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Abstract

In 2015 Choi, Kim, and Lovejoy studied a weighted partition func-
tion, A1 (m), which counted subpartitions with a structure related to the
Rogers—Ramanujan identities. They conjectured the existence of an in-
finite class of congruences for A;(m), modulo powers of 5. We give an
explicit form of this conjecture, and prove it for all powers of 5.

1 Introduction

The unrestricted integer partition function p(m) has been studied since the time
of Euler [5], but its number theoretic properties are not at all obvious. It is not
immediately clear, for example, when p(m) is prime, or a square or higher power,
or even what the parity of p(m) is. One of the first important results of the
arithmetic properties of p(m) was discovered by Ramanujan [12], and proved in
1938 by Watson [13]:

Theorem 1. Let 24m =1 (mod 5™). Then p(m) =0 (mod 5").

Ramanujan also found similar remarkable families of congruences for powers
of 7 and 11. To prove this theorem even in the single case n = 1 is difficult.
The general theorem is of a considerably deep kind.

Since Ramanujan’s discovery, similar families of congruences have been dis-
covered in many different restricted partition functions. While a similar ap-
proach to Watson’s has proven useful for verifying these congruence families, var-
ious complications can arise in connection with the spaces of modular functions—
and the associated modular curves—that underlie the different partition func-
tions being studied.

We will concern ourselves here with an interesting new family of congruences
for a weighted partition function, discovered by Choi, Kim, and Lovejoy [3], in
2015. The partition function is related to the Rogers—Ramanujan identities, as
well as to the unrestricted partition function p(m).

Our method to resolve the complications associated with this new family of
congruences is based largely on the methods developed by Paule and Radu to
prove the Andrews—Sellers conjecture [9]. These methods themselves are related
to the techniques developed by Atkin to prove Ramanujan’s congruence family
for p(m) over powers of 11 [2].



To begin, we define a class of subpartitions studied by Kolitsch [7]:

Definition 1. Let A be a partition of m. The Rogers—Ramanujan subpartition
of X is the unique subpartition with a maximal number of parts, in which the
parts are nonrepeating, nonconsecutive, and larger than the remaining parts of
A. More specifically, if A is the nonincreasing sequence (a1, as, ..., a;, aj+1-.-Gx),
then the Rogers—Ramanujan subpartition of A is the largest possible subpartition
(a1, aa, ..., a;) with no repeated or consecutive parts, and with a; > a;11 (If I = k,
define a;+1 = 0). Here, [ is the length of the subpartition.

At times we will denote such a subpartition a R—R subpartition.
For instance, the Rogers—Ramanujan subpartition of

A=(8,5,3,2,2,1,1,1)

is (8,5, 3), with length 3. On the other hand, the Rogers—Ramanujan subparti-
tion of

k=(8,8221,1,1)

is simply the length-0 empty partition.
With this, we now define the partition functions R;(m), Ai(m) as follows:

Definition 2. Let R;(m) be the number of partitions of m containing a Rogers—
Ramanujan subpartition of length [, and

Ay (m) => "1+ Ri(m). (1)
1>0

For example, we consider A;(5). Here we give the 7 partitions of 5, with the
corresponding R—R subpartitions:

So we find that of the seven partitions of 5, four of them contain a R-R
subpartition of length 1, one partition contains a R—R subpartition of length 2,
and two partitions contain no R—-R subpartition. We therefore have

A(5) =1-Ry(5)+2- Ro(5) =4+2=6.

Choi, Kim, and Lovejoy proved [3, Proposition 6.4] that



A1(25m+24) =0 (mod 5). (2)

From this and further numerical evidence, they conjectured the existence of
a family of partition congruences, similar in kind to Ramanujan’s classic con-
gruences for p(m). We have proved the existence of this conjectured family of
congruences, which we now give in a precise form.

Theorem 2. For 24m =1 (mod 52"), we have A;(m) =0 (mod 5").

We give the proof of Theorem 2 in Section 5. In Section 2 we will define the
generating function for A;(m), and reduce our problem to one more directly
accessible in terms of eta quotients. We will define the sequence £ = (L, )n>1,
together with the UY) operators in Section 3. In doing so, we will have provided
an outline for the inductive proof of a stronger version of our theorem.

In Section 4 we will define the key spaces X () of modular functions over
I'0(20). We will also use some key fundamental relations between specific mod-
ular functions, with a recursion defined by a modular equation for the prime 5,
to prove some important lemmas which will lead up to our main proof. Finally,
in Section 6 we will list and discuss the proofs of our fundamental relations.

We wish to note that, as demonstrated in Section 2, our theorem provides
a means of connecting A;(m), which has a clear association with the Rogers—
Ramanujan identities, with Ramanujan’s classic congruence family for p(m)
modulo powers of 5. Moreover, our own numerical evidence indicates that there
are no additional simple congruence families for A;(m) relative to powers of
7 or 11. This would seem to highlight a peculiar significance of the number
5 in connecting p(m) with the Rogers—Ramanujan identities. Whether or not
this observation is actually conducive to additional work is not certain, but the
connection is curious nevertheless.

2 Generating Function

Hereafter, as in [1, Chapter 2|, define

(a;0), = 1:[(1 —ab"), and (a;b)00 = Tgrgo(a;b)r. (3)
n=0

Recall [1, Chapter 7] the generating function for the number of partitions
into exactly r parts, in which all parts are nonconsecutive and nonrepeating, is
given by

7_2

q
(G a)r

However, if we allow the denominator to grow to (¢;¢)co, We now generate the
number of partitions of m in which the first r parts are necessarily nonconsecu-
tive and nonrepeating, and larger than all remaining parts.

