AN ALGORITHM TO PROVE ALGEBRAIC RELATIONS
INVOLVING ETA QUOTIENTS

CRISTTAN-SILVIU RADU

ABSTRACT. In this paper we present an algorithm which can prove algebraic
relations involving n-quotients, where 7 is the Dedekind eta function.

1. THE PROBLEM

Let N be a positive integer throughout this paper. We denote by R(N) the set of
integer sequences 7 = (rs)5/y indexed by the positive divisors 6 of N; 7 = (75)sn
is defined by 75 := ry/s. For r € R(N) we define an associated n-quotient as

F) (@) =] ner), reH,
SIN

us

where 7(7) := e [[°2,(1 —¢"), ¢ = q(7) := €*™7, is the Dedekind eta function
and H := {x € C: Im(z) > 0}.

The input to our algorithm is n € N, ) € R(N) and a; € Q for j = 1,...,n;
the output is true or false depending whether

(1) Y afr)r) =0,

1<j<n

is true or false . The new contribution of this paper is that we reduce the proving
of the identity (1), to the proving of a finite number of identities of the type (1)
under additional constraints; in particular, in each such identity the terms are
modular functions for the group T'g(N).

This research was supported by the strategic program “Innovatives 00 2010 plus” by the
Upper Austrian Government in the frame of project W1214-N15-DKG6 of the Austrian Science
Fund (FWF).

1Using “=” is short hand for meaning equality for all 7 € H.
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2. THE FIRST PROBLEM REDUCTION

Recall that

(2) n(=1/7) = (=ir)"n(7).
Applying 7 — —1/(N7) to both sides of the identity (1) we obtain by (2) ,

) '
S o J[=if0)% x 75 ) (r) = 0.

1<j<n SN

We may rewrite this sum as

(3) PRI | (CIOENGRIGEL
k=m1 1<j<n o|N

Ea\N’“((sj)=§

for some mq, mqy € Z with my < ms.

Lemma 2.1. Let n be a positive integer and fi, : H — C such that fi(T +24) =
fu(T) for k=0,...,n. Then

(4) Zn:Tk/sz(T) =0
k=0
iff fu(t) =0 fork=1,...,n.

Proof. Applying 7 — 7 + 24 to both sides of (4) m times we obtain
> (7 +24m)* 2 fi(r) = 0.
k=0

Therefore .

Z(T +24m)*2 () =0, m=0,...n
k=0
which we may write in matrix form:

1 T1/2 T .. T2 fo(7T)
1 (t+20)Y2 7424 ... (7+24)"? fi(7)
1 (7+48)Y2 7448 ... (7+48)"/2 fo(1) | = 0.
1 (7+24n)Y2 74+24n ... (7 + 24n)"? fn(T)

This matrix is a Vandermonde-matrix with determinant

[T (7 +245)"% = (7 + 240)7?).

0<i<j<n
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Hence for all 7 € H this matrix is invertible. Multiplying both sides by the inverse
we obtain fr(7) =0 for k=0,...,n. O

For k € Z we define

S(k) = {7’ €R(N):2Y 7= k}

5IN

Since n(7 4+ 24) = n(7) we have f(r)(7 +24) = f(r)(r) for all r € R(N). Multi-

plying both sides of (3) by 77™1/2 we obtain:
mo—m1
E T (i
oo Y a [[(=i/6)F fFD) (1) = 0.
k=0 1<j<n 0N

r(j)ES(k+nzl)

Now we apply Lemma 2.1 to conclude that

ST [[if0)F D) () =0

1<j<n  §|N
r() es(k)
for all k € {my,...,my}. Multiplying with 7%/ and applying again the involution

7+ —1/(NT) to both sides of the last equation we obtain

(5) Y afr)(n) =0

1<j<n
r(esk)

for all k& € {mq,...,my}. Summarizing, we have shown that to prove (1) is
equivalent to prove (5) for all

(4)
(6) {lrgljlianré ,...,llgjag}iézjvré }

Therefore without loss of generality we concern ourselves with proving identities
of the type (5) for all k£ as in (6). Hence we can from now on restrict the input
to our algorithm to be of the type (5).

