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Abstract

We study the Dickson polynomials of the (k + 1)-th kind over the
field of complex numbers. We show that they are a family of orthog-
onal polynomials with respect to a quasi-definite moment functional
L. We find an integral representation for L and compute explicit ex-
pressions for all of its moments.
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1 Introduction

Let n € N, F, be a finite field and a € F,. The Dickson polynomials D, (z; a),
defined by [15, 9.6.1]

H .
D,(x;a) = - T_lj (n ]_ j) (—a) 2" %, z €T,

J=0

where introduced by Leonard Eugene Dickson (1874 — 1954) in his 1896 Ph.D.
thesis "The analytic representation of substitutions on a power of a prime
number of letters, with a discussion of the linear group" [5], published in two
parts in The Annals of Mathematics [6], [7]. The Dickson polynomials are
the unique monic polynomials satisfying the functional equation [15, 9.6.3]

a a\"”
D, (y—l——;a):y"—{—(—) , yEFpe.
Yy Yy

See [14] for further algebraic and number theoretic properties of the Dickson

polynomials.
In [21], Wang and Yucas extended the Dickson polynomials to a fam-
ily depending on a new parameter k£ = 0,1, ..., which they called Dickson

polynomials of the (k + 1)-th kind. They defined them by

5]

IS

ki A .
Dpilz;a) =Y - (” , J) (—a)l x4, (1)
—n—j\ J
J
with initial values
Dox(z;a) =2 —k, Dig(z;a)=ux. (2)

They also showed that the polynomials D,, j(z;a) satisfy the fundamental
functional equation
v ()

o y # 0. (3)

Doy + %ra) = y" + <g> +k
y Y

Note that
ay™ —y? (
lim 5
y—+va y"—a

) ey



and therefore
Duly+50) = 2+ (0= ] (£Va)", y==+va
We clearly have
D, o(x;a) = Dy(z;a) (Dickson polynomials)
and
Dyi(x;a) = E,(z;a) (Dickson polynomials of the second kind).

In fact, since

DR (-1
n—j n—j

we have [21, 2.1]
D, k(z;a) = kE,(z;a) — (kK — 1) Dy(x; ).

The polynomials D,, (z;a) also satisfy the recurrence (see [21, Remark
2.5])
Dn+2,k = $Dn+1,k - GDn,k- (4)

The first few Dickson polynomials of the (k 4 1)-th kind are

Dyy(zia) = 2* +a(k —2),

Dsi(z;a) = 2° + a (k — 3) =,

Dyp(zia) =a* +a(k—4)2® +a*(2—k),
Dyp(z;a) = 2° + a(k —5)2° + a* (5 — 2k) .

They have zeros at

v = +Jav2—k, ifn=2,
r=0, +vVav3—k, ifn=3, (5)

mzi%%¢4—kiy“k—%2+¢ if n = 4,
z =0, i%%¢5—kiw%—lf+& if n =5,




as can be verified using a mathematical symbolic computation program such
as Mathematica.

In this article, we study the polynomials D,, x(z;a) over the field of com-
plex numbers, with ¢ > 0 and £ € R. Our motivation is the three-term
recurrence relation (4), which suggests that the Dickson polynomials of the
(k+1)-th kind form a family of orthogonal polynomials with respect to some
linear functional L. However, from (5) we see that for £ > 2 the polynomials
D,, x(z; a) may have a pair of purely imaginary roots. Also, the polynomials
Ds3(z;a), Dys(x;a), and D5’g(x; a) have a triple zero at x = 0. This implies
that the linear functional L is quasi-definite [4, Theorem 2.4.3], [9, Theorem
1].

The article is organized as follows: in Section 2, we derive some of the
main properties of the Dickson polynomials of the (k + 1)-th kind, including
different expressions, a hypergeometric representation, differential equations,
and a generating function.

In Section 3, we present some basic results from the theory of orthogo-
nal polynomials that we will need to find the linear functional L. We also
stress the connection between the polynomials D,, ;(x; a) and the Chebyshev
polynomials of the first and second kind.

In Section 4 we introduce a family of orthogonal polynomials related to
D, x(z;a) and independent of a. They greatly simplify some of the compu-
tations needed to find L. We apply our results to the Dickson polynomials of
the (k + 1)-th kind and obtain a representation for their moment functional
L. We also find explicit expressions for the moments of L.

Finally, in Section 5 we summarize our results. In our hope that the
results would be of interest to researchers outside the field of orthogonal
polynomials and special functions, we have made the paper as self-contained
as possible.

2 Properties

We begin by checking the initial polynomial Dy j(x;a). It is not clear from
the definition (1) that Dgy(z;a) = 2 — k, but if we consider even and odd
degrees, we have the following result.

Proposition 1 The even and odd Dickson polynomials of the (k+1)-th kind



are given by

Dansloia) = (2= ) (-0 + S CER (") oyt g

=1

and

kh@+kk+1(n+l+l)<_wn4xy

D2n+1,k($; a) = xz
P l4+n-+1 20 +1

Proof. From (1), we have

n

M —kj (2n—j oy
Dansloia) = Y5 (2 ) (a2,

— 2n —j J

J=0

and switching the index to | = n — j, we get

“2—-K)n+kl(n+l e
Dauatoia) =3 PR (0 ) o
=0

Finally, we use the symmetry of the binomial coefficients

A similar calculation gives (7). m
Next, we will find a representation for D, x(z;a) in terms of the general-
ized hypergeometric function

aiy...,0Q - (al)j"'(ap>j33j
F, Pl =y
pq(bl,,..,bq > ]Z_;(bl)j---(bq)jﬂ

where (u); denotes the Pochhammer symbol (also called shifted or rising
factorial) defined by [16, 5.2.4]

(a)y =1
(a);=ala+1)---(a+j—1), jeN



Proposition 2 The Dickson polynomials of the (k + 1)-th kind admit the
hypergeometric representation
_n=1l _nq1_n ¢4
Dnvk($;a):x”3F2< 2 2,12 k. a)7 k #0. (8)

1—n,—k ’gjz

We also have

Proof. Let

with

n—=kj(n—j i o2
o =" (") e 0
We have ¢y = 1 and ¢; = 0 for j > %. Using (9), we get

G 2—n+1)@i—n)(Gktk—n)a
C

T U GG 2 (10
Let k # 0. Then,

o _ U=5+35)(=3)(U+1-F)4a

and we obtain




and therefore

72
Hence,
> (=%5),(=3); 1 (40’
D, o(z;a) = 2" 2 . — (—)
:0( ) ; (1_n)j ]' 72
[ ]

Remark 3 Note that from (8) it follows that
Doy i (0;a) = (2 — k) (—a)",
in agreement with (6).

