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Abstract. The Isogeometric Analysis (IgA) of boundary value problems in complex domains often requires a
decomposition of the computational domain into patches such that each of which can be parametrized by the so-
called geometrical mapping. In this paper, we develop discontinuous Galerkin (dG) techniques in the IgA context
for solving elliptic diffusion problems on decompositions that can include non-matching parametrizations of the
interfaces, i.e., the interfaces of the adjacent patches may be not identical. The lack of the exact parametrization
of the patches leads to the creation of gap and overlapping regions between the patches. This does not allow
the immediate use of the classical numerical fluxes that are known in the literature. The unknown normal fluxes
of the solution on the non-matching interfaces are approximated by Taylor expansions using the values of the
solution computed on the boundary of the patches. These approximations are used in order to build up the
numerical fluxes of the final dG IgA scheme and to couple the local patch-wise discrete problems. This paper is
a continuation of our two previous papers, where we have treated decompositions having only gap regions. The
resulting linear systems are solved by using efficient domain decomposition methods based on the tearing and
interconnecting technology. We present numerical results of a series of test problems that validate the theoretical
estimates presented.

Key words: Elliptic diffusion problems, Heterogeneous diffusion coefficients, Isogeometric Analysis, Discontinu-
ous Galerkin methods, Segmentations crimes, IETI-DP domain decomposition solvers.

1 Introduction

During last decade, there has been an increasing interest in solving elliptic boundary value problems
in complicated domains using the Isogeometric Analysis (IgA) methodologies. The core idea of IgA
is to use the same smooth and high order superior finite dimensional spaces, e.g., B-splines, NURBS,
for parametrizing the computational domain and for approximating the solution of the Partial Dif-
ferential Equation (PDE) model of interest. The IgA approach for discretizing PDEs and its benefits
have been highlighted and have been discussed in many publications, see, e.g., the monograph [6],
the survey paper [7]. For example, the simple and easily materialized algorithm for the construction
of the B-spline basis functions with possible high smoothness helps extremely in the production of
high order approximate solutions. Furthermore IgA offers a particular suitable frame for developing
h — p (here p is the B-spline degree) adaptivity methods with a possible change of the inter-element
smoothness, [6].

In most realistic applications, the computational domain {2 is decomposed into a union of non-
overlapping subdomains 2 = UY | 2;, where each (2; is referred to as a patch and then it is viewed as
an image of a parametrization mapping. These mappings are linear combinations of basis functions
of superior finite dimensional spaces, e.g., B-splines, NURBS, etc. The vector valued coefficients
describe the shape of the patch and are called control points. There have been presented several
segmentation techniques and procedures for splitting complex domains into simpler subdomains and
defining their control nets, see, e.g., [19], [27], [18] for a more comprehensive analysis. Usually, one
obtains compatible parametrizations of the patches in the sense that the parameterizations of adjacent
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patches lead to identical interfaces. However, some serious difficulties can arise, especially, when the
patches differ topologically a lot from a cube. In particular, the control points related to an interface
may not have been appropriately defined, which results in parametrizations of patches that create
gap and overlapping regions, see Fig. 1(b). As a direct consequence, the use of these paramatrization
mappings, which allow the creation of gaps and overlapping regions, causes additional errors in the
IgA discretization process of the PDE. We speak about segmentation crimes that causes additional
errors in the IgA simulation.

In this paper, we are interested in investigating the solution of elliptic diffusion problems using
IgA on multipatch decompositions that include gaps and overlaps. The missing capability of the IgA
patch parametrizations to represent exactly the physical interfaces prevent us from using directly
the classical interface conditions of the solution in order to construct the numerical fluxes in the dG
scheme. We need to derive new interface conditions on the interior faces of the gap/overllaping regions
and in order to construct the numerical fluxes and to ensure communication of the discrete problems
patch-wise problems. We extent the ideas presented in [16,17], where discontinuous Galerkin (dG)
methods for IgA have been developed on decompositions including gaps. In particular, the Taylor
expansions are also used on the interior faces of the overlapping regions, which have been originally
used in [16] to approximate the normal fluxes on the gap boundaries. Finally, these Taylor expansions
are used to build appropriate numerical fluxes for the final dG IgA scheme, which in turn help on
coupling the local patch-wise discrete problems. In [22], dG IgA methods have been analyzed for
matching interface parametrization. The analysis has been presented for low regularity solutions and
for non-matching meshes. In the present paper, we use the results given in [22] in order to express
the error bounds related to the approximation properties of the B-splines. Following the analysis in
[16, 17], we investigate the effect of the approximation of the fluxes on the gap/overlapping regions
on the accuracy of the proposed method.

The model problem that we are going to study is a linear diffusion problem with a discontinuous
diffusion coefficient. For simplicity, we treat the two cases of gap and overlapping regions separately
using decompositions formed by only two patches. Then, we proceed and express the final dG IgA
scheme in the general case of multipatch decompositions. Regarding the case of having overlapping
patches, our analysis takes into account the possibility of co-existence of different diffusion coefficients,
which leads to the discretization of two different perturbed problems on the overlapping region.
This means that we analyze the error coming from the B-spline approximations, the normal flux
approximations and the consistency error, i.e., we estimate the distance between the solutions of the
peturbated problems and the solution of the physical problems. We show a priori error estimates in
the classical dG-norm ||.||4c, which depends on the accuracy of the normal flux approximation and is
expressed in terms of the mesh size h and the parameter dy; = max(dy, d,), where d, the maximum
distance between the diametrically opposite points on the gap boundaries and d,, is a parameter which
quantifies the maximum distance of the opposite points on the overlapping boundaries, respectively.
In particular, we show that, if the IgA space defined on the patches has the approximation power h”
and djy is O(thr%), then we obtain optimal convergence rate for the error in the dG norm ||.||4c. In the
special case where the gap distance is O(h), we obtain a reduced discretization error of order O(h?).
The same estimates have been shown in [16] for the case of utilizing uni-axial Taylor expansions in
the gap regions. The method proposed in this paper has successfully been applied to a wide range of
different test cases for the model problem, confirming the theoretical estimates. All these test cases
are discussed in Section 5.

The second contribution of this paper is the presentation of efficient solvers based on the Dual-
Primal Isogeometric Tearing and Interconnecting (IETI-DP) method [14]. More precisely, we use the
dG-IETI-DP method which can handle formulations based on dG, see [15]. The IETI-DP method
provides a quasi optimal condition number bound on the condition number of the preconditioned
linear system with respect to the mesh size h and robustness with respect to jumps in the diffusion
coefficient across interfaces, see [14, 3]. For versions using the more sophisticated deluze scaling, see
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[23]. Numerical examples for the dG-IETI-DP methods also indicate the same behaviour, see [15].
For the proof of the finite element version, we refer to [11,12,10].

Finally, we investigate the accuracy of the proposed method and validate the theoretical estimates
by solving a series of test problems on decompositions with gap and overlapping regions. The first
three examples are considered in two-dimensional domains with known exact solutions. In the last
two examples, we consider complicated three-dimensional domains. Through the investigation of the
numerical convergence rates of the error, we have found that in the cases where dy; is of order
O(thr%), the rates are optimal, as it is predicted by the theoretical analysis.

Lastly, we mention that several techniques have been investigated recently for coupling non-
matching (or non-conforming) subdomain parametrizations in some weak sense. In [31] and [26],
Nitsche’s method have been applied to enforce weak coupling conditions along trimmed B-spline
patches. In [1], the most common techniques for imposing weakly the continuity of the solution on
the interfaces have been applied and tested on nonlinear elasticity problems. The numerical tests have
been performed on non-matching grid parametrizations. Recently, overlapping domain decomposition
methods combined with local non-matching mesh refinement techniques have been investigated for
solving diffusion problems in complex domains in [4]. Furthermore, mortar methods have been
developed in the IgA content utilizing different B-spline degrees for the Lagrange multiplier in [5].
The method has been applied for performing numerical tests on decompositions with non-matching
interface parametrizations.

The paper is organized as follows. In Section 2, some notations, the weak form of the problem
and the definition of the B-spline spaces are provided. Furthermore, we give a description of the gap
region. In Section 3, we derive the problem in Q\ﬁg, the approximation of the normal fluxes on the
0(2,, and the dG IgA scheme. In the last part of this section, we estimate the remainder terms in the
Taylor expansion, and derive the a priori error estimates. Section 4 is devoted to efficient solution
strategies. Finally, in Section 5, we present numerical tests for validating the theoretical results on
two- and three-dimensional test problems. The paper closes with some conclusions in Section 6.

2 The model problem

2.1 Preliminaries

Let 2 be a bounded Lipschitz domain in R?, d = 2,3, and let a = (ay,...,aq) be a multi-index

d
of non-negative integers ai, ...,y with degree |o| = Za]-. For any «, we define the differential
j=1
operator D* = D ... D%, with D; = 9/dx;, j = 1,...,d, and D®%9¢ = ¢. For a non-negative
integer m, let C™({2) denote the space of all functions ¢ : {2 — R, whose partial derivatives D¢ of
all orders |a| < m are continuous in 2. Let £ be a non-negative integer. As usual, L*(£2) denotes the

Sobolev space for which / |¢(2)|* dz < oo, endowed with the norm ||¢||r2(0) = (/ |p(z)]? dm)%,
0 Q
and L>(f2) denotes the functions that are essentially bounded. Also

HY2) = {¢ € L*(2): D*¢ € L*(12), for all|a| < ¢},

denote the standard Sobolev spaces endowed with the following norms

1
lollmey = (D 1D%6I7200)

0<]al<t

and by H %(89) we denote the trace space of H'(£2). We identify L? and H° and also define the
subspace H;(£2) of H'(£2)
Hy(2)={¢p € H'(2): ¢ =00n002}.
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We recall Holder’s and Young’s inequalities

/ uv dx / uv dx
2 17}

that hold for all u € L*(£2) and v € L*(£2) and for any fixed € € (0, 00).

For the derivation of the dG IgA scheme, we will need appropriate approximations of the so-
lution and its normal fluxes on the boundary of the gap and overlapping regions. We will derive
such approximations by means of Taylor’s theorem. Thus, we recall Taylor’s formula with integral
remainder

€ 1
< [Jullz@)llvllze(@) and < §IIUII%2(Q) + 2—€||v||%2(9), (2.1)

—_— lsm_l m)(1—s)ds
- 1)!/0 (1 —s)ds. (2.2)

that holds for all f € C™[0,1]. Now, let v € C™(§2) with m > 2 and z,y € 2. We define f(s) =
u(z + s(y — x)) and by the chain rule we obtain

Is) = 3 Lot + s(y — )y - 2, (2.3
jal=j

where a! = a1!... a4l and (y — )% = (y1 — 21)** ... (ya — x4)**. Combining (2.2) and (2.3), we can
easily obtain

u(y) =u(x) + Vu(z) - (y — ) + R*uly + s(z — y)), (2.4a)
u(z) =u(y) — Vu(y) - (y — =) + R*u(z + s(y — x)), (2.4b)

where R*u(y + s(z — y)) and R*u(z + s(y — x)) are the second order remainder terms defined by

RPu(y + s(z —y)) = Z (y — x)a% / sDu(y + s(x —y)) ds, (2.5a)
|a|=2 " J0

RPu(x +s(y —z)) = Z (x — y)a% / sD%(x + s(y — x)) ds. (2.5b)
la|=2 /0

By (2.4) it follows that

Vau(y) - (y — 2) =Vu(z) - (y — 2) + (Ru(z + s(y — 2)) + R*uly + s(z — y))), (2.6
—(u(z) — u(y)) =Vu(z) - (y — ) + R*uy + s(z — y)). (2.6b)
2.2 The elliptic diffusion problem
We shall consider the following elliptic Dirichlet boundary value problem
—div(pVu) = fin 2 and w = wup on 02 (2.7)

as model problem. The weak formulation of the boundary value problem (2.7) reads as follows: for
given source function f € L*(£2) and Dirichlet data up € H/2(042), the trace space of H'(£2), find
a function u € H*(§2) such that u = up on 92 and the variational identity

alu, 6) = 1;(6), Y6 € HY(2), (2.8

is satisfied, where the bilinear form a(-,-) and the linear form /;(-) are defined by

a(u,qﬁ)z/ﬁquV@ix and (¢ /f¢dx (2.9)
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respectively. The given diffusion coefficient p € L°°({2) is assumed to be unifomely positive and
piecewise (patchwise, see below) constant. These assumptions ensure existence and uniqueness of
the solution due to Lax-Milgram’s lemma. For simplicity, we only consider pure Dirichlet boundary
conditions on 0f2. However, the analysis presented in our paper can easily be generalized to other
constellations of boundary conditions which ensure existence and uniqueness such as Robin or mixed
boundary conditions.

