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1 Introduction

Let {¢n}, {¢n}, and {P,} be three bases of C[x], related by

i (x) = aibe (x),

k=0

and 4
J
) =3 b P ()
m=0

Then, we clearly have

2) =YY aigbjmPr () P (x). (1)

k=0m=0

If {{,} is a sequence of complex numbers and £ : Clz] — C is the linear
functional defined by

Ll = pn, n=0,1,...,

then £ is called the moment functional determined by the formal moment
sequence {u,} [31]. The number pu, is called the moment of order n.
If the polynomials P, (z) satisfy

L[P. P = hndpm, n,m=01,..., (2)
where hg = po, hy, # 0 and 6, ,,, is Kronecker’s delta

1, n=m

5"’7”:{ 0, n#m ’

then {P,} is called an orthogonal polynomial sequence with respect to
£.
Applying £ to (1) and using (2), we get

¢z¢] Zaz k:b] m£ [Pk: Zaz kbj mhkék m Zai,kbj,khk- (3)
k
If we define the matrices A, B,, D,, and H, by
1>

GL' = .o
(An)i,j:{ O]Z<] 9 OSZ,]STL—L

2



b 0> o
(Bn)zJ:{ 0:.7 Z<] ) OSZ,]STL—l,

hi i=3j o
(Dn)z,J:{O Z%j ) OSZ,]STL—L

and
(Hn)m‘ =£ [Cbﬂbj] , 0<4,5<n—1,

then we see from (3) that
H, = A,D,B". (4)

In particular, if we choose ¢, (z) = ¥, (z) = 2™ and the polynomials P, ()
are monic, H, becomes a Hankel matrix

(Hn); ; = Hivj—2, 1<i,5<mn,
and we define the Hankel determinants by Ay =1 and
A, =det(H,), n=12....
It is well known that (2) is equivalent to the condition
A A0, n=1,2....

The theory of orthogonal polynomials has a long history, from the first
work of Adrien-Marie Legendre [51] on the gravitational potential in spherical
coordinates, to the present day. See [18], [22], [28], [31], [44], [47], [49], [50],
[52], [55], [59], [63], [66], [67].

The standard approach is to use the monomial basis and apply the theory
of Hankel determinants. However, one could consider more general bases and
work instead with matrix factorizations of the form (4). In particular, if the
bases ¢, (), ¥,(x) are the same, one would have an LDL decomposition [72],
[46].

The links between the theory of (infinite, semi-infinite) matrices and or-
thogonal polynomials have been studied by multiple authors. The bibliog-
raphy on this subject has grown exponentially in the last years, and any
attempt to review all the references will be almost impossible. Moreover,
there are now connections with several fields of mathematics, physics, and
statistics, including;:



1. Random matrices [7], [10], [12], [27], [32], [57].

2. Toda lattices [3], [4], [5], [11], [14], [53], [54], [68].

3. Matrix orthogonal polynomials [17], [37].

4. Multiple orthogonal polynomials [15], [19], [38].

5. Multivariate orthogonal polynomials [21], [36].

6. Orthogonal polynomials on the unit circle [16], [20], [64], [65].
7. Skew orthogonal polynomials [1], [2], [45], [58].

8. Darboux transformations [8], [9].

9. Christoffel transformations [13].

10. Geronimus transformations [33], [41].

11. Riemann-Hilbert Problems [6], [25], [26].

and

12. Painlevé equations [23], [29], [30], [39], [40].

The objective of this article is to present some basic elements of the theory
of orthogonal polynomials based on matrix factorizations. We apply these
ideas to one specific family of discrete semiclassical orthogonal polynomials
(the Meixner polynomials), and outline the general case.

The paper is structured as follows: in Section 2, we introduce all the
elements necessary for the theory. We show how to compute the coefficients
in the three-term recurrence relation satisfied by the orthogonal polynomials
using the Modified Chebyshev algorithm.

In Section 3, we consider some special classes of orthogonal polynomials,
called semiclassical. We focus our attention on the linear functionals that
satisfy a Pearson equation with respect to the shift operator. We derive
a system of partial difference equations that can be used to compute the
coefficients in the three-term recurrence relation.

Finally, in Section 4 we summarize the results and discuss possible exten-
sions.



2 Main theory

2.1 Definitions

We begin with a few definitions.
Definition 1 Let Ny denote the set
No=Nu{0}=0,1,2,....

A semi-infinite matriz M € C>*** is a function M : Ny x Ny = C. We
write
M (i,j) = M, ;.

(i) We say that U is an upper triangular matric if
Ui,j =0, ©>7.

We say that U is a unit upper triangular (UUT) matriz if U is upper
triangular and
Ui,i = 1, 1 E NO-

(i) We say that L is a lower triangular matriz if
Li,j =0, i<7y.

We say that L is a unit lower triangular (ULT) matriz if L is lower
triangular and
Li,i = 1, Z S No.