Proposition 4 Forn = 1,2,..., the Dickson polynomials of the (k + 1)-th
kind satisfy the following relations:

Dn,k+2 - 2Dn,k+1 + Dn,k = 07

—(2* — 4a) [(k — )na® + a(k — 2)(kn — 2n — k)] D&t ,
+x [(k — 1)na® + a (6k + 4n + 3k*n — 4kn — 3k?)] D, . (11)
+ [(k = 1)n’2® + an (—k — 2n + kn) (=2k — 2n + kn)] D, = 0,

(2% — 4a) DY) + 102(2® — 4a) Dy, + [(23 — 2n%)2? + Sa(n® — 4)] D1,
—3(2n® — 3)z D), + n*(n® — 4) Dy, = 0,

and
(2% — 4a)Dy,  — 4Dy i1,k D,  + (20 +3) 2D, +n(n+2) Dy = 0.

Proof. All the identities can be automatically found and proved using the
hypergeometric representation (8) and the Mathematica package Holonomic-
Functions [12]. =

Remark 5 The differential equation (11) already appeared in [21, Lemma
2.7].



We can use the recurrence relation (4) to obtain a different representation
for the polynomials D, x(x; a).

Proposition 6 For x # +2\/a, the Dickson polynomials of the (k + 1)-th
kind are given by

Dyi(ria) = <1+kx2_AA> (“f)Z (1 - kx;AA) (x_zA)n, (12)

where

A =+vVz2 — 4a.

We also have,
Dy i(£2va;a) = (kn+2 — k) (£Va)". (13)
Proof. Let us assume that we can write
Dy i(z;a) = R", (14)
for some function R(z, k,a). Using (14) in the recurrence (4), we obtain
R*—2R+a=0,

and therefore
z+ A

2

A =+Vz2 — 4a.

It follows that the general solution of (4) is given by

Ry =

with

Duil(z;a) = Cy (z;a,k) (#)n + Cy (250, k) (“” 5 A>n. (15)

Using the initial conditions (2) in (15), we get

Ci (z;a,k) + Cy (z5a, k) =2 — k,

C, (z;a, k) (””;A) + O (230, k) (”C;A) —




Thus, assuming that = # +2+/a,
- x4+ A
2A 2A
To verify (13), we replace it in the recurrence (4), and obtain
(kn+2+k) (£va)""" — (£2va) (kn+2) (£va)""" +a(kn+2 — k) (£V/a)"
=a(£va)" [(kn+2+k) —2(kn+2)+ (kn+2— k)] = 0.

C11 (CL';G, k) -

Cy(z;a,k)=1—k

Using (12), we can obtain a generating function for the polynomials
D, (x5 a).

Proposition 7 The ordinary generating function of the polynomials Dy, y(x; a)

s given by

_2-k+ (k—1)xz
az? —xz+1

G(z;x,k,a) Zanxa " (16)

Proof. From (12), we have (as formal power series)

G(z;x,k,a) Zanxa

_ <1+;ﬁ2‘AA) 3 (z“QA)Z (1—ka+AA) fj (z“’;A)"

Tz — A 1 z+ A 1
_<1+k - )1_(2M)+<1—k a )1_(235_2 ;

2—k+(k—1)xz
(2 =A%) 22 —dzz+ 4

Thus,
G(z;x,k,a) =4

and the result follows since

Remark 8 The same generating function was obtained in [21, Lemma 2.6]
using the recurrence (4).



3 Orthogonal polynomials

Let {u,} be a sequence of complex numbers and £ : C[z] — C be a linear
functional defined by

L[z"] = pin, n=0,1,....

Then, L is called the moment functional determined by the formal moment
sequence {f,} . The number p, is called the moment of order n.

A moment functional £ is called positive-definite if L [q(z)] > 0 for every
polynomial ¢(z) that is not identically zero and is non-negative for all real
x. Otherwise, L is called quasi-definite.

A sequence {P,} C C]z], with deg(P,) = n is called an orthogonal
polynomial sequence with respect to £ provided that [3]

LI[P.Py] = hpopm, n,m=0,1,...,

where h,, # 0 and 9,,,, is Kronecker’s delta.
One of the fundamental properties of orthogonal polynomials is that they
satisfy a three-term recurrence relation.

Theorem 9 Let £ be a moment functional and let {P,} be the sequence of
monic orthogonal polynomials associated with it. Then, there exist 5, € C

and v, € C\ {0} such that
Poi=(x—Bn) Pp— P, n=12.... (17)
Proof. See [3, Theorem 4.1]. =

Remark 10 In this paper, we will say that {P,} is a sequence of "monic
polynomials" if deg (P,) = n and

P, (z)y=a"+--, n=12,....

However, we will allow the first polynomial Py (z) to be any constant (not
necessarily equal to 1).

A second solution of (17) is given by the so-called associated orthogonal
polynomials P’ (x) defined by [3, 4.3]

vPy =P, + BBy + P, Fy=0, P'=1 (18)
Note that deg P} (z) =n — 1.

The converse of Theorem 9 is given by Favard’s Theorem.