In what follows, positive constants ¢ and C' appearing in inequalities are generic constants which
do not depend on the mesh-size h. In many cases, we will indicate on what may the constants depend
for an easier understanding of the proofs. Frequently, we will write a ~ b meaning that ca < b < Ca.

2.3 Decomposition into patches

In many practical situations, the computational domain (2 has a multipatch representation, i.e., it is
decomposed into N non-overlapping patches §2;, {2, ..., {2y, also called subdomains:

N
Q=% with 2;00; =0, fori#j. (2.10)
=1

We will denote the common interfaces by F;; = 02, N 0¢2;, for 1 < ¢ # j < N. Having (2.10), we
can independently discretize the problem on the different patches {2; based on the geometry of each
patch or the regularity properties of the solution.

Essentially, the decomposition (2.10) helps us to consider N local problems posed on each patch,
where interface conditions are used for coupling these local problems. Typically, the interface con-
ditions across each Fj; are derived by a theoretical study of the elliptic problem (2.7) and concern
continuity requirements of the solution, e.g.,

[u] :=w; —u; =0on Fy;, and [pVu] - ng, := (p;Vu; — p;Vu;) -np, =0 on Iy, (2.11)

where np,; is the unit normal vector on Fj; with direction towards (2;, and u; denote the restriction
of u to 2;. Numerical schemes based on dG usually utilize the interface conditions (2.11) in order
to devise numerical fluxes for coupling the local problems, see, e.g., 9,29, 30].

We use the notation T (£2) := {2, 2,..., 2y} for the decomposition in (2.10). Let £ > 2 be an
integer, and let us define the broken Sobolev space

HY(Tu(2)) = {u € L*(2) : u; = ulg, € H(£2), fori = 1,...,N}. (2.12)

Assumption 1 We assume that the solution u of (2.8) belongs to V- = H*(£2) N H (Ty(£2)) with
some £ > 2.

Remark 1. For cases with high discontinuities of p, the solution u of (2.9) does not generally have
the regularity properties of Assumption 1. We study dG IgA methods for these problems in [22].

Using the decomposition Ty (f2) and the interface conditions (2.11), the variational equation (2.8)
can be rewritten as

N N
Z/Q pi(z)VuVe¢dr — Z/F [pVug] - ng, do = Z/Q fodz, for ¢ € HY(1). (2.13)
=1 i F;; ij i=1 i

2.4 Non-matching parametrized interfaces

In order to get a decomposition of the computational domain into subdomains in the IgA context,
we first apply a segmentation procedure to the boundary representation of the domain. This gives us
subdomains, which are topologically equivalent to a cube. After that we define the control net and
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we try to construct parametrizations of the subdomains using superior finite dimensional spaces, e.g.,
B-splines, NURBS, etc., see [6]. In the ideal case, one obtains compatible parametrizations for the
common interfaces of adjacent subdomains. The control points on a face are appropriately matched
with the control points of the adjoining face, which gives an identical interface for the adjacent
subdomains.

However, the resulting subdomain parametrizations may not produce identical interfaces for adja-
cent patches. We refer to this phenomena as non-matching interface parametrizations or segmentation
crime. This can happen in cases where after the segmentation procedure the control points defining
a face are not in an appropriate correlation with the corresponding control points defining the face
of the adjacent patch. The result is a decomposition with the appearance of gap or/and overlap-
ping regions between the adjacent patches. As a consequence, we cannot directly use the interface
conditions (2.11) if we want to derive a numerical scheme on such domains, cf. [22]. The interface
conditions have to be appropriately modified in order to couple the local problems either separated
by gap regions or defined on overlapping regions. In [16] and [17], we have developed and thoroughly
studied dG IgA schemes on decompositions including gap regions only. In this paper, we focus mainly
on the presentation of dG IgA methods on decompositions which include overlapping regions.

2.5 B-spline spaces

In this section, we briefly present the B-spline spaces and the form of the B-spline parametrizations
for the physical subdomains. We refer to [6], [8] and [32] for a more detailed presentation.

Let us consider the unit cube 2 = (0,1)* ¢ R%, which we will refer to as the parametric domain,
and let (2, 1 = 1,..., N, be a decomposition of (2 as given in (2.10). Let the integers p and ny
denote the given B-spline degree and the number of basis functions of the B-spline space that will

be constructed in xk—direction with £ = 1,...,d. We introduce the d—dimensional vector of knots

2=zl .. 5F . BN, k=1,....,d, With the particular components given by 5F = {0 = ¢ <

G<.. <8 = 1} The components ZF of 2¢ form a mesh T 5= = {E, M, in 2, where E,,

are the micro elements and h; is the mesh size, which is defined as ‘follows. Given a micro element

E, € T( )A we set hp = = diam(E,,) = max ||z — g, where [|.[[4 is the Euclidean norm in R?,
z1,22€Em

The subdomain mesh size h; is defined to be h; = max{h; }. We set h = max {h;}. We refer the

20ty

reader to [6] for more information about the meaning of the knot vectors in CAD and IgA.

Assumption 2 The meshes T}E%)

071 < hEm/hEm+1 < 0. Also, we assume that h; ~ h; for 1 <i# j < N.

5 are quasi-uniform, i.e., there exist a constant 0 > 1 such that

Given the knot vector ZF in every direction k = 1,...,d, we construct the associated univariate

B-spline basis, BE[@J) = {B§ZL(£k), ., BY

(L)} using the Cox-de Boor recursion formula, see, e.g.,

[6] and [8] for more details. On the mesh TIE 2 5> we define the multivariate B-spline space Bsd,k to be

iy

the tensor-product of the corresponding univariate ]E%E_k spaces. Accordingly, the B-spline basis of

*p
Bza ;. are defined by the tensor-product of the univariate B-spline basis functions, that is

Bei, = @1 Bos, = span{ B (2)} 1o, (2.14)

17p ] 1

where each EJ(Z) () has the form

BY (&) =B (1) - ... B (@) ...+ BY(24), with B (i)) € Bz . (2.15)
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In IgA framework, each (2; is considered as an image of a B-spline, NURBS etc., parametrization
mapping. Given the B-spline spaces and having defined the control points C , we parametrize each
subdomain §2; by the mapping

B0 02, x=3)=Y CVBY(@) e 2, (2.16)

where # = ®; (z),i=1,..., N, cf. [6].
)

For every (2;, we construct a mesh T}EZ ‘o = {E,,}Mi | whose vertices are the images of the vertices

of the corresponding parametric mesh T( g 9 through ®,.
Fori:=1,..., N, we construct the B- sphne space IB%—d & on §2 by

Bes, = {B|o, : B (x) = B 0 ®;\(x), for B{” € Bzy,}. (2.17)

J

The global B-spline space Vj, with components on every Bzq , is defined by

Vh = Vh1 o Vh = IB%E? ]B—d (218)

N P =nP”

Remark 2. The B-spline spaces presented above are referred to the general case of N subdomains.
As we point out in the previous subsection, the mappings in (2.16) should provide matching interface
parametrizations. Throughout the paper we study the crime case where the mappings in (2.16)
produce non-matching interface parametrizations.

Assumption 3 Assume that every ®;, i = 1, ..., N is sufficiently smooth and there exist constants
0 < ¢ < C such that ¢ < |detJs,| < C, where Jg, is the Jacobian matriz of ®;.

Assumption 4 For simplicity, we assume that p > £, cf. Assumption 1.

2.6 Gap regions

In this section, we describe a gap region which is located between two patches. Let 2] and (25 be two
adjacent patches with the corresponding non-matching interface parametrizations ®7 : 0 — 2] and
P} 0 — (25. Further, let {215 to be the gab region such that ﬁglg C 2 and |002,12N082| = 0, where
| | is the (d — 1)-dimensional measure. We note that 2, U 2, U 2,15 = 2, U £2,. An illustration
is given in Figs. 1(b),(c),(d). Without loss of generality, we consider the boundary of the gap region
as 082510 = Fj1 U Fyp, with F;; C (27, i = 1,2, and we also assume that the face Fj, is a simple face,
meaning it can be described as the set of points (x,y, z) satisfying

0< < aary 0<y < (@), 0< 2 < Byala.y), (2.19)

where x4 is a fixed real number, 1,5 and ¢, are given smooth functions, see Fig. 1(d). As a next
step, we need to assign the points x4 € Fj» to the points x4 € Fy;. We follow the same ideas as in
[16] and [17]. Since F, is an simple face and F; is a B-spline surface, due to the fact that it is the
the image of some face 01 under the mapping ®7, we construct a parametrization of Fy, lets say
® 91 : Fp — Fy, which is one-to-one and defined as

Tga € Foo = ®yo1(wg2) := 11 € g1, with  ®goi(2g2) = Tg2 + (o(Tg2)n08,,, (2.20)

where np, is the unit normal vector on Fip, see Figs. 1(c),(d), and ¢, is a B-spline function. The
parametrization ® 4, defined in (2.20) helps us to assign the diametrically opposite points located
on 02412, see discussion in [16] and [17]. We are only interested in small gap regions, see below
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o Me

(d) () (f)

Fig. 1. (a) Hlustration of a decomposition with matching interface paramtrizations, (b) a decomposition including gap and
overlapping regions, (c) the locations of the diametrically opposite points on gap and overlapping boundaries, (d) a decomposition
formed by two patches and a gap region, (e) a decomposition formed by two patches and a overlapping region, (f) illustration
of a macro-element on a overlapping region.
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2.23), and, thereby, if ng is the unit normal vector on Fj,;, we can suppose that ngp, ~ —ng .
y gl g g2 gl
Consequently, we can define the mapping ®415 : F,;1 — Fyo to be

@912<£L’gl) = Tg2, with Qggl(l'gg) = Tg1- (221)

We note that both parametrizations ®g9; in (2.20) and ®;5 in (2.21) have been constructed under
the consideration that one side is planar and ng,, ~ —ng,. As it has been explained in [16] and
[17], these parametrizations simplify the calculations and highlight the main ideas of our approach.
Furthermore, they lead to an easy materialization of the whole method. In Section 5, we present
numerical tests where all the faces of the gap and overlapping regions are curved surfaces. We finally
need to quantify the size of the gap. Hence, we introduce the gap width as

dg = Imax |[Egg — @921($92)|. (222)

mg2€Fq2

We focus on gap regions whose width decreases polynomially in h, that is,

d, <h*, with some X > 1. (2.23)

2.7 Overlapping regions

We now describe the case of having a overlapping patch decomposition of 2. The whole description
below follows the same lines as in gap region case. Hence, for simplicity in our analysis, we assume
that the overlapping region is formed by involving two patches and it has the same form as the gap
regions. Based on (2.10), we suppose that there are two so called physical patches (2 and (23 that
form a decomposition of (2, i.e.,

0 =000, 20025 =0, with Fos = 025 N Of2s, (2.24)

where Fy; is the so called physical interface between (25 and (23. As we mentioned above, due to an
incorrect segmentation procedure, we get two mappings, lets say ®7 : 2 — (2 and ®5 : 2 — (23,
which cannot exactly parametrize the two physical patches (2 and (2. Let (25 and (25 be the two
patches of the corresponding “in-correct” parametrizations, which form an overlapping decomposition
of £2. Let {2493 = (25 N (23 denote the overlapping region, see Fig. 1(e), and let F;; = 9827 N (27,
with 4, j = 2,3 and ¢ # j, denote the interior boundary faces of the patches which are related to the
overlapping region. Furthermore, let nr,,, denote the unit exterior normal vector to Fp;;. We assume
that 082,03 = F93 U F, 3. Without loss of generality, we suppose that the following conditions hold:
(i) the face Fyo3 coincides with the physical interface, i.e., Fyo3 = Fas, (ii) the face F,p3 is a simple
face and meaning that it can be described as the set of points (x,y, z) satisfying the inequalities

0<z <z, 0<y<te(x), 0 <2< dolr,y), (2.25)

where )y, is a fixed real number, 1,3 and ¢,2 are given smooth functions, see Fig. 1(e).