If for a given k there is no j with ) € S(k), then (5) is trivially 0 and there
is nothing to do or there exists m; € {1,...,n} such that »™) € S(k) and we
divide (5) by f(r™))(r) and obtain

S 4/ (s)(r) =0

1<j<n
s es(o)

where s) ;= () — (™) We call the above identity an identity of weight zero.
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The structure of this paper is as follows. In Section 3 we split weight zeros
identities into further smaller identities which we call “almost modular identities”.
In Section 4 we split almost modular identities into further smaller identities
which we call “modular identities”. In Section 5 we give an algorithm for proving
modular identities and conclude with a simple example.

3. WEIGHT ZERO IDENTITIES

The input to our algorithm is n € N, ) € R(N) with @) € S(0) and a; € Q

for j = 1,...,n; the output is true or false depending whether
(7) > afrD)(r) =0,
1<j<n

is true or false. For k € {0,...,23} we define

Si(k) :=={r € S(0) : 257‘5 =k (mod 24)}.

5IN

s|N 075
12

Note that if 7 — 7 + 1 then n(7) — eizn(r) and f(r)(r) — €™
Hence applying 7 +— 7+ 1 to (7) gives

f@r)(7).

) ‘
> aem ) () =0,
1<j<n
which is equivalent to

23

ik

e12 Z a; f(r9Y(r) =0
k=0 1<j<n

r(esy (k)

Applying 7 — 7 + 1 to the above equation m times we obtain
23

" Z a; f(r9)(r) = 0.

k=0 1<j<n

r(1)es; (k)
Writing
Fu(r):= Y aif(r9)(7)
1<j<n
r(1)es; (k)
we have

23

Z 1" Fr(t) =0

k=0
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for m = 0,...,23 which in matrix form may be written as
I I .. 1 Fy(1)
2-0ms 2-1mq 2:271 2:2371
e 24 e 24 e 24 .. e 24 F (7—)
4.0mi 41mi 4-2mi 4-23mi
e 24 ¢ 24 e 24 e 24 FQ(T) = (.
46-0mi 46-1mi 46-2mi 46-23 i
e 24m e 24m e 24m . e 24 o F23 (7—)

This is the transpose of a Vandermonde matrix with nonzero determinant inde-
pendent of 7. Therefore Fi(7) =0 for k = 0,...,23 which is equivalent to

8) > af(r)(r) =0

1<j<n
r(esy (k)

for k=0,...,23. We apply 7 — —1/(N7) to (8) and obtain
(9) > 4 fFD)(r) =0

1<j<n
r()esy (k)

where
@)

C~Lj = aj H(-Z/(;)éT
5|N
For k, ¢ € {0,...,23} we define

Sk, 0) = {r € Si(k): > 67 = (mod 24)}.

SIN

We apply the same reasoning as above to (9) and conclude that (9) is equivalent
to

(10) > @) =0

1<j<n
(1) €Sy (k,£)

for £ =0,...,23. Applying again the involution 7 — —1/(NT) to (10) gives

(11) > af(rV) () =0.

1<j<n
(1) €8y (k,0)

Summarizing, we have proven that one can prove a weight zero identity (7) to be
true or false if we can prove an identity of type (11) to be true or false. Dividing
identity (11) by any nonzero term f(r®)(7) we obtain the identity:

(12) Y af(s)(r) =0

1<j<n
s(7) €55(0,0)
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where sU) := () — (@ and D 6N sgj) = 0, recalling the assumption on the input
for (7).

We call identities of the type (12) almost modular identities.

4. ALMOST MODULAR IDENTITIES

In view of (12), the input to our algorithm is n € N, ) € R(N) with
r) e 85(0,0)
and a; € Q for j =1,...,n; the output is true or false depending whether

(13) > aif(r)(r) =0,
1<j<n
is true or false. Let ( Ccl Z ) € SLy(Z), (the group of 2 x 2 matrices over the

integers with determinant equal to one). If a,c¢ > 0 and ged(a,6) = 1, Newman
[4] proved

ct +d a

0 (SE0) = (£ eI iter + ) (),

where ( ) is the Legendre-Jacobi symbol. If; in addition, we assume that ¢ =0

(mod N) we obtain

a7+b>

a(oT) + (5b>
cT +d

$(07) +d

SIEOM

SIN

f(?“(j))< Ef(?“(j))<

Csin Crfsj)/(S—b 25N 57’<<sj>—3 225N T((sj))f(r(j)) (7-)