10



Theorem 11 Let {P,} be a sequence of polynomials satisfying the recurrence
relation
xpn:Pn+1+ﬁnPn+7nPnfla n=12...,

where 5, € C and vy, € C\{0}. Then, there exists a unique linear functional
L such that L[Py] =1 and

L [Pnpm] = hnén,rrw
with ho = P(), hl =M and

hy = Yahn_1, n=2,3,.... (19)
Proof. We follow [3, Theorem 4.4] and define £ by
L [PO] = 17
LIP]=0, n=12,....
Then,
h():ﬁ[POQ} :Poﬁ[Po] :Po,
]’Ll = E[I’Pl] =,
and

LlzP,] =0, n>1.
Similarly, we find that for n =2,3,...,
L[z"P,) =0, 0<k<n
hy = L[z"P,) = L [2" 7, Poi1] = Yhn-1.
|

Remark 12 It follows from (4) and Favard’s theorem that (at least for k #
2) {D,.1} is a sequence of monic orthogonal polynomials with respect to a
moment functional L ' satisfying

L Dy 1Dy i) = b (k) 0 (20)

with
ho(k)=2—k, hy,(k)=d", n=12.... (21)

In Section 4 we will find a representation for the moment functional L.

'In the remainder of the paper L will denote the moment functional associated with
the polynomials D,, (x;a).

11



Proposition 13 Let £ be a moment functional and {P,} be the sequence
of monic orthogonal polynomials associated with it. Then, the following are
equivalent:

(a) All the moments of odd order are zero,

L[> =0, n=0,1,....

(b)
P,(—z)=(-1)"P,(z), n=0,1,....

(c) All the coefficients B3, in the three-term recurrence relation (17) are
zero
Pooi=2P, —wFP,1, n=12....

Proof. See [3, Theorem 4.3]. =

Proposition 14 Let k # 2 and u, (k) denote the moments of the linear
functional defined by (20). Then, we have

1

k) = —— 22

o () = 52— @)

Mon+1 (k):O, n:(),l,..., (23)

and
n—1
2—k)n+kl(n+1 el
. n+ kl _ —12, ...
Hon l+n 2] ( CL) Hai, n ) 4y

=0

The first few nonzero moments are

po (k) =a, ps(k)=—a®>(k—3), pe(k)=a*k*—6k+10),
ps (k) = —a*(k® — 9k* + 29k — 35).

Proof. From (21), we see that
2—k=hy=L[D3,] =D3,L[1]=(2-Fk)pu,

from which (22) follows.
Using (1), it is clear that

Dn,k (_x; a) = (_1)n Dn,k (l‘; (I) ) (24)

12



and Proposition 13 gives

u2n+1(k):0, n:0,1,....

From (6) we have

“~(2—k)n+kl(n+1 e
Danalwia) =3 (T )

and therefore

=0

D e Y U R )

l+n

Remark 15 In Section 4 we will find an explicit expression for po, (k).

The task of finding an explicit integral representation for the functional
L is called a moment problem [1],[13],[17]. A moment functional £ is called

determinate if there exists a unique (up to an additive constant) distribution
¥ (t) such that

Ll = / o (25)
A

Otherwise, £ is called indeterminate [2], [18].
A criteria to decide if the moment functional £ is determinate is due to
Torsten Carleman [17, P 59]: If v, > 0 and

then £ is determinate.
One method to find a distribution function satisfying (25) is given by
Markov’s theorem.

13



Theorem 16 Let the moment functional L be determinate and P,(z) be the
monic orthogonal polynomials with respect to L and P} (2) be the associated
polynomials. Then, there exists a set A C C such that

B = [ S50 ea 20

where pg 1s the first moment of L and the convergence is uniform on compact
subsets of C\ A.

Proof. See [20]. =
The function

d (1)
S(z) = , 2N, (27)
[

is called the Stieltjes transform of 1 (t) [19]. To recover the distribution

function ¢ (t) from (27), we can use the Stieltjes-Perron inversion formula
[19, A.1.2]

t

01(s) = ) (1) = = i [ TS (w+ip) d (28)

where [¢)] denotes the jump operator

The absolutely continuous part of v is given by

T y—0+
The function S(z) has the asymptotic behavior [10, Section 12.9]
S(z)~@+&+@+---, z — 00. (29)
It is clear from the three-term recurrence relation (4) that the polynomials

D,, x(z; a) are related to the Chebyshev polynomials. In the next section, we
review their main properties.

14



3.1 Chebyshev polynomials

The Chebyshev polynomials of the first kind T, (z) are defined by [11, 9.8.35]

—n,n 1—=x
Tn($)=2F1( 1 5 ),
2

and the Chebyshev polynomials of the second kind U, (z) are defined by [11,

9.8.36]

U, (z) = (n+1) 2F1< ”’g” : 256).
2

They are independent solutions of the recurrence relation
Ynt1 = 20Yn + Y1 = 0,
with initial conditions [11, 9.8.39]
To(z) =1, Ti(x)=rz,

and [11, 9.8.40]
Uo (LC) = 1, U1 (SL‘) = 2.

Using (32) in (30) we note that
U,1 (.T) =0.