We begin by assigning the points located on F,,3 to the opposite points located on F,35. We achieve
this by constructing a parametrization for the face F3,, i.e., a mapping ®,03 : Fio3 — Fi32. In this
way, we consider the face F,3; as the image of F,p3 via the mapping @03, i.€., Fpza = Pooz(Foos).

Thus, each point z,3 € F,32 becomes the image by means of ®,03 of a point z, € Fio3, see Fig. 1(e).
Using the fact that F,3; is a B-spline surface (it is the image of a face of 912 under the mapping ®3;)
and since we are interested in overlapping regions with sufficient small widths, see below (2.29), we
define the mapping ®,03 : F,03 — F,39, as

Toz € Flhoz — ‘13023(%2) = To3 € Fozo, with ‘1’023(1‘02) =T+ Co(l‘o2)nF0237 (2‘26)

where (, is a B-spline and np,,, is the unit normal vector on Fi3. In our analysis, we suppose that
Ny N —Np4,, and we define the mapping P30 : Fogo — Fios as

D32(T03) = To2, With  Puog(2p2) = Zps. (2.27)
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Finally, we need to quantify the width of the overlapping region (2,3, defined by

do = Imnax ’SL’OQ — ‘I’ogg($02)|. (228)

To2€F523

We focus on overlapping regions whose distance decreases polynomially in h, i.e.,

d, <h*, with some X > 1. (2.29)

2.8 Integrals on the interior faces

Let F} be the simple face of a gap or overlapping region and let F» to be the corresponding op-
posite boundary faces which admits the parametrization ®15 : F; — F, written as ®qa(x1, 25) =
(xo(z1,91), Yo(1,21), 22(x1,y1)), which is reduced to xo = x1, yo = y1 and z2 = P1a.(x1, x2), where
Py, is identified by (, in (2.20) or (, in (2.26). For a given smooth function g on F5, we have

/ (22, Y2, 20) d Fy Z/ 9(z1, 91, P12z (1, 1)) || || dzr dys (2.30)
FQ Fl

where || J|| = \/1 + |V @1, (z1,91)]?. For simplicity, we will adopt the notation

/ gdF, ::/ 9(x2, Yo, 22) d Fy, and (2.31a)
F2 F2
L/g@uMﬂWFMZ/g@n%@m%ﬁﬂMHﬂdmdm. (2.31D)
F1 Fl

Under the regularity of @15, there are positive constants ¢, (||/||) and Cy(]| /|| such that

CMWMLMBSLM%MES%MM/gMb (2.32)

Fy

Furthermore, let us denote by DT®;5(x;) the transpose of the Jacobian matrix of mapping ®q,
evaluated at x; € F, and let u be a smooth function defined on (2. Then an application of the chain
rule yields the following relation

(Vu)o @15 = (DT®15) ' V(uo ®yy). (2.33)

Now, by means of the assumptions imposed on the faces F; and F,, we have ng, = (0,0,1). After
some elementary calculations, we can find that

VU(@lg(Xl)) Ny dF1 = 8Zu 9 @12<X1)M dF1 ~ 8ZudF2. (234)

A F 171l P

3 Discontinuous Galerkin IgA schemes for non-matching interfaces

Let T;(£2) := U, 02F be an incorrect decomposition of £2, which may contain overlapping and gap
regions between the patches. One has to be careful in constructing the numerical fluxes for the final
dG IgA scheme. It is clear from the descriptions above that we cannot directly apply the numerical
fluxes of the dG IgA methods, which have been presented in [22] and have been applied on matching
parametrized interfaces. However, in [16] and [17], we recently presented dG IgA methods that can
be applied on decompositions with gap regions. Since the boundary data on the boundary of the gap
is not known, we derived appropriate Taylor approximations for them. We use values of the solution
on the neighbouring patches, which are computed on the diametrically opposite points on the gap
boundary. These approximations are used to build up the numerical fluxes on the gap boundary. We
here follow the same methodology in case of having overlapping regions too.
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3.1 Numerical fluxes on the gap boundary

Although dG IgA methods for decompositions including gap regions have been presented by the
authors in [16] and [17], we repeat here the main parts for the completeness of the current paper.
We present our analysis for the case of two patches. Let 25 and (2] be two patches separated by a
gap region (2,12, and let F;; C 0627 and Fju C 025 denote the interior faces of the boundaries of (25
and (2] that form the boundary of {25, see Figs. 1(c),(d). For simplicity of the analysis below, we
assume that the face Fjy coincides with the physical interface Fi,. This implies that 25 = (2,. Let
w1, up and uy1o denote the restrictions of the solution u to each domain (27, (25 and (2,2, respectively.
The same notation is used to indicate the restrictions for the diffusion coefficient. By the fact that
(25 = (25, we conclude that pg,12 = p;. By Assumption 1, we have the following interface conditions
for the solution u on the two faces of 02412, see (2.11),

[[u]]|F =0 and [pVu]-ng,

g, =0 withi =12, (3.1)

and, therefore, for the solution, we can get

2
; / ;pi(x)Vu-ngder /Q pgr2(x)Vu - Vodr — > /F gj[[quqb]] -np,, do

912 ngcaﬂglz

N
= Z " fodx —1—/9 fodr, forall ¢ € Hi(£2). (3.2)
=1 i

gl2

It has been shown in [16] that the solution u of (2.8) under the Assumption 1 and (3.1) satisfies

J

pQVU . quh dx — /

+/
02

p2Vu - ngo; on do — / {pVu} -np, ¢y do
Fya

*
2

p1Vu : ngh dr — /

p1Vu - nogr opdo — / {pVu} -np, ¢ do
802: N8 Fy

*
1

= / f¢h dl’, for all Qbh S Vh7 (33)
Q\ﬁgu

where the average of the traces across the interface is denoted by {-}. The variational form (3.3)

plays an essential role in the derivation of the dG IgA scheme. The normal flux terms Vugis - nog,,,

1
appearing in (3.3), e.g., / {pVu} -ng,ondo = / §(pQVUQ + pg12Vgi2) - g, dn do, are unknown.
Fya Fya

They are going to be approximated by means of the normal flux terms poVus - np,, and p1Vuy -np,, .
The adaption of these approximations in (3.3) helps us to couple the two different local problems on
(25 and (2], and finally, to construct the numerical fluxes on Fj; and Fip.

Let g0 € Fy and let x4y € Fy; be its corresponding diametrically opposite points such that

Tg1 = Pyor(xg2) and zgo = P g12(2g1). Denoting ry1o = x4 — 42 and having rgo; = —rg12 by means
r
of (2.20) and (2.21), we obtain that the normals are given by np, = % and np,, = | g2l|. For
T'g12 T'g21
. + pi o . .
convenience, we denote by {p} := % the average of the diffusion coefficient across F;,7 = 1, 2.

Using the interface conditions (3.1), and (2.6), we obtain the formulas

1
Vugia(Tg2) - nry, = Vur(zg1) - np,, — |r—12|(32“1(%2 + (w1 — 2g2)) + RPugia(g1 + 5(2g2 — 241)))
g
(3.4a)
1 r 1
_E(“2($g2) —u1(wq1)) _| 212| Vugia(xg2) - nr,, + 532%12(%1 + 5(2g2 — zg1))- (3.4b)
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Consequently, (3.1) and (3.4) yield

[ G Vuaten) + 2V uata) - npun ~ 1 )l do -
Fyo

/ %VUQ(.TQQ) “NE,Qn + g212 Vui(zg1) - np,,én — {_Z}(“?("Bg?) (%1))% do
Fyo

g

_/ ( Pg12 RPugia(t,1 + 5(z42 — 41)) + Pg12 R2u912(l‘92+8(l’g1_$92)))¢hd0'
Fy 2|71zl 207z

+/ {Z} (|7~912|Vug12 ng, + R? Ugr2(Tg1 + s(zg2 — $g1)))¢h do =
Fgo

g9

/ng <%VU2(1’92) + %vul(gjgl)) “MFyQh — {%}(“2(%2) ur (zg1)) o1 do

- / ( Lol RPugiz(zg1 + s(xg2 — Tg1)) + Potz RPugiz(zg + s(zg1 — %2)))% do
2|7 g12] 2|7 412

+ /F % <|T912|Vu912 "M, T R2u912(x91 + S(‘Tg? - xgl))>¢h do. (3.5)
g2

Now, using nr, ~ —ng, and (2.21), and following the same procedure as above, we derive the
identity

/F (%Vul (iL’gl) + p9212 Vu912($91)> . nqu¢h — {_Z}Hu(xgl)]]¢h do =

/Fl (%Vm(xm) + %VW(%z)) TN P — {_Z}(“l(xgl) — ux(g2))dn do

— / ( /)912 R2u912(xg2 + S(Z'gl — .1792)) -+ /7912 R2u2(x91 + S(.%’gg — $gl))>¢h do
F \2(rga1 2|rga1|

+ /F {—Z} (\Tg21|vuglz g, + Riugia(re + s(rg — $g2))>¢h do. (3.6)
g1

Finally, inserting (3.5) and (3.6) into (3.3), we obtain

<p22V +p9212 > Ny Ph— {}(Uz uy) oy do

2
Z/ inu-Vqﬁhdac—/
i=1 7%

802:M0N

piVunyo:dn dO—/

Fyo

+/ ( P912 RQUglg(.Z‘gl + S(Igg — 1391)) -+ pgl2 R2ug12(xg2 + s ZL’gl l’gg >¢h do
Fp2 N2[Tg12] 2[rg1z]

- / % (|T912|V“912 "ME, + R?ugia(rg + s(wgo — xgl))>gbh do
Fgg

- /Fgl <021v U+ VuQ> TN, Oh — %(Ul — uy) ¢y, do

+/ < P12 R2ug12(xg2 + s(xg — x42)) + P12 R2u2(xg1 + 5(zge — xgl))>¢h do
Fyr \2|7g21] 2|7 g1

- /Fgl %<|T‘921|vu912 "NE, + R2U912($92 + s(xg1 — Ig2>>>¢h do = / _ fondx (3.7)

A\ 2g12

for all ¢, € Vj,.
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3.2 The local problems on overlapping regions

For the sake of simplicity, we present the analysis for the case of having only two patches. Let {§2;}15°
be a physical non-overlapping decomposition of {2 with the interface Fo3, see (2.10). Then (2.13) is
reduced to

> / pi(x)Vu; Vo dr — / [oVug] - np,, do =Y / fodr, forall ¢ € HL(12), (3.8)
£2; Fas £2;

i=2,3 i=2,3

where the sub-index ¢ denotes the restriction of functions to the patch (2; for ¢ = 2,3. Let (2],
i = 2,3, be two patches that form an overlapping decomposition of {2, with the overlapping region
Qo3 = 25N (25, see Fig. 1(e). Let F,;; = 002 N 27,4,5 = 2,3, 1 # j, be the interior faces that define
0f2423. As in the case of gaps, without loss of generality, we suppose that F,o3 = Fbys, see (3.8), which
in turn implies that 25 = (2 and (2 = (25 U {293, see Figs. 1(e),(f). We can view {{2]};_o3 as an
extension of the physical decomposition {2;}i—23 by 2,25. To proceed on decomposition {(2;};—o 3,
we consider the following perturbed local problems on (25 and (2;. The sub-index indicates the
restrictions of the quantities to the patches, and u;, will denote the restriction of u; to 2,23, and
uy 3 the corresponding restriction of uz to {2,03. Given the source function f and Dirichlet data up

we consider the local problems: find u € H'(§2;) and u} € H'(£2;) such that

(a?) (uh, o) = 15(¢2), for all ¢y € Hy(£25)

0,p2
* *
U2 :u?), OHF023,

Uy = up, on 0§25 N 012,
4
where ao?)Q(u;‘, ¢o9) = / p2Vus - Vo do — /a
$23

and l?f(%) = fo2dz,
23

p2Vus - ngags da do — / p2Vuy - g, P2 do,

25082 Foas

\

(3.9a)

N\

al’) (u3, ¢3) = 13(¢s), for all g5 € Wy (625)
U’; - U;, OnFo327
us = up, on 0§25 N Of2,

where afY, (u3.00) = | Vi Vondo— [
o3 P

and  [}(¢3) = mf*gbgd:c.

p3Vuz - noo,¢3 do — / psVus - g, @3 do,

25012 Fo32

\

(3.9b)

We note that (3.9b) is not equivalent to (3.8). Furthermore, in (3.9), we set py23 = p3. In general,
the artificial problems defined in (3.9) are not consistent with the original problem (3.8). Since the
B-spline spaces are defined on the overlapping domains (2, and (2;, the dG IgA scheme will be
determined based on variational problems (3.9). In correspondence with Assumption 1, we make the
following assumption.