RO . , .
= H(%) s e_%(C/NZMN61:((5J>_b26\N5r<(5]>_3 Zé\NT((SJ))f(T(j))(T)
a
5IN

)
z(—H‘”N‘S' l)f(r(j))(T),

a

forj=1,...,n. Let po,p1,...,pn be the primes dividing N. Fore = (eg,...,e,) €
{0, 1} we define

S3(€) := {r € 55(0,0) : Hé'Téj)|/(p8° ---per) is a square. }.
5|N
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We may write (13) as
Yo aft)n = Y FE)r) =0
1<j<n ec{0,1}n+1

where

Fe)(r) = Z ajf(r(j))(T).

1<j<n
r(Mes;(e)

Lemma 4.1. Let Py,..., P, be pairwise different odd primes, then for every
Hos o1y« - i € {—1,1} there ezist an a € N, ged(a,6) = 1 such that (%) = 1
fori=1,... k and (%) = L.

Proof. By Chinese remaindering we can solve the system

a = vy (mod )
a = vy (mod P)

a = vy (mod Py).

Here the v; are such that (%) =p; fori=1,... kand vy = 1 if gy = 1 and

Pi—1g—1

vo =5 if o = —1. In this case (&) = (=1)72 = (%) =p; and (2) = po. O

Let (mg,...,m,) € {1,—1}""! be fixed. Without loss of generality assume for
the given primes that pg < -+ < p,. If po = 2 apply Lemma 4.1 with k = n,
P, =p;fori=1,... )k and u; = m; for v = 0,..., k. If pg # 2 then apply
Lemma 4.1 with k =n+1, P,=p; 1,1 =1,....,kand y; =m;_q fori =1,... k,
then the a = a(my, ..., m,) € N given by the lemma is such that (%) = m, for
i =0,...,n. Let b,e,d with N|c and ¢ > 0 be such that ( CCL Z ) € SLy(Z)
(note that ged(a,6N) = 1 because of (2) # 0). Then applying 7 — z:is to the
identity (13) we obtain:

> m°-Fe)(r) =0,

ec{0,1}n+1

where for 7 € {0,1}" and y € {—1,1}"™! we define

=yl oy

Hence for each m € {—1,1}"™! we obtain a new identity. This gives in total 27!
identities. Let m; = (moy, ..., M) € {—1,1}" for i = 1,...,2"" be all the
elements of {—1,1}""! and & = (ep;,...,en:) € {0,1} for i = 1,...,2""! be all
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the elements of {0,1}"*!. Then we may write the v := 2"*! identities in matrix
form as follows

€0,1 €n,1 €0,2 €n,2 €0,v €n,v —

ng mg,l mg,1 mg,l mg,l mg,l (en)(7) 0
0,1 n,1 0,2 n,2 0,v n,v —
0,2 n,2 0,2 n,2 0,2 n,2 F(ey)(7) . 0
€0,1 €n,1 €0,2 €n,2 €0,u €n,v —

Moy My Mgy Mgy Mg my F(e)(r) 0

In the v x v matrix, which we call M, the scalar product between row i and row
7 equals to

n

[T+ maima;).

s=0

Therefore MM7T = 2" ] where I is the identity matrix. In particular, M is a
nonsingular matrix. Therefore

S D) (1) = F(e)(r) = 0

1<j<n
r(7) ess(e)

for + = 1,...,v. Dividing out the whole identity with some nonzero term we
obtain an identity of the form

(14) S a9 ) =0,

1<j<n
r(ess(e)

where s = r0) — @ for j = 1,... n and r¥ € Sy(€) is chosen such that
aq # 0. Note that J[5 51551 is a square.