Notice, however, that such a partition may indeed have a larger number
of large, nonconsecutive, nonrepeating parts; that is, all partitions containing



a 2Bogerszamaunujan subpartition of length [ > r are also accounted for with
q" /(¢; @)o. In particular, if we sum from r =1 to [, i.e.,

l 2 l

r 1 )
2 (q? B 21

= (G0 (G0 =

the number of partitions of m containing a Rogers—Ramanujan subpartition to
length [ is accounted for a total of I times. Since of course, (¢;¢)' > ore i1 d”
will only account for subpartitions of length > I, we have

Theorem 3.

om0 = X A = 3 Am)a” @
1300 m=11>0 m=1

However, we can reduce the generating function to a simpler object. We see
that

> 1 EaRg
;Al(m)qm = G (Z q" ) (5)

We can multiply both sides of (6) by 2:

= mo__ 1 - 7‘2 _ 1
2;Al(m)q  (@9)x (T_z:ooq > (@ 9)oc @

Now we bring Jacobi’s triple product identity [6, Chapter 3, Theorem 3] to bear
ony 2 ¢, and have

- m_ () (—6*)% 1
Q;Al(m)q - (4 @)oo (4 9)oo ®)
(% ¢*)5% 1

= - . (9)
(0% (@5 a)% (6D
Finally, we can express 1/(¢;¢)oc = oo p(m)g™. If we let a(m) represent
the coefficient of ¢" in our first term of (9), then we have

2. Ay (m) = a(m) — p(m). (10)

Now, we already know from Ramanujan’s classic congruences that whenever
24m =1 (mod 52"), we have p(m) = 0 (mod 5%"). Moreover, gcd(2,5) = 1, so
that the factor of 2 on the left hand side of (10) is irrelevant to the question
of divisibility by powers of 5. Therefore, we need only verify our congruence
family for a(m).



3 Setup for a Proof by Induction
31 L,

Because the initial cases of Theorem 2 may be checked by computation, it is
reasonable to attempt a proof by induction. We need a way of connecting the
case for some arbitrary n to n+1. To do this, we define the functions L,, (n > 0)
as follows:

Lo =1, (11)
(@°:0°)%. (%% )2,
(¢%;¢1)5

o
Lop—1 = Lop-1(q) = > a3 m+ Agno1)g™ !, (12)

m=0
3 4. 4\2 et
G 9)5 (055 07)5 n m
Lon = Lan(q) = % a(5%"m + Aan)g™ ", (13)
e E—
with
19 -52n—1 41 23-5%2" 41
Ao = ————— and Mgy = ——————. 14
2n—1 24 arn 2 2 ( )

Here, A, is the minimal solution to 24z =1 (mod 5"). Because ged(24,5) = 1,
any other solution § must satisfy

=X\, (mod5"),

ie, d =5"m+ \,.
For n > 1, we can give L,, a more succinct representation as

o=@ Y. a(m)gl#l+, (15)

24m=1 (mod5™)

with A, (q) defined by the prefactors of (12) or (13), depending on the parity
of n.

Notice that the prefactors A, (q) can be expanded into integer power series
with constant term 1. This implies that no positive power of 5 can divide
any A, (q) (that is, no positive power of 5 can divide every term of A,(q)).
Therefore, if a given power of 5 divides L,,, then that given power of 5 must
divide every term a(m). Demonstrating that Lo, = 0 (mod 5™) would imply
Theorem 2.

We now need a means of connecting L,, to L, 11.

3.2 The Us-Operator

Hereafter, we define H as the upper half complex plane, and let ¢ = €>™7, with
T e H.
We recall the classic Us-operator:



Definition 3. Let f(q) =3_,,,a(m)g™. Then define

Us{f(9)} = Y a(5m)q™. (16)

5m>M

We list some of the important properties of Us. These properties are stan-
dard to the theory of partition congruences, and proofs can be found in [1,
Chapter 10] and [6, Chapter 8].

Lemma 1. Given two functions

fla)= > a(m)q™, glg) = > b(m)qg™,

m>M m>N

1/5 27iT /5
7

any o € C, a primitive fifth root of unity {, and the convention that q =e

we have the following:
1. Us{a- f+g}t = Us{f} + Us{g};
2. Us{f(a®)g9(a)} = f(@)Us{g(a)}:
3. 5-Us{f} =00 f (C"d"?).

Returning to our specific problem, we make use of the properties of Us by
defining the following:

Definition 4.

(@) (@)% (@ % )%
Ale) = Mg 0% (% 4% (4505 ¢°0)3, ’ a7)
UO{f} =Us{A(q) - f}, and UM{f} = Us{f}. (18)

Notice that for two functions f and g, and any a € C,

Ua- f+ g}
=Us{A(q)(a- f+g)} =Us{a-Alq) - f + Alq) - 9} (19)
=a-Us{A(q) f} +Us {A(q) - g} = o - UO{f} + UV {g}. (20)

Since we already know from Part 1 of Lemma 1 that U = Uj is linear, we
have thus established that U is linear for j = 0, 1.
This now gives us a means of connecting L,, with L, 1.