Assumption 5 Let £ > 2 be an integer. For the solutions of (3.9), we assume that wi € H(£23)
and uly € H'(£2y).

The interface conditions given in (3.9) and (2.11), Assumption 5 and Assumption 1 yield
Ug = U, on (2,

ug = u3, on (2, (3.10)
(r3Vtgs — psVug) - i,y = (p2Vugy — psVuz) - npy, =0, on Fogs.
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Now, we show that, in the limit case of d, — 0, we can recover the physical continuity conditions
across the interfaces, see (2.11). If 2,2 and z,3 are two opposite points on 92,23, then by (2.28) we
have that |z,0 — x.3| < d,, and, consequently, we have

* * * * do—0
5 (o) — w5 (was)| = [0 (202) — w5 (205)| =0, (3.11)
due to the continuity of u3.

Proposition 1. Let (2,53 be the overlapping region with 082,03 = Foe3UF,32, and let the parametriza-
tions ®y3 and ®,39 be defined as in (2.26) and in (2.27). Then there exists a positive constant Cy
such that

‘ / p3vu:§,3 " NP3 dFo32 - / P3VU2,3 " M Fy39 dFo32 §01d0||p3vu273||L2(Fo32)’ (312)
F032 F032

where the normal vectors ng,,, and ng.,, are defined towards the same direction.

Proof. The proof is given in [16] for the case of gap regions. The same arguments can be applied for
the case under consideration. [ |

Lemma 1. Let Assumptions 1 and 5 hold. Then there is a positive constant
C(llug sllw22( 2,55 VU5, )) independent of h, such that

1(p3Vug s = p2Vugs) - N, [l 12(Fu) < Cdo. (3.13)

Proof. Let z,3 = ®y23(x42). Using the interface conditions (2.11) and (3.10) as well as relation (2.30),
we get

||(P3VU:,3 - P2V“Z,2> "N, "%2(1?032)
< 2/F ((p3V 5(Pons) — pa Vs o(Pozs)) - i) 1] d Fons
23
<4 /F ((nguZ,g@ozs) Mgy — p3VU(Te2) )
23
(02 V45 (Bs) * My — 2V 0(02) 1) ) 1] Fong
<[ (V@) ma = V() )+
023
(szuz(‘I’o%) ‘N — P2VUua(Ze2) - TLF023)2> | ]| d Fos

<8 (Pg((vuz,g(q’o%) — Vg 5(162)) - NEys, + VU, 3(To2) - (NE,, — "Fozg))2+

Foo3
A ((Vua(@oag) = Vta(02)) My + V(2 - (e = 1))’ ) 11 d Fos
< 8max(p3, p3)(T1 + Tp + Ts + T).

We now proceed to bound each of the T;, i = 1,...,4 terms. For the term 7T}, we have

2
P23 9
< . *
T, < /F / ) ( atv%?,(t)) dt

SdOHUZ,?, H W22(£2523)"

dFys < d / /q> (8v ())2d dF (3.14)
023 < d, ~ Uz t t 023 Nl
Fo32 ot ?

For the term T5, we use (3.12) and we immediately have

T, <C& |V (3.15)

F023

The terms T3 and T} can be analogously bounded. Gathering the previous bounds, we derive (3.13).
[ |
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Remark 3. Under the assumption that ng., = —ng,,, the terms 7, and 7}, can be ignored from the
previous estimates.

Thus, by (3.10), (3.11) and (3.13), we infer that the conditions (2.11) are recovered as d, — 0.

3.3 Approximations of normal fluxes and the modified form on overlapping regions

The normal fluxes in (3.9) on the faces Fi3 and Fy35 of the overlapping boundary, must be appropri-
ately modified in order to couple the two local problems. Then, we use these modifications in order
to introduce Taylor approximations of the normal fluxes and to construct finally the numerical fluxes
on 0f23, which in turn couple the local patch-wise discrete problems.

Approximations of normal fluxes by Taylor expansions. Let z, € F, o3 and x,3 € F,33 be
such that x,3 = ®3(T02). Denoting 7,03 = To2 — T3 and using the assumption that 7,03 = —7o32,

Ton —Np,,,- Using the interface conditions of (3.9), (3.10) and (2.6), we

we obtain that ngp,, = rozs]
T'023

obtain the formulas

1
Vs (To3) * Npys = VUub(To2) - Mgy — W(R%;(%g + 8(Zo2 — To3)) + R7uS(To2 + 5(To3 — To2)))
023
(3.16a)
1 * * o ‘T023| * 1 2 %
—E(uQ(ajog) — ui(Te2)) = 7 Vuy(xe3) - g, + ER us (T2 + (o3 — Tp2)). (3.16b)

The modified form. To treat the overlapping nature of the IgA parametrizations, we use the
bilinear forms in (3.9), the interface conditions given in (3.10), the fact that Fio3 = Fos and 25 = (2,
and obtain

ao?l)Jz (u;a ¢h) + a(()?gg (u§> ¢h) =

/ p2Vus - Vo, dx—/ p2Vus - noo;Pn do
Q 892;n00
“

Q

*
2

[ S eaTstra) + Vi) i — s (rie) — wi.0)) 61 do

piu - Vondo= | i naason do

x 0025N00
1 . . {0}, . .
-/ §(P3VU3(%3) + 3V U3 (T03)) - Mgy On — T(Ug(ffo:a) — u3(T03)) P do
032
— | fonde+ | fondr, forall o, € Vi (3.17)
23 2

Using in (3.17) the continuity conditions across the faces that are given in (3.9), consequently em-
ploying the Taylor expansions (3.16) and adopting the notation x,3 := ®ue3(To2), Toz = Posa(T03),
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we get

/ p2Vuy - Vo dr — / p2 Vs - nags on do +/ psVuy - Voy, dx —/ psVuy - noo; dn do
3 092:M90 :

0025N00

(R?u3(2os+5(To2—Tos) )+ RS (20245 (Tas—202) ) )

—/ —(ngug(xog)—Fngug(iUos)) nF025¢h+
Fons 2 ‘ o23|

A ) i) + %(rmg\w;(woz) M+ B+ (0 — 1)) o

_/ 2 (p3 Vs (203)+p2VUy(T0) ) Moy On+
F032

2 (4 rs) — wstyon + 2

2|’T‘ 32| (R2U2 (ZE03+S<$02_5L‘03))+R2u§(l‘o2+3(x03_m02))) ¢h

(|ro32| VUub (To3) - Ny — B2 (To2 + $(To3 — To2))) b do

fondx + fondx, forall ¢ € V. (3.18)
23 23
3.4 The consistency error.

As we pointed out above, due to the overlapping of the diffusion coefficient on {2,535 the solution
u3|n,,, is different from the physical solution ulg,,, given by (3.8). In particular, by the interface
conditions (3.10), we have

a®) (i, b5) = / ps VAL, - Vo dir — / paVUL, - mig, s o — / pe VAL, - g, b do
x 0025100

Fos2

:/ p3vu:,3 - Vosdr — / p3vu;,3 NP3 Ao — / p3vu§ ) (_nF023>¢3 do
9023 Fo23

Foos

[ Vi nmtndot [ Vg Vesds = [ Voo do
Fo32 23

802;NI02

= | fosdz, for és3€ WyP(02%). (3.19)
23
The physical relevant form with p = py on (2,03 is

o), (u, 63) = / paVit - Vb dir — / P2V 5 - Mgy o — / P33 - (—1ip) s do
2023 Foo3 F,

23
[ Vi nnaido+ [ pSuyVosde— [ Vs ngngondo
Fo32 023 002:NoN

= | foésdr, for ¢3e Wy2(62). (3.20)
2

Now, by the construction of the local problems, it holds that ug, = us|q,,;, where uy|g,,, is the
restriction of solution u given by (3.8) to (2,03, and as well it holds us|n, = u3|n,. Therefore, from

(3.19) and (3.20), we obtain that the difference pyVuy — psVuy 3 on (2,3 satisfies (p2Vuy —
Q02
p3Vu} 3) - Vs dr = 0, and taking ¢3 = (paus — p3u;,3), we obtain i
/ |psVus — ps Vil | dae = 0. (3.21)
2023
Also, it follows by (3.9) that
ﬂ(uQ(:L‘Og) — u273(x03))2 do = @(UQ(:UOQ) - u273(x02))2 do = 0. (3.22)

Fo32 h Foas h
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and thus
{p} % 2
|p2Vuy — p3Vuo3| dr + — (ua(03) — up 3(203))" do+ (3.23)
2023 Fo32

/FO23 (up3(To2) — Un(T62))? d0> —0.

3.5 The dG IgA form on general decompositions

In the previous section, relation (3.7) has been derived for a decomposition consisting of two patches
(27 and (2, that are separated by the gap region {2,15. Working in the same spirit, the form (3.18) has
been derived for a decomposition of {2 formed by two overlapping patches 25 and (2;. It is clear that
for a general decomposition 77 (£2) := UN, £2F of §2 that includes gap and overlapping regions, similar
expressions can be derived by defining the corresponding Taylor expansions. Below, we describe the
proposed dG IgA scheme for a general decomposition.

So far, we denoted the restrictions of the solution of the perturbed problems on each (2] by u;.
That was useful because the solution of the perturbed problem does not coincide with the solution
of (2.8). In the following sections, we aim at avoiding lengthy formulas with complicated notations.
Hence, we will denote the solution obtained on 7;;(£2) by u, and its restriction on every patch {2; by u;,
independent of having gaps, overlaps or matching interfaces. The corresponding diffusion coefficient
is denoted by p;.

