n+r) for a number

of values of r.

Theorem 1.8.
Z As(8n+1)¢" = H(l —¢*) (mod 2)
n=0 n=1

Remark 1.9. As with Theorem 1.6, it is clear that the right—hand side in Theorem 1.8 is an
even function of ¢. Thus, we know that, for all n > 0, A3(16n+9) = 0 (mod 2) immediately.
But we actually can say more. Thanks to Euler’s Pentagonal Number Theorem [1, Corollary
1.7], we know

H(l _ an) _ Z(_l)mqm(i’)m—l)‘
n=1 mEeEZ

Therefore, we can explicitly state when A3(8n + 1) is even or odd; namely, for any n > 0,
A3(8n 4+ 1) is odd if and only if n = m(3m — 1) for some integer m. This is equivalent to
saying Agz(8n + 1) is odd if and only if 12n + 1 is a perfect square. This means we can write
down numerous Ramanujan-like congruences modulo 2 within the arithmetic progression
8n + 1 with ease.



6 S. RADU AND J. A. SELLERS

Theorem 1.10.

ZAg 8n +2)¢" qH 1—¢")(1—¢*®") (mod 2)
n=0
Theorem 1.11.
> AsBn+3)"=[](1-¢")(1—¢™) (mod 2)
n=0 n=1

Remark 1.12. Given Theorem 1.1, we see that Theorem 1.11 clearly implies that, for all
n >0, A3(8n+ 3) = A3(2n+ 1) (mod 2), an attractive “internal” congruence satisfied by
As. We will briefly mention this congruence again in our concluding remarks below.

Theorem 1.13.

D AsBn+4)gt=[[(1—¢")(1—¢™) (mod 2)

A remark is in order regarding Theorems 1.10 and 1.13. We have

N o) . o) o 00 s
e H(l —q ): Z (_1>nq(6n 1)2/24 = Z q(6n 1)2/24 (HlOd 2)'
n=1 n=-—o0o n=-—o0o
Consequently,
A== 3 T e
n=1 nmeZ
and .
29 n (6n—1)2428(6m—1)% +28 6m—1)2
e [Ja-ga-¢*"=> ¢ (mod 2).
n=1 n,me”L

Next we note that
n®+7m®> =11 (mod 24) & n =2k, k,m = +1 (mod 6)

and

n? +7m*> =29 (mod 24) & m = 2k,n,k =+1 (mod 6).
For given x with z = 11 (mod 24) the set of solutions (n, m) such that 4n*>+7m? = x can be
partitioned into equivalence classes and two solutions (ny,m;) and (ng, my) are equivalent
iff n;y = +ny and m; = £ms. In particular each equivalence class has exactly 4 elements and
there is only one solution (ny,m;) in each class such that ny = 2k; and (ky,m;) = (—1,—1)
(mod 6). This implies in particular that for

(14) Sty = 3 g

n,me”L
we have
1 & . (612
Zzb(24n+11 24 Jrll Z q 6 1) +76 1) )
n=0

n,meZ
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This implies that

oo

2
lq%i Zb in+11)g" = Y ¢ Uonod) rlomot)”
n,mez
In a similar fashion we conclude that
lqii Zb (24n +20)q" = Y ¢ I S
= n,mez

Because of these two relations we observe that in order to understand [0~ (1 —¢*")(1—¢™)
and [[°2,(1 — ¢")(1 — ¢*®") modulo 2 we need to understand b(n) in (1.4) for n odd. By [4,
p. 61, Lemma 3.25] we know that, for m > 1 and odd with 71 m,

{a,y € Z:ged(w,y) = 1,2° + > =m}| = 2] | (1+ (%))

plm

Let m = m?m; with m; squarefree. Then we observe immediately that

{z,y € Z:a? + Ty —m}‘_QZH<1+( 7>)

dlms p| 75

Consequently,

w gl (3)

d|ms pl

By using the fact that

‘{.Qﬁ,yEZZl’Q—l—?yZ:?an}‘ = ’{x,yEZ:x2—|—7y2:n}’

M

one can lift the restriction that 7 t m. From (1.5) we observe that is multiplicative for

odd m. Because of (1.5), we know for prime p > 3 that

b(p* ™) = 2(a+1) <1 + <_?7))
o = 2(o((3)) )

This now leads to two corollaries which give a characterization of the values of Az(8n + 2)
and As3(8n + 2), modulo 2, in terms of this function b(n) just described:

Corollary 1.14. For alln > 0, A3(8n + 2) = 3b(24n + 29) (mod 2).

1
1
Corollary 1.15. For all n > 0, Az(8n +4) = 1b(24n + 11) (mod 2).

Theorem 1.16.

o0

i A3(8n+5)¢" = H(l — ") (mod 2)

n=1
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Remark 1.17. As was discussed after Theorem 1.8, we can employ Euler’s Pentagonal
Number Theorem here as well to obtain a similar classification result. We can also easily see
that, for all n > 0, A3(16n 4 13) = 0 (mod 2) since the right-hand side of Theorem 1.16 is
an even function of ¢. In similar fashion, since the right-hand side is also a function of ¢,
we can say that, for all n > 0, A3(56n + ) =0 (mod 2) for r € {13,21,29,37,45,53}.

2. PROOF OF THE CONGRUENCES

Let

21z
1= S =
and
¢ :=1n(82)"
Then
a(n) = Ag(n;_ 1)
Let

and for D € Z, e(n) := <%> let
9D ‘= Ge-

Ugg = Z b(dn)q

We need that for F := 5" A(n)q¢", G := Y B(n)¢™" and x a character modulo N we have

Define the Uz-operator by

(2.1) (FG)x(2) = F(2)G(2)

and

(2.2) Un(FG) =G(z/N)(UnF)(2).