Theorem 4. For all n € Z~g,

Lon—1 = UYLy, 5}, and Ly, = UY{Ly,_1}. (21)

Proof. For a given n € Z~g,



UM {Ly, 1}

5. ,5\3 20. ,20 >
:U5{(Q7q )oc(q 7 q ) Za52n 1m+)\2 _1) m+1}

(¢'%5¢")% =

. 4)3
_ MUE) Z a(5*" " 'm + Agp—1)g" !
(q 7 q ) m>0

_ (q7q)3 (q q )oo a 2n—1 m — m
- —(q ) Us 22: (52" m — 1) + Xan_1)gq

=

_ (qq)B (q q )oo 2n—1 m — m
BT DL Rk

oo

. 3 4. 4\2
N (qq()q(j)q) S a(a¥m 4 52— 5271 4 Ng, )t

m=0

m=0
since
19 -5%27—1 41
B = 5T Ay g = 5T (A) + =

_5T1(5.23) 41 23-5%+1
N 24 B 24

Furthermore,

U {Lan}

)3 4. 4\2 e
_ U5 {A(q) . (qvq()qozo(;]2)a5q )oo a(52nm+)\27L)qm+1}

m

q°%;¢°0)3,

5. .,5\3 >
_ (q 34 )oo(q aq )OOU { a(52nm+)\2n)qm+2}

=0
25. ,25\3 100. ,100\2 Sl
- Us { (q 7Q( )oo(q Y )oo Z a(52nm+)\2n)qm+2}

m=0

(g% ¢10)3,

m=0

(0°:0°)3. (¢ *)2, n .
= (10; qlo)io Us Z a(5%"(m — 2) + dan)q

m>2
20.

(4°;4°)%, (q q%0)2, n
=g > a5 (5m — 2) + Agn )™
5m>2

Notice that 5m > 2 implies that m > 1 for m € Z, so that

= >\2n-

(30)

(31)

(32)



(0) {L2n}
20.

(q Q(q) (q 3 q oo Z 52n+1 _52n+)\2n)qm (35)
m>1

oo

;1
_ (q ,Q(q)li)o'(qqlo)a;] )oo Z 01(52n+1(7,n+ 1) _9. 52n +)\Qn)qm+1 (36)

m=0
5 2 s
q 7q oo n m
( (q10 )1 S0 )5 o Z a(5*" ' m + Agny1)g™ (37)
q m=0
since
23-52" 41
52l 2. 52 4 Ny, = 527(3) + o (38)
520(5.19)+1 19-52+1 41
- 24 e 24 = Ao (39)
O

We remark that the definition of L, and the means of going from L, to
L,+1 is a standard technique in this subject area [6, Chapter 8].

We can now study the sequence £ = (L,)n>0, with UU) as a means of
connecting one element with the next. We know that Lo is divisible by 5 (since
this is equivalent for the first case of Theorem 2, which Choi, Kim, and Lovejoy
have already proven). We want to prove that as n increases by 2, L,, will become
divisible by an additional power of 5. In a more formal language, we will prove
the following theorem, which implies Theorem 2.

Theorem 5. The sequence L = (Ly)n>0 converges to 0 in the 5-adic sense: for
any M € N there exists an N € N such that for alln > N,

L,=0 (mod 5M). (40)

In particular, N = | M /2] will suffice.

4 Subspace Structure

41 X©

We will now construct the spaces of modular functions that are necessary for our
purposes. In the case of p(m), the necessary modular functions are defined over
I'o(5). The associated modular curve X(5) is simple enough that the complete
space of modular functions over I'g(5) may be used.

However, in our case we will work over I'y(20). The modular curve X, (20)
is more complex, ensuring that 5-adic convergence to 0 is not a necessity for
the entire space of modular functions defined over it (See [9, Section 1.3] for
a discussion on the effects of the properties of X((IN). For a comprehensive



discussion of the theory of Riemann surfaces to the subject of modular forms,
see [4, Chapters 1-3]). We therefore need to restrict ourselves to subspaces of
modular functions that will indeed converge 5-adically to O.

Let ¢ = €™, with 7 € H, and define

_n0B7)° (65475

= = q 5 41
" =@k ()
_ @) n(r)*n(107)* 1 (g39)3(q" ¢")% (0" %)% (42)
n(57)%n(207)10 @ (4°0°)3 (g% ¢*°) 82
5= M) I(107)% 1 (g"54")5 (e q"7) (43)
272207 ¢ (%622 (6% ¢*)L
. n(Ar)n(1)° 1 (6% 4% (4% a%)5% (44)
n(m)n(207)°  ¢* (45 9)0 (6205 ¢%°)3°
with [6, Chapter 3]
— 71'17'/12 H 27rzn7' (45)
and
po =31p~t —220p71 — 902p™t —208p2 — 960p 2 + 30402p 2
— 327\ +416p 72 + 4160 p % — 208p 2 2, (46)
p1 =261p~ "+ 1260p~ ! + 130%p 1 — 960p~2 — 51200/) 2 _32002%p72
+64p 4+ 320p 2 — 12800 p 2 ju + 640p 2 1. (47)

In Section 6 we will demonstrate that each of these functions is a modular
function over T'y(20).
Define

So = (1,P0) 1) - (48)
S = <17p1>Z[t] . (49)

That is, for j = 0,1, S; is the free Z[t]-module generated by 1 and p;. A given
g € S; has the form

9= 9a(t) +pj - gs(t),
with gu, gs € Z[z].
We find (see Section 6.2) that
Li=U9{1} =p, € 5.

As the relations in Groups II and IV of Section 6 demonstrate,



Lo =UM{L} =UM{p} € Sy, and UD{py} € 5.

This, with the linearity of UU), ensures that that for n > 0,

L2n S SOa (50)
Lop—1 € 51 (51)

We will work with specific subspaces of Sy, S;.

Definition 5. A function f :Z — Z is discrete if it is nonzero for only finitely
many integers. A two-variable function h : Z x Z — Z is a discrete array if for
any fixed mg € Z, the function h(mg,n) is discrete over n € Z.