Remark 2 For material on semi-infinite matrices and their connections
with orthogonal polynomials, see [70].

Definition 3 We say that ¢ € C[2]™*" is a basis of C [z] if ¢, (z) € C [2]
and deg (¢,) = n.

We say that ¢ is a monic basis if g, () is a monic polynomial for all
n e No.

The basis that we will use in our examples is constructed with the falling
factorials.



Example 4 The basis of falling factorial (or binomial) polynomials is
defined by ¢y (x) =1 and

f[ (w—j), neN. (5)

Remark 5 Using the definition (5), we immediately obtain the recurrence
relation

Pnt1 () = (x = n) ¢n (7). (6)

Definition 6 We define the Pochhammer (or rising factorial) polynomials
by (x), =1 and

n—1

(:p)n:H(x+k), n € N. (7)

k=0

Remark 7 The Pochhammer polynomaials can be generalized to complex val-
ues of n using the formula [61, 5.2.5]

I'(x+n)

(z), = T@ (z +n) ¢ Ny, (8)

where I" (z) is the Gamma function.

The Pochhammer polynomials satisfy many identities, including the re-
currence [60, 18:5:12]

(2)pym = (@), (x+n),,, n,m e Ny, 9)
the change of sign identity
(—z), =(-1)"(x—n+1),, (10)
and the ratio formulas [60, 18:5:10]

@om),  @-m), _ (-2),
(z), (x—m+mn),, (1—z—n)

m € No. (11)

We see from the definitions (5) and (7) that the polynomials ¢, (z) and
(x),, are related by [61, 5.2.6]

ﬂ (2= ) = ()" [ (—+ 4) = (~1)" (~a),.



Using (10), we get
Remark 8 Note that from (8) and (12) we get

['(x+1) T
On () = T—ntD = n'(n> (13)

In particular, using the recurrence relation for the binomial coefficients
[61, 26.5.5], we obtain

S ()0

Therefore,

On (x4 1) = ¢ () + npp_q (). (14)

Using the forward difference operator (acting on the variable z)

Af(z) = fz+1) = f(2),

we can write (14) as A¢, = neg,_1. For higher powers of A, we have the
following lemma.

Lemma 9 For all 7,7 € Ny, we have
AN (x) = ¢4 (5) 05— (x) - (15)
Note that from (5) we see that

Proof. We use induction on i. The case ¢ = 0 is an identity. Assuming the
result to be true for i > 0, we have

A5 () = Algi () ¢j—i ()] = @i () Adj—i (x)
=6 (J) (4 = 1) dj-ia (2),
where we have used (14). The result now follows from (6), since
(G =) ¢ (4) = bira (4) -
]

Using the Pochhammer polynomials we can construct the generalized
hypergeometric function.



Definition 10 The generalized hypergeometric function I is defined
by [61, 16.2]

ar,...,a, _\ = (ay) e (ap), 2
qu( b, ..., b Z)_;(bl)z—(bq)kﬁ (16)

Remark 11 The convergence of the series (16) depends on the values of p
and q. We have three different cases to consider:

1. If p<q+1, ,Fjis an entire function of z.
2. If p=q+1, ,F, is analytic inside the unit circle, |z| < 1.

3. If p>q+1, ,F, diverges for z # 0, unless one or more of the top
parameters a; is a negative integer. If we take a; = —N, with N € Ny,
then ,F, becomes a polynomial of degree N.

For example, we write the exponential generating function for the Pochham-
mer polynomials as a 1 Fy function.

Example 12 Using the binomial theorem and (13), we have

(1+2)" = g(i) 2" = ni;ogb”n—('x)z"

From (12), we get

n

1F0( f ?Z) :Zo(l")n ;—T:ZO(—U”%(—JU)%Z (1-2", |2 <1
(17)

In the next section, we will need the following result.

Proposition 13 The polynomials ¢, (x) satisfy the connection formula

on @600 =3 (1) (1) im0 (19

k=0



Proof. Using (13), we can write

i(;";) (?)k!%m . Zfbk n) ¢r (m ¢n+m k(T )’

k=0

or, using (12),

00 n 00 1

k=0 =0

But from (9), we have

(z+l-n—-—m) (z+1-—n—-—m+k),, ., =@+1l-—n-—m)

n+m

and therefore

5 0) (2o S

k=0

Using (16), we get

= (n\ (m —n,—m
kz_o(k) (k)k!¢n+mk(a:) =@+1-n—-m),,,. oF ( et l—n—m ,1) )

If we use the Chu-Vandermonde identity [61, 15.4.24]

_n7b . o (C— b)n

we obtain

= (n\ (m (x+1—mn)

k! n+m— = 1—n-— - )
;(k)(k) ¢+ k(m) (.1'+ n m)ner(:Ij'—i-l—n—m)n

and (9) gives

(x+1-n—-—m),.
nm: 1_ .
(x4+1—n—m) (z+ )

Thus, using (12),

n

5 (5) () Hbwams ) = a4 =), o+ L=, = 60 0) 6 0



2.2 Linear functionals

In this section we consider linear functional acting on the space of polyno-
mials C [z], i.e., belonging to the dual vector space C* [z].