Their ordinary generating functions are [11, 9.8.50]

ZTn (z) 2" 1—x2z

T 1= 222 + 227
and [11, 9.8.56]
> 1
U, P —_—
nz; ()2 1 —2x2+ 22

From (33) and

n=0 n=-—1
1—xz

- 1 — 22 + 22’

15

S Un (@) = 2Upog (2)] 2" =D Up(@)2" =2y Uy (z)2""



we see that

T, (x) =U,(x) —2U,—1 (), n=0,1,.... (36)
The Chebyshev polynomials satisfy the orthogonality relations [11, 9.8.37]

/ d 1

1 t

— | T, (t) T, (t = —(140n0) Onm 37

T T (0 = 5 148005, (37)

-1
and [11, 9.8.38]
1

1 1
—/Mﬂﬂaﬂle—ﬁﬁ:§%m. (38)
T

-1

The Stieltjes transforms of their distributions are given by [19]

1
1/ 1At 1

) /1 —t2z—1 B 21— 272
el

eC\[-1,1], (39)

and

z—1

%/lvl_ﬁdt:z(l—m), 2eC\[-1,1], (40)

where here and in the rest of the paper

\/_:(C—>{ZEC|—g<arg(z)<z}

-2
denotes the principal branch of the square root. Note that
V1i—z2~1, z— o0

From (32) and (33) we see that the associated polynomials T} (z), U} (z)
are

T, (z) = Uy (z) = Up-1 (2).
Using Markov’s theorem (26), we conclude that
Un,1<2) B 1

nhi& T, i zeC\[-1,1], (41)
and
. Un—l(z) . )
gﬁlh@)_z(h—l—z ) 2eC\[-1.1]. (42)

16



Remark 17 Note that Markov’s theorem (26) refers to monic orthogonal
polynomials and the first moment o appears in_the limit formula. However,
since the monic Chebyshev polynomials T, (z) , Uy (z) are given by Ty (z) = 1
and

(r) =2""T, (), n=12,...,
U, (z) =27"U, (x), n=0,1,...,
the first moment pg = %

We can now relate the polynomials D,, j(z;a) and the Chebyshev poly-
nomials.

Proposition 18 The Dickson polynomials of the (k+1)-th kind can be writ-

ten as
Dyi(z;0) = a2 {2(1 — k)T, (2\[> + kU, <2\/_)} (43)

Proof. Comparing the generating functions (34)-(35) with the generating
function of D,, x(z;a) (16), we see that

ag{Q(l—k) < >+kU< )] "

. 2/a 2/a
i A !

1— 2#2\/5 + az? 1- Qﬁaz\/a + az?

2—k+(k—1)zz
= Dn
az? —xz+1 Z ka:a

o0

n=

and the result follows. =

Remark 19 If we use the values of the Chebyshev polynomials at x = 0 [16,
18.6.1]

T, (0) = cos <%> =U, (0),

and the representation (43), we get
Do i(0;a) = (2 — k) a¥ cos (%) ,
in agreement with (6)-(7).

17



If k=0,1, (43) gives

n l‘
Dyo(z;a) =2a2T, | -—= ),
ol a) = 2a (m)

Dy 1(z5a) = a%Un (;W) ,

and in particular, for a = 1, we have

D, (2z) = Dy 0(22;1) = 2T, (x),
E,(27) = Dpa(2251) = Uy, (2),

as it was observed in [21]. For k = 2, we obtain the following result.

Corollary 20 We have

D, s(x;a) = a%(”’l)xUn,l ( (44)

i)

Proof. Setting k£ =2 in (43), we get

Dy o(w; a) = 2a% lU” (2%) - (2%)}

and using (36) we obtain

n X X
D M :2 22— _ = .
n,Q(xaa) a 2\/aUn 1 (2\/5)

Remark 21 A representation of D, »(x;a) in terms of associated Legendre
functions of the first and second kinds [16, 14.3] was given in "A representa-
tion of the Dickson polynomials of the third kind by Legendre functions” by
Neranga Fernando and Solomon Manukure (arXiv:1604.04682).

Lemma 22 Let D} (x;a) denote the associated Dickson polynomials of the
(k + 1)-th kind satisfying the recurrence (4) with initial conditions

Di(xz;a) =0, Di(z;a)=1.
Then,
n—1 T
D (r;a)=a2U, 1| =—=]. 45
n([[‘,(l) a 1 (2\/5) ( )

18



Proof. Let the polynomials v, (x) be defined by

yn () = a"T U, (2%) .

Then,

+ 50, (=
n+l — TYn T AYp—1 = a n

Yn+1 Yy Yn—1 2/a
n—1

x e x
—xaTUn,l (m) + CLOJT2Un,2 <m> .
Changing variables to x = 24/as and using (30) we get
Ynil — TYn + AYn_1 = a2 [Uy (5) — 25U,_1 (8) + Up_y ()] = 0.

Finally, using (32) and (33) we have

Hence, y,, () = D} (z;a). m

4 Main results

4.1 The scaled polynomials
Let’s introduce the scaled polynomials d,,(x; k) defined by

dy(z; k) = a”2 D, 1 (2v/az; a). (46)

The polynomials d,,(z; k) are a solution of the same recurrence (30) satisfied
by the Chebyshev polynomials, with initial conditions

do(x; k) =2 —Fk, dy(z; k) = 2x.
From (43) it follows that

dp(x;k) =21 - k)T, (2) + kU, (x), (47)

19



and from (45) we have

dy(x) =U,- (z) = al_TnD;‘l(Q\/ax; a),

(48)

where df(z) denote the associated polynomials satisfying (30) with initial

conditions

dy(x) =0, dj(zx)=1.

Using (47) and (48) we can find the Stieltjes transform of the distribution

associated with the polynomials d,(z; k).

Proposition 23 Let z € C\ [-1,1] and

wik) = 2222
S 2VE—1
Then,
. di(2)
1 “ =s(z; k
n1—>nolodn(2; k) $(z k),
where

(k—2)V1—z22+k
4(k—1)22 4 (k —2)°

s(z k) =z
and z # tw if k # 1.
Proof. Let z € C\ [—1,1]. From (41)-(42), we have

1,
tim 2 _ T

and

lim () _ ! — 2 (1 + m) .

n—oolUn1(2) 2z (1—V1-272)
Using (47) and (48), we get

dn(z; k
lim% =2(1—k)zvV1l—2"2+kz (1+v1—z—2).
n—oo w2
If K #1and z # +w,we obtain
lim ) _ !
n—oody(2k)  2(1—k)2v/1— 22+ ke (14+ V1 —272)
(k—2)V1—2"2+k

Z4(k—1)z2+(k:—2)2'

20



If K =1, we see from (47) that
dy(z;1) =U, (2),
and using (52) we obtain

lim 4(2) = !
n—oody(2;1) 2 (141 —272)
=2z (1 —V1- 2*2) =s(z1).