We now define our relevant subspaces:

x(0)

:{ i r(n)5L57anot" + i s(n)5LTSJ t" 11, s discrete functions}, (52)

x@

z{ Z r(n)5L57an1t" + Z s(n)SLM{lJ t" :r, s discrete functions}. (53)
n=1

n=0

Notice that for j = 0,1, we have X C S;. In particular, L; = p; € X().

4.2 Modular Equation

We have very carefully chosen the spaces X ). Rather than working directly
with L,, we will show that L, € X with r the residue of n (mod 2). We
then study how UU) changes the structure of an arbitrary f € X(),

To do this, we will need to know the effects of U() on p;t™,t". Our choice
of t = n(57)%/n(7)° is especially convenient, as we have a powerful modular
equation that can be brought to bear on the problem.

Theorem 6. Let
ap(T) =
ar(7) = 53152 6 - 5t,
ax(1) = —5%% — 6 - 5% — 63 - 5t,
(1) = =591 —6-573 — 63 - 512 — 52 5%¢,
(1) = =525 — 6. 510¢* — 63 - 573 — 52 5°t2 — 63 - 52¢.

az\T
aq\T

Then



A proof of this can be found in [9, Section 3].
The value of this equation becomes immediate when we consider the follow-
ing theorem:

Lemma 2. For any function g : H — C,

4
Us{g-t"} ==Y _a;(r)Us{g - t""~°}. (55)

Jj=0

Proof. With equation (54), we have

4

g(r) 7)== ay(57) - g(r) - t(r)" . (56)

=0

Taking the Us operator, and remembering that

Us{a;(57) - g(7) - t(r)" 975} = a;(7) - Us{g(7) - t(r)"+ 5},

by Part 3 of Lemma 1, we find that

4

Us{g-t(r)"} = = > Us{a;(57) - g - t(r)" 7%}, (57)

Jj=0

4
= =3 a;(r) - Us{g - t(r)"+95}. (58)
§=0

4.3 Lemmas

We now state and prove a key application of the modular equation for ¢. This
lemma is given in the form of two lemmas in [9, Section 4], but we give the proof
for the sake of completion.

Lemma 3. For any functions g,yo,vy1 : HH — C, if there exist ug, uy,vg,v1 € Z,
and discrete arrays ho(m,n), hy(m,n) such that

Us{gt"} = Z ho(m,n)5LEM7;+UOJyotm

m> I"n,-;uo ‘I

Y mmn)sl T e (59)
m2[ 2]

for five consecutive integers, then such a relation holds for every larger integer.

Proof. Suppose that for specific functions g, yg, y1, discrete arrays hg, hi, and
integers ug, w1, vg, V1, the given relation holds for five consecutive integers:

11



no, TLO+]., n0+2, TLO-I-?)7 TLO+4

We prove the lemma by induction.

Let k > ng + 5, and assume that the relation holds for all j € Z such that
ng < j < k—1. In particular, the relation holds for j =k -5, k—4, ..., k—1.
We want to prove that the relation must hold for k. It can be quickly verified
from the previous lemma that

aj(r) =Y s, 05 e (60)

=1

for some unique function s : {0,...,4} x {1,...,5} — Z. With this in mind, we
have

Us{gt*}
4

== a;(r)Us{g - t(r)"*9} (61)

Jj=0

4 5m—(k+j—5)+v;
- Sy Y mmkromsT a6
=0

=01, {k+j—55+ui ]

4
==Y > ai(r) > hi(m,k + j — 5)5

L5m—(k+_j—5)+1)iJ
2

yitm. (63)
i=0,1 j=0 mz[%—%ﬂ
Taking m; ; = (HT“ — 5%]], we have
Us{gt"}
iz sm—(ktj—5)+v;

== Y s ST hi(mo k- 5)5L T (64
i=0,1, m>m;,;
0<j<4,
1<i1<5

5m—(k+j—5)+v; 5l4j—
= S sG Dkl k4 — 5T e 5

Z‘:O,l7 mZmi,]'
0<y<4,
1<I<5

Now, we note that for any My, My € Z, we have L%J + L%J > Lw — %J
Therefore,

{5m_(k+j_5)+viJ N {5l+j—4J

2 2
Z{5m—(k+2j—5)+vi+5l+2j—4_;J _ {5(m—|—l)2—k+viJ' (66)

12



Now since m; ; = [’”T“ — 5%] > {’HT“] — 1, and since [ > 1, we relabel our
powers of t so that

Us{gt"}
5m—k+v;

=YY sGDhm— Lk e (o)
o<jzd, 2[5
1<i<5

Finally, defining the discrete function H;(m, k) by

Hm by = | = Tico Sy s Dhilm =Lk +j=5),  m=1,
e 0, otherwise,
we have
U5{gtk} — Z Ho(m’k)t_)tsm—zkﬁ—vonotm
m>[ 5]
+ Y Him ks e, (68)
m>[ 5]

By induction, we have established the given relation for all n > ng.
O

We can use this lemma to define a very useful “skeletal” structure for
UG {p;t"}, UGt} as follows:
Lemma 4. There exist discrete arrays aj(m,n), bj(m,n),c(m,n),d;(m,n), with
j €40,1}, such that for all nonnegative n € Z,
U(O){tn} _ Z ao(m, n>5|—5m—2n71jtm

m>[ 23]

S5m—n

+ 3 au(m,n)sl =T e, (69)
n>T4]
UO%pot"y = Y. bo(m,n)sl

m>[ =42

Sm—n—1
2 Jtm

S5m—n

+ Y bumn)sl e, (70)

=

Uty = Y e(mn)sl T e, (71)
m>[¢]

UDpit"y = do(m,n)5l

m[ 23]

Sm—n—1

Jgm

5m—n—+42

+ Z dl(m,n)SL z Jpo?fm, (72)

m>[ 252 ]

Notice that we can set ag(m,n) = 0 whenever m < [(n+1)/5]. More

13



generally, for j = 0,1, we can define

aj(m,n) =b;(m,n) = c(m,n) = d;(m,n) =0 (73)
if the corresponding inequalities for m,n in (69), (70), (71), (72) do not hold.