Definition 14 Let £ : C[z] — C be a linear functional and ¢ € C [z]>*"
be a monic basis.
(i) The numbers

b%::/S[Qn]a W/GINm

are called the (generalized) moments of £. We write
Vv =2[q] € Cl]™".
(ii) We define the Gram matriz G by
G=2[q 7" eCr>
As an example, we consider the basis of falling factorial polynomials.

Example 15 Let £: Cz] — C be defined by

CE

ZCI —! q € Cla]. (19)

The moments of £ on the falling factorial basis are given by

v (2) = 8[6,) = D6 (1) (a), .

From (13), we get

> z! 2" ad (a)Hn oin
Vn(z):Z(x_n)l(G/)xg:Z x' z )
r=n x=0
or using (9) and (17)
Vn (@), Y _(a+n) —':zn(a)nu—z)*a*", 2| < 1. (20)

10



Using (20) and (18), we get

Gij = L, ¢;] = Z (;) (}i) Jol LIk (@), o (1 Q)amii

e VR ) R
From (9) and (10), we have
iR = (DM i),
Therefore,
R R N e N CE
Gij=(1-2) (1_2) (a)iﬂ'; )k! d (1_5_])'—a)k< z )

i+j o
1 \-a z —i,—] z—1
_<1 Z) <1_Z) (a)i+j 2F1(1_Z'_j_a7 P )

Using the identity [61, 15.8.7]

_n7b . o (C_b)n _n7b .
QFI( c 72)_ (C)n 2F1(1+b_c_n7]-_z)a TLGN[:H

we obtain

Gi’j:(l—z)_a< . >i+j @, ( (-i-a) o ( —i,—j ;1)_

11—z l1—i—j—a),

But using (11) and (9),

(1—i—a) (a); _
(I—i—a—j);, (a+7]),

Thus, we conclude that

Gi,j:a—z)—“( : )Hj (a); (a); 2P ( —hJ ;1), (21)

1—=2

where —a ¢ Ny, and we choose the branch z ¢ [1,00).

11



Remark 16 Note that the matriz G defined by (21) is symmetric, and all
the entries are finite sums, since the hypergeometric series terminates for all
1,7 € Np.

Example 17 Also, z = 0 is not a singularity of G, ;, since the power 2z

cancels the powers of 2z~ .

Definition 18 We say that £ is a quasi-definite functional with respect
to a monic basis ¢ € C[x]OOXIif the matriz £ [7 7T} admits the LDL
decomposition [46, 4.12]

£[7 ¢")=G=CHC", (22)

where C' € C>*** 45 a ULT matrix and H € C***° 45 a nonsingular diagonal
matriz
H; ;= hid,j, h; #0, 1i,j¢€N.

If h; > 0 for alli € Ny, we say that £ is a positive-definite functional.
Proposition 19 If £ is a quasi-definite functional with respect to 7, then

we can compute the entries of C' and H in (22) by the following iterative
formula:

ho = Gop, Cipo= Gw? Cii=1, 1€Ny,
, : ho ;
Oi,j =0, 1<y,
and for i € N,
i1
hi=Gii =Y (Cix)* hu,
k=0

1 ]_1 . .
Cij = . (Gi,j - Z@,k@',k%) , J=1...,i—1.
k=0

J

Proof. Let ¢ > j. Then,

Gij= (CHCT), = CixhiCis

]
k=0
J J—1
= ZCi,khijJg = Ci’jhj + Zci,khkcj,k'
k=0 k=0

12



Solving for Cj ;, we get

j—1
1
Cig = h—( id Zcmhkcjk)

In particular, when ¢ = j

1=Ci; = Gii— Y (Cip) hk] :

1
hi
]

Example 20 Let the matriz G be defined by (21). Since

TS0 ()12 ()

() (5 o)
=(1-2)" 1iz>l+j(a)i( ()()f_;k :

—a-a (12) @@ an (),

we see that the matrices C' and H in the LDL decomposition (22) have entries

(W) e o

and Hi,j = hiéi,ja with

(a), ! z

We conclude that £ is a quasi-definite functional if —a ¢ No, z # 0, and
z ¢ [1,00). The functional £ will be positive definite if a >0 and 0 < z < 1.

2.3 Orthogonal polynomials

In this section, we introduce sequences of polynomials orthogonal with re-
spect to linear functionals.