One verifies that our congruences are equivalent to the following:
Thm. 1.1: Usf =n(32)n(21z) (mod 2)
Thm. 1.6: Usf =n(62)n(422) (mod 2)
Thm. 1.11: Usf =n(32)n(21z) (mod 2)
Thm. 1.5; Lfat fa) = "5(<1824;)> (mod 2)

(2.3) Thm. 1.4: Yfai—f0) =282 (mod 2)
Thm. 1.8: %([Ugfh + [Uaf]-4) =n(242) (mod 2)
Thm. 1.16: ([Usfla — [Usf]—4) = n(1682) (mod 2)

Thm. 1.10:  (fa+ foa — fs — f-s) = n(242)n(672z) (mod 2)
Thm. 1.13: 3(fs — foa — fs + f=s) = n(962)n(168z) (mod 2).
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Next note that ¢ is a series in powers of ¢%. Let ¢*)(z) := ¢(2/s). In particular note that
#*)(z) is a series in powers of ¢*/*. Using (2.1) and (2.2) we find

(2.4)
Us(f¢) = ¢ Us f
Us(fo) = oWULS
Us(f¢) = ¢®Us f
(1)1 + (f6)-4) = 6 Hia + )
3((fO)s = (f)-a) = & 5(fs— f=4)
S([O2(fO)s + [Ua(f9)]-a) = 5([6° Vs fla + [6PVaf]-a) = ¢* - 5([Uafla + [Uaf]-4)
(U2(fD)la — [Ua(f)]-1) = 3([0PUsfls — [0PUsf]-sa) = 6@ - L([Usf]s — [Uaf]-4)
%((fﬁb)zx +(f@)-a— (fP)s — (f¢)-s) = ¢~ %(f4 + foa— f8 f-s)
1((fO)a—(fO)oa— (fO)s + (fP)s) =0 3(fa— f-a— fs+ fs)
Recall that % =1 (mod 2). Then because of (2.4), (2.3) is equivalent to:
(2.5)
Thm. 1.1: (ng)f Us(fé) = 6@n(32)n(212)  (mod 2)
Thm. 1.6: (Zg;)4 CUs(f¢) = ¢Wn(62)n(422)  (mod 2)
Thm. 1.11: <ng)>4 -Us(fo) = ¢®n(32)n(212)  (mod 2)
) a2 \* 1 — (n(=)? -2 C o m°(84z)
Thm. 1.5: (255) - 30+ (o)) = (255) " -0- L& (mod 2)
2 4 2 -2 5 122
Thin. 1.4: (255) 3o — (Fo) ) = (225) -0 242 (mod 2)
N
Thi 18: (225) - LU (@)l + [Ua(f0)] 4) = 6 - (242) = 6@ - 9(122)?  (mod 2)

Thin 116: (255) - H(Ua(fO))s — [Ua(f0)]-4) = 6 - 5(1682) = 6 - 7(842)>  (mod 2)

Th, 1.10: (255) - 1(Fo)a + (f0)1 — (fo)s — (f8) 5) = 6~ n(242)n(6722)  (mod 2)

Thin 113 (225) - 2((F0)s — (f0) -1 — (F)s + (f0)s) = & 1(962)7(1682)  (mod 2).
)

the set of weak modular forms of weight k and character x for the

Denote by M (N, x
group I'g(N). By [6,

Th. 1.64] we have that f¢ € Mas <5o4, (*71)) and (’7“)2)4 e My(4,id).

n(27)

Furthermore, by [6, Prop. 2.8] we have that if g € My (N, x) and (%) is a character modulo
m, then gp € Myp(Nm? x). By [6, Prop. 2.22], if ¢ € M(N,x) and d|N, then Uyf €
M. (N, x). This implies that the left hand side of the relations in (2.5) in the first three lines
are in M3y (504, (%)), in the next four lines they are in M3, (504 42, (%)) and in the last

two lines they are in Mjs7 (504 - 82, (_71)) One can check the same holds for the functions
on the right hand side using [6, Th. 1.64]. Using a generalization of Sturm’s theorem [11],
namely [6, Th. 2.58], we find that the first three identities hold if they hold for the first
@ X 1152 ~ 3360 coefficients in their g-expansion. Similarly, the next four identities hold if
they hold for 22 x 18432 ~ 53760 coefficients in their g-expansions. Finally for the last two

identities on needs to check about 215040 coefficients modulo 2.
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Remark 2.1. An alternative method to prove these identities in their original form is using
the approach from [8] which leads to a less elegant proof but more direct on the problem.
We calculated using this method that we do not need to compute more that 1056 coefficients

for any of the identities.

3. CLOSING COMMENTS

We close this note by sharing a conjectured infinite family of “internal” congruences
satisfied by Az(n) modulo powers of 2:
Conjecture: Let

a+1 . .
\ AL if ais even,
a — a . .
2 ;1 if o 1s odd.

Then, for all « > 1 and n > 0,
Asz(Na)A3(2°7% 0 + Aay2) = Az(Nag2)A3(29n + A,)  (mod 2%)
and
Asz(Ay) =1 (mod 2).
The case a = 1 of this conjecture was proven above; namely, in Remark 1.12, we noted that
A3(8n+3)=A3(2n+1) (mod 2)

for all n > 0.
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