[ |
Our next objective is to represent the function s(z;k) as the Stieltjes
transform of a distribution. We begin with a couple of lemmas.

Lemma 24 Let z,b € C\ [—1,1]. Then,

/\/1—752 R B Ve S

t2—02 2 —t 22— b2

Proof. We can write

1 B 1
(2 —02) (z—t)  (22—0%) (2 —1)
1 1
+ +

20(b—2)(b—1t) 20(b+2)(=b—1t)

Using (40), we obtain

V-2 1 tiz(l—\/l—z—z) b(1—vV1-072)
/t2—b2z—t B T
b(l—\/l—b*)
- Qb(b—l—Z) ) Z,bG(C\[—l,l],

and the result follows. m
Lemma 25 Let w (k) be defined by (49). Then,

w(k)eC\[-1,1], keR\{0,1,2}.
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Proof. The result follows immediately from the definition

1 k-2

w ()

since

|

The function s(z; k) has a branch cut on the segment [—1, 1] and (perhaps
removable) poles at z = +w if k # 1. In the next proposition we split s(z; k)
in two parts, one analytic in C\ [—1, 1] and the other analytic in C \ {+w}.

Proposition 26 Let k # 2 and z € C\ [—1,1], with z # tw if k # 1. Then,

we have
s(z; k)

2—k
where x (k) is the characteristic function defined by

= se(z k) + x (k) salz; k), (54)

0, kelo0,2]
X<k):{1, keR\[0,2] (55)
1 / V=12 1
se(z k) = W_[Mk_ 1)t2+<k_2)22_tdt, (56)
sq(z; k) = 2k : (57)

2—kd4(k—1)224 (k—2)*
and s(z; k) was defined in (51).

Proof. Let k € R\ {0,1,2}. From (51) we have
s(z; k) I A =

2—k _4(/{5—1) 22+4(1]Z];,2)12) )

22



or

2—k  4(k—1) 22—uw?

s(z; k) 2 V1I-z272+ 55

Since we know that w (k) € C\ [—1, 1] from Lemma 25, we can use (53)

with b = w and obtain

s(z;k:) /\/1—t2 1 dt
2 -k kE—1)
z
_ V1 —
ik - >( VI 2)
But we have
]{32
1—w?=

and therefore

-2 k—2 k—2
_{ 0, kel0,2)
2 keR\[0,2] °
Thus, for k € (0,2) \ {1} we get
s(z;k:) /\/1—2&2 1 ot
2—k k—1) ’
and for k € R\ [0, 2]
s(z;k) /\/1—t2 1
dt
2—k k—1) 2—w?z—1t

2k
2—k4(k—1)z —oﬂ'

If £ = 0, then we have from (51)
V1—z72 1

22—1  25/1— 22

+

s(z;0) =

N N

23

_w2'

(58)



and using (39) we get

s(
\/1—t22—t
Vv1i—-t2 1
/ dt = s.(z;0).
(1—-t2)z—1t

If £ =1, then we have from (51)

s(z;1) =z (1 —V1 —2*2)

and using (40) we get

Remark 27 Note that the function s.(z; k) is analytic for = € C\ [-1,1],
since it is the Stieltjes transform of a distribution [19, A.1]

V1=t 1
Se(zy k) = / dt.
- 1) 2 —w?z—t
In fact, (53) gives
2 V1l-—w?2—y1—22
k) = k#1
Sc(za ) 4 (k _ 1) 22 )2 ! ?é (59)
which 1s analytic at z = +w with
1 V1—w™?
1 + 1.
z—lg:lwsc(z k) 4 (k — 1) 2w (1 — w2)’ K ?é 0’

For k =0, we have




since w (0) = —1.
Finally, rewriting (59) as

V1—w2—1— 22

SC(ZJ{"):Z/ZL(]{_l),ZZ—I—(k—Qf7

we see that
sc(z;l)zz(\/l—w—2—\/1—z‘2) =z<1—\/1—z‘2>,

2

since w * —0as k — 1.

4.2 The Dickson polynomials

We can now apply the previous results to the Dickson polynomials of the
(k+1)-th kind D, ;(x; a), related to the scaled polynomials d,,(z; k) by (46).

Proposition 28 Let z € C\ [-2+v/a,2+/a] and

a

Qk,a)=(k—-2) Tk (60)
Then,
. Di(za)
lim ———~ = ;
nl—glo Dn,k(z; CL) S (Z’ k’ a) ’
where

S (s a)zz(k—Q)\/1—4az*2+k (61)
v 2 (k—1)224a(k—2)

and z # £Q if k # 1.
Proof. Using (46), (48) and (50), we have

as long as




Also,

X <Z /g)i(kQM/l(Q%)ZM
2001 () (-2

z(k=2)v1—daz?+k
2 (k—1)2+a(k—2)7%"

We finally have all the necessary elements to find an explicit representa-
tion for the moment functional L associated with the polynomials D, x(z; a).

Theorem 29 Let k # 2 and L : C[x] — C be the linear functional defined

by (20). Then, L admits the representation

Llql = Lc|q] + x (k) Laq],

where x (k) was defined in (55),

2v/a
1 Via — t?
Leld =57 / O e a2
—2va
and .

with Q defined by (60).