Proof. The previous lemma establishes that if these relations hold for £k —5,k —
4,...k — 1, then they will hold for all n > k. We therefore need twenty ini-
tial relations—relations for five consecutive values, in four categories. These
relations are demonstrated to hold in Section 6, for —4 < k < 0. O

5 Main Theorem

Theorem 7. If f € X, then we have UO{f} € XD, If f € XD, then we
have 57 *UM{f} € X(©),

Proof. Let f € X, Then there exist discrete functions 7, s such that

f= Z n)5L% ] pot"+z R (74)

We take U {f}. Using Lemma 4, with condition (73), we find that

U(O){f}
- Z 5L 10O fpotny + i s(n)sL* T lu O emy (75)
n=1

fz 51%) < Z bo(m, n)5Lom g

na22]

3 =l
m2|—o~|

+§:s(n)5L5n53 < Z ao(m,n)5tom =t ] gm

+ > a1<m,n>5l5’"z‘"Jp1tm>' (76)
m>[%]

Because a;j(m,n),b;j(m,n), c(m,n),d;(m,n) have the additional condition (73),
we may rearrange our summands such that

14



ULy =p1 30 3 rlmba(m,mslE L g (77)

m>0n>0

+p1 Z Z n)ay (m,n)5L 77 L ym (78)

m>1n>1

£ Y S il sl (79

m>1n>0

+> > s(n)ag(m,n)5 )5l L=t g, (80)

m>1n>1

Now, we simplify the powers of 5 corresponding to each double sum. For line
(77), with m,n > 0,

) o5 5o ) o
For (78), notice that m,n > 1. So we have
222 [ o)

Notice that L%"J is the necessary power of 5 in the coefficient of p;t™ for X1,
For (79), we have m > 1, n > 0.

on om—n—1 om+n—1 om —1
— > > .
IR e s E e B
Finally, for (80), with m,n > 1,
on — 3 om—n—1 om+n—1 om —1
> > . 4
R R e T e e e B
Since | 22=1] is the necessary power of 5 in the coefficient of t"™ for X M (and

no constant term is generated), we have U {f} € X1,

To prove the second statement of our theorem, we let f € X1, We want
U(l){f} e X with an additional power of 5 in each term. To begin, we have
by hypothesis,

fZZT( pltn"‘Z

We take UM {f} and have

15



UWW{f}

=3 sl FluM ey + i s(n)sL = g gy (86)
n=0 n=1

= ir(n)ﬂ%J ( Z do(m,n)SLMEn_IJtm
n=0

m2 2411

+ d1<m,n>5t5’"2"”Jpotm>

m2[rst]

+ i s(n)5L5n71J ( c(m,n)5L%J tm> (87)
e m2[3]

= po r(n)di(m, n)5L57nJ+L5m7n+2J tm (88)

m>0n>0

+ r(n)do(m,n)ﬂ%ﬂj*’rm% t]gm (89)
m>1n>0

+ Z Z s(n)c(m, n)5LM2_1J+L5m_n_1Jtm (90)
m>1n>1

Examining our power of 5 for line (88), noting that m,n > 0, we find that

o) -3 [

=g w

That is, the coefficient of pgt™ contains at least one additional power of 5 more
than necessary. Similarly, we consider line (89), with m > 1,n > 0:

on m—n—1 om+n—1 om —1 om — 3

= > > = 1. (92

7 e Bl el el el Bl B
Finally, for line (90), with m,n > 1:

e A e e bl e I

>14 Fm?_ IJ > {5m2_3J +1 (94)

In both cases, the coeflicients of t™ contain at least one additional power of 5.
We therefore have UD{f} =5 g, for some g € X,
O

We can now prove a slightly stronger version of Theorem 5.
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Theorem 8. For every n € Zq, there exist functions gop—1 € X1 and
gon € X O such that

Lop—1="5""1gan_1, and Lo, = 5"ga,. (95)

Proof. Since L; = p; € XM, we have

Lo = UML)}y =UW{p,} = 5¢1, (96)

with g1 € X(©. Suppose that for some k € Zsq, we have Lo = 5%ggy, with
gor € X(©. Then we have

Lopp1 = UO{Lo} = UD{5% oy} = 55U O {gor} = 5% goss1, (97

with gory1 € XM, Finally, we have

Lokso = UN {5 gap i1} = 5"UD {gaps1} = 5% -5 gopyo = 55 gopra,  (98)

with gopyo € X,

By induction, for every n € Zs, there must exist a go, € X(© such that
L2n = 5ng2n

Since for every n € Z~y,

L2n+l = U(O){5n92n} = 5nU(O){92n}7 (99)

and since L; = 5%, we immediately derive that there must exist a gop,—1 € X @)
such that

Lon—1=5"""gan-1. (100)
O
Corollary. For everyn € Zsq, L2, =0 (mod 5™).

Proof. For every n € Zwq, L2, = 5" g, for some ga, € X(©. And the functions
of X© have integer coefficients. O

With this, we have proven Theorem 5 and Theorem 2.

6 Initial Cases

We will now justify the twenty initial relations needed to prove Lemma 4.