We call a reduced identity like (14) a modular identity which, summarizing, is an
identity of the form

S afr9)(r) =0

1<j<n



AN ALGORITHM TO PROVE ALGEBRAIC RELATIONS INVOLVING ETA QUOTIENTS 9

with a; € Q and r) € R(N) for j € {1,...,n} with the properties:
(15) S0 = g
S§|N
(16) Z §r§j) = 0 (mod 24),
S|IN
(17) dor = 0 (mod 24),
5|IN

(18) H5|Tfsj)| = 7, for some z; € Z.
SN

5. MODULAR IDENTITIES

In this section we explain how modular identities are proven algorithmically. In
order to do this we use the fact that each term in a modular identity falls into
a class of holomorphic functions called modular functions. Modular functions
are mapped isomorphically to meromorphic functions on a compact Riemann
surface. The reason we mention this is that one can decide algorithmically if a
meromorphic function on a compact Riemann surface is zero or not. Furthermore,
we present a classical lemma (Lemma 5.3) that has been used by authors without
proof, for example [2, p. 4827], and therefore we decided to prove it here.

Let Fo(N) = {(Z Z) €8SLy(Z):c=0 (mod N)}.

Newman [4] discovered the following theorem:

Theorem 5.1. Let r € R(N), then

Z rs = 07
Z drs = 0 (mod 24),
Z s = 0 (mod 24),

H(S‘”l = 22, for some x € 7.
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a

for all < . Z) € L'o(N).

Recall that H := {7 € H : Im(7) > 0}. For any r € R(N), f(r) is a meromorphic
function on H. By Newman’s theorem the eta quotients which appear as terms
in a modular identity satisfy additionally

(19) £ (Z22) = sry(e)

ct +d
a b
for all ( e d

involving such terms.

> € I'o(N). We will explain now how we can prove identities

Following [5, p. 526], we use that holomorphic functions h on H, with the addi-
tional property

urT + v
2 h =h
(20) (t7'~|—w> (7)
for all ( 7: Z] ) € I'o(N), have for each v = ( OCL Z > € SLy(Z) a Laurent

. . ; —1
expansion in powers of e>™(7"7)/wr where

Wy 1= min{h e N*: ( (1) }f ) € ”y’lFo(N)fy}.

d T+d
z/y € Q we define

For v = ( CCL b ) € SLy(Z) we define y7 := 2= for 7 € H, yoo := ¢ and for

00, if ¢(z/y)+d =0,
Y(@/y) =19 at/m)+b
c(z/y)+d’

In this way SLy(Z) acts on H* := HU Q U {o0}.

Since the function f(r) has the property (20) because of (19) it follows that it
has such a Laurent expansion for each . In addition, by Lemma 5.2 below it
follows that for each v € SLy(Z) this Laurent expansion has finite principal part,
namely:

otherwise.

o0

f)(r) = ealy)etrint o,
n=d~
As in [5, p. 526] for v = < i Z € SLy(Z) we define ord,,.(f(r)) to be the
smallest integer n for which ¢,(v) # 0. Note that yoo = ¢, and it is not difficult

to check that for 71,72 € SLa(Z) with 700 = 7200 = ¢ we have

ord,).(f) = ord)7.(f).
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Hence we can define
ord,c(f(r)) = ord, (f(r)),
and when a = 1, ¢ = 0 one should interpret a/c = occ.
The value of ord,/.(f(r)) at ¢ € QU {oo} can be computed by the following

lemma due to Ligozat [1]:

Lemma 5.2 (Ligozat). Let r € R(N). Then

_ N ged(d, 0)*rs
orday.(f(r)) = 24c - ged(c, N/c) %; ’ |

So our functions f(r), besides having the property (19) and being holomorphic

on H, also have the property that for each v = ( CCL Z ) € SLy(Z) have a

Laurent expansion in powers of e /w5 with finite principal part. We call
such functions modular functions (on I'y(N)). Denote by Xo(N) the set of orbits
of the action of I'¢(/N) on H*. We denote the orbit of 7 € H* by [r] € Xo(N).
We can then view a modular function f naturally as a function f on Xo(N) by
defining f([r]) := f(7) for 7 € H. The definition of f at the points

Co(N) :={[r] : 7€ QU {o0}}

needs to be considered separately, see [5, p. 532]|. Next, the space Xo(N) is next
transformed into a compact topological space, by making H* a topological space
and giving Xo(N) the quotient topology. Finally one transforms X,(/NNV) into a

2min(y~1T)

compact Riemann surface. What is important is that the function f(r) becomes
a meromorphic function on Xo(/N) which is holomorphic at all points from

Up(N) :={[r] : T € H}.