13



Definition 21 If £ is a quasi-definite functional with respect to ?, we define
the sequence of monic orthogonal polynomials (MOPS) with respect to
£ by

C1q e Clz]™". (25)

Example 22 Let the matriz C be defined by (23). We have

00 0 . i—k k—j
e, ik (1) (a); z k\ (a), o

Zo J kzo k)(a), \1—=z i) (a); \1—2z

- () B ()0)

If we use the formula for higher order differences [62, 6.1]

APf () = Z(P) (—1P £ (x4 ). (26)

=0 \J
we see that

S ()50 ()L

From (13) and (15), we have

since ¢; (i) = il.
Thus, we conclude that

- z k: (a’)z < I
Z zk:ij - (CL) (1_2) 5i7j:5i7j7

k=0

and therefore
i—k -1
(=) Cig = (C71),- (27)

14



%
The polynomials 7 = C~1 ¢ are known as (monic) Meixner polyno-
mials [47, 6.1]. Using (23) and (27), we get

=3 (0, et =3 0 (1) () o,

Jj=0 J

From (13) and (12), we have

(n) _ o) _ (1 (=),

j =

J! J!

Therefore, we obtain the hypergeometric representation [34]

o) =@, (25) wm (7).

Theorem 23 Let £ be a quasi-definite functional with respect to 7 and ?
be the corresponding MOPS. Then,

Proposition 24 (i) The polynomials p, (x) satisfy the orthogonality re-
lation

e[v 7' =H (28)
(ii) We have
£[7P] = hoet, (29)
where
<€k)j = Ok,j
(i) If 1 is a monic basis of C[z], then
%
|7 ¥ =nv,
where U 1s a UUT matriz. In other words, for all i,7 € Ny

15



Proof. (i) Using (25), we have
Iy [? 7T} _ [ 17 7TC } IGC T _
where
cT=(cT) " = (™",
(ii) Using (28), we have
(£ [?D] = £[p;] = £[pjpo] = hodjo-
%
(iii) If ¢ is a monic basis of C [z], then there exists a ULT matrix L such
that
=Lq.
Using (25), we get
e[7 0T =2[c 7 FTLT) = CGLT = HOTLT.
Since C' and L are ULT matrices, the matrix CTLT is UUT. m
Example 25 Meizner polynomials. Using (19), (24) and (28), we obtain
the orthogonality relation for the (monic) Meixner polynomials [34]

2 nl 2" (a)
n Pm - = —n 5n ;M s - N .
Zp )96 .Z" (1 . Z)a+2n n,m 0

Definition 26 Let ? be the MOPS with respect to a quasi-definite func-
tional £. We define the Jacobi matrix J € C°*> by

J=2[zp P H (31)

Theorem 27 (i) The Jacobi matriz J defined by (31) is a tridiagonal matric
with entries

Jij = Oix1,5 + Bi0ij + Vidi—1,5, (32)
where the coefficients B;,7; are given by
& [xp?
Bi = hpl], i € Ny,
h;
Yo =0 and
Llrpipi- h; .
o Zleppial by (33)
hi—y hi—1



Proposition 28 (ii) The polynomials 7 satisfy the eigenvalue

J ? = x?
By linearity, this extends to
¢(@) 7 =q(J)) P, qeCla].

(iii) Let g € Clz]. Then, q(J) H is a symmetric matriz.
(iv) Let g € Clx] be given by

g(z)= PTd, WTeC]*".
Then,

o= 320y

Proof. (i) Using (30) in two different ways, we have

hi, i=j+1
£me“:{o,i>j+1’

and
hj, ]:Z+1

SW“WJ:{ j>i+1

Thus, from (31) we obtain
(JH);; =0, j ¢ {i—1,i,i+1}.
The three nonzero entries are given by
Jiic1thicn = L[xpipia] = hi,

Jiihi = £ [zp}] = hif3i,
and
Jiig1hizi = £ [Tpipit1] = hiy1.
(ii) Representing 27 with respect to the basis 77, we have

e =MT,

17

equation

(34)

(35)



for some matrix M. Multiplying by 77 and applying £ on both sides of the
equation, we get

JH=2[2p P77 =ML [P P"] = MH,

where we have used (28) and (31). Since H is nonsingular, M = J.
(iii) Using (35), we have

g7 P =L[a(N)T P =a() L[V P"]=q())H
But on the other hand,
elap P =2L[V PTa = [¥ P a(J")] = Hq(J7).

Therefore,
lq(J)H]" = H" [q(J)]" = Hq(J") =q(J) H. (38)

(iv) From (36), we have
LPd =7 P I =HT.

Using (35),

Thus, we conclude that

hjw; = (H ﬁ)J = Z [g (J)];.4 hodro = ho g (J)];-

k

Corollary 29 Let T be the MOPS with respect to a quasi-definite functional
£. Then, the polynomials ? satisfy the three-term recurrence relation

TPn = Pn+1 + Bnpn + VnPn-1, N E N07 (39)

with initial conditions
p-1=0, po=1L1

18



The following result is known as the Modified Chebyshev algorithm [43,
2.1.7].