In practice, each of these relations was found by using an ansatz, i.e., by
guessing. However, the actual verification of these relations can be achieved
through the theory of modular functions. Given the intricacy of this subject,
we can only provide a brief outline here. The interested reader is invited to
consult [4], [6, Chapters 1, 2], and [8] for an outline of the general theory, and
[6, Chapters 3-8] [10] and [11] for specific applications of the theory.
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6.1 Preliminaries

We will denote H as the upper half complex plane, and SL(2,Z) to be the set
of all 2 x 2 integer matrices with determinant 1. Furthermore, we let

SL(2,2).0 — { ((1) i’) € SL(Q,Z)}.

For any given N € Z+, let

To(N) = { <J\‘;c Z) € SL(Q,Z)}.

Now, the quotient group SL(2,7Z)/SL(2,Z) is the set

SL(2,Z)/SL(2,Z) 0 = {(‘c‘ Z) SL(2,Z)s : a € Z, ¢ € Lo, ged(a,c) = 1} .

Assuming first that ¢ # 0, each member of the coset

a b a x
(c d)SL(Q’Z)DO_{(c y).x,yEZ, ay—cx—l}

is a matrix with fixed left-components a, ¢, so that we may represent each such
coset with the rational number a/c. If we also identify oo with the expression
1/0, then we have a bijection between Q U {oco} and SL(2,Z)/SL(2,Z) .

Moreover, because I'g(NN) C SL(2,Z) is a finite-index subgroup [4, Chapter
1, Section 1.2], there are only a finite number of distinct cosets corresponding
to

SL(2,Z)/To(N).

We can therefore partition Q U {oo} into a finite number of sets, each corre-
sponding to a double coset of

To(N)\SL(2,Z)/SL(2,Z) -

Each double coset is referred to as the cusp represented by a/c, in the orbit
space defined by the action of I'o(N) on HUQ U {oo} (This orbit space is the
corresponding modular curve to I'g(N). See [4, Chapters 2, 3] for a thorough
treatment on the geometrical interpretation of I'o(N) over H and the nature of
its cusps).

Definition 6. Let ¢ = *™", with 7 € H. A function f : H — C is modular
with respect to I'o(IV) if the following three conditions apply:

1. f(7) is holomorphic for all 7 € H,

18



f (%) — £(r), for all (;C Z) € Ty(N),

at +b >
f(m-—i—d) - Z

m=m- (f)

ozv(m)qmgc‘i(c2’1\')/1\[7 for all v = (Z d

b) € SL(2,Z),

with m4(f) € Z, and a(m) € C for all m > m,(f).

Here, we refer to m~(f) as the order of f at the cusp represented by a/c,

respectively by v = <Z Z) € SL(2,Z), over I'y(N).

It can be proved [10, Section 1, Lemma 2] that if v1,v2 € SL(2,7Z), with

_ (% bj>
7' - 9
! <Cj d;
such that 71 € To(N)72SL(2,Z) oo, then m., (f) = m.,(f). This fact ensures

that any modular function f has a unique order at each cusp of T'g(NN). Finally,
because we may represent each cusp by a member of Q U {co}, we may write

My = Mg/c,

with a, ¢ the left-components of ~.
We now define the relevant sets of all modular functions:

Definition 7. Let IC(N) be the set of all modular functions over I'¢(N), and
K>®(N) C K(N) to be those modular functions over T'g(N) with a pole only
at the cusp at oo (the cusp that can be represented with 1/N, or equivalently,
1/0). These are both commutative rings with 1, and standard addition and
multiplication [10, Section 2.1].

We now give three key theorems that will prove useful in checking the mod-
ularity of certain functions. The first is a theorem by Newman [8, Theorem
1]:

Theorem 9. Let f = Ha\N n(6T)", with # = (rs)s|n an integer-valued vector,
for some N € Z~q. Then f is a modular function over T'o(N) if and only if the
following apply:

1. Zé\NTtS =0

2. 35 n 075 =0 (mod 24);
3. D siN Frs =0 (mod 24);

4. H6|N 8Imsl is a perfect square.
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To study the order of an eta quotient at a given cusp, we make use of a
theorem that can be found in [10, Theorem 23], generally attributed to Ligozat:

Theorem 10. If f = [[5 5 n(67)" is a modular function over T'o(N), then the
order of f at the cusp represented by a/c is given by the following:

B N ged (¢, 8)?
o) " S @Em A 5

Our last, and possibly most important, theorem, is [6, Chapter 2, Theorem
7):

Theorem 11. For a given N € Z~y, if f € K(N) has no poles at any cusp of
To(N), then f must be a constant.

This is immensely useful for verifying that two modular functions over the
same space are equivalent. If f, g € K°°(N), and their principal parts match,
then f — g € IC(IV) can have no poles at any cusp. This forces f — g to be a
constant. If their constants also match, then f — g =0, i.e., f=g.

6.2 Computing the Initial Cases

We now apply the machinery of modular functions to o, u, p over T'g(20). We
begin by making use of [11, Lemma 5.3] to derive a set of representatives for
the distinct cusps of T'(20). Doing so gives us the following:

1 1 111
{2(),1075747271}. (101)
Theorems 9 and 10 allow us to quickly verify that o, pu,p € K£*°(20). For
instance, in the case of o, we have

o= n@n)",

5120

with 7# = (0,—-2,4,0,2,—4), as defined in (43). Here, we can immediately check
the four key conditions of Theorem 9:

dors=-24442-4=0;
§IN

S 6rs = 2(~2) + 4(4) +10(2) +20(~4) = —48 =0 (mod 24);
5IN

3 %m —10(=2) +5(4) £2(2) + 1(—4) = 0=0 (mod 24);

5N

[0 =22-4* 107 20* = 2'%5° = (32000)°.
S|N
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We can now use Theorem 10 to compute the order of o at each cusp.

ord%%o = -2,
ordf94 =2,
ordf(/)10 = ordf(/)5 = ord?(/)2 = ord}" = 0.