Furthermore to each meromorphic function f on a compact Riemann surface
one can assign an order to f at each point [7] € Xo(/N) and we denote this by
ordp(f). It turns out that ordy(f) = ord,(f) for every 7 € QU {oo}.

The reason we want to view a modular function f as meromorphic function f
on a compact Riemann surface is that we can then use an important theorem
that applies to nonzero meromorphic functions on a compact Riemann surface.
Namely, if f # 0 is a meromorphic function on a compact Riemann surface then
the number of poles of f equal to the number of zeros of f, more precisely, for our
case this means » i v v ord[T](f) =0, see [3, Prop. 4.12]. Note that Xo(N) is

the disjoint union of Uy(N) and Cy(N), and as we mentioned above ordp(f) > 0
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for [r] € Uy(N). Therefore
0= odp(f)= D odn(H)+ Y ordy(f)

[T]€X0(N) [T]€Uo(N) [7]€Co(N)
> Z Ol"d[.,-](f).
[]€Co(N)
Note that this translates into

(21) Z ord (f) <0

TES

where S is a complete set of representatives of Cy(N), that is Co(N) = {[7] : 7 €
S} such that for every z1, x5 € S we have [x1] # [z2].

Such a complete set of representatives S can be computed by using the following
lemma.

Lemma 5.3. Let S C Q be defined by S = UgnSq where Sy is the unique
subset of {a/d : a € {1,...,d},gcd(a,d) = 1} with the property that for every
x € {1,...,gcd(d, N/d)} with ged(z,ged(d, N/d)) = 1 there exists an unique
a/d € Sy such that a = x (mod ged(d, N/d)). Then S is a complete set of
representatives of Co(N).

Proof. We split the proof into three smaller parts.

(A). For i = 1,2, let a;,¢; € Z with ged(a;, ¢;) = 1. Then there exists 7 € I'o(N)
such that 7% = 2 iff there exist b;,d; € Z with a;,d; — b;c; = 1 such that

C

dicy — dsc; =0 (mod ged(N, ¢1¢2)).

Proof of (A): Assume that there exists v € I'o(/V) such that y¢+ = ¢. By

the extended Euclidean algorithm there exist b;, d; be such that a;d; — biCQi =1.
Set v; = ( CCL’ ZZ ) Then ;00 = ZT which implies that yy;00 = 7,00 and

Y5 'yy100 = 0o, Consequently, v, 'yy1 = ( (1) }f ) for some h € Z. Multiplying

7o to the left and 4, ! to the right we obtain

* *
7= ( dicy — dacy + hejcg * > ‘
In particular, since v € I'g(N) it follows that
dico — dycy + heiea =0 (mod N),
which implies that dyca — dec; =0 (mod ged(N, ¢1¢3)).
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Now assume that there exist ¢;, d; € Z such that a;d; —b;c; = 1 and dica—dscqy =0
(mod ged(V, ¢ic2)). Then for some k € Z we have dyco—dscy —k ged(N, ¢102) = 0,
by the extended Euclidean algorithm there exist v, v € Z such that ucico +vN =

ged(N, ¢1c2) and consequently dyco — docy — kucico = kuN. Set ; = ( ai bi ),

C; dl
then
o 1 ku g * *
= 0 1 = dlcg — dgCl - k:uclcg * '
Hence v € I'g(IV) and one verifies v = 2.

(B). For all ¢+ € QU {oo} there exist u € S and v € I'g(IN) such that v =
Note: Here we interpret oo = %.
Proof of (B): Let by, dy € Z be such that ayd; —byc; = 1. Set ¢g := ged(eq, N) and
choose ay € Z defined uniquely by the property a; = a2 (mod ged(N/cz, c2))
and ay/co € S. Let by, dy be integers such that asds — byce = 1. Then

&1

a— —ap = 0 (mod ged(N/eg,2)) = dQ% —d; =0 (mod gcd(N/ea, c2))
2 2

:>dg2 —d; =0 (mod ng(N/CQ, Cl)) = dycy — dica =0 (IIlOd ng(N, 01C2)).
Co
This by (A) implies that there exist 7 € I'g(/V) such that y% = 2

c2’

(C). Let ¢+, 22 € S. If there is v € I'g(IV) such that y%* = 2, then & = .