Proposition 30 Let 7 be the MOPS with respect to a quasi-definite func-
tional £ and ¢ be a monic basis of C[x] satisfying

¢ =T7, (40)

where T 1s a tridiagonal matrix with entries

Tij = Oiy1,j + midij + &idi1,j. (41)
Let the "modified moments” be defined by

R=2[q 77].
Then, the entries of R satisfy the recurrence
Riji= R+ (mi—By) Rij +&Ric1y —viRij,
with initial values
Ri_1=0, Ro=2ZL[g|=vi €Ny

Moreover, the coefficients in the three-term recurrence relation (39) are
given by

Riy1, R
i = 1 = — : , 42
O i e 42)
and R
;= LI 43
! Ri 11 (43)
Proof. Let L be the ULT matrix satisfying
7=L7.
Then,
R=£[q P =¢[L T 7' =LH (44)
Hence, R is a lower triangular matrix and

19



Using (34) and (40), we have
TGP =eqd P =q 2" =7 7T,
and therefore
TR=¢[T 7 7" =¢[q P"J']=RJ"
Using (32) and (41), we get
Rig1j+nmiRij +&Rioj = Rijo + BjRi; + v Rij—1. (46)
Since R is a lower triangular matrix, we have
R,; =0, i<j, (47)
and setting i = j — 1 in (46), we obtain

= R;;
==
Rj 11

Note that from (45) and (48) we have

h;

in agreement with (33).
If we set i = j in (46) and use (48) and (47), we obtain

Rip; — il . Rjs; R
R.. = R.. Ri 1.+
JsJ J:J j—1,j—1

By =mn; +
Finally, solving for R; ;11 in (46), we get
Rijo1 = Riyrj+ (i — Bj) Rij + &GRivj — vl
u

Example 31 Meixner polynomials. The falling factorial polynomials satisfy
the 3-term recurrence relation (6). Comparing with (41), we see that

Th =n, 571207

20



and therefore

Using (44), we get

=3(}) @ =

Finally, using (42) and (43) we obtain [34]

Rn+1n Rnn—l n—+ (n+a)z
n — d — 2 = 49
ﬂ n Rn,n Rnfl,nfl 1—-2 ( )

and
Ron  n(n—1+a)z

Ry 1n-1 (1—2)°

In = (5())

In the next section, we will consider a class of orthogonal polynomials
that includes the Meixner family as a particular case.

3 Semiclassical orthogonal polynomials

Let Y : C[z] — C[z] be a linear operator and let ' be the MOPS with
respect to a quasi-definite functional £ . We say that ? is semiclassical
(with respect to T) if there exist fixed polynomials A (), 7 (z) such that the
functional £ satisfies the Pearson equation

L[A\Yq] = £[rq], qeCla]. (51)
We define the class of ? to be the number
s = max{deg (\) — 2, deg (A —71) — 1}. (52)

The polynomials of class s = 0 are called classical.
In particular, let’s suppose that the operator T is the shift operator

Tq(z)=q(x+1), qeCla], (53)

21



and the functional £ has the form
Llgl =) qx)p(z), qeCla],
x=0

for some weight function p : Ny — C with

p(—1)=0.

Using (54) in (51), we have

(55)

dAa—Dg@)p@-1)=) Aa)g@+1)p@) =) 7(x)q(@)p(z),

r=—1

where we have used (55).
We conclude that the weight function p (z) must satisfy

AMez—=1)p(@—1)=7(z)p(2),

" plrt1) _ M)

p@ r@tD)
If the polynomials A (z),7 (z) are given by

AMz)=z(@+a)(r+a) - (v+a),
T(z)=z(@x+b)(@+b) - (x+b),
then solving (56) we see that

(a1), (a2), - (@), z*

bi+1), (ba+1), - (b—1 + 1), z!

(56)

(57)

(58)

Note that (55) is satisfied, since & = 0 at = —1. In [35], we classified the
weight functions satisfying (56), with deg (A —7) = 2 and 1 < deg (1) < 3.

For a recent book on discrete semiclassical polynomials, see [69].

Suppose that the shift operator T is represented by the matrix S on the

basis ?,

TP =S7.

(59)

Since ? is a monic basis, it follows that S is a ULT matrix. It’s relation to

the Jacobi matrix is given in the following result.

22



Proposition 32 Let J be the Jacobi matriz defined in (31) and S be defined
by (59). Then,
[J,S] =8, (60)

where the commutator (A, B] is defined by
[A,B] = AB — BA.
Proof. Using (34), we have
z+1)P(+)=JF (x+1)=JYF =JSYP.
On the other hand, from (59) we get
+D)Px+)=@+D)Y(P)=(e+1)SP =S2p+ST = SIT+SV.

Thus,
SJ+S=JS.