Let £ > 2 be an integer and let F* be the set of all the interior faces of {362/}, . In association with
T;(£2) and F*, we introduce the space

V*i={ve H($2), fori=1,...,N : [v]|r = Ofor all F € F*}, (3.24)

where [v]|r denotes the jump of v across F. By the definition of the patch-wise solutions, see e.g.
(3.2) and (3.9), we can assume that u € V*. In order to proceed with our analysis, we first define
the dG-norm ||.||4¢ associated with 7;(£2). For all v € V" :=V* + V},,

N

Pi {r}
lvllZe ZZ (piHVviHiz(Qi) + EHWH%z(aninam + Z THWH%Q(FW-)
=1 ngcaﬂf
{r} {r}
+ Z TH%H%z(Foij) + Z THU" - Uj||%2(Fij)>7 (3.25)
FoijCO82; F;;Co82;

where F;, Iy;; and Fj; are the interior interfaces related to gap regions, overlapping regions and
matching interfaces, respectively, see Fig. 1(b).
For convenience, we employ the following notation for the Taylor residuals, see (2.6) and (3.16),

R?ug;j :( Pyiy RPuj(wgi + s(wgj — 24i)) + =22 Poij I RPui(2g5 + 8(wg — a:gj))>, (3.26a)
2|rgi;1 2|7 35
Rv,gij :{—Z} <|rg,~j|Vuj . npgj + RQU]‘ (l’gi + S(ZEgj — xgi))); (326b)
R?uy;j :2|piA ] (R0 i(Toj + 5(To; — Tog) + RPUoj(Toi + 5(Toj — Toi)) (3.26¢)
Toij
RVMJ_ﬁZ}(vmﬂvuoﬂxm)7uhj+1%u04x@-%s@@-xm»). (3.26d)

Furthermore, let ®,,; : F; — Fy; and P, : Foi; — Fij; be the mappings of the faces of gap and
overlapping regions, respectively. Recalling (3.7) and (3.18) and using the notations (3.26), we deduce
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the identity

N

_Z Z / '01 z‘i‘pj Vu ( gw)> NE,; ¢h_ { } ( ( gzy>)¢h d0+/ (RZug’ij+Rv’g’ij) (bh do
=1 Fpyco0; For
_Z Z / pz H—p] Vu,(® oz])) nF,,; ¢h_{p}( —11j(@oij) ) P da+/ <R2u"’”+Rv"”U>¢h do
i=1 Foy;ca0; Y Foij o
—Z ) / (Svus+2vy) - ”Fmsbh—ﬂ( i = us)dndo

1=1 F;;CO82;
= Z fondz, ¢ € Vi, (3.27)
i=1 Y2

that holds for the solution u, where the integrals over the faces in (3.27) are defined as in (3.7) and
(3.18). We observe that the terms appearing in (3.27) are the terms that are expected to appear in
a dG scheme, of course, excluding the Taylor remainder terms. In view of this, we define the forms
Bor() : Vi x Vg = Ry RA(,) : VX Vg = R Ro(-) : Vi X Vg = R, Ryg(-,) : Vi x Vi = R,
Ryo(,-) : Vi x Viy = R, Ro,.0,(-,+) : Vi x Vi, = R, and the linear functional I o : Vj, = R by

N

B (u, ¢n) = Z (/ piVu; - Vo dr — / piVu - naoxop do (3.28a)

i—1 0z 002NN

_ Z / ’<plv Z+pjvu]> -anjqf)h—n{h—p}(ui—uj)qﬁhdg

2
Fyycanr T

Z / —V U; + ,Oj Vuj> . nFoqjj(bh - &hp}(uz — uj)(bh do

Foij CO0E

Z / sz i+ Pj VU]> “Np,On — @(uz — uj)gbh d(j)7

FijCon;

Ry(u, ¢n) = Z R2u97ij>
Ry g(u, dn) = Z NRv.g.j, (3.28b)
(U ¢h> Z RQUO,’ij?

N
Ryo(u, ¢n) = Z > Ry,

2
Ro,.0,(w, ¢n) =Rg(u, ¢n) + Ry g(u, ¢n) + Ro(u, on) + Ry o(u, ¢n), (3.28¢)

o (on) =3 /Q fondr,

=1
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where 1 > 0 is a parameter that will be defined by the coercivity of the resulting dG bilinear form
on the IgA spaces V}, see proof of Lemma 4. We note that the forms Ru, and Ry, in (3.28b) are
related to overlapping patches and were not been introduced in [16, 17] for the derivation of the dG
IgA scheme in the case of gap regions. For the case under consideration, the introduction of Ry 4
and Ry, simplifies the analysis of the method. In order to establish a practically usable dG IgA
variational problem, we must get rid of the terms related to Taylor residuals in the dG IgA bilinear
form. Furthermore, we prefer the weak enforcement of the Dirichlet boundary conditions. Hence, we
introduce the bilinear form By(-,-) : V;, x Vj, = R and the linear form Fj, : V;, — R as follows

N
By (un, ¢n) = Bo: (un, ¢n) + n}fz / updn do, (3.29)
P 002:n00
= npi
Fy(on) = Lo (6n) + Y - upey do. (3.30)
= 00200

Finally, our dG IgA scheme reads as follows: find u; € V}, such that
By (un, dn) = Fu(én), for all ¢ € V. (3.31)
We immediately conclude that the variational identity
B(u, én) == Bp(u, ¢n) + Ra,.0,(u, ¢n) = Fi(¢n), Yéu € Vi, (3.32)

holds for the solution u € V*. Next we show several results that we are going to use in our error
analysis. For convenience, we introduce the following notations:

]C(?Qg,a_oo = Z ||Vugz]||L2(8ng]) + Z ||VUOZ]||L2(6.QOZ])7 (333&)
2gs5 2045
ICngQo - Z ” Z |Dau9ij| ||L2(Qgij) + Z || Z |Dauoij|||L2(Qoij) (333b)
Qi |al=2 2005 |o|=2
Ko =Kog,00, + Ka,.0,- (3.33¢)

Lemma 2. Under the Assumption 2 and the setting (2.23), there exist positive constants Cy(p,d)
and Cy(p, d) such that the estimates

|Rv.g(u, &) + Ry o(u, o) <Cillonllac (’Cang,anohﬁ + Kao,,0, hf’>, (3.34a)

|Rg(u, &n) + Ro(u, ¢1)| <Col[énllac Ka,,2,h7, (3.34b)

holds for allu € V* and ¢, € V},. where we have previously used the notations (3.26) and the setting
B=A—=05andy=A+1.

Proof. In [16,17], we proved the bounds (3.34) for the case of gap regions. The same arguments can
be followed for showing the same bounds for the case of overlapping regions. Essentially, bounds
(3.34) are generalizations of these two aforementioned cases, and thus the details of the proofs are
omitted. |

1
Lemma 3. Let =)\ — 3 and v = A+ 1. Then there is a constant C' = C(n, p) > 0 independent of
h such that the estimate

N
Bu(u, 0n) <CO1,0) ((lullde + Y hlIVlZaoan) + Koolh +59)) énllac,  (3.35)
i=1

holds for all w € V;' and ¢y, € Vi, where K, is defined as in (3.26).
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Proof. Applying inequality (2.1), we can show that

N
\Z/ p2Vu - p2Vey dz| < ||ullag||énllac- (3.36)
i=1 Y%

Next, we give bounds for the whole flux terms. Let F}; be the matching interfaces on 75 (2). A direct
application of lemma 5.2 in [22] gives

N
> 5 | (G GTu) o= T wonde]

=1 F;;CO0Y
N 1
2 2
S [ pVu namndo] < o) (Y MITwleonn) lonllac (337
002:Nos2 i=1

For the flux terms on the gap faces Fy; C 0f2;, we proceed as follows: The mappings ®,; : Fy; — Fy;,
the triangle inequality, conditions (3.1) and (2.6a) yield

N
Z Z ‘ /F . (%VUZ + %v“j(q)gijD “NE, P da‘ <

i=1 Fyg;CO82;

N
Z Z ‘ / szuZ . ani¢h dO" + ‘ / ijuj(‘I>gij) . TLngQZSh dO"
Fg; Fg;

=1 ngcaﬂj

N
< Z Z ‘ /F | piVu, - anZ¢h dU’ + ‘ /F | <pgijvugij “nE, + R2ug,ij>¢h da’

i=1 FyCo0;

gi 3 QC(p)‘/ Vui-npgithda‘—i—‘/F.R2ug7ij¢hda‘

i=1 FyCoQ; Fyi

N 1
<> 2C(p) <h||VUz‘||%2(ani)) Nonllac + lénllacKa, 0,h”, (3.38)
i=1

where estimate (3.34b) has been used. Also, we need to bound the jump terms in By(-, ). Following
the same arguments as in (3.38), using (2.6b) and estimate (3.34a), we can show

i Z ‘/ng%(ui_uj(q)gij))¢hd0‘ §Ci Z ‘/ngRv,ngqﬁhdJ‘

i=1 FyCOQ; i=1 FyCOR;
< 0(777 p) (IC@QgijﬁQoijhﬁ + ICngQo h’Y) ”¢h||dG' (339)
In a similar, way we can verify

> x|

i=1 F,;con; Y Foij

n{p}
h

(%Vul + %VUJ> : nFoijgbh - (Uz — uj)gzﬁh dO’)

N
< Cnp) ( Do hlIVUilagonn)? + Koolh? + %)) énllac, (3.40)

i=1

Finally, collecting all the above estimates, we can deduce assertion (3.35). [ |
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We point out that the terms KCy,(h” + h”) in (3.35) appear due to the estimation of the multi-
directional Taylor remainder terms, which are involved in the approximation of the normal fluxes
on 0f2;. In [16], a similar bound has been shown for the case of uni-directional Taylor expansions,
working in a different direction. In fact, estimate (3.35) generalizes this estimate for the case of
general gap and overlapping regions.

Proposition 2. Let = be a knot vector that forms a partition of I = [0,1], and let Bz, , be the
corresponding B-spline space of fived degree p, see (2.17). Then, for a given ¢1 € Bz, , with ¢1(x) >0
a.e. on I, there exists a positive constant ¢ such that inequality

1 1 ) 1 ,
[ 0- ez e o i 5.4)

holds for all ¢po € Bz, .

Proof. 1f ¢1(x) > 0 everywhere in I, then (3.41) can easily be shown. Next, we give the proof for
the case of existing only one interior point g such that ¢;(xg) = 0. The proof can be generalized
to other cases. Let xg be an interior point of I such that ¢;(zy) = 0. Then, for given, sufficiently
small € > 0, there exist a 0 < 6 < 1/2 such that ¢;(z) < € for all x € (zg — 9,29 + §)C (0,1) and
¢1(x) > € outside this interval. We now introduce the notation A~ = 2y — § and AT = x5 + §. By
the continuity of ¢3 := (¢o)* in [A™, AT], there exist non-negative constants msy and M, such that
my < ¢3(z) < My for all x € [A™, At]. Finally, we arrive at the estimates

/0 (1- \/ﬁ)ﬁbg(@ dx >

A~ 1 ) At 1 ) 1 B 1 )
/0 (1_m)¢2($)d1’+/ (1_7%(95))%(];) dw"’/A+ (1 m)%(@dz

A— 1 , 1 1 ) B AT - 1 N
A o My e L L M A

:/0 (1—ﬁ)qﬁ§(m)dx+/A+ (1—\/%%)@(@@—255(6)%, (3.42)

where, for simplicity, we introduced the notation b(e) = 1 — (1 + €)™*/2. Let 2, ¢ [A~, A*] be an
interior point where ¢3(z;) is strictly positive, e.g., ¢3 has a local maximum at x;. Then there exist
o(e) > 0 such that (1 —(1+ ¢1($))_1/2)¢3(33) > 4b(e)M, for all x € (1 — 0,21 + 0)C (0,1). Let us
denote X~ = x; — 0 and X" = x; + 0. Without loss of generality, we can assume that T < A~
Finally, we have

[0z [ st [ wodea

ot 1 2 o 2 _ ¢
+/ (1—m)¢2(a:)dx+/2+ b(e)p3(x) dw — 25 b(e) Mo
> [ s@dnt [ o et [ s da

+2 . b(e) Mydx +0.25 . b(e)¢ps(x) dr + 0.25 AJF b(e)p3(x) dx — 25 b(e) My
J J /

> [ waswas [ vos@ar s [ sos
0.25 / . b(€)gs(x) dr + 0.25 / - b(e)py(x) dr, (3.43)

-



22 C. Hofer, U. Langer, I. Toulopoulos

X+ A+

b(e) My dx > / b(€)¢3(x) dr. This proves the assertion. W

where we used that o > ¢ and /

Proposition 3. Let F| and Fy be the two opposite faces of a gap (or overlapping region) and let
Dy Fy — Fy and ®yy 1 Fy — Fy be the two parametrization mappings with Jacobian norms || Je,, ||
and || Je,, ||, respectively. There exist a constant C' > 0 such that the following inequality

/F (¢1,h($1) - ¢2,h(‘1’12(171))¢1,h($1) dxy +/ (<Z52,h<l’2) - ¢1,h(‘1’21($2)))¢2,h($2) dxsy

s
> C(¢1ll72m) + 1024801 22(5)) (3.44)
holds true.