Proof. From (22) we know that the first moment of L is given by

1
M0—2_k-

Thus, from Markov’s theorem (26) we have

.1 Di(zia)  [dY(tk)
nh—>Holo2—k:Dn’k(z;a)_/ z—1t 2 € O\

Ak

26
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From (62) we get

lim 1 Di(za) 1 1 -
n—02 —k Dpp(z;a)  a2—k" \2ya’

and from (54) we obtain

e e - o ) o]

Using (56) we have

1
LS ( z 'k‘)— 1 / V1 —t2 dt
Va “\2ya’ 7r\/5714(k—1)t2+(k—2)2ﬁ5—t’

z

as long as 3 NG ¢ [—1,1] (see Remark 27). Changing variables to t = ﬁa, we

get
2v/a 72
1 . ( z k) 1 / V' . dr

va " \2ya’ 27Ta72\/a4(k—1)ﬁ+(k;—2)2 i
2va
1 Via — 72 dr
2 ) (k—1)712+a(k—272z—7
—2va

Using (56) we have

1 z 1 2k =z 1

Va (ﬁk> T Va2 k2Jad(k—1)Z 1 (k- 2)°
_k z
C2—k(k-1D2+ak—2)%

as long as
z
-1,1
5 f L,
z
— # dw if k# 1.
2\/57'é w it k7

27



If k # 1, we can write

1 . ( z k) k z
—Sq | — = = 3
Va 2\/a (2—k)(F—1) 24 a((kk—_21))

k z

2— k) (k—1)22

and using partial fractions,

1 z I k 1 n 1
—8 P —
Va "\2ya’ 20-k)(k—1D\z=Q  2+Q)"
with z # +Q.
Therefore, we conclude that
1 Vida — 72
di) (t: k) T _dt=dy. (), ke0,2),

T 2am(k— 1) +a(k—2)

o . S(t—Q)+6(t+Q)
d (t; k) = di. (t: k) + k 22—k (k—1)

dt, keR\]I0,2],

where 0 (t — t9) denotes the Dirac delta function and

A, = [_2\/5’ 2\/5], ke [072)
R { [—2v/a,2y/a] U {—Q,Q}, kecR\I0,2|

Remark 30 We get the same result if we apply the Stieltjes-Perron inver-
sion formula (28) to the function S (z;k,a).

Although Theorem 29 seems to be valid only when k # 2, we can find a
valid interpretation even in this case.

Lemma 31 Let k # 1 and Q be defined by (60). Then,

Dui (a) = (2 k) (—i : - 1)n (65)
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Proof. Lets assume that
D, i (8;a) = byB",
for some functions by (k,a) and B (k,a). Using (4), we have
0= byB"*? — QbgB" ™ + abyB" = byB" (B> — QB + a) .

Using (2), we get
bo = D07k<w;a> =2—-k

and
Q=D14(Qa)=(2—-k)B(k,a).

Thus,

B(k,a) = —— = — i

and clearly
B* - QB+a=0.

It follows from the previous Lemma that the discrete part of L is well
defined when k = 2.

Proposition 32 Let §2 be defined by (60) and L, be defined by (64). Then,
fork #1

1+(—1)"+m} (2—k)k (i ka )"*m‘

Ly Dy Dpi) = [ 5 p— —3

Proof. From (65) we have

n+m
, a
Dy (Q;0) Dy (0) = (2 — k)? (—1 = 1) :

Using (24), we get

D (250) Dy i (S%5.0) + Do (=85 ) Din i (=825 0)

=(2—k)? (i 3 i 1>n+m [1+(=1)""].
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Thus,

2 E—1

L (Do D] = {1+(—1)"+m1 (2-Fk)k (j i a 1)"*"1'

n
We can now extend Theorem 29 to all values of k.

Corollary 33 Let h, (k) be defined by (21) and x (k) be defined by (55).
Then,

2v/a
1 vV 4a — tQDan (t) Dm,k (t)

dt 66

2m (k—1)t2+a(k—2)° (66)
—2/a

L+ (=)™ @-kk (. [a \"™"_
wty [ PEE EEBE (G L) b
Remark 34 If we set k =2 in (66), we obtain
2va ~

1 Via =

L N (#) Dy (8) dt = T () S, (67)

27 12
—2va

which seems to make no sense, since the integrand is singular at t = 0.
However, if we use (44) we have

; t
D,s(t;a) = a2 DU, [ —=
,2( ,CL) a 1 2\/& )

and we can write (67) as

2V/a
1
a%(n-l—m)—lQ_ / Vida — t2Un_1 (%) U1 <L> dt = h, (l{?) 6n,m7
™
,2\/5

or changing variables to T = 4=

2Va

n+

1
m 2
a 2 —/\/ 1= 72U, 1 (7) Uppy (1) d7 = by () -
7r
|
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This agrees with (38), since we have U_1 =0 from (33) and hy (2) = 0 from
(21), while for n,m > 1 we know from (21) that

_ntm

a2 hy (k) Opm = Onm-

Finally, we will use the function S (z; k, a) to find explicit expressions for
the moments of L.

Proposition 35 Let L be the linear functional defined by (20). Then, the
moments of L of even order

pion (k) = L [2*"]

are given by

1
L (1) =22t 2 —a)" =0,1 63
M?() (n+1>(a)a n s Ly ) ( )
1
o (2) = =221 2>( a)", n=1,2,..., (69)
n
and if k # 1,2,

1 (k—2)* Wk -
pizn (k) = ko) (—a) (m + Z(
Proof. From (29) and (61), we have

(k) S(zika) 2 V1—daz? + X

22—k 2(k—1)224a(k—2)

=0

Using (23), we get

= iy (k) 1 VI—4daz2 4 55

- 2
—~ 22 2k—1+4a(k—2)" 22
Letting u = 272, we see that
s l 1 \/1—4au+ﬁ

E)u = —= ,
Zuzz() 2k—14a(k—2)>"u

=0
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and therefore

[e.o]

k
VI—daut —5 = =2 [k—1+a(k—2)*u] Z,uglul

o 1=0

:_22 — 1) pou —Z2a M2z DU u'.