Remark 33 If we use (32), we can write the commutator equation (60) in
extended form

(1,8 =D (Givrk + Bibik + Yidima k) Sy — > _Sik Orrrj + Bidry + Wudh1,)
p P

= Sit1,; + BiSi; +viSi—1,; — Sij—1 — BiSij — Vi+15ij+1 = Sij-
Hence,
Sit15 = Sij—1+ (B = B — 1) Sij +7iSi—15 — Vj+15i541 = 0. (61)

Since S is a ULT matriz, the equations (61) are automatically true for i <
97— 1. Foriv= 75— 1, we have

Sij— Sic151+ (B — B3 — 1) Sj15 +7j-185-25 — Vir1Sj-1,j+1
—1-1+0+0-0=0.

Finally, for i = j, we obtain

Siv1 = Sjj1+ (B — By — 1) Sjj +7iSi-15 — Vi+1Sj511
= Sjt+15 = Sjj-1—1=0.
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Summing the last equation from j =0 ton — 1, we get
Snn-1— S0,-1 =N,
and since Sp_1 = 0, we conclude that
Snn—1 = N. (62)
The same result can be obtained by using the fact that
po (1) = po () = (2 1) = 2" o= o = ()
where - - - denotes lower order terms.

Example 34 Meizner polynomials. We claim that for these polynomials,

L\
&J:(Z_l) T2 ), (63)

where x (i > j) denotes the characteristic function

. 1, >
> = ’ - .
X(Z—]) {O, Z<]

Clearly S;; =1 and
i!
(i—1)
in agreement with (62). Hence, we only need to verify (61) for i > j.
Ifi=j+1,

Siic1 =

i,

Sj+2,j — 941,51t (ﬁjﬂ - 5j - 1) Sj+1,j + ’Yj+15j,j - ’7j+15j+1,j+1
= Sjt25 — Sjrrj-1 + (Bjr1 — B — 1) Sjy1 -

Using (63), we have

2z
z—1

Sit2j — Sjt14-1 = G+1), Sip;=7+1,

and from (49)
2z

z—1

Brar =By =1 =
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Hence,
Sjt2; — Sjt1j-1+ (Bj41 — B; — 1) Sjp1,;, = 0.
Finally, fori>j+1

)|

L 2!

z

z—1

Sit1,j — Sij-1= (

(5-—ﬁ-—1)S--——( z >"J(i+1—j)z+@'—1—jz‘!
g J IV

z—1 z ﬁ’

and from (50)

=\ (i—j-1) 1
%‘Sz'—l,j - 7j+15¢,j+1 = (z ) —_—

Therefore,

Si1,j — Sijo1+ (Bi — B — 1) Sij + viSic1,; — Vj+15+1

i g R 1 i
z—1 ! z z

=0.
The inverse of the shift operator is given by
Tq(z) =q(x—1), q€Cla],

and is represented by the matrix S~!, since

P @) =TT @) =TT (@) = ST (@).

Example 35 Meizner polynomials. The inverse of the matriz S defined by
(63) is given by

- (- i
<S l)ivj - (Z _ 1)i_j—1+5i,j FX (Z > ]) . (64)

To see this, consider
i—k=146(i,k) - (_1)1+6(k,j) k!
z o! !
5] p <Z— 1) k‘X<Z = ) (Z— 1)k7_]71+5(k,j)]!X< —j)
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Clearly, U; ; = 0 fori < j. Fori > j, we have

Si—k—148(i,k)

Z DR
Z (Z _ 1)i72+6(i’k)7j+6(k7j) ’
and we see that U; ; = 1.
When i > 3,
U - il _( z )131 1 i Zimk—1
Yot a1 (z— 1)~ (z— 1)

Therefore, U; j = 0, ;.

3.1 Laguerre-Freud equations

If ? is a family of semiclassical polynomials, then the coefficients in the
3-term recurrence relation (39) satisfy a (in general) nonlinear system of
equations, known as ”Laguerre-Freud equations” [24], [56]. In this section,
we derive a system of matrix equations that leads to the Laguerre-Freud
equations. We presented some of these ideas at the meeting ”Challenges
in 21st Century Experimental Mathematical Computation” held at ICERM,
Brown University, Providence, RI, on July 21-25, 2014.
We begin with a matrix analogue of the Pearson equation.

Theorem 36 Let J be the Jacobi matriz defined in (31) and S be defined by
(59). If the linear functional £ satisfies the Pearson equation (51), then

SA(J)HS" = Hr (J). (65)

Proof. Since the shift operator T is multiplicative, we can use (59) and
obtain

T (—> —>T) T? T? — —> —>T51T
Thus, from (51), we get

r(NH=g[r(NT P =[P P =\ (7 77
:S[/\S—)—)TsT}_ [A??T]ST
=Se[N(J) T P ST =8\(J)HS".