Proof. Introducing the notation

nl () = /F (1,0(21) — P p(Pr2(1)) 1 p(21) dy +/ (Pon(w2) — P14 (Pa1(22))) Pop(w2) ds,

Fy
(3.45)
we can derive the following estimates
(bh’ [F1,F5)] ¢1 h(xl) - ¢2,h(<1’12(1’1))¢1,h($1) dry + ¢§7h(332) - ¢1,h(‘1’21($2))¢2,h($2) dxo
I
1 1
> [ & () - §¢%,h<q)12($1)”‘]¢'12’| 2 H¢1,h(ﬂ31) dx,
Fy L3P
1 1
+ [ @5 () — 5 (@21 (22)) | e || — SIEA ”¢2,h<x2) ds
Fy Poy

1 1 1 1
25 /Fl(l A )1 4 (1) dy + 3 /F2(1 — ‘—)qs;,h(a;g) dry. (3.46)

|J‘I’12” |J‘I‘21H
Noting that || Jg,,|| = 1/1 + |VP12.|? and || Ja,, || = 1/ 1+ |V P2 .|?, see (2.30), and using Proposition
2, we easily obtain inequality (3.44). |

Lemma 4. The bilinear form By(-,-) in (3.29) is bounded and elliptic on Vj, i.e., there are positive
constants Cyr and C,, such that the estimates

Bi(vn, #n) < Curllvallacllonllac  and  Bp(va, va) > Cllvn e, (3.47)
hold for all ¢y € V), provided that n is sufficiently large.

Proof. Let vy, ¢, € V3. A simple application of the Cauchy-Schwartz inequality (2.1) yields

N
Z/ PiVin - Voindr < [|vn]lac ||l ac- (3.48)
i=1 7%

Now, proceeding as in (3.37) and then using (2.1) and trace inequalities for B-spline functions, see
[22], we can infer that

Z Z / pl Vvin + JVUw) nF”@h—n{p}(Uzh Ujh)¢zhd0‘

1=1 F;;CO80}

[ pVonmouado| < Culoiliclénlie. (349
082:Nos?
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For the fluxes on the faces of the gap boundaries, we follow the same steps as in (3.49). Using using
(2.34), we have that

N
‘ Z Z /F _ <%VU“‘ + %va) N, i — ?7{;} (Vi — Vjn) Din do“

i=1 ngca.(?;

N
pi Pj n{r}
<> > /F'<§!V’Ui,h1|¢i,h!+§J\ij,h|!¢i,h!+ . (lvipl @il + [vinl [Gin]) do

i=1 Fy;CO0;

< 26, C(p)C(]| Jo

gij

N 1 N 1
)2 hollVou e ) (30 HoHI9ulEan )
=1 =1

N 1 N 1
me 2 me 2
42001, D 3 8 a0 ) (2 2 00 a0ry)© < Clenllacs 6l (3.50)
=1 i=1

For the interior faces of the overlapping patches, we follow the same procedure as in (3.50):

N
‘Z Z / (%V%‘,h + %VUj,h) "N, Qih — 77{}5)} (Ui’h — Ujvh)@,h da’ < Cllvnllag |onlla-
F,

=1 Foijca()i* oij
(3.51)

Collecting the above estimates, we can derive the left inequality in (3.47).

In order to show the coercivity of By(+,-) on the IgA space V},, we treat the normal flux terms
on every 02" as in Lemma 3. More precisely, for the matching interfaces, using (2.1) and trace
inequality, see details in [22], we can show

N
— Z Z / (&Vvl-,h + &Vl)j,h> . nFijUiﬁ + M(UU1 — Uj’h)vm do
y V2 2 h

i=1 FijCBQ;‘
N 1
{r} P
LZU¥)<EE: > _E_Hvi__vj”%%Fb)>

1=1 F;;CO0}

i <j£: 2 QéfiH”i"“i”%%P@>)- (3.52)

i=1 F;;COQ;

N
1
2 _CtT § :prvuiyh
=1

Following the same steps as in (3.50) and consequently proceeding as in (3.52) and using (3.41), we
can derive estimate

N
- Z Z / (%VUM + %ij,h> "NE,;;Vih + TI{hP} (Uz‘,h - Uj,h)vi,h do
i=1 Fyycon; o
|

i=1 F,;co; ” Foij

n{p}
h

(%V%,h + %ij,h) “Np,Vin T (Uz',h — Uj,h)vi,h do

N 1 N 1
> =20, Cp, | e, ) (D holl Vo o) ) (D0 h oHvin ooy )+
=1

=1

N
n{r}
201, 1) ( D= B o o ) (3:59)
i=1
for the interior faces of gap and overlapping regions .
Now, applying the second inequality of (2.1) in (3.52) and (3.53) using € quite small and choosing
n to be large enough, we can arrive at the right inequality in (3.47). [ |
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The ellipticity the dG IgA bilinear form By (-, -) on V;, immediately yields that our dG IgA scheme
(3.31) has a unique solution. Note that the solution u satisfies (3.32) but does not satisfy the dG IgA
variational problem (3.31). The dG IgA discretization derived is not consistent. We present below
the error analysis borrowing ideas from weak consistent FE methods, see, e.g., [13].

3.6 Error estimates

We are now in the position to derive error estimate for the proposed dG IgA scheme (3.31) under
the Assumption 1. The procedure that we follow is similar to the corresponding procedure in [16]
for the case of simple gap regions. The main differences are due to the use of estimate (3.35), which

is referred to the case of existing general gap and overlapping regions. The linearity of By(:,-), see
(3.29) and (3.28), and the relations (3.30) and (3.32) yield

N
By (un — 2, 1) = Blu, ) + % o 89(“ —up)¢ndo — Bp(zn, &n) + Ful(on) — ly,0: (dn)
i=1 il

= ne
= Bi(u, on) + Ra,,0,(u, én) = ) 5=
0.0 + oo, w0 = 3

N
updndo — By(zn, ¢n) + ) ?7_hp / up¢p do
092; 109 = " Jogzron

= By(u — zp, o) + Ra,.0,(u, ¢n), forall ¢y, z, € Vi, (3.54)

1
We choose ¢y, = up — 2, in (3.54). Let ICy, be defined as in (3.33) and the parameters § := A — 2
and v := A+ 1. Then, Lemma 4 and Lemma 3 imply

Coullun — 20l 3¢

N
< Cur((lu = 2ll3e + DRIV = 20)aons)* + Koo (B + 7)) lun = 24llac + | Reo, (1 = 20)
=1

N
1
< Cu(llw = 2llic + DRIV (e = 20)ll72005) 2 lun = 2nllac + Cillun = zallac (R + By, (3.55)

i=1

where we previously used estimates (3.34) and (3.35). Applying triangle inequality in (3.55), we can
easily arrive at the following estimate

N
1
o= willag < C((lu = 21lB + 30V 0 = 20) Bagon) + (0 +17) Ky (3.56)
=1

that holds for all z;, € V},, where the constant C' is specified by the constants appearing in (3.55).
Now, we can prove the main error estimate. Such an estimate requires quasi-interpolation estimates
of B-splines. Using results of multidimensional B-spline interpolation, see [22], we can construct a
quasi-interpolant IT, : H* — Vj, with ¢ > 1, such that the following interpolation estimates are true.

Lemma 5. Let u satisfy Assumption 1 and let I, be the interpolation operator as mentioned above.
Then there exist constants C; > 0,1 =1,..., N, depending on the mappings ®; and other geometric
characteristics but independent of the grid sizes h; such that the interpolation estimate

N 1 N
2 S
(I = ullZ + 3 IV (0 = ) Bagos) ) * < S0 Gl oy (357)
=1 =1

holds, with s = min(p + 1,¢) — 1.

Proof. The proof for the interpolation error estimate (3.57) can be given following the same steps as
in Lemma 10 from [22]. |
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Theorem 1. Let u be the solution of problem (3.32), uy be the corresponding dG IgA solution of
problem (3.31), and let d, = h* and d, = h* with A\ > 1. Then the error estimate

N
lu = wnllae S 27O ulleas + Koo (3.58)

i=1
1
holds, where r = min(s, 8) with s = min(p+ 1,¢) — 1 and B = X — 5 and KCy, defined in (3.33).

Proof. The required estimate immediately follows by applying the quasi-interpolation error estimates
(3.57) in (3.56). |

Remark 4. The proceeding estimate is referred to the case where the maximum width dy; = max(d,, d,)
is of order O(h)‘). If the widths d, and d, are fixed, i.e., are not decreased as we refine the meshes,
then we can see that the bounds in (3.34) are given in terms of dy;. Thus, using (3.34) in the analysis
above we can infer that the estimate (3.58) will take the form

N
lu = wnllae € 1Y Nullecar) + dar b2 Ky, (3.59)

i=1
where s = min(p + 1,¢) — 1 and dy = max(dy, d,).

Remark 5. The estimate given in (3.58) concerns the distance between wu, € Vj, and the solution
u € V* of the perturbed problem. Based on (3.23), we can infer that the same estimate holds for the
physical solution u given by (2.13).

4 Efficient IETI-DP Solvers

If we denote by {B(Z _, the B-spline basis functions of V}, on patch (2, then the dG IgA discretiza-
tion (3.31) leads to the linear system

Ku=f, (4.1)

where K is a symmetric, pOSlthG definite matrix assembled from the patch local matrices K@ with
entries K ](f W=D (B];), B ) and the right hand side f assembled from £ with entries f;’ @ F(B](j))
The vector u is nothing but the coefficient (control point) representation of the dG IgA solution
up € Vi. The dG-formulation (3.31) perfectly fits to the method developed in [15], the so called
dG-IETI-DP method. This method is an adaption of the FETI-DP method for a composite FE and
dG methods, see [11,12], to IgA. The first analysis of the method was done in [2], also in cases
of having C”, v > 0, continuity across interfaces. In the subsection below, we summarize the key
ingredients of the dG-IETI-DP method, and for notational simplicity, we will restrict ourselves to the
two-dimensional case. In order to use the dG-IETI-DP method for domains with gaps and overlaps,
some adaptations have to be done due to the fact that the two sides of the interface are now not
geometrically the same.