Since .
V1 —dau = Z(?) (—dau)'
1=0
we obtain "
1+ ——=-2(k—1
+ k—92 ( )MO;
and
1
(?) (—4a)' = =2 (k — 1) pzr — 2a (k — 2)° pog-1), =1,2,....
If k=1, we get
1
(?) (—4a)’ = —2apq-1), 1=1,2,...,
or 1
fion (1) = 227+1 (ni 1) (—a)", n=0,1,....

If k£ =2, we have

n

1
fhan (2) = —22"1<2) (—a)", n=1,2,....

If £ # 1,2, we set y; = g, and obtain the recurrence

alk—2?  (~da)"( 1
Yi+1 = — u — )
k—1 2(k—1)\U+1
with
1
Yo = —2 .



As it is well known, the general solution of the initial value problem

Yn+1 = CnlYn + 9ny  Yng = Yo,

is [8, 1.2.4]

n—1 n—1 n—1

yn:yoncj+ Z <9k H Cj) :

jzno k=ng j:k+1
Thus,

n - n—{—1

1 | ak-27] ”Zl(—zm)l“ | atk-2)7
' k—1 (k- 1)\l +1 k—1 ’

or

Yn = _z(kl_ 1) [_a(l/;_—f)T (ﬁ +g(%) [%Y)

and the result follows. m
Remark 36 If k =0, we get from (70)

i 0) = 2255y (),

=0

(]

and using the identity [16, 26.3.10]

we obtain )
a(0) =221 2 ) (—a)".
pen(0) =227 (72) (-a)

This agrees with (63), since

2/a

0) = / 2

P =58 | Vaa—'"
—2va
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When k = 1, we have from (63)
2v/a

1
pion (1) = — [ t*"/4a — t2dt,

" 27ma
—2\/a
and therefore (68) gives
2/a )
1 1
— | *"Vda —2dt =22 2 ) (—a)",
2ma 1
,2\/5
which can be verified directly.
When k = 2, we can write (see Remark 34)

2va 2va
1 Via — t? 1
fhan (2) = — / pn VT g / 2n=1/4q — t2dt,
27 12 27
—2va —2va
where n =1,2,.... Hence,
1
fion (2) = apigpn_1y (1) = 2?1V (2) (—a)"", n=1,2,...,
n

in agreement with (69).

5 Conclusions

We have shown that the Dickson polynomials of the (k4 1)-th kind defined
by

satisfy the orthogonality relation

2,/a
1 vV 4a — tQDnyk (t) Dm,k (t)

2 (k—1)2+a(k—2)° «
—2/a “
X (k) [”(_21) ] e (1 kfl) — i (K) D
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where a > 0, k € R,

0, kel0,2
X(k>:{1, keR[\[O,]2] )

and
ho(k)=2—Fk, h,(k)=a", n=12,....

We hope that this work will outline some connections between finite fields
and orthogonal polynomials, and that it would be of interest to researchers
in both areas.

Acknowledgement 37 This paper was completed while visiting the Johannes
Kepler Universitdat Linz and supported by the strategic program "Innovatives
00~ 2010 plus" from the Upper Austrian Government. We wish to thank
Professor Peter Paule for his generous sponsorship and our colleagues at
JKU for their continuous help.

We also wish to acknowledge the hospitality of the Erwin Schrodinger
International Institute for Mathematics and Physics (ESI), on the occasion
of the Programme on “Algorithmic and Enumerative Combinatorics” held in
October-November 2017.

References

[1] N.I. Akhiezer. The classical moment problem and some related questions
in analysis. Translated by N. Kemmer. Hafner Publishing Co., New
York, 1965.

[2] C. Berg. Markov’s theorem revisited. J. Approx. Theory, 78(2):260-275,
1994.

[3] T. S. Chihara. An introduction to orthogonal polynomials. Gordon and
Breach Science Publishers, New York-London-Paris, 1978.

[4] M. V. Defazio. On the zeros of some quasidefinite orthogonal polyno-
mials. ProQuest LLC, Ann Arbor, MI, 2001. Thesis (Ph.D.)-York
University (Canada).

[5] L. E. Dickson. THE ANALYTIC REPRESENTATION OF SUBSTI-
TUTIONS ON A POWER OF A PRIME NUMBER OF LETTERS

35



[10]

[11]

[12]

[13]

[14]

[15]

WITH A DISCUSSION OF THE LINEAR GROUP. ProQuest LLC,
Ann Arbor, MI, 1896. Thesis (Ph.D.)-The University of Chicago.

L. E. Dickson. The analytic representation of substitutions on a power
of a prime number of letters with a discussion of the linear group. part
i. Ann. of Math., 11(1-6):65-120, 1896/97.

L. E. Dickson. The analytic representation of substitutions on a power
of a prime number of letters with a discussion of the linear group. part
ii. Ann. of Math., 11(1-6):161-183, 1896/97.

S. Elaydi. An introduction to difference equations. Undergraduate Texts
in Mathematics. Springer, New York, third edition, 2005.

G. T. Gilbert. Zeros of symmetric, quasi-definite, orthogonal polynomi-
als. J. Math. Anal. Appl., 157(2):346-350, 1991.

P. Henrici. Applied and computational complex analysis. Vol. 2. Wiley
Interscience [John Wiley & Sons|, New York-London-Sydney, 1977.

R. Koekoek, P. A. Lesky, and R. F. Swarttouw. Hypergeometric or-
thogonal polynomials and their q-analogues. Springer Monographs in
Mathematics. Springer-Verlag, Berlin, 2010.

C. Koutschan. Advanced Applications of the Holonomic Systems Ap-
proach. ProQuest LLC, Ann Arbor, MI, 2009. Thesis (Ph.D.)-Research
Institute for Symbolic Computation, Johannes Kepler University Linz.

M. G. Krein and A. A. Nudel’'man. The Markov moment problem and
extremal problems. American Mathematical Society, Providence, R.I.,
1977.