This verifies that o € K£°°(20). Similarly, u, p € K£*(20). Recall the defini-
tions of po,p1, in (46) and (47):

po =31p~t —220p71 — 902p™ —208p2 — 960p~ 2 + 30402p 2
— 32 Y+ 416p 2 + 4160 p 2 — 208p 212,

p1 =261p~ 1 +1260p ! 4+ 136%p~ 1 — 960p~2 — 51200p~ 2 — 32002p 2
4+ 64p™ 4+ 320p 2 — 12800 p 2 ju + 640p 2.

If we multiply both functions through by p?, and remember from Definition 7
that °° (V) is closed under addition, subtraction, and multiplication, we have:

p°po, p*p1 € K>(20). (102)
Finally, we can use the same methods to show that
P2t € K£(20). (103)

This gives us a direct means to verify the twenty fundamental relations
below. On the left hand side of each relation, we let —4 < n < 0. With these
values of n, we can determine that for j = 0,1, and [ = 1,2,

U9}, UD o'}, UD "}, UD {7} € K(20), (104)

with the use of Radu’s algorithm [10, Section 3.1]. We give an example below.
Since Lemma 1 and (20) show that U is linear, we can therefore demon-
strate that

U {pot"}, UV {p1t"} € K(20). (105)

Theorem 10 can quickly be used to check that p has negative order only at
infinity; it has positive order at every other cusp except 1/5. However, the
functions in (104) do not have negative order at 1/5, as can be checked with
[10, Theorem 47]. Therefore, a sufficiently large prefactor of p* can then be
used to push each function in (104), and therefore U {p;t"}, to K>(20).

We now take advantage of Theorem 11. Because both sides of each of the
twenty relations below is a member of K(20), and a sufficiently large power of p
can put both sides into X°°(20), verification of each relation is merely a matter
of comparing the principal parts at infinity of each side—a finite task that can
easily be done by computer.
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A mild exception holds for the final relation of Group IV. Since ¢! has a
pole at the cusp 1/5, no prefactor of p is sufficient to push it into K£>°(20). We
need to multiply both sides of each relation by ¢, as well as a sufficient power of
p-

As an example, we choose the second relation of Group I. In computing

) (411 — _(@9%
vt US{A(q) Q(q5;q5)§o} (106)
B (@02, (%; 432 (6% ¢*°)3, (6% ¢ )2,
= { (q*4*)2.(a%; )% (¢°%; ¢°0)3, } (107)
=Us{ [T (@%d)% ¢ (108)
/100

with 7 = (r5)s100 = (3,5, —2,-6,0,0,3, =5, 2).

Taking 8 = (s5)s5120 = (4,0,4,—4,16,-20), as the doubled powers of the
factors of p (i.e. p?), we find that (5,100,20,0,7) € A* [10, Definition 35]. As
a result, we can verify that # and § satisfy the equations of [10, Theorem 45],
with v = 0 and |P5,#+(0)| = 1, therefore guaranteeing that

pPUO " =p? Us S ] (%5075 ¢ € K(20), (109)
8100

and [10, Theorem 47] that

o | p?-Us § [T (@a)% 5 ) 20, (110)
5|100

for every v € SL(2,Z)\I'0(20). That is to say, p?U@{t~'} contains no poles
except at the cusp of cc.
We have therefore verified that

PPUO =1 e K£>(20). (111)

Since (102) and (103) imply that

p*(1+ 5% — 5py) € K*(20), (112)

we need only compare the principal parts and the constants of (111) and (112).
We find that both expressions have the identical principal part and constant

R
2814 4356 5897 9508

e — 12696. (113)
q q q q
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As a result, both expressions must be equal:

pPPUOLE 1Y = p*(1 4 5% — 5py), (114)
UO =1 =1+ 5% — 5p;. (115)
6.3 Groupl
UO{1} = p, (116)
UO{1Y =1+ 5% — 5py, (117)
U2} = —9+ 52+ 9 5py, (118)
UO{=3) =175+ 5% — 17 - 5%py, (119)
UO{t=4) = —161- 5+ 5% + 161 - 57p;. (120)
6.4 Group I1
UO{po} = —63-5%t — 104 - 542 — 189 - 57¢3 — 24 . 5104 — 51345
+p1(1—63-5%t —104-5%¢% — 189 - 57t% — 24 - 5'0¢*
—51349), (121)
U ot} =5%t — 6p1, (122)
U pot=2} = =9 — 5% + 52 4+ p1(9- 5 — 55¢), (123)
U pot=3} =17 -5 — 552 + 55 — py (17 - 52 — 55¢2), (124)
U {pot=} = — 161 -5 — 5%3 + 511¢* 4+ p; (161 - 52 — 5°¢3). (125)
6.5 Group III
vM{1} =1, (126)
UMDt} = -6 — 52, (127)
UMD {t72} = 54 — 552, (128)
UM {73} = —102 -5 — 5%, (129)
UM {74 =966 - 5 — 5144 (130)
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6.6 Group IV

UM {py} =233 5%t + 1188 - 542 4+ 317 - 57¢3 + 31 - 510¢* 4+ 51345

Fpo(2-5 44453 + 14 5562 + 593, (131)
UM {pit™'} =13 + 5%t + 5py, (132)
UM {p1t~2} = — 66 — 5% + 5°¢% + 5'tpo, (133)
U(l){p1t_3} —114-5— 5742 + 5% + 57¢2p,, (134)

UM pit=4} = —1037-5482- 5% + 112552 — 7.5%3 — 4. 5114
+po(t7h—2-5% —44-5%t — 14 5%% — 4. 5'9%¢%) . (135)

7 Acknowledgments

This research was funded by the Austrian Science Fund (FWF): W1214-N15,
project DKG6.