Proof of (C): Assume that there exists v € T'g(/V) such that v+ = ¢, then
by (A) there exist b;,d; € Z with a;d; — b;c; = 1 such that dycy — c;dy = 0
(mod ged(V, ¢icz)). Since ¢q, co| N, we have ¢q|ce and ¢3¢y, and thus ¢; = ¢5 1= c.
This implies ¢(dy — d;) =0 (mod ged(N, ¢*)) which is equivalent to dy — d; =0
(mod ged(N/e, ¢)), which is equivalent to as = a; (mod ged(N/c,¢)) and by the
definition of S we have a; = a». O

Example: We want to prove the modular identity:

_ n(287)n(77)*n(47)n(7)*  n(287)°n(TT)n(47)*n(7)
BT e (e
This may be rewritten as:

L= fr) (1) = 2f(r®)(7) = 0
where r™) () € R(28) are defined by

1 1 1 1
(Tg),Té), 1(1)7 ()7T§4)7 58)) (27_371727—371>

0.

and
(@ P P, T$ )2, r%)) (1,-3,2,1,-3,2).
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Note that r™) and ) satisfy (15)-(18) for N = 28. Next note that F(rM) and
f(r®) are meromorphic functions on X,(28). We have by Lemma 5.3 that

{1, /2], [1/4], [1/7], [1/14], [1/28]} = Co(28).

By Ligozat’s theorem:

ordy(f(rM)) = 1
ordpy o (f(rM)) = -1
0rd[1/4}(f(7:(1))) =0
ordp 7 (f(rM)) = 1
ordpy 14 (f(r®)) = -1

ordpy(f(r®)) = 0
ordpy o (f(r?)) = -1
0rd[1/4}(f(~(2))) =1
ordpy 7 (f(r2)) = 0
ordp g (fr®)) = —1

We define

Hence we have

Z ord[T] (F)
[r]€Co(28)
= ord[l] (F) -+ Ol"d[l/g} (F) + Ord[1/4] (F) + Ofd[l/ﬂ (F) + ord[1/14] (F) + Ord[l/gg} (F)

In order to bound the order of F' at the point [1/28] = [o0] we compute the
g-expansion of
F(r)=0+0q+0q¢* + ...
Therefore ord(; jog [ > 3, that is F' has least a triple zero at [1/28]. In particular
(23) > ord(F)>—2+3=1.
[T]€C0(28)
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Hence F = 0 because if I # 0 then (21) would apply which says 2 rjeco(es) OTdir] (F) <

0 and this is a contradiction to (23). It follows that F = 0 and hence F = 0 and
we have proven the identity (22).

5.1. The Algorithm in a Nutshell. The strategy in the above example can be
applied to any modular identity F' = 0, where the notion of modular identity is
defined at the end of Section 4. First assume that F # 0. Take each term f(r(®)
appearing in F' and compute its order at each point [7;] € Co(N) — [o0], then

ord[Tj](F) >0, = min{ord[n](f(;(i))) cie{l,...,n}}.
This implies that

Z Ordm(ﬁ) > 01+ -+ 0cyN) -1 + Ord[oo](ﬁ).
[T]GC()(N)

To obtain a contradiction to (21) we need to prove that
(24) ordee)(F) = (01 4 + oy y-1) + L.

This is done by looking at the expansion of F' in powers of ¢, if F' is indeed zero
then each computed coefficient in the expansion of F' has to be zero. If some
coefficient of F' is not zero, then clearly F' # 0 and we are done disproving the
identity /' = 0. Hence in case F' = 0 we must have

F(1) =04 0g +--- 4+ 0g~ @ Foeom-0=t

which by (24) implies Y. () 0rd(£7) > 1 contradicting (21), and therefore
our assumption F' # 0 is false.
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