R. Lidl, G. L. Mullen, and G. Turnwald. Dickson polynomials, vol-
ume 65 of Pitman Monographs and Surveys in Pure and Applied Math-
ematics. Longman Scientific & Technical, Harlow; copublished in the
United States with John Wiley & Sons, Inc., New York, 1993.

G. L. Mullen, editor. Handbook of finite fields. Discrete Mathematics
and its Applications (Boca Raton). CRC Press, Boca Raton, FL, 2013.

36



[16]

[17]

[18]

F. W. J. Olver, D. W. Lozier, R. F. Boisvert, and C. W. Clark, editors.
NIST handbook of mathematical functions. U.S. Department of Com-
merce, National Institute of Standards and Technology, Washington,
DC; Cambridge University Press, Cambridge, 2010.

J. A. Shohat and J. D. Tamarkin. The Problem of Moments. American
Mathematical Society Mathematical surveys, vol. I. American Mathe-
matical Society, New York, 1943.

G. Valent. From asymptotics to spectral measures: determinate ver-
sus indeterminate moment problems. Mediterr. J. Math., 3(2):327-345,
2006.

W. Van Assche. Asymptotics for orthogonal polynomials, volume 1265
of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1987.

W. Van Assche. Orthogonal polynomials, associated polynomials and
functions of the second kind. J. Comput. Appl. Math., 37(1-3):237-249,
1991.

Q. Wang and J. L. Yucas. Dickson polynomials over finite fields. Finite
Fields Appl., 18(4):814-831, 2012.

37



2017-01

2017-02

2017-03

2017-04

2017-05

2017-06

2017-07

2017-08

2017-09

2017-10

2017-11

2017-12

2016-01

2016-02

2016-03

2016-04

2016-05

2016-06

Technical Reports of the Doctoral Program

“Computational Mathematics”

2017

E. Buckwar, A. Thalhammer: Importance Sampling Techniques for Stochastic Partial Differ-
ential Equations January 2017. Eds.: U. Langer, R. Ramlau

C. Hofer, I. Toulopoulos: Discontinuous Galerkin Isogeometric Analysis for parametrizations
with overlapping regions June 2017. Eds.: U. Langer, V. Pillwein

C. Hofer, S. Takacs: Inexact Dual-Primal Isogeometric Tearing and Interconnecting Methods
June 2017. Eds.: B. Jittler, V. Pillwein

M. Neumiiller, A. Thalhammer: Combining Space-Time Multigrid Techniques with Multilevel
Monte Carlo Methods for SDEs June 2017. Eds.: U. Langer, E. Buckwar

C. Hofer, U. Langer, M. Neumiiller: Time-Multipatch Discontinuous Galerkin Space-Time
Isogeometric Analysis of Parabolic Evolution Problems August 2017. Eds.: V. Pillwein,
B. Jiittler

M. Neumiiller, A. Thalhammer: A Fully Parallelizable Space-Time Multilevel Monte Carlo
Method for Stochastic Differential Equations with Additive Noise September 2017. Eds.:
U. Langer, E. Buckwar

A. Schafelner: Space-time Finite Element Methods for Parabolic Initial-Boundary Problems
with Variable Coefficients September 2017. Eds.: U. Langer, B. Jiittler

R. Wagner, C. Hofer, R. Ramlau: Point Spread Function Reconstruction for Single-Conjugate
Adaptive Optics December 2017. Eds.: U. Langer, V. Pillwein

M. Hauer, B. Jittler, J. Schicho: Projective and Affine Symmetries and Equivalences of
Rational and Polynomial Surfaces December 2017. Eds.: U. Langer, P. Paule

A. Jiménez-Pastor, V. Pillwein: A Computable Extension for Holonomic Functions: DD-
Finite Functions December 2017. Eds.: P. Paule, M. Kauers

D. Dominici: Mehler-Heine Type Formulas for Charlier and Meizner Polynomials II. Higher
Order Terms December 2017. Eds.: P. Paule, M. Kauers

D. Dominici: Orthogonality of the Dickson Polynomials of the (k + 1)-th Kind December
2017. Eds.: P. Paule, M. Kauers

2016

P. Gangl, U. Langer: A Local Mesh Modification Strategy for Interface Problems with Appli-
cation to Shape and Topology Optimization November 2016. Eds.: B. Jiittler, R. Ramlau

C. Hofer: Parallelization of Continuous and Discontinuous Galerkin Dual-Primal Isogeomet-
ric Tearing and Interconnecting Methods November 2016. Eds.: U. Langer, W. Zulehner

C. Hofer: Analysis of Discontinuous Galerkin Dual-Primal Isogeometric Tearing and Inter-
connecting Methods November 2016. Eds.: U. Langer, B. Jiittler

A. Seiler, B. Juttler: Adaptive Numerical Quadrature for the Isogeometric Discontinuous
Galerkin Method November 2016. Eds.: U. Langer, J. Schicho

S. Hubmer, A. Neubauer, R. Ramlau, H. U. Voss: On the Parameter Estimation Problem of
Magnetic Resonance Advection Imaging December 2016. Eds.: B. Jiittler, U. Langer

S. Hubmer, R. Ramlau: Convergence Analysis of a Two-Point Gradient Method for Nonlinear
1ll-Posed Problems December 2016. Eds.: B. Jiittler, U. Langer

The complete list since 2009 can be found at
https://www.dk-compmath. jku.at/publications/



Doctoral Program

“Computational Mathematics”

Director:
Prof. Dr. Peter Paule
Research Institute for Symbolic Computation

Deputy Director:
Prof. Dr. Bert Jiittler
Institute of Applied Geometry

Address:
Johannes Kepler University Linz
Doctoral Program “Computational Mathematics”
Altenbergerstr. 69
A-4040 Linz
Austria
Tel.: ++43 732-2468-6840

office@dk-compmath.jku.at

Homepage:
http://www.dk-compmath.jku.at

Submissions to the DK-Report Series are sent to two members of the Editorial Board
who communicate their decision to the Managing Editor.