I am extremely grateful to Youn-Seo Choi, Byungchan Kim, and Jeremy
Lovejoy for their work leading to the conjecture that was the subject of this
paper. Finally, my thanks to Professor Peter Paule and Dr. Cristian-Silviu
Radu for their insights and mentorship.

References

[1] G.E. Andrews, The Theory of Partitions, Encyclopedia of Mathematics and
its Applications, Vol. 2, Addison-Wesley, 1976. Reissued, Cambridge, 1998.

[2] A.O.L. Atkin, “Proof of a Conjecture of Ramanujan,” Glasgow Mathemat-
ical Journal, 8 (1), pp. 14-32, 1967.

[3] Y. Choi, B. Kim, J. Lovejoy, “Overpartitions into Distinct Parts Without
Short Sequences,” Journal of Number Theory, 175, pp. 117-133, 2017.

[4] F. Diamond, J. Shurman, A First Course in Modular Forms, 4th Printing.,
Springer, 2016.

[5] L. Euler, Introductio in Analysin Infinitorum, Chapter 16. Marcum—
Michaelem Bousquet, Lausannae, 1748.

[6] M. Knopp, Modular Functions in Analytic Number Theory, 2nd Ed., AMS
Chelsea Publishing, 1993.

[7] L.W. Kolitsch, “Rogers—Ramanujan Subpartitions and Their Connections
to Other Partitions,” Ramanujan Journal, 16, pp. 163-167, 2008.

[8] M. Newman, “Construction and Application of a Class of Modular Func-
tions (II),” Proc. London Math. Soc., 3(9), 1959.

[9] P. Paule, S. Radu, “The Andrews—Sellers Family of Partition Congruences,”
Advances in Mathematics, pp. 819-838, 2012.

24



[10] S. Radu, “An Algorithmic Approach to Ramanujan—Kolberg Identities,”
Journal of Symbolic Computation, 68 (1), pp. 225-253, 2015.

[11] S. Radu, “An Algorithm to Prove Algebraic Relations Involving Eta Quo-
tients,” Annals of Combinatorics, 22(2), pp. 377-391, 2018.

[12] S. Ramanujan, “Some Properties of p(n), the Number of Partitions of n”,
Proceedings of the Cambridge Philosophical Society, 29, pp. 207-210, 1919.

[13] G.N. Watson, “Ramanujans Vermutung iiber Zerfallungsanzahlen,” .J.
Reine Angew. Math., 179, pp. 97-118, 1938.

25



2018-01

2018-02

2018-03

2018-04

2018-05

2018-06

2018-07

2018-08

2018-09

2018-10

2018-11

2018-12

Technical Reports of the Doctoral Program

“Computational Mathematics”

2018

D. Dominici: Laguerre-Freud equations for Generalized Hahn polynomials of type I Jan 2018.
Eds.: P. Paule, M. Kauers

C. Hofer, U. Langer, M. Neumiiller: Robust Preconditioning for Space-Time Isogeometric
Analysis of Parabolic Evolution Problems Feb 2018. Eds.: U. Langer, B. Jiittler

A. Jiménez-Pastor, V. Pillwein: Algorithmic Arithmetics with DD-Finite Functions Feb 2018.
Eds.: P. Paule, M. Kauers

S. Hubmer, R. Ramlau: Nesterov’s Accelerated Gradient Method for Nonlinear Ill-Posed
Problems with a Locally Convexr Residual Functional March 2018. Eds.: U. Langer, R. Ramlau
S. Hubmer, E. Sherina, A. Neubauer, O. Scherzer: Lamé Parameter Estimation from Static
Displacement Field Measurements in the Framework of Nonlinear Inverse Problems March
2018. Eds.: U. Langer, R. Ramlau

D. Dominici: A note on a formula of Krattenthaler March 2018. Eds.: P. Paule, V. Pillwein
C. Hofer, S. Takacs: A parallel multigrid solver for multi-patch Isogeometric Analysis April
2018. Eds.: U. Langer, B. Jiittler

D. Dominci: Power series expansion of a Hankel determinant June 2018. Eds.: P. Paule,
M. Kauers

P. Paule, S. Radu: A Unified Algorithmic Framework for Ramanujan’s Congruences Modulo
Powers of 5, 7, and 11 Oct 2018. Eds.: M. Kauers, V. Pillwein

D. Dominici: Matriz factorizations and orthogonal polynomials Nov 2018. Eds.: P. Paule,
M. Kauers

D. Dominici, V. Pillwein: Difference equation satisfied by the Stieltjes transform of a sequence
Dec 2018. Eds.: P. Paule, M. Kauers

N.A. Smoot: A Family of Congruences for Rogers—Ramanujan Subpartitions Dec 2019. Eds.:
P. Paule, V. Pillwein

The complete list since 2009 can be found at
https://www.dk-compmath. jku.at/publications/



Doctoral Program

“Computational Mathematics”

Director:
Dr. Veronika Pillwein
Research Institute for Symbolic Computation

Deputy Director:
Prof. Dr. Bert Jiittler
Institute of Applied Geometry

Address:
Johannes Kepler University Linz
Doctoral Program “Computational Mathematics”
Altenbergerstr. 69
A-4040 Linz
Austria
Tel.: ++43 732-2468-6840

E-Mail:
office@dk-compmath.jku.at

Homepage:
http://www.dk-compmath.jku.at

Submissions to the DK-Report Series are sent to two members of the Editorial Board
who communicate their decision to the Managing Editor.