We aim at finding a reformulation of (4.1) which is easily parallelizeable and provides robustness
with respect to the discretization parameter h and large jumps in the diffusion coefficient p across the
interfaces. The first step is to introduce additional dofs on the interface to decouple the patchwise
local problems and introducing Lagrange multipliers, say A, in order to enforce continuity of wy,.
In the classical continuous Galerkin (cG) case this procedure is well known, see e.g. [28,25,33].
However, it is not obvious how this can be done in the dG case. An appropriate technique was
first introduced in [11] and extended to three-dimensional diffusion problems in [12]. The basic idea
consists in introducing an additional layer of dofs on the interface and introduce Lagrange multipliers
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between each layer. This enforces continuity in a certain sense. More precisely, we now work on an
extended domain fo) given by,

2= o Fa

ey

where Ig) is the set of all indices of neighbouring patches and Fy; is the edge of 7 shared with

% In the case of overlaps, we define Fy; to be Fy, i.e., the face of W(Z), which lies in o This

also leads to the corresponding B-spline space

Vie =i+ T Vi (Fa),

)
lezl!

where Vh(i) (Fy) = span{BJ(-Z) |Supp{Bj(£) YN EFy # 0} C Vh(é). Moreover, a function in ugf) € Vh(ze) will
be represented as

u = {(p ) () Y ez (4.2)

where (u (Z)) and ( )(E) are the restrictions of ug) to 2*7 and Fy, respectively. Next, we need

the notion of contmulty on the interface, cf. Definition 3.1 in [15]. We say, a function uj, € Vj, . :=
N

Z Vh(le) is continuous across the interface, if

i=1
(W) = (WD Y(s,t) € Bu(i, (), Ve € T
(W) = (O (s,1) € B.(¢,i), ¥ € T

holds for alli = 1,..., N, where B,(i, ¢) denotes the set of all index palrs (s,t), such that the s-th basis

function in Vh( can be identified with the ¢-th basis function in V (F ¢i). Since these m conditions
are linear, there exists a matrix B, which realise them in the form Bu = 0. Let K, := diag(K e(’)) and
f. .= [fD]. We can now reformulate (4.1) as follows: find (up, A) € Vi, x R™:

K. B"] [u f,

gl =
In order to guarantee the invertibility of K, and a global information transfer, we introduce the set
of primal variables ¥ C V};e and consider the system, restricted to the space

Vie = {v € Vie s (@) = (0), Vo € 0, Vi > (}.

Typical choices for ¥ are:

— Vertex evaluation: ¥Y(v) = v(V),

1
— Face averages: ¢ (v) = 7 / vds for all FF € F~,

where the definitions have to be adopted in order to fit to the additional layer on the interface, cf.
Definition 3.2 in [15]. Finally, from (4.3), we obtain the dG IETI-DP system of the form

50 B[] o
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where K, is SPD. From this, we derive the Schur complement problem:
Find A e R™: FsA=d, (4.5)

where Fg := BK . 'BTand d := BK . 'f,. The system 4.5 is solved by means of the preconditioned
conjugate gradient method, using the so called scaled Dirichlet preconditioner M, defined by

M, := BpS.B}, (4.6)

where S, denotes the block diagonal matrix of the patch local Schur complements Séi), and Bp is
. N1
a scaled version of the matrix B. The matrix S is defined by Ke B.B, — K 6(?])96 I <K é?]) K S}Be,

where the subscript I denotes the interior dofs and B, the dofs on the interface and additional layer.
The matrix Bp is defined such that the operator enforces the constraints

o1 () — 5T W) =0 V(s 1) € B.(i,0), vl e TP,
51O (O — 51D (@)D =0 Y(s,t) € Bu(l,4), ¥ € TY,

for (s,t) € B.(i, (), where 5TS) =)/ Z nfl) is an appropriate scaling. Typical choices for n{) are
1ezy)

0

implement the action of F' and M, we refer, e.g., to [28,14]. As concluded in [14], we expect the

condition number bound

= pW = p(z)|qw (coefficient scaling) and 7 := K. () (stiffness scaling). For an efficient way to

€s,s

H®
K(M 5 Fslker(rg)r) < C'max (1 + log < X )> : (4.7)

where H? and h'¥) are the patch size and mesh size, respectively, and the positive constant C' is
independent of H®, A and p.

5 Numerical tests

In this section, we perform several numerical tests with different shapes of gap and overlap regions
as well as combinations with inhomogeneous diffusion coefficients for two- and three- dimensional
problems. We investigate the order of accuracy of the dG IgA scheme proposed in (3.29). All examples
have been performed using second degree (p = 2) B-spline spaces, apart from one where third degree
(p = 3) B-splines have been used. We compare the error convergence rates versus the grid size h for
several gap/overlapping distances dy; = max{d,,d,} = h*, with X\ € {1,2,2.5,3}. Every example has

been solved applying several mesh refinement steps with h;, h;11, ..., satisfying Assumption 2. The
In(e;/e;

numerical convergence rates r have been computed by the ratio r = M ;= 1,2,..., where
ln(h /hz+1)

the error e; := ||lu — upl|4¢ is always computed on the meshes U;_ 1T,§Z o+~ We mention that, in the

test cases, we use highly smooth solutions on each patch, i.e., p+1 < ¢, and therefore the order s
in (3.58) and (3.57) becomes s = p. The predicted values of power (3, the order s and the order r
in (3.58) for several values of A are displayed in Table 1. All tests have been performed in G+SMO
[24], which is a generic object-oriented C++ library for IgA computations, see also [20, 21].

In any test case, the gap and overlap regions are artificially created by moving the control points,
which are related to the interfaces Fj;, in the direction of ng, or of —np, . In order to solve the
resulting linear system, we use the dG-IETI-DP method, that is described in Section 4, as a fast
and robust solver, see also [15]. We utilize OpenMP to parallelise this method with respect to the
patches. We use the conjugate gradient method for solving (4.5) preconditioned with the scaled
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Dirichlet preconditioner (4.6). We start with zero initial guess and iterate until we reach a reduction
of the initial residual in the f,-norm by a factor 107,

The numerical examples presented in [16] and [17] have been performed on domains described by
two patches and gaps only. In this work, we extend the examples to regions with gaps and overlaps,
and to domains consisting of several patches. This gives rise to an efficient use of domain decom-
position solvers like the dG-IETI-DP method introduced in Section 4. Moreover, the introduction
of dG techniques on the subdomain interfaces makes the use of non-matching meshes easier, see
[22]. Keeping a constant linear relation between the sizes of the different meshes, the approximation
properties of the method are not affected, see [22]. In the examples below, we exploit this advantage
of the dG methods and first solve two-dimensional problems considering non-matching meshes. The
convergence rates are expected to be the same as those displayed in Table 1.

B-spline degree p
Smooth solutions, u € H'=PT1
du=hAx=1x=2x=25] rx=3
8= 05 | 1.5 2 2.5
5= p | p p p
ri= 0.5 | 1.5 |min(p, 8)|min(p, B)

Table 1. The values of the predicted order r of the estimate (3.58) in Theorem 1.

5.1 Two-dimensional numerical examples

The control points with the corresponding knot vectors of the domains given in Example 1-3 are avail-
able under the names yeti_mp2.xml, 9pSquare.xml and 4x1pCurved.xml as xml files in G+SMO*.

Example 1: uniform diffusion coefficient p; = 1,4 = 1,..., N. The first numerical example is a
simple test case demonstrating the applicability of the proposed technique for constructing dG IgA
scheme on segmentations including gaps and overlaps with general shape. The domain (2 with the
N = 21 subdomains 2] and the initial mesh are shown in Fig. 2(a). We note that we consider non-
matching meshes across the interfaces. The Dirichlet boundary condition and the right hand side f
are determined by the exact solution u(x,y) = sin(w(z + 0.4)/6) sin(7(y + 0.3)/3) + = + y. In this
example, we consider the homogeneous diffusion case, i.e., p; =1 for all 2, i=1,..., N.

We performed four groups of computations, where for every group the size dy; = max{dy,, d,}
was defined to be O(h%), with A € {1,2,2.5,3}. In Fig. 2(b) we present the discrete solution for
dyr = h. Since we are using second-order (p = 2) B-spline space, based on Table 1, we expect optimal
convergence rates for A = 2.5 and A = 3.

The numerical convergence rates for several levels of mesh refinement are plotted in Fig. 2(c).
They are in very good agreement with the theoretically predicted estimates given in Theorem 1, see
also Table 1. We observe that we have optimal rates for the cases where A > 2.5. As a second test
in the same example, we solve the problem considering gap and overlapping regions with fixed width
dpr = 0.004. Since the width of the gap remains fixed, Theorem 1 yields the error estimate given in
(3.59). We start by solving the problem on coarse meshes with h* > dyrh™7, then we continue to use
finer meshes and finally we solve the problem on meshes with grid size h? < d Mh_%. The convergence
rates associated with this computations are shown in Fig. 2(d). For the first mesh levels, we obtain
the expected optimal convergence rates, since the error coming from the approximation properties of
the B-spline space, see first term in (3.59), dominates the the approximation error coming from the
approximation of the normal fluxes on 9§2,;; and 9§2,;;. In the finer levels, where h* ~ th’%, the
rates are gradually reduced where eventually become close to zero, because the whole discretization
error is not further decreasing as we refine the mesh. As we move into the most refined meshes,

! G4+SMO: https://www.gs.jku.at/trac/gismo
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the error related to the approximation of B-splines is negligible compared to the error related to
the approximation of the fluxes on 0f2,,; and 0f2,;;, which in fact, based on the form of the second
term on the right hand side in (3.59), this error seems to increase with rate —0.5. In the numerical
computations, this fact is depicted in the negative rate r = —0.48 that we have found on the last
level of refinement in Fig. 3(d).

The dG-IETI-DP method as described in Section 4 performs very well. The condition number s
and CG iterations (It.) are summarized in Table 2 for the case dy; = h with coefficient and stiffness
scaling. We observe the quasi-optimal behaviour of the condition number with respect to h and that
the existence of gaps and overlaps does not affect the condition number, cf. (4.7). Moreover, both
scaling gives nearly identical results.

WY WVTE
coefficient scal. |stiffness scal.|coefficient scal.|stiffness scal.
# dofs|H/h| &k It. K It. K It. K It.

654 4 [1.61 10 1.61 10 |1.24 7 1.25 7
1616| 8 |2.02 12 2.02 11 |1.36 8 1.35 8
4716| 16 |2.48 13 251 13 |1.56 10 1.56 10

15620( 32 |3.00 14 3.08 15 |1.88 11 1.88 11

56244| 64 |3.56 15 3.78 16 |2.25 12 226 12
212756( 128 |4.17 17 4.66 18 |2.68 14 273 14
826836| 256 |4.82 18 594 21 |3.17 15 3.28 17
Table 2. 2D example with p = 2 and homogeneous diffusion coefficient. Dependence of the condition number x and the number
It. of iterations on H/h for the preconditioned system with coefficient and stiffness scaling. Choice of primal variables: vertex
evaluation (left), vertex evaluation and edge averages (right).
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Fig. 2. Example 1: (a) The patches {2 with the initial mesh. (b) The contours of the uy solution for d; = d, = h. (c) The
convergence rates for the different values of A. (d) The convergence rates for fixed gap and overlapping widths, dys = 0.004.

Example 2: different diffusion coefficient. In the second example, we study the case of having smooth
. . ) . . 3 )
solutions on each {2; but discontinuous coefficient, i.e., we set p; € {1, T ~ 2.35, 104} according to

the pattern in Fig. 3(b). We consider a square build by a 3 x 3 grid of patches, giving in total N = 9
patches. The domain (2 with its patches (2] and the solution after one refinement are presented in
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Fig. 2(a). The exact solution is given by the formula

Ty

exp(— sin(37z)) sin(T) if zel0,1]
() = (2% = 1) + (2 — 12 — 2)7) sin(?) itz e (1,2] (5.1)
7 exp(— cos(m(x +1)/2) sin(?) if z € (2,3],

where v = 14 - 10* — 8. The boundary conditions and the source function f are determined by (5.1).
Note that in this test case, we have [u]|r = 0 as well [pVu]|r - np = 0 for the normal flux on the
interfaces F' € F*. The problem has been solved on several meshes following a sequential refinement
process, where we set dy; = b, with A € {1,2,3,3.5,4}. For the numerical tests, we use B-splines of
the degree p = 3. Hence, we expect optimal rates for A = 3.5 and A = 4. In Fig. 3(a) the approximate
solution is presented on a relative coarse mesh with d;; = 0.06. The computed rates are presented in
Fig. 3(c). By this example, we numerically validate the predicted convergence rates on 75, with gaps
and overlaps for diffusion problems with discontinuous coefficient and smooth solutions.

Moreover, the dG-IETI-DP method seems to be robust with respect to jumping diffusion coeffi-
cients in the presence of complicated gaps and overlaps. The condition number x and CG iterations
(It.) are summarized in Table 3 for the case dj; = h using coefficient and stiffness scaling. For this

domain, the usage of more primal variables brings a significant advantage, see column WY*¢ in
Table 3.