26



Finally, from (38), we have
SX(J)HS" =7(J)H =Hr (J").
[
Remark 37 If we eliminate S from the system
[J.S]=5, SA(J)HS" =Hr (J"),

we obtain nonlinear relations among the entries of J, i.e., between the coeffi-
cients in the 3-term recurrence relation [, and ~y,. For a different approach,

see [48].

In [34], we developed a method for obtaining Laguerre-Freud equations
from (60) and (65). Our approach was to introduce the matrices

A=S8\(J), B=S"'r(J). (66)
Then, it follows from (60) that

[J, A] = JSA(J)=SA (J) J = JSA(J)=SJIA(J) = [J,S]A(J) = SA(J) = A,

(67)
where we have used the fact that
q(J)J =Jq(J), qeCla].
From (65), we obtain
B =7 (J") ST =H'S\(J)H = H 'AH. (68)

Next, we need the concept of banded matrices [46, 4.3].
Definition 38 Let A € C>**>. We say that A is a (ki, ks) —banded ma-
trix if
AiJ’:O, ]>/Z+k1 07"j<i—k2,

where ki, ky € Ny. The quantities kv and ko are called the upper and lower
bandwidth, respectively.
The bandwidth of the matriz is defined by k = max{ky, ka} . Note that

Am-:O, |Z—]|>k
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The advantage of using A, B is that they are banded matrices.

Theorem 39 Let
Az) P (2 =AY (x (69)

and
7(2) 7 (x—1)=B7 (x (70)

Then, A is a (l,t) —banded matriz and B is a (t, l) —banded matriz.

Proof. From (69), we have

Since deg (A\) =1, we get A, =0, k> n+ (. Similarly, from (70)

and since deg (7) = t, we obtain B, =0, k>n+t.
But from (68), we see that

h
h_kAnk—Bkn:Oa n>k—|—t,
and "
Bn,k = —nAk’n =0, n> k—+1.
hi
| |

Remark 40 In [42], the authors study a characterization of semiclassical
polynomials with respect to the derivative operator using banded matrices.

Next, we introduce a sequence of functions that can be used to find the
entries of the matrix A.

Theorem 41 Let oy (n) be defined by

Ax) pp (4 1) Zak; n) Pk (T (71)
j—
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Then, ay (n) satisfies the system of partial difference equations

A1 (TL + 1) — k-1 (n) = (1 + /Bn—l-k - ﬁn) . (n) (72)
F Ytk 11 (0) — Yo (R — 1), —t <k <,

with boundary conditions

ar(n) =0, k¢[-tl, an)=z ay(n) = h}:Lnt, (73)
and initial conditions
0 0) = 5 (A Dgs @ () = [ (D). (7
Proof. Comparing (69) with (71), we see that
Q- (N) = Ap k. (75)

From (67), we know that A = [J, A], and using (61) with S replaced by A,
we get

Aiprj —Aija+ (B = 85 = 1) Aij +viAic1; — YA = 0.

Thus, using (75) we obtain

Qi1 (1 + 1) —aji1 (O)+(Bi — B — 1) aji (1) +viaj_ipr (1 — 1)=yj0105-541 (1) = 0,

from which (72) follows after setting i — n, j —i — k.
From (68) and (75), we have

h h
Bk = 2 Ay = 4 (K).
e K (k)

Therefore, we can rewrite (70) as

n—+t

( pnx_l Z_ank

k=n—l k=—1

a_(n+ k) patr ().

hn+k
(76)
Comparing coefficients in (71) and using (57), we get

o (n) = z,

29



while from (76) we obtain

n

_ t)=1
hn+tat(n+) ’

from which (73) follows.
Finally, setting n = 0 in (71) we have

Hence, using (37)
h
ax (0) = h_Z [A (‘])]k,O'

Similarly, setting n = 0 in (76), we get

and (37) gives

and using (9) we get
pl+1l) z(x+a)

pla) o+l
Comparing with (56), we conclude that

AMr)=z2(x+a), 7(r)== (77)

Hence, | =t =1, and it follows from (52) that the Meizner polynomials are
classical.
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Setting k = 1,0, —1 in (72), we obtain
ag(n+1) —ag(n) = (1 + Bur1 — Bn) 1 + o2z (n) — Ynag (n — 1),

a—y(n+1) —ay(n) = ag(n) + 0 (n) = mar (n = 1),
g (1) — 0y (1) = (14 Bt — Ba) e (1) + Y0 (m) — Yo (n — 1)
and from (78) we see that

a, =0, a-,=0 ar=2 o=

where we have used (33).

Thus, we have
ag(n+1)—ag(n) =z (14 B — Bn),

o1 = Vn = 0 (1) + 2 (Vng1 — ),
0= (1_’_571—1 _Bn>’7n+7n[a0(n) _040(”_ 1)]7

and we conclude that
ag(n) =ap(0)+ 2z (n+ B, —Po),

7] (n) = (1 - Z) (7n+1 - ’Vn) 3
ag(n) = ap(0) —n — By + Ba-
Using (74), we get

and therefore

Hence,

and
Oé[)(ﬂ) :Z(n+a+ﬁn) = (1_2)(7714-1_%1) = _n+ﬁn7
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from which it follows that

~n+z(a+n) B +n(n+a—1)z
- 1 _ 2 ) Tn =70 (1—2)2

B

Since vo = 0, we recover (49) and (50).