WY WV
coefficient scal. [stiffness scal.|coefficient scal.|stiffness scal.
# dofs|H/h| & It. K It. K It. K It.

788| 4 |3.96 11 397 11 |1.67 8 1.67 8
1452| 8 |3.86 11 389 11 |1.63 8 1.63 9
3356| 16 |4.36 12 4.44 12 1.78 9 1.78 10
9468| 32 |5.11 13 5.32 15 2.01 10 2.02 11

30908| 64 |6.03 15 6.56 16 [2.31 11 232 12
110652| 128 |7.11 16 8.37 17 2.65 12 2.71 13
Table 3. 2D example with p = 3 and inhomogeneous diffusion coefficient. Dependence of the condition number (k) and the
number CG iterations (It.) on H/h for the preconditioned system with coefficient and stiffness scaling. Choice of primal variables:
vertex evaluation (left), vertex evaluation and edge averages (right).
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Fig. 3. Example 2: (a) The contours of up on the subdomains £2; with d, = 0.06, (b) Pattern of diffusion coefficients p; (c) The
convergence rates for the 5 choices of A.
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Example 3: gap-overlap on the same interface and matching parametrized interfaces. In the this test,
we apply the proposed method (3.29) on decompositions having a more complex gap and overlap
regions. The domain is given by 4 patches with non-matching meshes, where we artificially created
both an overlap part and a gap part on one of the interfaces as depicted in Fig. 4(a). This region is
located at the interface between (25 and (25 at x = 0, We note that the gap and the overlap are not
separated by patches as in the previous examples. In addition, we consider inhomogeneous diffusion
coeflicients. The exact solution of the problem is

wle.y) = {s?n<w<3x ) i () € O, 2 5.2

sin(m(3rx +y)) if (z,y) € 25, (2.

The source function f and up are manufactured by the exact solution. The diffusion coefficient has
been defined to be p; = py = 37 and p3 = py = 3. We mention that the interface conditions Ju]|r = 0
and [pVu]|r - np = 0 hold. We have computed the convergence rates for varying size dy; = h* for
A=1,2,2.5 and A = 3, where h is the maximum size of the patch meshes.

In Fig. 4(b), we plot the contours of u on the domains §27,...,§2; on different meshes in case
of dyy = h. In Fig. 4(c), we plot the convergence rates for the corresponding A = 1, 2, 2.5 and 3
test cases. We observe that the values of the convergent rates for all different cases of A confirm the
theoretically predicted values, see Table 1. The computational rates attain the optimal value r = 2 for
A = 2.5 and A = 3, which is in agreement with the other examples and is the expected value for this
problem with smooth solution. By this example, we demonstrated the ability of the proposed method
to approximate oscillatory solutions of the diffusion problem (2.9) with the expected accuracy, in case
of complex gap and overlap regions using different patch meshes.

The dG-IETI-DP method also performed in this case very well. Since we have only a small number
of interface dofs, we get a quite small condition number and iteration count, see Table 4. However, due
to the presence of quite few interface dofs, the usage of additional face averages as primal variables
does not offer any significant advantage.

WY WVTF
coefficient scal.|stiffness scal.|coefficient scal.|stiffness scal.

# dofs|H/h| &k It. K It. K It. K It.
184 2 |1.12 4 1.11 5 1.11 4 1.1 4
460| 4 |[1.15 4 1.15 5 1.14 5 1.15 5
1372 8 |1.17 5 1.21 6 1.17 5 1.21 6
4636| 16 [1.21 5 1.31 6 1.21 5 1.3 6
16924| 32 |1.24 5 1.49 7 1.24 6 1.48 7
64540| 64 [1.28 5 1.92 9 1.28 6 1.9 9
251932| 128 | 1.3 5 2.88 11 1.3 6 2.84 11

Table 4. Example 2, 2D example with p = 2 and inhomogeneous diffusion coefficient on a domain with a complicated interface.
Dependence of the condition number (k) and the number CG iterations (It.) on H/h for the preconditioned system with
coeflicient and stiffness scaling. Choice of primal variables: vertex evaluation (left), vertex evaluation and edge averages (right).
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Fig. 4. Example 3: (a) The 4 patches of the domain with its initial mesh and the gap and overlap region with dg = h. (b) The
contours of v on §2 on the domain without gap (¢) Convergence rates r for the 4 values of .

5.2 Three-dimensional numerical examples

In the three-dimensional tests, the domain {2 has been constructed by a straight prolongation to
the z-direction of the two dimensional domains of Fig. 2(a) and Fig. 4(a). However, in contrast to
the two dimensional case, we start with matching meshes, as depicted in Fig. 5(a) and Fig. 6(a).
The knot vector in z-direction is simply =7 = {0,0,0,0.5,1,1,1} with i = 1,..., N. The B-spline
parametrizations of these domains are constructed by adding a third component to the control points
with the following values {0, 0.5, 1}. Again, the gap and overlap region is artificially constructed by
moving only the interior control points located at the interface into the normal direction ng of the
related interfaces F'. Due to the fact that the gap and overlap has to be inside of the domain, we
have to provide cuts though the domain in order to visualize them, cf. Fig. 5(b) and Fig. 6(b).

Example 4: 3d test with p; = 1 for ¢+ = 1,...,N. The computational domain is chosen as the
domain from Example 1, extended to z-dimension as described above. The exact solution is given by
u(z,y, z) = sin(m(x + 0.4)) sin(27(y + 0.3)) sin(0.27(z + 0.6)) with homogeneous diffusion coefficient
p; = 1 for i = 1,...N. The set up of the problem is illustrated in Fig. 5. In Fig. 5(a), we present
the domain (2 with its N = 21 patches and the initial mesh. As already mentioned above, we use
matching grids across the interface. In Fig. 5(b), we plot the contours of the solution wy resulting
from the solution of the problem in case of having a gap and overlapping widths such that d;; =
max{d,,d,} = 0.5. Also, in Fig. 5(b), we see the shape of the gaps as it appears on an oblique
cut of the domain {2. We note that, on those interfaces with no visible gap in Fig. 5(b), there are
overlapping regions, cf. Fig. 2(a). We have computed the convergence rates for four different values
A € {1,2,2.5,3}. The results of the computed rates are plotted in Fig. 5(c). We observe that the
obtained rates are in agreement with the convergent rates predicted by the theory, see estimate (3.57)
and Table 1.

As already observed in [15] and [14], the condition number and CG iterations increases when
having three dimensional domains. The same behavior can be observed here, although the condition
number stays quite small, see Table 5. Moreover, we observe that the stiffness scaling provides better
results than the coefficient scaling. For this example it is not beneficial to use additional face averages
as primal variable. Both algorithms give identical results.

Example 5: 3d gap-overlap region on one interface. For the second numerical test in three-dimensions,
we choose the domain from Example 3 and extend it towards the z-direction with matching grids. As
in Example 3, we have a gap and an overlap simultaneously on an interface. This fact is visualized



dG IgA on non-matching segmantations: error estimates and solvers 33

WV-H’;' WV+S+]-'

coefficient scal.|stiffness scal.|coefficient scal.|stiffness scal.
# dofs|H/h| &k It. K It. K It. K It.
1488 2 | 1.2 10 1.19 10 1.2 10 1.19 10
5508 3 |7.87 26 4.45 22 7.87 26 4.45 22
25908/ 7 [10.9 32 6.31 26 [10.9 32 6.31 26
149748| 15 [13.5 36 8.17 30 [13.5 36 8.17 30
998388| 31 |16.3 40 10.2 34 16.3 40 10.2 34
Table 5. Example 4, 3D example with p = 2 and homogeneous diffusion coefficient. Dependence of the condition number (k)
and the number CG iterations (It.) on H/h for the preconditioned system with coefficient and stiffness scaling. Choice of primal
variables: vertex evaluation and edge averages (left), vertex evaluation, edge and face averages (right).

(a)

Fig. 5. Example 4, 2 C R®: (a) The multipatch system with initial mesh , (b) The contours of u;, computed on £\ 2, with
dg = 0.05, (c) Convergence rates r for the three values of .

in Fig. 4(b). We consider a manufactured problem, where the solution

up = sin(r(2r +y +2)) if (2,y,2) € 1,

5.3
up :=sin(r(3rzr +y +2)) i (v,y,2) € 25,42 o

u(z,y,z) =

and the diffusion coefficient is defined to be p; = p; = 27 and p3 = p, = 37, as in Example 3. It
is easy to see that we have the interface continuity conditions [u]|r = [pVu]|r - nr = 0. We solve
the problem for A € {1,2,2.5,3} as above. The contours of the solution u on {2 without gaps and
overlapping regions are shown in Fig. 6(a). In Fig. 6(b), we plot the contours of the solution uj; on an
oblique cut through the domain (2, where the gap/overlap width is dy; = 0.025. We have computed
the convergence rates r for the four different sizes d,;, obtained by the different values of A. The
results are plotted in Fig. 6(c). We observe that the rates are approaching the expected values that
have been mentioned in Table 1.

In this last example, the dG-IETI-DP method again provides very nice results, summarized in
Table 6. Similar to Example 3, we only have three interfaces, therefore, only a small number of dofs
corresponding to those. Hence, we again observe quite small condition numbers and iteration counts.
Both choices of primal variables have again identical performance, but in contrast to the previous
example, the coefficient scaling clearly provide better results than the stiffness scaling.

6 Conclusions

In this article, we have constructed and analyzed dG IgA methods for discretizing linear, second-
order, scalar elliptic boundary value problems on volumetric patch decompositions with non-matching
interface parametrizations, which can include gap and overlapping regions. Due to the appearance of
such segmentation crimes, the direct use of the standard dG numerical fluxes for coupling the local
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WV+5 WV+5+.'F

coefficient scal. |stiffness scal.|coefficient scal.|stiffness scal.

# dofs|H/h| &k It. K It. K It. K It.
424 2 |1.21 7 2.09 9 1.21 7 2.09 9
1416 3 |1.27 7 3.18 12 1.27 7 3.18 12
6376| 7 |1.36 7 417 16 [1.36 7 4.17 16
36264| 15 |1.36 7 3.66 16 |1.36 7 3.65 16
240424| 31 (1.35 7 3.06 14 |1.35 7 3.05 14

Table 6. Example 5, 3D example with p = 2 and inhomogeneous diffusion coefficient. Dependence of the condition number (k)
and the number CG iterations (It.) on H/h for the preconditioned system with coefficient and stiffness scaling. Choice of primal
variables: vertex evaluation and edge averages (left), vertex evaluation, edge and face averages (right).
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Fig. 6. Example 5: (a) The contours of u computed on (2, (b) The contours of up computed on 2 with d; = 0.025, (c)
Convergence rates r for the different d, sizes.

patch problems was not possible. Thus, the normal fluxes on the gap and overlapping boundaries were
approximated via Taylor expansions using the interior values of the patches. The Taylor expansions
were appropriately used in deriving the dG-IgA numerical scheme for constructing the numerical
fluxes, and finally helped on the coupling of the local patchwise discrete problems. A priori error
estimates in the dG-norm were shown in terms of the mesh-size h and the maximum width of the
gap/overlapping regions. The estimates were confirmed by solving several two- and three- dimensional
test problems with known exact solutions. The method were successfully applied to the discretization
of diffusion problems in cases with complex gaps and overlaps using non-matching grids. The resulting
linear problems were solved by means of the dG-IETIT-DP method on geometries consisting of several
patches. Since the variational formulation is based on dG-IgA techniques, it is well suited for this
method. The numerical examples showed that the presence of gap and overlap regions does not
affect the solver performance. Hence, it is possible to solve these systems efficiently. Moreover, the

dG-IETI-DP method is robust with respect to large jumps in the diffusion coefficients across the
patch boundaries (interfaces).
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