Moreover, from (71) we have
2(x +a)pa (x4 1) = Ypn1 (2) + (B = 1) Po (2) + 2P0ra (), (78)
and from (76)
h

2pn (2 — 1) = 2%npn-1 (€) + (Bn — 1) pu () + h—”l%ﬂpnﬂ (z).
n+
But
thrl _
hn Tn+1,
and therefore
app (€ = 1) = 2YPn-1 (2) + (B = 1) Pu () + Pry1 (7). (79)

z(@x+a)My,(z+1)+[n—2z—z(x+a+n)|M,(x)+zM,(z—1)=0,
Adding (78) and (79), we obtain
z(x+a)pa(x+ 1)+ap, (z — 1) = (1+ 2) Yapa-1 (2)+2 (Bn — n) pa (2)+(1 + 2) Pt (2)
and from (39),
(1+2) Yapn-1 (2) + (1 + 2) pos1 () = (1 + 2) (@ = Bp) pu (2) -
Thus, we obtain the difference equation [61, 18.22.12]

z(@ta)pa(z+1) +ap, (v = 1) = [(1+2) (@ = Ba) + 2 (B0 = n)] pn (2)

z(x+a+n)+x—n]p, ().

Remark 43 Difference equations for discrete orthogonal polynomials using
a matriz approach were derived in [71].
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Remark 44 If we use (63), (64), and (77) in (66), we obtain

Z’k =[S(J+al)l,, = Z (z — 1> ?X (n > 7) [0 + (B +a) ik +7i05-1k]
- .

P nfk+5n,k,1 n| P n7k71+(5n’k |
= S — >k—1 — >k
(=) oz k- 0+ Gk o) () (> k)

P n7k72+5n,k+1 n'
- >k+1
and
_ (=)0 p) ,
By =(87"),, = > (o1 X (n > 7) [6j+1 + B0k + Vi0j-1k]
r !
(_1>1+5n,k—1 n (_1>1+5n,k n
= >k—1 — >k
(Z . 1)n*k+5n,k71 (k _ 1)|X (n — ) + Bk (Z i 1>n*k*1+6n,k k'X (n - )
e
+ Vi1 ) X (n=>k+1).

(Z . 1)n_k_2+5n,k+l (k + 1)

The only nonzero terms are

Znntl 1y, " — n4-Bata, ol n(n—1)+(Bu-1 + a) n+7n,
z z z z—1
and

-1

Bn,nJrl = 1, Bn,n = -n-+ Bn, Bn,nfl = 1TL (n — 1) — nﬁn,1 + Yn -

But from (68), we have

N z z
1=Bupi1=—Aniin= nn+1)+ Be+a)(n+1)+v,01],
Pyt Ynt1 |2 — 1
_n_'_ﬁn :Bn,n:An,n:Z(n+Bn+a)a

i (n—1) h

n(n— "

—— =B+ = Bupo1 = Apn1n = 2.

1—=2 Rt

Solving for B, and v, we obtain once again (49) and (50).
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4 Conclusions

We have presented an introduction to a theory of polynomials ? eC [x]ooXl ,

orthogonal with respect to a linear functional £ : C[z] — C, based on the
assumption that the Gram matrix

G=2[q q" eCe

admits the LDL decomposition G = CHC?T for some monic basis 7 €
C [x]OOXI, where C' € C°°** is a unit upper triangular matrix and H €
C°**° is a nonsingular diagonal matrix. The polynomials ? are defined by

7 =C _17, and satisfy the orthogonality condition

[P 7' =H.

The advantages of this approach are manifold, including the simplification
of many proofs, and the shining of new light on many formulas that are
standard in the theory of orthogonal polynomials.

Many other papers have explored the same topic, especially in the fields
of mathematical physics, random matrices, and integrable systems. In most
cases, the authors have used the monomial basis(?) . = 2" and studied or-
thogonal polynomials that are eigenfunctions of differential operators.

In this work, we have used the basis of falling factorials, and consider
orthogonal polynomials with respect to a functional that satisfies a Person
equation for the shift operator (called discrete semiclassical polynomials). We
have illustrated our methodology using the family of Meixner polynomials,
because this is a case were the formulas can be evaluated explicitly, and some
of them can be compared with classical results.

Much is left to be done, and we plan to expand the theory in further
articles. Directions to be considered include Toda systems, discrete and
continuous Painlevé equations for the 3-term recurrence coefficients, higher
order difference equations, and linear functionals with added point masses.
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